A Proof of Prop. 1: Asymptotic linearity of k-fold CV

We first prove a general asymptotic linearity result for repeated sample-splitting estimators. Given
a collection A,, = {(Bj, B})};c[ of index vector pairs such that for any pair (B;, B}) in A, B,
and Bj are disjoint, and a scalar loss function py, ;(Z B> 4B, ), define the cross-validation error as

A J
R, = % Ej:l pmj(ZB; ’ ZBj)
and the multi-fold test error
J
R, = %Zj:l E[pn,j(ZB;aZBj) | ZB,;].

Note that similarly to the number of folds £ in cross-validation, J can depend on the sample size n,
but we write J in place of .J,, to simplify our notation.

Proposition 3 (Asymptotic linearity of CV). For any sequence of datapoints (Z;);>1,
n [ p n _ _ L4
L2 (Ro = Ra) = 25 521 (pni(Zny) — Elpu g (Z ) 5 (resp. ) 0

for functions py, 1, ..., pn.y with o2 £ %Var(z;il ,Emj(ZB})) if and only if

[;i@ Zj:l (pn,j(ZB;,ZBj) _E{pn,j(ZBészj) | ZBJ}
- (ﬁn,j(ZBJ’.) - ]E[ﬁn,j(ZB})]D RS (resp. Lﬁ) 0

where the parenthetical convergence indicates that the same statement holds when both conver-
gences in probability are replaced with convergences in L9 for the same q > 0.

Proof  For each (Bj, B}) € Ay, let

Lj =pnj(Zp;, ZB,) — Elpn.j(Zp;, ZB,) | ZB,] — (ﬁn,j(ZB;) - E[ﬁn,j(ZB;)])-

Then

L2 (Ry = Ra) = 25 52 (pni(Z6; Z6,) — Elpni(Z6;, Z6,) | Z1,)

n J n J _ _
= S L+ 2 5 (5o i(Zsy) — Elpn i (Z5:)).

The result now follows from the assumption that U\MJ j:l L; S (resp. Lj) 0. O

Prop. 1 now follows directly from Prop. 3 with the choices:

o A, ={(Bu,i): L € [k],i € B},

o forall j € [J], pnj(Zi, ZB,) = hn(Zi, Zg,) and pn ;(Z;) = hn(Z;) for the associated
¢ e [k]and ¢ € By.

Note that for these choices, we have J = |A,| = 25:1 |B)| = n.

B Proof of Thm. 1: Asymptotic normality of k-fold CV with i.i.d. data

Thm. 1 follows from the next more general result, which establishes the asymptotic normality of
k-fold CV with independent (not necessarily identically distributed) data.

Theorem 6 (Asymptotic normality of k-fold CV with independent data). Under the notation
of Prop. 1, suppose that the datapoints (Z;)i>1 are independent. If the triangular array
(hn(Z;) —E[hn(Z;)]),, , satisfies Lindeberg’s condition,

Ve >0, % S E{(ﬁn(zi) - JE[BTL(Zi)])Qﬂ[mn(Zi) —E[ha(Z)]| > ean\/ﬁﬂ — 0, (B.1)
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then

no(7 7 d
onl\/ﬁ St (hn(Zi) — E[ha(Zi)]) = N(0,1).
Additionally, if (2.2) holds in probability, then
L2 (R — Ra) 5 N(O,1).

On

Proof By independence of the datapoints (Zi)i>1» (hn(Z;))n: are independent, and

no2 = Var(3;_, hn(Z;)). Under Lindeberg’s condition, we get the first convergence result

thanks to Lindeberg’s Central Limit Theorem (see [10, Thm. 27.2]). Additionally, if assumption
(2.2) holds, we apply Prop. 1 and Slutsky’s theorem to get the second convergence result. O

Ifthe (Z;);>1 areiid., then o2 = LVar(3! | h,(Z;)) = Var(h,(Z)), and Lindeberg’s condition
(B.1) reduces to
Ve > 07 %%E[(ﬁn(ZO) - E[Bn(ZO)])Q]l [|7Ln(ZO) - [ TL(ZO)]| > Eo'n\f]:|

We will show that this follows from the assumed uniform integrability of the sequence X, =
(hn(Zo) — E[hn(Zp)])?/02. Indeed, for any € > 0 and all n,

E[X, 1[X, > ne?]] < sup,, E[X,,, 1 [ Xy, > ne?]] = 0,

as n — oo by the uniform integrability of the sequence of X,,. Thm. 1 therefore follows from
Thm. 6.

C Proof of Thm. 2: Approximate linearity from loss stability

Thm. 2 will follow from the following more general result.

Theorem 7 (Approximate linearity from loss stability). Under the notation of App. A, with
{(Bj, B})}jers) a collection of disjoint index vector pairs where (B’)jc(y) is a pairwise disjoint

family, and p,, j(ZB/ Zp, = IB’\ ZZGB, hn,j(Zi, Z,), suppose that the datapoints (Z;);>1 are
i.i.d. copies of a random element Z. Define ,onJ(ZBj, Zp;) e pn,j(Ziy ZB;) — Elpn j(Zi, ZB,) |
Zp,) and py, (Zp;, Zp,) = 9}, ;(Zi, Zp,) — Elp,, j(Zis ZB;) | Zi]. Then
J
Bl X 0l (Zy, Z8,))%] < 35 (250 v/ toss o tons (o 7

+ 1 B3B3 toss () ) 1)

Proof
Define h;, ; and h;, ; as

by, (Zis Zp;) £ hnj(Zis Zg,) — Blhn ;(Zi, ZB,) | ZB,),
Wy (Zi, Zg,) = 1, j(Zi, Zp,) — B, j(Zi, ZB,) | Zi].

Therefore, we have p;’j(ZB;,ZBj) = \B’|ZzEB/h’ (Zi,Zp;) and p;, (ZB ,ZB;) =
|371;\ ZieB_; hii,j(Zu ZBj)‘
Thus

J
(1]Z] lprL,j(ZB ’ZB )) = ]2 Z]J’ 1pnj(ZB/ ZB )pnj (ZB/ ZB I)
= J2 Z]J '=1 \B/| |B’ \ EZEB/ Zz GB’ hn](Z“ZB )h (Zl >ZB /)'

In what follows, Z)) is Zp,, with Z; replaced by Z;, an i.i.d. copy of Z, independent of (Z;)i>1.
Note that if i ¢ By, Z)}  is just Zp,,. We similarly define Zj\si;-
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Ifj 7& j/, we have EZi[ZiGB; Zi’GB’_/ hg,j(ZhZB )h// (Z Z\Z )] = 0, because (i)

by (Zi, Z;) and hy, 5 (Zir, Z,\;j,) are conditionally independent given everything but Z;, and (ii)
]EZ (b ;(Ziy Z;)] = 0.

Slmllarly, if 7 #£75,

Bz [Cien, Cien, M j(Zi 2 W 5 (Zo. Z,)) = 0,

Bz, (Sien, Soep, M3 (Zo 2y, 0 (20, 235 )] = 0.
Therefore, if j # 7/,
E[\Biﬂﬁ Zz‘eBJ’. Zi'eB;, h (Zza ZB )h (Zz aZB /)}

X (hZ,j/(Zi'7ZBj/) h/l (Zl ’Z]\B /)))]

ey Swes, BI(W;(Zi Zp,) = W, ;(2:. 25)
x (W) ;(Zir, Z,)) = W (Zir, 235)))]
S ZEB; i/eB;l \/ |: ZZaZB h;:’j(ZMZ;ZJ))Q}
\/ h// ZZ 7ZB /) - hlyihj’(Zi/?Zgij,))Q}
< (i Ties; Lo, B[ 52, Zn,) = 1 (2, 2]
1/2
X ]E{(h;{vj/(ZiuZB],) hoy o (Zis ’Zl\3 ) D
— (8 Siem, Toea, B[ <<Zo,zB_7.>fh;:,j<zo,zg;>>}

; 1/2
E (bl (Z0, Z8,,) = Wil (Z0, 235, )] )
1 " " \i'yy2 1/2
= <‘B7J//| Zi’EB;,E[(h”J(ZO’ZBj)_hn7j(Z07ZBj)) :|>
1 " \i \\2 1/2
< (B Sic B (b1 (Zo0, Z1,) = b3 (%0, 2, )]

= \/’Yms(hg,j)’}/ms(h{,;’j/) = \/’Yms(h;q,7j)"/ms(hn’j/ - \/’Vloss(hn,j)’yloss(hn,j/)v

where we have applied Cauchy—Schwarz inequality and Jensen’s inequality, used that the datapoints
are i.i.d. copies of Z; and applied the definitions of mean-square stability and loss stability.

If j = j' and i # i', then Ez, [h!! (Z;, Zp,)h!! (Zi, Zp,)] = 0.

If j = j’ and i = ', then E[h]] ;(Zi, Zp;)?| = E[Var(h,, ;(Zi, Zp,) | Zi)].

We now state a conditional application of a version of the Efron—Stein inequality due to Steele [47].

