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Abstract

We present a method for performing transductive inference on very large
datasets. Our algorithm is based on multiclass Gaussian processes and is
effective whenever the multiplication of the kernel matrix or its inverse
with a vector can be computed sufficiently fast. This holds, for instance,
for certain graph and string kernels. Transduction is achieved by varia-
tional inference over the unlabeled data subject to a balancing constraint.

1 Introduction

While obtaining labeled data remains a time and labor consuming task, acquisition and

storage of unlabelled data is becoming increasingly cheap and easy. This development
has driven machine learning research into exploring algorithms that make extensive use of
unlabelled data at training time in order to obtain better generalization performance.

A common problem of many transductive approaches is that they scale badly with the
amount of unlabeled data, which prohibits the use of massive sets of unlabeled data. Our
algorithm shows improved scaling behavior, both for standard Gaussian Process classifica-
tion and transduction. We perform classification on a dataset consisting of a digraph with
75,888 vertices and08, 960 edges. To the best of our knowledge it has so far not been
possible to perform transduction on graphs of this size in reasonable time (with standard
hardware). On standard data our method shows competitive or better performance.

Existing Transductive Approachesfor SVMs use nonlinear programming [2] or EM-style
iterations for binary classification [4]. Moreover, on graphs various methods for unsuper-
vised learning have been proposed [12, 11], all of which are mainly concerned with com-
puting the kernel matrix on training and test set jointly. Other formulations impose that the
label assignment on the test set be consistent with the assumption of confident classification
[8]. Yet others impose that training and test set have similar marginal distributions [4].

The present paper uses all three properties. It is particularly efficient wheRever
K~'a can be computed in linear time, whekec R™*™ is the kernel matrix and € R™.

e We require consistency of training and test marginals. This avoids problems with
overly large majority classes and small training sets.

e Kernels (or their inverses) are computed on training and test set simultaneously.
On graphs this can lead to considerable computational savings.

e Self consistency of the estimates is achieved by a variational approach. This al-
lows us to make use of Gaussian Process multiclass formulations.



2 Multiclass Classification

We begin with a brief overview over Gaussian Process multiclass classification [10] recast
in terms of exponential families. Denote Byx Y with Yy = {1..n} the domain of obser-

vations and labels. Moreover 1&t := {z1,...,z,,} andY := {y1,...,yn } be the set of
observations. Itis our goal to estimate: via
pylz,0) = exp ((¢(w,y),0) — g(6]x)) whereg(0|z) =log » _ exp ((¢(,y),0)). (1)
yeY

¢(x,y) are the joint sufficient statistics afandy andg(6|x) is the log-partition function
which takes care of the normalization. We impose a normal priof,deading to the
following negative joint likelihood irf andY:

m 1 )

Pi=—logp(0,Y|X) = [g(0lx:) — (d(xi,9:), 0)] + 252 1011” + const. . (2)

=1
For transduction purposeg6, Y| X)) will prove more useful thap(0|Y, X). Note that a
normal prior ond with variances?1 implies a Gaussian process on the random variable
t(z,y) := (¢(z,y),0) with covariance kernel

Cov [t(z,y). t(z",y)] = o® (d(x,y), (2", y")) =t o?k((2.y), (',1)))- 3

Parametric Optimization Problem In the following we assume isotropy among the
class labels, that i$p(z,y), p(z',y')) = dy,. (d(x), ¢(2’)) (this is not a necessary re-
quirement for the efficiency of our algorithm, however it greatly simplifies the presenta-
tion). This allows us to decompos$éento 64, ..., 6, such that

(6(z,9),0) = (¢(x),0,) and]|6]* = ZH@ I2. (4)

Applying the representer theorem allows us to expand terms of ¢(z;,y;) asé =
Doty >y Qiy®(xi,y). In conjunction with (4) we have

0y =Y iyé(x;) wherea € R™". (5)
i=1
Let p € R™*™ with p;; = 1if y; = j andp;; = 0 otherwise, and{ € R™*™ with
K;j = (¢(x;), ¢(z;)). Here joint log-likelihood (2) in terms of and K yields
1
;bg;exp([lfa]iy) —trp Ko+ T‘QtraTKaJrconst. (6)

Equivalently we could expand (2) in termstof= K «. This is commonly done in Gaussian
process literature and we will use both formulations, depending on the problem we need to
solve: if K« can be computed effectively, as is the case with string kernels [9], we use the
a-parameterization. Conversely,fif ~'« is cheap, as for example with graph kernels [7],

we use the-parameterization.

