A Remaining Proofs from

Here we provide proofs for all the results in[Section 4] that were excluded in the main paper. For each
of these results we dedicate a subsection that provides further details. Combining all these results

from different subsections, in we provide the proof for our main result (Theorem 2.1).
A.1 Properties of Convex Program and Proof of

Here we prove important properties of our convex program. For convenience, we define the negative
log of function g(X),

f(x) < Z [—CiXij + X log X;5] — Z (X1]; log[X1]; = —logg(X). (7)
i€[1,0],7€[0,k] i€[L0

In the remainder we prove and state interesting properties of this function that helps us construct
sparse approximate solutions. We start by recalling properties showed in [[CSS19a].

Lemma A.1 (Lemma 4.16 in [CSS19a]). Function f(X) is convex in X.

Theorem A.2 (Theorem 4.17 in [CSS19al). Given a profile ¢ € ®" with k distinct frequencies, the
optimization problem ming_, s srec f(X) can be solved in time O(k?|RY).
R

The function f(X) is separable in each row and we define following notation to capture it.
def
£;(X;) = > [-CiyXy; + X logXy;] — X1 log (X1);)  and  £(X) = Y £i(X)).
J€[0,k] i€[1,4]
The function f;(X;) defined above is 1-homogeneous and is formally shown next.
Lemma A.3. For any fixed vector ¢ € RI%¥, the function h(v) = > jeo.n Leivi + vjlogu;] —

UT?log ’UT? is 1-homogeneous, that is, h(a - v) = - h(v) for allv € R[O(’)k} and o« € R>q.

Proof. Consider any vector v € R’;ng and scalar o € R we have,

ha-v) = > [ej(av;) + (ay) log(avy)] — (av)T T log(aw) T T,
JE[0,K]

= Z [¢;(aw;) + av;logv; + av;loga] — (av)TTlog VT - (ozv)T?log a,

JE[0,K]
— —
= Z [cj(av;) + av;logv;] —av! Tlogv' 1 =a-h(v) .
JE[0,k]
The above derivation satisfies the conditions of the lemma and we conclude the proof. O

In the remainder of this section, we provide the proof of and the description of the
Lemma 4.3

algorithm Sparse is included inside the proof. The [Lemma 4.3[in the notation of f(-) can be
equivalently written as follows.

Lemma A4 ll For any X € Zy'™, the algorithm Sparse(X) runs in O(|R| k) time
and returns a solution X' € Z3"* such that f(X') < f(X) and [{ie[1,4] [X'T)]i >0} <k+1.

Proof Let( % IR| and fix X € Z&7"*, consider the following solution X} = ;X forall i € [1, 4],

where o € ]R[;;f] and X;, X! denote the vectors corresponding to the i’th row of matrices X, X’
respectively. By [Lemma A.3| each function f;(X;) is 1-homogeneous and we get,

(X)= ) LX) = > fileX)= > afi(X;).

1€[1,] 1€[1,0] i€[1,4]
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Leta € R[ “ e such that the following conditions hold,

> X =¢;forallj € [I,kland >  a;ri[X1]; < 1. (8)
i€[1,4] i€(1,4]

For the above set of equations, the solution @ = 1 is feasible as X € Zﬁ’f rac

satisfying the above inequalities, the corresponding matrix X’ satisfies,

Z X|, = Z a;X; j = ¢; forall j € [1,k] and Z r;[X'1); = Z ar[X1); < 1

1€[1,4] 1€[1,4] 1€[1,4] 1€[1,4]

Therefore X' € Z57 ™ for all o € R[ ] ‘I that satisfy [Equation (8)| In the remainder of the proof we

find a sparse « that satisfies the condltlons of the lemma.

. Further for any «

Consider the following linear program.

mina € R[zlba Z Ozifi(X,‘) .

1€[1,¢]
such that, »  a;X;; = ¢; forall j € [1,k]and »  a;r;[X1]; < 1
1€[1,4] 1€[1,4]

Note in the above optimization problem we fix X € Zﬁ’f "*¢ and optimize over a. Any basic feasible
solution (BFS) a* to the above LP, satisfies |{i € [1,¢] | a > 0}| < k + 1 as there are at most k + 1
non-trivial constraints. Suppose we find a basic feasible solution «* such that the corresponding
matrix X; = o X; for all i € [1,/] satisfies f(X') < £(X), then such a matrix X’ is the desired
solution that satlsﬁes the conditions of the lemma. Therefore in the remainder of the proof, we discuss
the running time to find such a BFS given a feasible solution to the LP.