Lemma 1 (Conditional Efron—Stein inequality). Suppose that, given W, the random vectors X1.n,
and X31.,, are conditionally independent and identically distributed and that the components of
X1.m are conditionally independent given W. Then, for any suitably measurable function f

%]E[(f(XliTm W) - f(X{:nw W))2 | W] = Var(f(Xl:ma W) ‘ W)
< IS E[(f(Xian, W) — F(X L W))2 | W]

where, for each i € [m], Xl\:im represents X1.m, with X; replaced with X|.
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Using Lemma 1, we get E[Var(h,, ;(Zi, Zp,) | Zi)] < 5|Bjlvms(h}, ;) = 5|Bj|ioss (hn,)-
Combining everything, we get
J
E[(}] E] 1pn](ZB 7ZBJ))2] < %(Ejséj \/’Yloss n,j ’Yloss(hn,j’)

+ Zj:l ﬁ%‘Bﬂ |’Woss(hnaj)) .

O

In the case of k-fold cross-validation with equal-sized folds and i.i.d. data, the left-hand side of
(C.1) becomes

Var (& S5y Sier (0 Z,) ~ B[W(Zi. Z5,) | Z1) ).

and its right-hand side simplifies to
kflz (k(k - 1) ’Yloss(hn) + k%ﬁn( )’Yloss(hn)> - %(1 - %)’Yloss(hn)-
Hence,

War (= S0y Sien (0(Zis Z,) = B0, (7, Z8,) | Zi))) < 3(1 = £)0ss (In).

We then note that the asymptotic linearity condition (2.2) in L2-norm with the choice h,(z) =
E [l (2, Z1:n(1-1/k))] can be written as

L2
i i Yien (0 (Zi Z5,) — E[h,(Zi, Z5,) | Zi]) =+ 0,

which is implied by (3.2) when ;055 (hy,) = 0(c2 /n). Therefore, Thm. 2 follows from Thm. 7.

D Proof of Thm. 3: Asymptotic linearity from conditional variance
convergence

Thm. 3 will follow from the following more general statement.

Theorem 8 (Asymptotic linearity from conditional variance convergence). Under the notation of
Prop. 1, suppose that the datapoints (Z;);>1 are i.i.d. copies of a random element Zy. If a function
h,, satisfies

, ~ /2
max(k?71, 1) Z?:l E {(Lﬁ% Varyg, (hn(Zo, ZB;) — hn(Zo))>q } -0

Sor some q € (0,2], then hy, satisfies the L9 asymptotic linearity condition (2.2). If a function hy,
satisfies

— 0,

zj_lﬂz[mm< W\/Varzo w(Zo, Z,) — hn(Zo))>

then h,, satisfies the in-probability asymptotic linearity condition (2.2).
Proof In the notation of Prop. 1, for each j € [k], let

Li = 1371 Siep, (hn(Zi, Z5,) = ha(22)) = Ez[hn(Z0, Z5,) — ha(Z0))-
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We first note that for any non-decreasing concave 1) satisfying the triangle inequality, we have

EM ) w(w i B;|Lj|>

<yt E w(anlﬁBﬁLﬂ)

w(dn;ﬁw;nLj)

<3h,E w@mBﬂﬁzB}an)]

<E

k
(,nl\/ﬁ Zj:l |B3|Lj

k
= Zj:l E EZB}

<YLE w(anlﬁBﬂ Varz,, <Lj>>]

b

= Z?:l E w(%\/\/arzo (hn(Zo,ZBj) - hn(ZO))>

where we have applied the triangle inequality twice, the tower property once, and Jensen’s inequality
twice. The advertised L7 result for ¢ € (0,1] now follows by taking ¢(x) = 9, and the in-
probability result follows by taking 1(x) = min(1, ) and invoking the following lemma.

Lemma 2. For any sequence of random variables (X ,,)n>1, Xn, 2 0 ifand only if E[)(| X, |)] — 0,
where t(x) = min(1, z).

Proof If X, LN 0, then as X, i 0 and % is bounded and continuous for nonnegative x,
E[¢(|Xn])] — 0. Now suppose E[¢)(]X,,|)] — 0. Since ¢ is nonnegative and non-decreasing
for nonnegative x, we have P(|X,,| > ¢) < E[¢(|X,])]/v(e) — 0 for every ¢ > 0 by Markov’s

inequality. Hence, X, 2 0. O

Now fix any ¢ € (1, 2], and note that as « — z7 is non-decreasing and convex on the nonnegative
reals, we have

q q
k k k
El onlx/ﬁ 21 |BjlL;| | <E <k P gnl\/g|3§||Lj|>
q
k9 k
< T 2= E <%1ﬁ|B§|ILJ‘I>

i a/2
— k
— k1R ZFJEZB; <7L(1731|B}|2|le2>

a/2
1 k |Bj|?
< kI7E Zj:l —-Varz,, (Lj)
n J

/
|5

a/2
= k11| Zle (naﬁ VarZU (hn(Zo, ZBj) — hn(ZO))> R

where we have applied the triangle inequality, Jensen’s inequality using the convexity of x — z9,
the tower property, and Jensen’s inequality using the concavity of = — x9/2. Hence, the L? result
for ¢ € (1, 2] follows from our convergence assumption. O

Thm. 3 then follows from Thm. 8 by replacing |B}| with 7 and Zp; with Zy.,(1_1/) since folds
are equal-sized and the Z;’s are i.i.d.
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E Conditional Variance Convergence from Loss Stability

We show that the quantity appearing in (3.3) is controlled by the loss stability, for any ¢ € (0, 2].
Note however that (3.3) can be satisfied even in a case where the loss stability is infinite (see App. G).

Proposition 4 (Conditional variance convergence from loss stability). Suppose that k divides n
evenly. Under the notation of Thm. 3 with h,,(2) = E[hn (2, Z1.n(1-1/k))]s

_ a/2 q/2
E {(;%Varzo (hn(ZOa Zl:n(lfl/k)) - hn(ZO)>) :l < (%ﬁ%n(l - 1/k3)'7/loss(hn)) ’

for any ¢ € (0,2]. Consequently, the condition (3.3) is verified whenever 7os5(hn) =
2

U7L
O\ n(A—1/F) max(k,k /01y )

Remark 2. If k = O(1), this loss stability assumption simplifies to Yjss(hyn) = o(a2 /n) for any
q € (0,2].

Proof Write m = n(1 — 1/k). Then
Vang (hn(ZO; Zl:m) - E[hn(ZO; Zl:m) | ZO]) - VarZo (h;,(ZOa Zl:m) - E[h;’(Z(), Zl:m) | ZO]);

since the difference h,,(Zo, Z1.m) — h!,(Zo, Z1.m) = E[hn(Zo, Z1.m) | Z1.m] is @ Z1.,,,-measurable
function. For 0 < g < 2, using Jensen’s inequality,

E|(Varz, (h,(Zo, Zvm) = ElW,(Zo, Z1im) | Zo)))"'?
< E[Varz, (,(Zo, Z1.m) — Bl (Zo, Z1.m) | Zo])]""*.
We can bound it using loss stability.
Varz, (hl,(Zo, Z1.m) — B[R (Zo, Z1.m) | Zo))
=Ez, [((h,(Z0, Z1:m) — B[h},(Z0, Z1:m) | Z0])
— (B[, (Z0, Zrm) | Zaom] — Bl (Zo, Zam)])’]
= E[(h1,(Zo, Z1:m) — Ell,(Zos Z1:m) | Zo))* | Z1m),
so that
E[Varz, (h;,(Zo, Z1.m) — E[h},(Zo, Z1:m) | Zo))]

E[(h},(Zo, Z1:m) — E[h},(Zo, Zr:m) | Zo))?)
E[Var(h;(Zo, Zl:m) | Zo)]
< %m'}/loss(hn);

where the last inequality comes from Lemma 1. Consequently,

q/2 q/2
E[(évarZo (hn(ZOa Zl:m) - ]E[hn(ZOa Zl:m) | ZO])) :l < (%ﬁ%m’}/loss(hn))

F Excess Loss of Sample Mean: o(%) loss stability, constant o> € (0, cc),
infinite mean-square stability

Here we present a very simple learning task in which (i) the CLT conditions of Thms. 1 and 2 hold
and (ii) mean-square stability (3.1) is infinite.

Example 1 (Excess loss of sample mean: 0(%) loss stability, constant 02 € (0,00), infinite
mean-square stability). Suppose (Z;);>1 are independent and identically distributed copies of a
random element Zy with E[Zy] = 0 and E[Z3] < co. Consider k-fold cross-validation of the excess
loss of the sample mean relative to a constant prediction rule:

ho(2,D) = (z — f(D))? = (2 —a)® where f(D)%2 ﬁ > zsep Zo and a#0.
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The variance parameter of Thm. 1 o2 = Var(h,(Zy)) = 4a?Var(Zy) when h,(z) =

E[hn (2, Z1m(1-1/k))], and the loss stability Yioss(hn) = 7532\(/?17(12/0]2)"‘2 = o(02/n). Consequently

Thm. 2 implies asymptotic linearity. The uniform integrability condition of Thm. I also holds. To-
gether, these results imply that the CLT of Thm. 1 is applicable. However, whenever Zy does not
have a fourth moment, the mean-square stability (3.1) is infinite.