Derivatives Second order methods such as Conjugate Gradient require the computation
of derivatives of- log p(6, Y| X') with respect td in terms ofa or ¢. Using the shorthand
7w € R™*™ with m;; := p(y = j|x;, 0) we have

0uP=K(r—p+o2%a)andd,P =7 — pu+ o0 2K 't. @)

To avoid spelling out tensors of fourth order for the second derivatives (aire@®™*™)
we state the action of the latter as bilinear forms on vegtors u, v € R™*"™. For con-
venience we use the “Matlab” notation of”.to denote element-wise multiplication of
matrices:



OZP[B, ] = tr(K7) " (. (KB)) — tr(m. « Kv) " (m. % (KB)) + 02 try T K3 (8a)
D2 Plu,v] = tru’ (m. xv) — tr(m. xu) " (m. xv) + 0 2 tru’ K 1o, (8b)

Let L - n be the computational time required to comp#te and K —'¢ respectively. One
may check thal. = O(m) implies that each conjugate gradient (CG) descent step can
be performed irO(m) time. Combining this with rates of convergence for Newton-type
or nonlinear CG solver strategies yields overall time costs in the ordéflog m) to
O(m?) worst case, a significant improvement over conventiéhah?) methods.

3 Transductive Inference by Variational Methods

As we are interested in transduction, the labél@nd analogously the dafd) decompose
asY = Yirain U Yiest. TO directly estimate(Yiest| X, Yirain) We would need to integrat-

ing outd, which is usually intractable. Instead, we now aim at estimating the mode of
p(0]X, Yirain) by variational means. With the KL-divergenéeand an arbitrary distribu-
tion ¢ the well-known bound (see e.g. [5])

- Ing(9|X7 Krain) S - 1ng(0|X7 thrain) + D(q(}/test)”p(y;;est ‘X7 Y—train7 9)) (9)

= - Z (logp()/testy 9|X, }/train) - IOg Q(}/‘cest» q(yvtest) (10)
Yiest

holds. This bound (10) can be minimized with respe@&mdq in an iterative fashion. The

key trick is that while using a factorizing approximation fowe restrict the latter to dis-
tributions which satisfy balancing constraints. That is, we require them to yield marginals
on the unlabeled data which are comparable with the labeled observations.

Decomposing the Variational Bound To simplify (10) observe that
p(Y;:esta Q‘Xa Y:crain) = p(Y:crainv Y:cest; 9|X)/p(yjcra1n|X) (11)

In other words, the first term in (10) equals (6) up to a constant independéraraf;.s; .
With qij = q(yz = j) we define,uij (q) = Qij forall i > Mytrain andll,ij (q) =1if Y =1
and0 otherwise for al < my,.in. In Other words, we are taking the expectatiomiaver
all unobserved labelg;.; with respect to the distributiofYest ). We have

Z Q(}/test) log p(Y:cesm €|X7 1/train)
Yiest
m n 1
= ; logjg1 exp ([Kali;) — tru(q) " Ka + 257 tra' Ka + const. (12)

For fixedq the optimization oveé proceeds as in Section 2. Next we discgss

Optimization over ¢ The second term in (10) is the negative entropy.oSinceq fac-
torizes we have

m

> q(Viest) logq(Yiest) = > qijloggij. (13)

Yiest i=Mtrain+1

It is unreasonable to assume thhahay be chosen freely from all factorizing distributions
(the latter would lead to a straightforward EM algorithm for transductive inference): if we
observe a certain distribution of labels on the training set, e.g., for binary classification we
seed5% positive and5% negative labels, then it is very unlikely that the label distribution
on the test set deviates significantly. Hence we should make use of this information.