Leveraging these insights, we design the following iterative algorithm. In each iteration ¢ we maintain
aset S; CRFH of 1 <k; <k+1 linearly independent rows of matrix X. We update the solution
« and try to set a non-zero coordinate of it to value zero while not increasing the objective. Our
algorithm starts with k; = 1 and S; to be the set containing an arbitrary row of X in iteration ¢ = 1.
The next iteration is computed by considering an arbitrary row r of matrix X that corresponds to a
non-zero coordinate in cv. Letting A; € R(*+1*¥: be the matrix where the columns are the vectors
in S; we then consider the linear system AZT A,;x = r. Whether or not there is such a solution can be
computed in O(k*), where w < 2.373 is the matrix multiplication constant [Will2, [LG14, [AV20]
using fast matrix multiplication as in this time we can form the (k + 1) x (k + 1) matrix A, A,
directly and then invert it. If this system has no solution we let S;;1; = S; U r and proceed to the
next iteration as the lack of a solution proves that .S; U r are linearly independent (as S; is linearly
independent). Otherwise, we consider the vector o’ in the null space of the transpose of X formed by
setting o} to the value of x; for the associated rows and setting o] for the row corresponding to row r
tobe —1. As z is a solution to AZ-T Az =7, clearly X "o/ = 0. Now consider the solution o + co/’
for some scaling c. Since the objective and constraints are linear, there exists a direction, that is, sign
of ¢ such that the objective is non-increasing and the solution a + co/ satisfies all the constraints
(Equation (8)). We start with ¢ = 0 and keep increasing it in the direction where the objective in
non-increasing till one of the following two conditions hold: either a new coordinate in the solution
a + ca’ becomes zero or the objective value of the LP is infinity. In the first case, we update our
current solution « to a + ca’ and repeat the procedure. As the goal our algorithm is to find a sparse
solution, we fix the co-ordinates in « that have value zero and never change (or consider) them in the
later iterations of our algorithm. We repeat this procedure till all the non-zero co-ordinates in « are
considered at least once and the solution « returned at the end corresponds to a BES that satisfies the
desired conditions. As the total number of rows is at most ¢, our algorithm has at most ¢ iterations and
each iteration takes only O(k“) time (note that we only update O(k) coordinates in each iteration).

Therefore the final running time of the algorithm Sparse is 5(6/{“’) time and we conclude the proof.
O

A.2 Remaining Parts of the Proof for Theorem 4.4]
We first finish the proof of That only leaves us with proving
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Proof of[Lemma 4.6]in the general case. Since the input graph is arbitrary, we have no guarantee
about edge-connectivity. We will show that we can remove O(k|V|) edges from G so that the
remaining subgraph is a vertex-disjoint union of 6k-edge-connected induced subgraphs. To do this,
look at the connected components of GG. Either they are all 6k-edge-connected or at least one of them
has a cut with < 6k edges. Moreover we can check this in polynomial time (and find violating cuts if
there are any) by a global minimum cut algorithm [KarOO]. If a component is not 6k-edge-connected,
remove all edges of the small cut, and repeat. Every time we remove the edges of a cut, the number
of connected components increases by 1, so this can go on for at most O(|V']) iterations. In each
iteration, at most 6k edges are removed, so the total number of removed edges is O(k|V]).

So by removing O(k|V|) edges, we have transformed G into a vertex-disjoint union of 6k-edge-
connected graphs. We simply apply the already-proved case of to each of these compo-
nents to get our desired result for the original graph G. O

In the remainder of this section we prove We do this by showing how to make the

proof of due to [ThoI4] algorithmic. [Thol4] reduced to an earlier result by
[LTWZ13]] which we state below.

Lemma A.5 ([CTWZI3| Theorem 1.12]). Let k > 3 be an odd integer and G = (V, E) a (3k — 3)-
edge connected undirected graph. For any given 3 : V. — {0,...,k — 1} where ) (v) = 0
(mod k), there is an orientation of G which makes deg,,(v) — deg;, (v) equal to B(v) modulo k
for every vertex v.