Proof Introduce the shorthand m = n(1 — 1/k), fix any D with |D| = m, and suppose D% is
formed by swapping Z{, for an independent point Z{j in D. For any z we have

(z = f(D)* = (z = f(D%))* = (f(D) — /(D%))(22 — f(D) - /(D*))
= w2y — Z4)(2z — (D) — f(D%))
= (24 = 2)(22 = (28 + Z4) = 2(f (D) — £ Z1))
= 224 = Z3)(= = (f(D) = 5 2Z) — 5= (2 = Z?).

Hence, the mean-square stability equals

E[((Zo — f(D))* = (Zo - f(D%))*)?]
wr B2 = Z8)°) + 2= BI(Z8 — Z3)’1El(Zo — (f(D) — 32 Z4)]
— o B2 — Z6)(Z4? — Z§)[E(Zo — (f(D) — 15 Z4)]

<E(Z6% — Z0)°) + 7= B2 — Z))El(Zo — (f(D) — £.23))*]

> o Var(Z§)

l
since E[Zo] = 0, and Zo, Z4, Z{/, f(D) — L Z{/ are mutually independent.

Moreover, the loss stability equals

E(((Zo — f(D))? = (Zo — f(D%))? = Eg,[(Z0 — f(D))? — (Zo — f(D%))?))?]

= w2 E(Z0 — Z5)’|E[(Zo — E[Z0])?] = 35 Var(Z)*.
Finally, for any z, E[(z — f( D)2 — (z —a)? = L —Var(Zy) + 2za — a®. Consequently, for
hin(Zo) = E[hy(Zo, D) | Zo), we get the following equahtles

on = Var(h,(Zy)) = 4a*Var(Z,), and
hn(Zo) — Elhn(Z0)])? /02 = Z2 [ Var(Z).

The distribution of Zg /Var(Zo) does not depend on n and is integrable, so the sequence of
(hn(Zo) — E[hyn(Zo)])? /02 is uniformly integrable. O

G Loss of Surrogate Mean: constant o> € (0, c0), infinite 52, vanishing
conditional variance

The following example details a simple task in which (i) the CLT conditions of Thm. 1 and Thm. 3
hold and (ii) mean-square stability, 52, and loss stability are infinite.

Example 2 (Loss of surrogate mean: constant o2 € (0,00), infinite O'n, vanishing conditional
variance). Suppose (Z;);>1 are independent and identically distributed copies of a random element
Zy = (Xo,Yo) with Z; = (X;,Y;) and E[Xo] = E[Yy]. Consider k-fold cross-validation of the

following prediction rule under squared error loss:

ho((2,y),D) = (y — f(D))*> where f(D)%£ ﬁ > (Xo.Yo)eD X0

The loss stability voss(hpn) = %W, and the variance parameter of Thm. 1
02 = Var(h,(Zy)) = Var((Yy — E[Yy])?), (G.1)
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when hy,(2) = E[hy (2, Z1.n(1—1/1))]. Hence, if E[XZ],E[Y{'] < oo, then Yioss(hn) = o(0?/n)
and Thm. 2 implies asymptotic linearity. The uniform integrability condition of Thm. 1 also holds.
Together; these results imply that the CLT of Thm. 1 is applicable.

If Xo has no fourth moment, then the mean-square stability (3.1) is infinite.

If Xo has no second moment, then the loss stability and the [5, Theorem 1] variance parameter
= E[Var(hn(Zo, Zin(1-1/1)) | Zim(1—1/y)] = Var(Yo — E[Yg])?) + £erZolver(o)
are infinite. However,
VEE| | /2 Varz, (hn(Zo, Zun1-1/0) = ha(Z0)) |

=2Vk % [|f(Zln1 1/k)) — E[Xo]]].

Hence, if E[Y}!] < oo and k = O(1), L' asymptotic linearity follows from Thm. 3, the uniform
integrability condition of Thm. 1 still holds, and the CLT of Thm. 1 holds with the finite variance
parameter (G.1).

Proof Without loss of generality, we will assume E[X] = E[Y;] = 0; the formulas in the general
case are obtained by replacing Xy with Xy — E[X{] and similarly for Yj. Introduce the shorthand

m = n(1 — 1/k), fix any D with |[D| = m, and suppose D% is formed by swapping Z, for an
independent point Z{ in D. For any z = (z, y) we have

(y = f(D)? — (y - f(D%))? = (f(D ) f(D%)(2y - f(D) - f(D%))

(X4 — X0)(2y — f(D) — f(D%))

(Xé’ — X0)(2y — 7 (X3 + X3) = 2(f(D) — 1, X¢0)
(X5 = Xp)(y = (f(D) = 5 X7)) — 7= (X3 — XP).

3\w 3= s\~ c:,

Hence, the mean-square stability equals
E[(Yo - f(D))* = (Yo - f(D%))*)?]
= mrE[(X0? — X@)?] + o2 El(XG — X0)’JE[(Yo — (f(D) — 5 X))
— s EBl(XE = X0)(X? = XP)E[Yo — (f(D) — 12 X7)]
= o El(X0? — X)) + = E((XE — X0)?|E[(Yo — (F(D) — 5 X{))?]
> 2 Var((Xo — E[Xo])?)

since E[Yp] = 0, and Zo, Z4, Z{/, f(D) — L X{/ are mutually independent.

Moreover, the loss stability equals

E[((Yo — f(D))? = (Yo — f(D%))? = By [(Yo — f(D))? = (Yo — f(D%))])?]
= LE[(X{ — X()?]E[(Yo — E[Y)])?] = ;25 Var(Xo) Var(Yp).

Next note that, for any ¥, 1/,
El(y — f(D))* - (v = f(D)*] = (y — v')(y + ¥ — 2E[f(D)])
= (? —y?) —2(y — v )E[f(D)] = — y?
since E[Xo] = 0. Therefore, Var(E[h,(Zo, D) | Zo]) = 3E[(YF — Y§?)?] = Var(Y{).

For any y, E[(y — f(D))?] = y* + E[f(D)?] since E[X,] = 0. Consequently, for h,(Zy) =
E[h.(Zo,D) | Zo], we get the following equalities:

02 = Var(h,(Zy)) = Var(Yg), and
(hn(Z0) = Elhn(20)))? /oy, = (Y5 — E[Y§])?/Var(Y?).
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The distribution of (Y7 —E[Y#])?/Var(Y?) does not depend on n and is integrable, so the sequence
of (hn(Zo) — E[hn(Zp)])? /02 is uniformly integrable.

Since
(y— (D)2 = (v = F(D)? = (v* —y?) =2y — /) /(D)
we can compute the variance parameter of [5],
52 = E[Var(hn(Zo, D) | D)] = E[(hn(Zo, D) — E[hn(Zo, D)|D])?]

= %]E[(hn(z()vp) - hn(Z(lbD))Q]

= 3E((Y7 — Y§*)?] +4E[(Yo - Y)’IE[f(D)*] — El(y* — v)(y — ¥)IE[f(D)]

= Var(Y{) + 8Var(Yp) - Var(X),
since E[f(D)] = 0 and f(D), Yy, Y{ are mutually independent.

Finally, let’s compute vk E [\/é\/arzo (hn(Zo,D) — Bn(Zo))} )

For any y, 1/,

((y— F(D)? —El(y - f(D)*) — (v — /(D)2 —E[(y — f(D))?)

=2 —y?) -2y —v)f(D) - (* —y?)

= —2(y— ) (D),
so that Varz, (hn(Zo, D) — hn(Z0)) = SE[(=2(Yo — Y§) f(D))? | D] = 4Var(Yy)(f(D))2.
Then

VRE[\[Fe Varz, (ha(Zo. D) — ha(20))] = 2V [SEGHEIF (D)) (G2)

If E[|Xo[] < oo, the family of empirical averages {-- """, X; : m > 1} is uniformly integrable
and the weak law of large numbers implies that f (D) converges to 0 in probability. Hence,

f(D) L. 0. The quantity (G.2) then goes to zero when k = O(1). O

H Proof of Prop. 2: Variance comparison

Prop. 2 will follow from the following more general result.
Proposition 5. Fix any j € [k], and define o ; £ Var(E[hn(Zo,Zp,) | Zo]) and 6% ; =
E[Var(h,(Zo, ZB,) | ZB,)]. Then

07210' = &Et,j < U?z,j + Iszl'Woss(hn),
where the first inequality is strict whenever hl (Z, Zg;) = hn(Zo,Z,) — Elhn(Zo, Zp;) | ZBj]
depends on Zp,;.