If m > mymin, hOwever, a naive application of the variational bound can lead to cases
wheregq is concentrated on one class — the increase in likelihood for a resulting very sim-
ple classifier completely outweighs any balancing constraints implicit in the data. This is
confirmed by experimental results. It is, incidentally, also the reason why SVM transduc-
tion optimization codes [4] impose a balancing constraint on the assignment of test labels.
We impose the following conditions:

m n
r; < Y gy <rfforalljeyandd gy =1foralli€ {myan.m}.
1=Mtrain+1 Jj=1

Here the constraints;, = pemp(y = j) — € a_ndr;.r = Pemp(y = Jj) + € are chosen such
as to correspond to confidence intervals given by finite sample size tail bounds. In other
WOrdS We S€bemp(y = 7) = m L. S Ly, = j1 ande such as to satisfy

Mtrain Meest

-1 —1 /

Pr Mrain Z gl T Mygest Z 51
=1 =1

for iid {0,1} random variables; and¢, with meanp. This is a standard ghost-sample
inequality. It follows directly from [3, Eq. (2.7)] after application of a union bound over
the class labels that< /log(2n/8)m/ (2m¢rainMitest)-

> e} <6 (14)

4 Graphs, Strings and Vectors

We now discuss the two main applications where computational savings can be achieved:
graphs and strings. In the case of graphs, the advantage arises from the fact thiat
sparse, whereas for texts we can use fast string kernels [9] to coifpuie linear time.

Graphs Denote byG(V, E) the graph given by verticdg and edge€’ where each edge is

a set of two vertices. Thei’ € R!V!*IVI denotes the adjacency matrix of the graph, where
W;; > 0only if edge{s, j} € E. We assume that the gragh and thus also the adjacency
matrix W, is sparse. Now denote lythe identity matrix and by the diagonal matrix of
vertex degrees, i.el);; = Zj W;;. Then the graph Laplacian and the normalized graph
Laplacian ofG are given by

L:=D-W and L:=1-D :WD 2, (15)

respectively. Many kernel&™ (or their inverse) or7 are given by low-degree polynomials
of the Laplacian or the adjacency matrix@f such as the following:

l l
K=Y c;W" K=][1-cL), or K~' =L +el. (16)
=1 =1

In all three cases we assumede > 0 andi € N. The first kernel arises from drstep
random walk, the third case is typically referred to as regularized graph Laplacian. In these
casesKa or K—'t can be computed using = [(|V| + |E|) operations. This means

that if the average degree of the graph does not increase with the number of observations,
L = O(m) asm = |V| for inference on graphs.

From Graphs to Graphical Models Graphs are one of the examples where transduction
actually improves computational cost: Assume that we are given the inverse kernel matrix
K~ on training and test set and we wish to perform induction only. In this case we need
to compute the kernel matrix (or its inverse) restricted to the training set.Kleét =

[ ;T g ] then the upper left hand corner (representing the training set part only) of



K is given by the Schur complemefit — BTC*lB)fl. Computing the latter is costly.
Moreover, neither the Schur complement nor its inverse are typically sparse.

Here we have a nice connection between graphical models and graph kernels. Assume that
t is a normal random variable with conditional independence properties. In this case the
inverse covariance matrix has nonzero entries only for variables with a direct dependency
structure. This follows directly from an application of the Clifford-Hammersley theorem to
Gaussian random variables [6]. In other words, if we are given a graphical model of normal
random variables, their conditional independence structure is reflect&d by

In the same way as in graphical models marginalization may induce dependencies, com-
puting the kernel matrix on the training set only, may lead to dense matrices, even when
the inverse kernel on training and test data combined is sparse. The bottom line is there are
cases where it is computationally cheaper to take both training and test set into account and
optimize over a larger set of variables rather than dealing with a smaller dense matrix.

Strings: Efficient computation of string kernels using suffix trees was described in [9]. In
particular, it was observed that expansions of the fON#t | «;k(x;, z) can be evaluated

in linear time in the length of, provided some preprocessing for the coefficientsnd
observationsg:; is performed. This preprocessing is independentafd can be computed

in O(3_, |x;|) time. The efficient computation scheme covers all kernels of type

k(mvx/) = Zws#s(x)#s(x/) (17)

for arbitraryws > 0. Here,#(z) denotes the number of occurrencessaf = and the
sum is carried out over all substringsaofThis means that computation time for evaluating
Kais againO(}_, |z;|) as we need to evaluate the kernel expansion for al.X. Since
the average string length is independentothis yields anO(m) algorithm forK a.