Here an orientation is an assignment of one of the two possible directions to each edge, and deg, .
and deg;,, count outgoing and incoming edges of a vertex in such an orientation. We simply note that
the reduction of [Lemma 4.7|to|Lemma A.5| as stated in [Thol4], is already efficient. This is done
by a simple transformation on f from[Lemma 4.7|to get 3, and at the end a subgraph is extracted
from an orientation by considering edges oriented from one side to the other. Since the reduction is
efficient, we simply need to prove can be made efficient.

Lemma A.6. There is a polynomial time algorithm that outputs the orientation of[Lemma A.5]

To obtain this algorithm, our strategy is to make the steps of the proof presented in [LTWZ13]]
(efficiently) constructive. [LTWZ13]] prove[Lemma A.5|by generalizing the statement and using a
clever induction. To state this generalization, we need a definition from [LTWZ13]].

Definition A.7 (ILTWZI13]). Suppose that k is an odd integer, and G = (V, E) is an undirected graph.
For a given function 3 : V' — {0,...,k — 1}, we define a set function 7 : 2V — {0, 41, ..., +k}
by the following congruences

7(8) =) _B(S) (mod k)

veS

7(S) = deg(S) (mod 2)

veES

The two given congruences uniquely determine 7(S) modulo 2k; this in turn is a unique element of
{0,+1,..., £k}, except for k and —k which are the same value modulo 2k. The choice of which
value to take in this case is largely irrelevant, as we will mostly be dealing with |7(-)|. Note that 7(.5)
is the same, modulo 2k, as the number of edges going from .S to S minus the number of edges going

from S to S in any valid orientation as promised by [Lemma A.3]
The definition of 7 is used to give a generalization of that is proved by induction.
Lemma A.8 ([LTWZ13| Theorem 3.1]). Let k be an odd integer, G = (V, E') an undirected graph

on at least 3 vertices, and 3 : V — {0,...,k — 1} be such that )", B(v) =0 (mod k). Let zy be
a “special” vertex of G whose adjacent edges are already pre-oriented in a specified way. Assume

that T is defined as in[Definition A.7land Vo = {v € V — {20} | 7({v}) = 0}; let vy be a vertex of

minimum degree in Vyy. If the following conditions are satisfied, then there is an orientation of edges,
matching the pre-orientation of zy, for which deg,(v) — deg;,(v) = S(v) (mod k) for every v.

1. deg(z) < (2k —2) + [7({z0})

s
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2. |E(S,S%)| > (2k — 2) + |7(S)| for every set S where zo ¢ S, and S # 0,{vo},V — {20}

Here E(S, 5°) is the set of edges between S and S°. Note that we always have |7(-)| < k. So a
(3k — 3)-edge-connected graph automatically satisfies condition 2 in|Lemma A.8| [Lemma 4.7|is
proved by adding an isolated vertex zo and setting 3(zp) = 0, for which condition 1 is automatically
satisfied.

The reason behind this generalization is the ability to prove it by induction. The authors of [LTWZ13|]
state this induction in the form of proof by contradiction. They consider a minimal counterexample,
and argue the existence of a smaller counterexample. We do not state all of their proof again here, but
note that all processes used to produce smaller counterexamples are readily efficiently implementable,
except for one. In the proof of Theorem 3.1 in [LTWZ13]], in Claim 1, the authors argue that for
non-singleton S the inequality in condition 2 of cannot be strict, or else the size of
the problem can be reduced. They formally prove that a smallest counterexample must satisfy for
5] > 2,

|E(S,S°)| > 2k + |7(S)| > (2k — 2) + |7(5)]. 9)
In case a non-singleton does not satisfy the above inequality, the authors produce two smaller
instances, once by contracting S into a single vertex, and once by contracting S¢, and combining the
resulting orientations together for all of G. The main barrier in making this into an efficient algorithm
is finding the set S that violates the inequality. A priori, it might seem like an exhaustive search over
all subsets S is needed, but we show that this is not the case.

We now show how to make this part algorithmic.

Lemma A.9. Suppose that the graph G satisfies the conditions of Then there is a
polynomial time algorithm which produces a list of sets S1, . . ., Sy, for a polynomially bounded m,
such that any violation of[Eq. (9)|must happen for some S;.

Proof. Our high-level strategy is to use the fact that condition 2 of implies G is already
sufficiently edge-connected. If zq, vo did not exist, condition 2 would imply that G is (2k — 2)-edge-
connected. On the other hand any violation of can only happen when |E(S, S¢)| < 2k + k =
3k. So it would be enough to simply produce a list of all near-minimum-cuts .S with |E(.S, S¢)| < 3k.
If G was (2k — 2)-edge-connected, we could appeal to results of [KS96], who proved that for any
constant «, the number of cuts of size at most « times the minimum cut is polynomially bounded and
all of them can be efficiently enumerated.