Proof Forall j € [k], we can rewrite both variance parameters.
5—72173’ = E[V&I‘(hn(ZO7 ZBJ-) ‘ ZBj)]
= E[(hn(Z0, ZB,) — Elhn(Z0, ZB,) | ZB,])?]
= E[h},(Zo, Z8,)?] = Var(h;,(Zo, Z,))-

0721,1‘ = Var(E[h,(Zo, ZB,) | Zo])
= E[(E[hn(Zo, Z5,) | Zo) — Elhn(Zo, Z8,)])?]
= E[E[h,(Zo, ZB,) | Zo|’] = Var(E[h;,(Zo, Z;) | Zo))
— Nar (I, (Zo, Z5,)) — E[Var(t, (Zo, Z,) | Zo)
= 52— E[Var(h!,(Zo, Zs,) | Zo)] < &2

n,j n,j’
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where the final inequality is strict whenever E[Var(h;,(Zo, Zp,) | Zo)] is non-zero.

Since every non-constant variable has either infinite or strictly positive variance,
E[Var(h’n(Zo, ZBj) | Zo)] =0 & h;l(Zo, ZBJ-) = I['E[]’L;I(ZO7 ZBJ') | Zo], that is, if and
only if h;,(Zo, ZB;) = hn(Zo, ZB;) — E[hn(Z0, ZB;) | ZB,] is independent of Zp; .

Finally, we know from Lemma 1 that the difference ¢, ; — o7 ; = E[Var(h;,(Zo, ZB;) | Zo)] <
%|Bj|7l058(hn)~ O

Prop. 2 then follows from Prop. 5 since the Z;’s are i.i.d. and, when k divides n, the only possible
size for B; is n(1 — 1/k).

I Proof of Thm. 4: Consistent within-fold estimate of asymptotic variance

We will prove the following more detailed statement from which Thm. 4 will follow.

[\

Theorem 9 (Consistent within-fold estimate of asymptotic variance). Suppose that k < n/
and that k divides n evenly. Under the notation of Thm. 1 with m = n(1 — 1/k), hy(2)
E[hn(zazlzm”r h{n(Zle:m) = hn(ZO7Z1:m) - E[hn(ZOaZI:m) | Zl:m] and h;l(z)
E[h! (2, Z1.m)], define the within-fold variance estimate

2
nzn £ " Z] 1 n/k) 1 ZzEB’( (ZuZB ) n Zz EB' h (Zl vZB )) .

If (Z;)i>1 are i.i.d. copies of a random element Z, then

Hanzn_ 2” B — k’yloss( n)+2\/3L_2k'7loss 0'2 +\/ h/ n(n— k)UfL
and there exists an absolute constant C' specified in the proof such that
E[(&Z,m - U%)Q] < 4( k)2'74 ) + 8\/(n k)274(hl )(%E[B;L(ZO)4] + %U% +o3)

+ Q(gE[h/n(ZO) I+ ntehyon) (L)

where v4(h},) = LS E[(h,(Zo, Z1:m) — Wiy (Zo, Zl\lm)) |- Here, Z\ denotes 7.y, with Z;
replaced by an i.i.d. copy independent of Zy.p,.

Moreover,

]E[la-%,in - U’VQIH < %’Woss(hn) +2 \/ %’Woss(hn)o}% + 1/ n(n/ZIcifl)U;}L + O(O’TZL) (12)

whenever the sequence of (h,(Zo) — E[hn(Z0)])?/0? is uniformly integrable.

Proof
Eliminating training set randomness We begin by approximating our variance estimate
52 Lk 1 ho(Zi, Zg,) — & hZ-Z2
Jn,i’n — k Zj:l (n/k)—1 ZieB; ’ﬂ( (3] Bj) n Zi’GBj/. n( iy Bj)
2
1 vk 1 k
0 b Sieny (W20 Z6,) = £ e, W20, 28,))
by a quantity eliminating training set randomness in each summand,
2
o k 7 k 7
J?L,in,approa: £ % Zj:l W ZiEB; (h;l(Zl) —n Zi’eB; h;L(ZZ/)) 3

where 1, (2) = E[h! (2, Z1.,m)]. Note that h!,(Z,) has expectation 0.
By Cauchy-Schwarz, we have

| rL in rL in, approJL| < A+2 Vv Aan,in,approx
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for the error term
AEL ZJ 1 (n/k) 1 ZzeB’ < (Zia ZBj) - B;L(Zi) + % Zi/eB;. B;L(Zi/) - %Zi/ij’. h;l(Zi/7ZBj))2
<2t AT 2ien (hn(Zi, ZB,) = hi(Z:))?
PR b S (& Ser, (0 (20) = 1 Z5)
< 2% Y1 Yien (W(Zi, Z6,) = Wi, (Z0))?
+ 24 s Grbyer e § By (R (20) = Wil 2,
= o Y1 Yien (W (Zi Z,) = 1, (Z:))? 13)

where we have used Jensen’s inequality twice.
Thus,

n? k 7
A? < 2 Yjmr Lien (hn(Zis Z6;) — hy(Z:))*
n k 7
= (nl_ﬁk)z Zj:l ZieB;. (h;L(Zi’ ZB,-) - h;;(Zi))AL (I.4)

by Jensen’s inequality.

Controlling the error A We will first control the error term A. By the bound (I.3) and the
conditional Efron—Stein inequality (Lemma 1), we have

E[A] < 7253700 Yien; Bl(W(Zi, Z5,) — i (Z))7)
= 5 S Cie B2, Zp,) — BIW,(Z:, Z8,) | Z)7)
= 5 Yoy Yien BN, (Zi, Zs,) — ElW,(Zi Z8,) | Z1))? | Z2)
=2 Z?:l EieB;. E[Var(h;,(Z;, ZB;) | Z:)]
2% Cie1 Yien, Mms(h))
< 2 s (h) = 22 Vioss (). (15)

IN

Controlling A? 1In the following, for any j € [k] and i’ € B, Zgjl is Zp, with Z; replaced by

Zy. By the bound (I1.4) and Boucheron et al. [12, Thm. 2], and by noting that xt = xi + 2% where
x4 = max(x,0) and z_ = max(—z,0), we have

E[Az] < n162)2 ZJ 1 ZZEB/ E[(h/ (ZZ»ZB ) Bln(Zi))Ll]
= iy o1 Lien EEI(W,(Zi, Zs,) — B[N, (Zi, Z,) | Zi))* | Zi]
= 2 Y 2ien; ( [E[(h7,(Zi, Zs,) — Elh(Zi, ZB,) | Zi])} | Zi]]

+E[E((h;,(Zi, Zp,) — E[h;,(Zi, ZB,) | Zi])L | Zi]])

< G (1= D)6 ) Ve, (BUEBIS e, (W (Zis Z1,) = WalZi, 253 | Z3,))°)
+ BB e, (W (Zis Z1,) = Wo(Zis Z5)) | Z3,)%])
< RIS Vi (B ven, (Wa(Zis Z6,) — Wy (2, Z5)3 )
+E(Siep, (W (Zi Z6,) = 1i(Zi, Z)5)2)?))
< M Sien; ( Sien, Blh(Zi Z5,) — Wo(Zi, 23 )]

+ Sven, B0, (2 Zn,) — 1,(Z:, Z))))
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k i’
= 43?264]32 m Zj:l ZieB; Zi/ij E[(h;z(ziv ZB]-) - h%(ziv ZJ\BJ- ))4]

n n4
< (1) = () )
where vy (h],) = L S E[(h),(Zos Ziom) — y(Zo, Z1,))*] and C = 36864,/49.
C;)ntrolhng the error 67, ;. ,.r0r — 05 To control the error 67 ;.. \oror — Oy We first rewrite
ot as

52 inampron = Sy W Sien; (P20~ 5 e (Z0)
% Z] 1 n— k n 2ui€B) (Bln(Zi) - %Zi’eB]’. E;«L(Zi’)f
= e S (5 S, 20— (5 Sy a20))
= e T e W20 — S (£ S W20

We rewrite it once again to find
. k
U?z,in,appro:v = 1 Z] 1 ZZEB’ h/ ( ) Z] 1 W
k
=5 im (2 = 1 50 W (%)

where

1>

w; @ Yiien hn(Zih,(Zy).

i<i’

Since (W;) ey are i.i.d. with mean 0 and for 4; < @} and iy < iy

B[Ry, (Zi, )hi, (Zi )Wy (Ziy )13, (Zir)) = O

whenever i1 # ig or i # i5, we have

E[(} X5 W) = Var(Wh) = § s Y vren; B (Z:) 20, (Z0)?)