Vectors: If k(x,2') = ¢(x)"¢(z') andg(x) € R? for d < m, it is possible to carry
out matrix vector multiplications i@ (md) time. This is useful for cases where we have a
sparse matrix with a small number of low-rank updates (e.g. from low rank dense fill-ins).

5 Optimization

Optimizationin «and¢: P is convex inn (and int sincet = K «). This means that a com-
bination of Conjugate-Gradient and Newton-Raphson (NR) can be used for optimization.

e Compute updates «— o — 2P ' 9,P via
— Solve the linear system approximately by Conjugate Gradient iterations.
— Find optimaln by line search.
e Repeat until the norm of the gradient is sufficiently small.
Key is the fact that the arising linear system is only solved approximately, which can be
done using very few CG iterations. Since each of ther®(s:) for fast kernel-vector
computations the overall cost is a sub-quadratic functiomn of

Optimization in g is somewhat less straightforward: we need to find the optjrivaterms
of KL-divergence subject to the marginal constraint. Denote the part of K« pertaining
to test data, or more formally € Rt <" with 7;; = [K ;i 4my,im,;- We have:

miniqmize trq' T+ Z i log qi; (18)
2%

subject tog; < Zqij <qf,q;>0 anquli =1forallj € Y,l € {1..mest}



Table 1: Error rates on some benchmark datasets (mostly fréih Whe last column is

the error rates reported in [1]

DATASET #INST  #ATTR IND. GP TRANSD. GP SVMMIP
cancer 699 9 3.4%+41% 21%+4.7% 3.4%
cancer (progn.) 569 30 | 6.1%+3.7%  6.0%+3.7% 3.3%
heart (cleave.) 297 13 | 15.0%+5.6% 13.0%=+6.3% 16.0%
housing 506 13 7.0%+1.0% 6.8%+0.9% 15.1%
ionosphere 351 34 | 8.6%+6.3%  6.1%+3.4% 10.6%
pima 769 8 | 19.6%+8.1% 17.6%+8.0% 22.2%
sonar 208 60 | 10.5%+5.1% 8.6%+3.4% 21.9%
glass 214 10 | 20.5%+1.6% 17.3%+4.5% —
wine 178 13 | 19.4%+5.7% 15.6%+4.2% —
tictactoe 958 91 3.9%+0.7%  3.3%+0.6% —
cmc 1473 10 | 32.5%+7.1% 28.9%+7.5% —
USPS 9298 256 5.9% 4.8% —1

This is a convex optimization problem. Using Lagrange multipliers one can show that
needs to satisfy,;; = exp(—7;;)bic; whereb;,c; > 0. Solving forZ? gi; = 1 yields

¢ij = % This means that instead of an optimization problemmiy, x n
variables we now only need to optimize ovevariables subject t@n constraints.

Note that the exact matching constraint whefe= ¢;” amounts to a maximum likelihood
problem for a shifted exponential family model whete = exp(7;;) exp(v; — g;(7i))-

It can be shown that the approximate matching problem is equivalent to a maximum a
posteriori optimization problem using the norm dual to expectation constrainis.owe

are currently working on extending this setting

In summary, the optimization now only dependsorariables. It can be solved by standard
second order methods. As initialization we chogssuch that the per class averages match
the marginal constraint while ignoring the per sample balance. After that a small number
Newton steps suffices for optimization.

6 Experiments

Unfortunately, we are not aware of other multiclass transductive learning algorithms. To
still be able to compare our approach to other transductive learning algorithms we per-
formed experiments on some benchmark datasets. To investigate the performance of our
algorithm in classifying vertices of a graph, we choose the WebKB dataset.

Benchmark datasetsTable 1 reports results on some benchmark datasets. To be able to
compare the error rates of the transductive multiclass Gaussian Process classifier proposed
in this paper, we also report error rates from [2] and an inductive multiclass Gaussian
Process classifier. The reported error rates are for 10-fold crossvalidations. Parameters
were chosen by crossvalidation inside the training folds.