1_ 1
Oy

~ by e, B (20 B( (2

i<i’

S

1 4 1 1 _ 2 4
x (n/k)2 2 '€B; On = % My 00 T wln/k1) On (I3)
i<i

by noticing that E[/,(Z)?] = Var(h!,(Zy)) = Var(h,(Zo)) = o2.
Moreover, by the independence of our datapoints, we have

B[k, (Zi, )* 1), (Ziy )iy (Zis)] = O
for all i1, iz, i5 € [n] such that iz < 45, and thus

E[(a"r%,in,approx - ) ] Var( On ,in approz)

= Var(2 S0, R (Z0)%) + El(: X5y W;)?]
= %Var(h’n(Zo)Z) + 7n(n/2k_1)oﬁ

= LE[M,(Z0)"] + nisty o (1.9)

Putting the pieces together We have

E[\/Zé'n,in,approx \/]E n Jin approw] < \/%’Woss(hn)aﬁ
by Cauchy—Schwarz and the bound (L.5).
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We also have

2|E
[Ao—n in approa: \/E A n in,appr oa,}

= \/E [A2](Var(62

7L n (LpplO.I,)JrE[ 717,71 app70¢n} )

< \/ﬁ’}% h{n E]E[B;L(Zo)ﬂ + "?EI:I 7]:) n —|—0’ )
by Cauchy-Schwarz, (1.6) and (1.9).

Assembling our results with the triangle inequality and Cauchy—Schwarz for the L' bound and with
Jensen’s inequality for the L? bound, we find that
— onll S El67 in = 63 in approzl + E[|57 —azl]

rL in n,in,approxr n,in,approxr

S E[A] + QE[\/Z&n,in,approz] + \/E a-n,in,approx - 0-721)2}

I — k'yloss n + 2\/ k'Yloss )0721 + \/%E[E%(ZO)LL] + n?zlfbirli) U%

[l 7L n

and
E[(&Z,zn - ) ] < 2E[( On,in — (}727, in, app'r‘o:r) ] + Q]EK Onin,approz — U?L)Z]
< 4E[A2] + SE[Agn in approa:] + ZE[( Onin,approz — UTQL)Z]

< 428 () + 8y L5 () (B[R, (Z0)1] + 25508 + o)

+2(5E[h,(Z0)") + 725 00)

as advertised.

In order to get the bound

2
52 10— 2 < 25t0s(hn) + 20/ ZEtonsh)o? + iy o8 + 002

whenever the sequence of (h,(Zy) — E[h,(Z)])?/c? is uniformly integrable, i.e., the sequence
— _ 1

of h,(Zo)?/o? is uniformly integrable, we need to argue that 2 Y% | k! (Z;)? /02 Ly 1. Indeed,

thanks to (1.7) and (I.8), this will lead to E[|62 ;,, wpprox — O2l] </ Waﬁ + o(02).

To this end, we show that for any triangular i.i.d. array (X, ;)n; such that (X, 1),>1 is uni-
formly integrable, then the two conditions in the weak law of large numbers for triangular ar-
rays of [24, Thm. 2.2.11] (stated below) are satisfied. We will also show that for such (X, ;)n,i,
(Sp & L3 | X,i)n>1 is uniformly integrable. Together, these results will imply L' conver-
gence. We will then choose X, ; = h/,(Z;)?/a? to get the desired result in our specific case.
Theorem 10 (Weak law for triangular arrays [24, Thm. 2.2.11]). For eachn, let X,, ;, 1 < i < n,
be independent. Let b, > 0 with b, — oo, and let X,,; = X, ;1[|X,.i| < bn]. Suppose that as
n — oo

>t P(IXn| > by) = 0, and (1.10)
b, % Y EIXR ] = 0. (L11)

Ifwe let S, = Z?zl X, and a, = 2:;1 E[Xnyi], then (S, — ay) /by .
To prove our result, we specify the case of interest b, = n. First, nP(| X, 1] > n) <

E[| X501 1[| X 1] > n]] < sup,,>q B[ X 1| 1[[Xom,1] > n]] — 0asn — oo, because (Xp,1)n>1 is
uniformly integrable. Thus the first condition (I.10) holds.

Note that we then get E[X,, 1 1[|X,, 1| < n]] — 1 as n — oo, for our choice X,,; = h!,(Z;)? /o2
which satisfies E[X,, ;] = 1

To verify the second condition (I.11), we will show that n 'E[X?2 | 1[X,, ; < n]] — 0. To this end,
we need the following lemma, which gives a useful formulation of uniform integrability.
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Lemma 3 (De la Vallée Poussin Theorem [41, Thm. 22]). If (X,,)n>1 is uniformly integrable,
then there exists a nonnegative increasing function G such that G(t)/t — oo ast — oo and
sup,, E[G(X,)] < oc.

With such a function G, fix any T such that G(¢)/t > 1 for all ¢t > T, so that t/G(t) < 1 for all
t > T. Using [24, Lem. 2.2.13] for the first equality, we can write

%E[X?z,ll[Xn,l < nH = %fooo yP(Xn,ll[Xn,l < n] > y)dy
2 [ yP(Xn1 > y)dy
T n
2([fy yP(Xpn1 > y)dy + [ yP(Xn1 > y)dy)

IN

2 n
§%+2ny]P’Xn1>y)dy)
< T L E[G(X01)]2 [1y/G(y)
=%+mx

where the penultimate line follows from Markov’s inequality and the last line comes from the fol-
lowing lemma since sup,~r y/G(y) < 1and y/G(y) — 0

Lemma 4. If f(y) — O asy — oo and sup,~1 | f(y)| < M, then L[ fy)dy — 0.
Proof Let f,(z) = f(nz)1[z > T/n], and note that, for any z > 0, f,(z) — 0 as n — oco. Then

L fT y)dy = fo z>T/n]f(nz)dz

= fo fn(2)dz

— 0
by the bounded convergence theorem. O
Consequently, the second condition (I.11) holds.
Moreover, (S, = % >t Xni)n>1 is uniformly integrable whenever (X, ;)y,; is a triangular i.i.d.

array such that (X}, 1),>1 is uniformly integrable for the following reasons:
1. sup, E[|S,|] < sup,, E[|X,1]] < oo by triangle inequality and because (X, 1)n,>1 is
uniformly integrable.

2. For any ¢ > 0, let § > 0 such that for any event A satisfying P(4) < J,
sup,, E[| X,,,1|1[A]] < e. Such § exists because (X, 1)n>1 is uniformly integrable. Then
sup,, E[|S»|1[A4]] < e by triangle inequality.

The combination of convergence in probability and uniform integrability implies convergence in L*.
— 1 — —

Asaresult, 2 >0 | B (Z;)? /o2 5o 1as long as the sequence of (h,(Zy) — E[hn(Zo)])?/02 =

h! (Zy)?/o? is uniformly integrable.

Therefore, E[|67 ., wpproa/0 — 1] < 4/ m + o(1), and we get the result advertised. O

— 0.

If k < n/2, which is the case here since k& < n and k divides n, then 0 y 0 and (

7/k 1 e

Therefore, by (1.2), we have (62
(hn(Zo) — Elhn(Z0)])?/0? is uniformly integrable and o5 (hy) = 0(”n2ka2) or equivalently
Yioss(hn) = o(07 /n) since k < n/2, and, by (I.1), we have (67 ,,
1, whenever E[R!,(Z0)*] = E[(hn(Z0) — E[hn(Z0)])*] = o(nol) and y4(R!) = o( gl (" k) o}), or
equivalently v4(h,) = o(c /n?) since k < n/2.

Thm. 4 thus follows from Thm. 9.

6% i —0a)on L, 0,ie. 67 ,,/00 L, 1, whenever the sequence of

—02)/o? L0, ie. 6% inlon

Strengthening of the consistency result of [S, Prop. 1] We provide more details about the
comparison of our L2-consistency result with [5, Prop. 1]. We have y4(h),) < 16v4(h,) and
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E[(hn(Z0) — E[hn(Z0)])*] < 16E[h,(Z0, Z1.m)*] by Jensen’s inequality. Moreover, if 52 con-

verges to a non-zero constant, since Yioss(hn) < Yms(hn) < v/Va(hn), then vios5(hy,) = o(02 /n)
whenever v4(h,,) = o(o /n?) and thus o2 converges to the same non-zero constant as 52 does by
Prop. 2.

J Proof of Thm. 5: Consistent all-pairs estimate of asymptotic variance

We will prove the following more detailed statement from which Thm. 5 will follow.

Theorem 11 (Consistent all-pairs estimate of asymptotic variance). Suppose that k divides n evenly.
Under the notation of Thm. 1 with m = n(1 — 1/k), hy(2) = Elhn(2, Z1.m)|, M, (Zo, Z1:m) =
ho(Zo, Z1:m) —Elhn(Zo, Z1:m) | Z1.m) and b, (2) = B[R] (2, Z1.m)], define the all-pairs variance
estimate

2
~2 A1k k ) >
Un,out — %k Zj:l n iEB; (hn(Zl7 ZBj) - Rn) .

If (Z;)i>1 are i.i.d. copies of a random element Zy and 62 = E[hl,(Zo, Z1.,m)?], then

E’H&Z,out - ‘7721” < (1 + %)'VmS(hn) + 2\/2(1 + %)'Yms(hn)&% + m'Yloss(hN)
+ 2/ mtoss (Bn) (1 = 202 + /L (B[R, (20)1] — o) + Lo2.

Moreover,
]E[|6721,out - J?LH é (1 + Lkl)’ymS(hn) + 2\/2(1 + %)’yms(hn)&rzl + m’yloss(hn)
+ 2\/m'yloss(hn)(1 - o2 + 162 + 0(02). Jd.1n

whenever the sequence of (h,(Zo) — Elhn(Zo)])? /02 is uniformly integrable.

Proof

A common training set for each validation point pair We begin by approximating our variance
estimate

Q>

2
& .
7217out = % Zj:l ZieB; (hn(Zza ZBj) - Rn)
k
= TL% ng":l ZiEBJ/-,i’EB;, %(h’n(zh ZBJ) - hn(Zi/a ZBJ-/))2
by a quantity that employs the same training set for each pair of validation points Z(; ;1,

(hn(Zis Z),) = ha(Zir, 25))?

N

N k
ar%,out,approw,l £ # Zj,j’:l ZiGB;,i’GB;/
Yy S e, (20 2~ (2, 2

Here, for any j € [k] and ¢ € [n], Zl\;j/ is Zp, with Z; replaced by Zy. By Cauchy—Schwarz, we
have

52 ~2 ~
|O-n,out - Un,out,approz,l‘ < Al +2 \% Alo—n,out,approx,l

for the error term
A2 LY Y vem, $(halZi Zb,) — ha(Z: Zy) + ha(Zo, Z)) — ha(Zir, Z5,,))?
< e 1 Yieny wen, (i Z5,) = ha(Z, Z5))?
+ 5z Z?,j’:l ZieB;,i’eB;, (hn(Zir, Zj\gi;) —hn(Zir, Z5,,))?, Jd.2)

where we have used Jensen’s inequality in the final display.
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Note that, for By, # Bj,

We will first control the error term Aj
Hence, by the bound (J.2) and the conditional Efron-Stein inequality

Controlling the error A,

By \(Bj: N Bj)| = % .

(Lemma 1), we have
(1) < omsho) + 75 X0y Sic wem, Ellhn(Zir, ZY) = bul(Zo, Z5,))
(1+ )Vms(hn) J.3)

< Yims(hn) + %7ms(hn)
Eliminating training set randomness We then approximate 0y, ¢ approz,1 DY @ quantity elimi-
nating training set randomness in each summand
137 N 2
nz Z“ /=1 zieB;,z"ij’,, §(h (Z ) - hn(Zi’))

OA'?L out,approz,2 —
[h! (2, Z1.m)]. Note that h’,(Z,) has expectation 0

where h! (z) =
By Cauchy-Schwarz, we have
|Un out,approzx,l On out,approx 2‘ < AQ + 2 \% A2&TL;OUt7GPP7‘0$;2
for the error term
e S o Sien e, s(W(Zi, ZY)) = Wo(Zi) + Wy(Zer) = By (Zir, Z)))

Ay 2L

b 5 o1 Sienyven, ((Zi Z5)) = W, (Z:)
k 7 i’
i X5 o Dieny wen, (H(Zi) = Wo(Zi, Z)), (1.4)

where we have used Jensen’s inequality in the final display.
We will control the error term A,. By the bound (J.4) and the condi-
d.5)

Controlling the error A,
tional Efron-Stein inequality (Lemma 1), we have
[A2] < 2% 9ms(hy) = MYioss (han)-
Controllmg the error 672 ,.; wopror2 — 0 To control the error 67 .. approz.2 — Ons We first
TEWTIte G2 ot approx.2 A5
G out,approz,2 = n7 Z] ji=1 ZieBJ’.,i’eB;, 3(h(Zi) = i, (Zir))?
=7z Liwo1 5(hn(Z) — 1, (Zir)?
= 4 S (h(Z0) = ooy bu(Z0)
= 5 L P2 = (5 S P(2)” (6
Since E[h/,(Z;)h!,(Zi1)] = 0 for all i,i’ € [n] with i # i’ due to independence, we have
E[(5 X0 hn(Z:)) 7] = 3E[R,(20)%] = o d.7
Furthermore,
El(5 3ty b (Z0)? = 02)?) = Var(3; 3201, 10, (Z0)?) = 1 Var(hy, (20)?) = 5 (B[R, (Zo)*] — o7)
by independence. Hence
El62 ot appron2 — 021] < 1/ 2 (B[, (Zo)') - o) + Lo2.

Putting the pieces together Since each
Y(W(Zi Z)) — Wy (Zir, 235 ) < Wy (Zi, Z)

we have
E[&i,out,approx,l] < 2]E[h%(Z0? lem)Q} =20
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and hence

E[V Ala-n,out,appro:v 1 \/E n out,approzx, 1 \/2 1 + ’Yms hn) 721
by Cauchy—Schwarz and the bound (J.3).

Moreover, E[52 (1 —1)o2, hence

n out,approzx, 2]

E[ \% AQ&n,out,approx 2 \/E AQ n out,approzx, 2 \/m’}/loss(hn)(l - %)O-%
by Cauchy—Schwarz and the bound (J.5).

Assembling our results with the triangle inequality, we find that

2l]

Hgn out TQLH < E[|6n out é—TQL,out,appTo.t,l” + ]E[|0n ,out,approx,l 5-2,

+E[|Un out,approxr,2 ~ n”
S E[AI] + QE[\/ lo'n,out,approas,l]
+ E[Aﬂ + QE[\/ AQ&n,out,approa:,Z]

b+ TER Gl o3 + Lot
< (14 )vms(hn) + 20200+ F)vms(hn) o2
+ m’}/loss(hn + 2\/m'7loss )( - 7)0-2

—i-\/ E[h!,(Zo)* —Ufl)—i—%ai

as advertised.

1
We showed in the proof of Thm. 9 that %Z h! (Z;)? /o2 L, 1 whenever the sequence of

- - i=1""n
(hn(Zo) — E[hn(20)])? /a = h!(Zy)?/o? is uniformly integrable. Thus, with (J.6) and (J.7),
we get E[|67 ot appros, 2/0 - 1|] < 1/n+ o(1), and the final bound advertised

[| n out nH é (1 + Lkl)’yms( + 2\/2 1 + )’Yms(hn)&rzl

+ m'yloss(hn) + 2\/mfyloss(hn)(1 - ﬁ)o—%
+ %02 +o0(c2).

O

1 1 —
By the bound (I.1), (67 ,.; — 02)/0% 50, e 62 outlon Ly 1, if the sequence of (h,(Zp) —
E[h.(Z0)])? /02 is uniformly integrable, Y;oss (hn) = 0(02 /n) and Vs (hy) = o(mm(kfb ) :ZQ ).

By noticing that 52 /02 — 1 when 7;oss(hs) = o(c2/n) thanks to Prop. 2, the last condition
becomes Vs (hy,) = o(ko? /n). Therefore, Thm. 5 follows from Thm. 11.

K Experimental Setup Details
Here, we provide more details about the experimental setup of Sec. 5.

K.1 General experimental setup details

Learning algorithms and hyperparameters To illustrate the performance of our confidence
intervals and tests in practice, we carry out our experiments with a diverse collection of pop-
ular learning algorithms. For classification, we use the xgboost XGBRFClassifier with
n_estimators=100, subsample=0.5 and max_depth=1, the scikit-learn MLPClassifier
neural network with hidden layer_sizes=(8,4,) defining the architecture and alpha=1e2,
and the scikit-learn /?-penalized LogisticRegression with solver='lbfgs' and
C=1e-3. For regression, we use the xgboost XGBRFRegressor with n_estimators=100,
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subsample=0.5 and max_depth=1, the scikit-learn MLPRegressor neural network with
hidden layer _sizes=(8,4,) defining the architecture and alpha=1e2, and the scikit-learn
Ridge regressor with alpha=1e6. The random forest max_depth hyperparameter and neural net-
work, logistic, and ridge ¢ regularization strengths were selected to ensure the stability of each
algorithm. All remaining hyperparameters are set to their defaults, and we set random seeds for
all algorithms’ random states for reproducibility. We use scikit-learn [44] version 0.22.1 and
xgboost [17] version 1.0.2.

Training set sample sizes n  For both datasets, we work with the following training set sample
sizes n: 700, 1,000, 1,500, 2,300, 3,400, 5,000, 7,500, 11,000. Up to some rounding, this corre-
sponds to a geometric sequence with growth rate 50%.

Details on the Higgs dataset The target variable has value either O or 1 and there are 28 features.
We initially shuffle the rows of the dataset uniformly at random and then, starting at the 5,000,001-th
instance, we take 500 consecutive chunks of the largest sample size, that is 11,000. For each n, we
take the first n instances of these 500 chunks to play the role of our 500 independent replications
of size n. The features are standardized during training in the following way: for each iteration of
k-fold CV (k = 10 here), we rescale the validation fold and the remaining folds, used as training,
with the mean and standard deviation of the training data. The features for the training folds then
have mean 0 and variance 1.