Graph Mining To illustrate the effectiveness of our approach on graphs we performed
experiments on the well known WebKB dataset. This dataset consi8&y&dfwebpages
classified intd7 classes. Each webpage contains textual content and/or links to other web-
pages. As we are using this dataset to evaluate our graph mining algorithm, we ignore the
text on each webpage and consider the dataset as a labelled directed graph. To have the data

In [2] only subsets of USPS were considered due to the size of this problem.



Table 2: Results on WebKB for ‘invers&0-fold crossvalidation

DATASET V| |E| ERROR || DATASET V] |[E| ERROR
Cornell 867 1793 10% Misc 4113 4462 66%
Texas 827 1683 8% all 8275 14370 53%

Washington 1205 2368 10% || Universities 4162 9591 12%
Wisconsin 1263 3678 15%

set as large as possible, we did not remove any webpages eapfposiost other work.

Table 2 reports the results of our algorithm on different subsets of the WebKB data as
well as on the full data. We use the co-linkage graph and report results for ‘invérse’

fold stratified crossvalidations, i.e., we ukéold as training data angl folds as test data.
Parameters are the same for all reported experiments and were found by experimenting with
a few parametersets on the ‘Cornell’ subset only. It turned out that the class membership
probabilities are not well-calibrated on this dataset. To overcome this, we predict on the
test set as follows: For each class the instances that are most likely to be in this class are
picked (if they haven’t been picked for a class with lower index) such that the fraction of
instances assigned to this class is the same on the training and test set. We will investigate
the reason for this in future work.

The setting most similar to ours is probably the one described in [11]. Although a di-
rected graph approach outperforms there an undirected approach, we resorted to kernels
for undirected graphs, as those are computationally more attractive. We will investigate
computationally attractive digraph kernels in future work and expect similar benefits as re-
ported by [11]. Though we are using more training data than [11] we are also considering
a more difficult learning problem (multiclass without removing various instances). To in-
vestigate the behaviour of our algorithm with less training data, we perforn2@edad

inverse crossvalidation on the ‘wisconsin’ subset and observed an error iat% dhere.

To further strengthen our results and show that the runtime performance of our algorithm
is sufficient for classifying the vertices of massive graphs, we also performed initial ex-
periments on the Epinions dataset collected by Mathew Richardson and Pedro Domingos.
The dataset is a social network consisting’8f888 people connected by08, 960 ‘trust’

edges. Additionally the dataset comes with a lisL&3 ‘topreviewers’ for25 topic areas.

We tried to predict these but only gt2% of the topreviewers correct. As we are not aware

of any predictive results on this task, we suppose this low accuracy is inherent to this task.
However, the experiments show that the algorithm can be run on very large graph datasets.

7 Discussion and Extensions

We presented an efficient method for performing transduction on multiclass estimation
problems with Gaussian Processes. It performs particularly well whenever the kernel ma-
trix has special numerical properties which allow fast matrix vector multiplication. That
said, also on standard dense problems we observed very good improvements (typically a
10% reduction of the training error) over standard induction.

Structured Labels and Conditional Random Fieldsare a clear area where to extend
the transductive setting. The key obstacle to overcome in this context is to find a suitable
marginal distribution: with increasing structure of the labels the confidence bounds per
subclass decrease dramatically. A promising strategy is to use only partial marginals on
maximal cliqgues and enforce them directly similarly to an unconditional Markov network.



Applications to Document Analysisrequire efficient small-memory-footprint suffix tree
implementations. We are currently working on this, which will allow GP classification to
perform estimation on large document collections. We believe it will be possible to use
out-of-core storage in conjunction with annotation to work on sequenck¥ @haracters.

Other Marginal Constraints than matching marginals are worth exploring. In particular,
constraints derived from exchangeable distributions such as those used by Latent Dirichlet
Allocation are a promising area to consider. This may also lead to connections between GP
classification and clustering.

SparseO(m!-?) Solvers for Graphshave recently been proposed by the theoretical com-
puter science community. It is worthwhile exploring their use for inference on graphs.
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