Details on the FlightsDelay dataset To avoid the temporal dependence issues inherent to time
series datasets, we treat the complete FlightsDelay dataset as the population and thus process
it differently from the Higgs dataset. For this dataset, we predict the signed log transform (y —
sign(y) log(1 + |y|); this addressed the very heavy tails of y on its original scale) of the delay at
arrival using 4 features: the scheduled time of the journey from the origin airport to the destination
airport (taxi included), the distance between the two airports, the scheduled time of departure in
minutes (converted from a time to a number between 0 and 1,439) and the airline operating the
plane (that we one-hot encode). We drop the instances that have missing values for at least one of
these variables. Then, we perform 500 times the sampling with replacement of 11,000 points, that
is the largest sample size. For each n, we take the first n instances of these 500 chunks to play the
role of our 500 independent replications of size n. The features are standardized during training in
the same way we do for the Higgs dataset.

Computing target test errors For the FlightDelays experiments, since training datapoints are
sampled with replacement, the population distribution is the entirety of the FlightDelays dataset,
and we use this exact population distribution to compute all test errors. For the Higgs experiments,
we form a surrogate ground-truth estimate of the target test errors using the first 5,000,000 datapoints
of the shuffled Higgs dataset. As an illustration, for our method where the target test error is the
k-fold test error R, = 23710 Yien Elhn(Zi,Z5,) | Z8,] = ¢ 2 Elha(Zo, Z,) | Zs,).
we use these instances to compute the k£ conditional expectations by a Monte Carlo approximation.
Practically, for each training set Zp, we compute the average loss on these instances of the fitted
prediction rule learned on Zg. Then, we evaluate the CIs and tests constructed from the 500 training
sets of varying sizes n sampled from the datasets.

Random seeds Seeds are set in the code to ensure reproducibility. They are used for the initial ran-
dom shuffling of the datasets, the sampling with replacement for the regression dataset, the random
partitioning of samples in each replication, and the randomized algorithms.

K.2 List of procedures

In our numerical experiments, we compare our procedures with the most popular alternatives from

the literature. For each procedure, we give its target test error R,,, the estimator R, of this target,
the variance estimator &,2” the two-sided CI used in Sec. 5.1, and the one-sided test used in Sec. 5.2.

In the following, g, is the a-quantile of a standard normal distribution and ¢, ,, is the a-quantile of
a t distribution with v degrees of freedom.
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1. Our 10-fold CV CLT-based test, with &,, being either &y, ;», (Thm. 4) or &y, it (Thm. 5). The
curve with &, ;,, is not displayed in our plots since the results are almost identical to those for
On,out and the curves are overlapping.

* Target test error: R,, = 15 Z}Ozl Elhw(Zo, ZB,) | ZB,).
« Estimator: R,, = + 21.0 ZiEB’ hn(Zi, ZB;).
* Variance estimator: 62, either 62, or an out-
« Two-sided (1 — a)-CL: R,, + ql_a/gan/f.
« One-sided test: REJECT Hy < R,, < GaOn /1.
2. Hold-out test described, for instance, in Austern and Zhou [5, Eq. (17)].

* Target test error: R,, = E[h,,(Zo, Zs) | Zs], where S is a subset of size |n(1 — 1/10) | of
[n]. Since we already have a partition for our 10-fold CV, we can use the first fold B; for

« Estimator: R,, = ‘Sc‘ > ho(Zi, Zs).
* Variance estimator: 62 = @ Yicse(hn(Zi, Zs) — Ry)2.
* Two-sided (1 — )-CL: R, £ g1 /26,V10//n.
* One-sided test: REJECT Hy < R, < 4a0nV10/ /1.
3. Cross-validated t-test of Dietterich [22], 10 folds.
* Target test error: R,, = 15 2;0:1 Elhw(Zo, ZB,) | ZB,].
« Estimator: R, = 1 Zm ZiGB, b, (Zi7ZB.).

zESf

* Variance estimator: 62 = 15 Zj ((p; — R,)?, where p; £ ‘B,| ZzeB, hn(Zi, ZB;).

e Two-sided (]. - OZ)-CI: Rn + th—l,l—a/Qon/\/ .
* One-sided test: REJECT Hy < R, < t10-1,a0n/V10.

4. Repeated train-validation ¢-test of Nadeau and Bengio [43], 10 repetitions of 90-10 train-
validation splits.

* Target test error: R, = 15 Zlo E[hn(Zo, Zs;) | Zs,], where for any j € [10], S; is a
subset of size Ln(l -1/ 10)J f [n], and these 10 subsets are chosen independently.

« Estimator: R,, = i Z] 1p], where p; = |S"\ ZzeSC n(Zi, Zs;).

* Variance estimator: 62 = 15 ZJ ((pj — R,

¢ Two-sided (1 - O[)-CI. Rn + tlo_ljl_a/go'n/\/ 10.

* One-sided test: REJECT Hy < R, < t10—1,00n/V10.

5. Corrected repeated train-validation ¢-test of Nadeau and Bengio [43], 10 repetitions of 90-10
train-validation splits.

» Target test error: R, = 15 E;ir E[hn(Zo, Zs;) | Zs,], where for any j € [10], S; is the

same as in the previous procedure

« Estimator: R,, = i Z j—1Pj, where p; is the same as in the previous procedure.

* Variance estimator: 62 = (5 + 1297) 105 }il(pj — R,)2
* Two-sided (1 — )-CL: R, £ t10_1,1_a/264/V10.
* One-sided test: REJECT Hy < R, < t10-1,a0n/V10.
6. 5 x 2-fold CV test of Dietterich [22].
* Target test error: R, = éZ?:l %(E[hn(ZO,ZBLJ.) | Z, ;] + Elhn(Z0, ZB, ;) | ZB,,])-
where for any j € [5], {Bf ;, BS ;} is a partition of [n] into 2 folds of size /2, and these
5 partitions are chosen 1ndependently.

« Estimator: R,, = ﬁ Yicns, hnlZi, Z8, ).
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* Variance estimator: 62 = %Z?:l 53, where 57 = (p1; — p;)* + (p2,; — pj)* with p; £
(ple +p27j)/2 and Pk,j £ W}A ZieBg ; hn(Ziv ZBk,j) fork € [2}7‘7 € [5]

* Two-sided (1 — )-CL: Ry, £ t51_0/200n.

* One-sided test: REJECT Hy < R, < t5.06,.

K.3 Concentration-based confidence intervals

For comparison in Sec. 1, we also implemented the ridge regression CI from [16, Thm. 3] for the
FlightDelays experiment (an implementable CI is not provided for any other learning algorithm
in [16]). This CI takes as input a uniform bound By on the absolute value of the target variable
Y and a uniform bound Bx on the ¢? norm of the feature vector X. After mean-centering, we
find the maximum absolute value of Y across the FlightDelays dataset to be By = 8.03. After
mean-centering, we find the maximum ¢2 norm of a feature vector X across the FlightDelays to
be Bx = 13.17 if each feature is normalized to have standard deviation 1 or Bx = 4200 if the
features are left unnormalized. When normalizing features as in Fig. 5, the smallest width produced
by [16, Thm. 3] for any value of n is 90.2; that is 91 times larger than the largest width of our CLT
intervals (equal to 0.99). When not normalizing as in Fig. 3, our maximum width is 0.98, but the
minimum [16, Thm. 3] width is 5 x 104,

K.4 Leave-one-out cross-validation

To evaluate the LOOCV CLT-based ClIs discussed in Sec. 5.4 we follow the ridge regression ex-
perimental setup of App. K.l except that we regress onto the raw feature values instead of the
standardized features values described in App. K.1. For our LOOCV CLT-based CIs, the quantities
of interest are the following.

* Target test error: R,, = L 37 E[h,,(Zo, Z(iye) | Zgiye.

« Estimator: R, = LS ha(Zi, Zgsye) computed efficiently using the Sherman-—

Morrison—Woodbury derivation below.

* Variance estimator: &,21701“5 with k£ = n folds.

* Two-sided (1 — @)-CL: Ry, & q1_ 0 /26n,0ut/ /-

Results We construct 95% CIs for ridge regression test error based on our LOOCV CLT and
compare their coverage and width with those of the procedures described in Sec. 5.1. We see that,
like the 10-fold CV CLT intervals, the LOOCYV intervals provide coverage near the nominal level
and widths smaller than the popular alternatives from the literature; in fact, the 10-fold CV CLT
curves are obscured by the nearly identical LOOCV CLT curves.
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Figure 3: Test error coverage (left) and width (right) of 95% confidence intervals for ridge regres-
sion, including leave-one-out CV intervals (see Sec. 5.4). The CV CLT curves are obscured by the
nearly identical LOOCV CLT curves.
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Efficient computation We explain here how the Sherman—Morrison—Woodbury formula can be
used to efficiently compute the individual losses h,,(Z;, Z {i}c), and therefore ]A%n as well as 6, out,
and the loss on the instances used to form a surrogate ground-truth estimate of the target error R,,.
Let X € R"*P? be the matrix of predictors, whose i-th row is =/, and Y € R" be the target
variable. The weight vector estimate @ minimizes min,ege [|Y — Xw||3 + Al|w||3, and is given by
the closed-form formula

W= (XTX +A,)'XTY.

We precompute M £ (X T X + A,)"tand v £ XY, that satisfy 10 = Mwv. Suppose that we have
an additional set with covariate matrix X and target variable Y, representing the instances used to
form a surrogate ground-truth estimate of R,,. We also precompute ¢ = X1 and A £ X M.

For the datapoint 4, let X(=%) denote X without its i-th row and Y(~%) denote Y without its i-

th element. Let M, £ (X(_i)TX(_i) + M) v £ XD Ty (=9 and w; £ M;v;. We can
efficiently compute M; from M based on the Sherman—Morrison—Woodbury formula.

M; = (XG0T XD 4 A1)~
=(XTX —zz] + A,)7!
=M — Mz;x] M/(=1+ h;),

A
where h; = 2] Mx;.

We can compute v; from v, with v; = X(*i)TY(*i) =V — X;Y;.

Therefore, w; = M;v; = (M — MIZI;FM(—I + hi)il)(l} — Izy7) =w+ Ml‘z(<71)7 JCL> — yz)/(l —
h;) can be computed without fitting any additional prediction rule. Then h,,(Z;, Z(;ye) = (yi —
(w, xZ-))Q, and we use them to compute Rn and 0y, 0y¢. To make predictions for the covariate

matrix X, we efficiently compute Xw; as
Xw; = X + X Ma; (i, ;) — ) /(1 = h)
= q+ Az;i((, i) — i)/ (1 — hq),

and %HY/ — Xw;l|} is an estimate of E[h,,(Zo, Ziye) | Zgiye], where N is the size of the whole
dataset. An estimate of Ry, is then 2 3°7 LIV — X 3.

L Additional Experimental Results

This section reports the additional results of the experiments described in Sec. 5.

L.1 Additional results from Sec. 5.1: Confidence intervals for test error

The remaining results of the experiments described in Sec. 5.1 are provided in Figs. 4 and 5. We
remind that each mean width estimate is displayed with a & 2 standard error confidence band, while
the confidence band surrounding each coverage estimate is a 95% Wilson interval. For all 6 learning
tasks, all procedures except the repeated train-validation ¢ interval provide near-nominal coverage,
and our CV CLT intervals provide the smallest widths.

L.2 Additional results from Sec. 5.2: Testing for improved algorithm performance

In this section, we provide additional experimental details and results for the testing for improved
algorithm performance experiments of Sec. 5.2. We highlight that the aim of this assessment is
not to establish power convergence or to assess power in an absolute sense but rather to verify
whether, for a diversity of settings encountered in real learning problems, our proposed tests provide
power comparable to or better than the most popular heuristics from the literature. For all testing

experiments, we estimate size as # of rejections in Ho feplications and power as # of rejections in Hl }‘eplications ,
# H replications # H replications

where each simulation is classified as Hy or H; depending on which algorithm has smaller test
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Figure 4: Test error coverage (left) and width (right) of 95% confidence intervals (see Sec. 5.1). Top:
02-regularized logistic regression classifier. Middle: Random forest classifier. Bottom: Neural
network classifier.

error. Moreover, a size point is only displayed if at least 25 replications were classified as Hy, and a
power point is only displayed if at least 25 replications were classified as H;.

The remaining results of the testing experiments described in Sec. 5.2 are provided in Figs. 6 to 11.
In contrast to Fig. 2,” in Figs. 6 to 11 we plot the size and power of the level a = 0.05 test of
Hj : Err(A;) < Err(Az) in the left column of each figure and the size and power of the level « test
of Hy : Err(As) < Err(A;) in the right column. Notably, we only observe size estimates exceeding
the level when the number of Hj replications is very small (that is, when one algorithm improves
upon the other so infrequently that the Monte Carlo error in the size estimate is large).

L.3 Testing with synthetically generated labels

We complement the real-data hypothesis testing experiments of Sec. 5.2 with a controlled experi-
ment in which class labels are synthetically generated from a known logistic regression distribution.
Specifically, we replicate the exact classification experimental setup of Sec. 5.2 to compare logis-
tic regression and random forest classification and use the same Higgs dataset covariates, but we
replace each datapoint label Y; with an independent draw from the logistic regression distribution
Y, ~ Ber(W) for £ a 28-dimensional vector with odd entries equal to 1 and even en-

“Recall that in Fig. 2 we identified the algorithm A, that more often had smaller test error across our
simulations and displayed the power of H; : Err(A;) < Err(.Az) and the size of the level o« = 0.05 test of
H, : Err(Asz) < Err(Ay).
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Figure 5: Test error coverage (left) and width (right) of 95% confidence intervals (see Sec. 5.1).
Top: Random forest regression. Middle: Ridge regression. Bottom: Neural network regression.

tries equal to —1. This experiment enables us to evaluate our hypothesis tests in a realizable setting
in which the true label generating distribution belongs to the logistic regression model family. In
Fig. 12, we plot in the left column the size and power of the level o = 0.05 test of H;: random for-
est improves upon /2-regularized logistic regression classifier, and in the right column the size and
power of the level « test of Hy: ¢?-regularized logistic regression classifier improves upon random
forest. As expected, almost all replications satisfy that £-regularized logistic regression improves
upon random forest and we observe that in this setting as well, our method consistently outperforms
other alternatives.

L.4 Results for Sec. 5.3: Importance of stability

In this section, we provide the figures (Figs. 13 to 15) and experimental details supporting the im-
portance of stability experiment of Sec. 5.3. Compared to the chosen hyperparameters described
in App. K, for this example, we used the default value of max_depth for XGBRFRegressor, that
is 6, and the default value of alpha for MLPRegressor, that is le-4. For Figs. 15a and 15b,
we obtain an estimate of 02 = Var(h,(Z)) by computing a Monte Carlo approximation of
B (ZO) = E[hn(Zo, Z1:m) | Zy] for each of 10,000 Z, values and then reporting the empirical
variance of these 10,000 approximated values. For each value of Z; we employ the Monte Carlo
approximation of
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Figure 6: Size (top) and power (bottom) of level-0.05 tests for improved test error (see Sec. 5.2).
Left: Testing H: neural network improves upon £2-regularized logistic regression classifier. Right:
Testing H;: ¢?-regularized logistic regression classifier improves upon neural network.
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Figure 7: Size (top) and power (bottom) of level-0.05 tests for improved test error (see Sec. 5.2).
Left: Testing H;: ¢2-regularized logistic regression classifier improves upon random forest. Right:
Testing H,: random forest improves upon /2-regularized logistic regression classifier.

where (Z @ )220 are the 500 datasets of size n described in App. K.

1:n

36



0.10 0.10
——— CV CLT (Ours)
~ === Hold-out CLT
0.08 0.08 - vt
- - = Rep. train-val t
——— Corr. rep. train-val t
0.06 0.06 ——= 5x2cv
[ [
e P
wv wv
0.04 0.04
0.02 0.02
ol b T T T T T T T 0
1.00 1.00 ~
0.80 0.80
_ 0.60 _ 0.60
v v
2 2
o o
a a
0.40 0.40
0.20 0.20
0.00 0.00
700 1000 1500 2300 3400 5000 7500 11000 700 1000 1500 2300 3400 5000 7500 11000
Sample size n (log scale) Sample size n (log scale)

Figure 8: Size (top) and power (bottom) of level-0.05 tests for improved test error (see Sec. 5.2).
Left: Testing H;: neural network classifier improves upon random forest. Right: Testing H;:
random forest classifier improves upon neural network.
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Figure 9: Size (top) and power (bottom) of level-0.05 tests for improved test error (see Sec. 5.2).
Left: Testing H;: ridge regression improves upon random forest. Right: Testing H;: random forest
improves upon ridge regression.
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Figure 11: Size (top) and power (bottom) of level-0.05 tests for improved test error (see Sec. 5.2).
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Figure 12: Size (top) and power (bottom) of level-0.05 tests for improved test error with syn-
thetic logistic regression labels (see App. L.3). Left: Testing H;: random forest improves upon
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test error (see Sec. 5.3). Testing H: less stable neural network regression improves upon less stable
random forest.
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Figure 14: Impact of instability on test error coverage (top) and width (bottom) of 95% confidence
intervals (see Sec. 5.3). Left: Less stable neural network regression. Right: Less stable random
forest regression.
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Figure 15: Impact of instability on variance of ‘U/—f(f%n — R,,) (see Sec. 5.3). Left: h,(Zy, Zp) =
(Yo — f1(Xo; ZB))? — (Yo — f2(Xo; Zp))? for neural network and random forest prediction rules,

fl and fg. As predicted in Thms. 1 and 2, the variance is close to 1 when h,, is stable, but the
variance can be much larger when h,, is unstable. Right: h,(Zo, Zg) = (Yo — f(Xo; Z5))2
for neural network or random forest prediction rule, f . The same destabilized algorithms produce
relatively stable h,, in the context of single algorithm assessment, as the variance parameter o2 =
Var(h,,(Zp)) is larger.
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