The one caveat is the existence of vy, zg, which might make G not (2k — 2)-edge-connected. Note
that the only cuts that can potentially be “small” are the singletons {vg}, {z0}. We can solve this
problem by contracting the graph. We enumerate over the edges e, e that are adjacent to vg, 2, and
for every choice of ey, es, we produce a new graph by contracting the endpoints of e; followed by
contracting the endpoints of es. If a cut (.9, .5¢) does not have vy, zo as a singleton on either side,
there must be a choice of ey, e5 that do not cross the cut, which means that the cut “survives” the
contraction. Note that the contracted graph is always (2k — 2)-edge-connected, so we can proceed as
before and produce a list of all of its cuts of size < 3k. Taking the union of the list of all such cuts for
all choices of ey, e produces the desired list we are seeking. O

We remark that a simple modification of our proof also shows that checking conditions 1 and 2 of
can be done in polynomial time.

A.3 Simplification and Details on Lemma 4.5|

Here we state the lemma that captures the guarantees of the algorithm CreateNewProbability Values
from [ACSS20]. We later apply this lemma in a specific setting where the conditions of
are met and provide its proof.

For a given profile ¢, the algorithm CreateNewProbabilityValues takes input (A, B, R) and creates
a solution pair (B’, R) that satisfy the following lemma.

Lemma A.10. Given a profile ¢ € ®™ with k distinct frequencies, a probability discretization set R
and matrices A, B € RUXIOF thar satisfy: A € Z™° and B; j < A, j for alli € [{] and j € [0, k].
There exists an algorithm that outputs a probability discretization set R' and A’ € R+ (k+DIx[0.k]
that satisfy the following guarantees,
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]. Z]G[O,k‘}A;,j = Z]E[O,k] Bi’jforalli S [é].

2. Foranyi € [0+ 1,0+ (k+1)], let j € [0,k] be such that i = { + 1+ j then Ay, | ; ;, = O for
all j' € [0,k] and j' # j. (Diagonal Structure)

3. Foranyi € [{+ 1,0+ (k+1)], let j € [0, k] be such thati = €+ 1+ j, then 3 1o 1 A=
A4y =0 — ZieBi-

4. A/ c Zf;?frac and Zie[@+(k+1)] Zje[o,k] A;yj = Zie[@] ZjE[O,k] Ai,j.

def . def
5. Letoi = 3 cionAig — 2 jeqon Bijforalli € [() and A= max(3_, (A

g(4') > exp (~0 (T ilog A) ) g(4)
e, @i —Bij)ri

6. Forany j € [0, k], the new level sets have probability value equal to, ryy14; = o @ By
ie(1, ij —Pij

?)m x k), then

W are now ready to provide the proof of

Proof of[Lemma 4.3] By |Lemma A.10, we get a matrix A’ € RIHF+DIXI0E] that satisfies A’ €
2377 (guarantee 4 in [Lemma A.10) and g(A') > exp (—O (Zie[e] a; log A)) g(A), where

def . def -

To prove the lemma we need to show two things: A’ € Zﬁ, and g(A") > exp (—O (tlogn)) g(A).
We start with the proof of the first expression. Note that A’ € Zﬁ:f "% and we need to show that A’ has
all integral row sums. For i € [¢], the i’th row sum, that is [A"1]; is integral by combining guarantee
1 of[Lemma A.10|and [B1]; € Z, (condition of our current lemma). Fori € [{ + 1,¢ + (k + 1)],
[A’'1]; = ¢; — [B"1]; (guarantee 3 of [Lemma A.10) and the i’th row sum is integral because
[B"1]; € Z, (condition of our current lemma) and [B' 1]; < [AT1]; < ¢;.

We now shift our attention to the second expression, that is g(A") > exp (—O (tlogn)) g(A). We
prove this inequality by providing bounds on the parameters A, «;. Observe that A < 1/r;,;,, + 0k <
1/Cmin+k(k+1) < O(n?) because A € Z4 7™ and therefore satisfies > ikt TilAl]; < 1 that
further implies 37, (; 11 17[A"1]i < 1/Tp < 2n® (see the definition of probability discretization).
In the second inequality for the bound on A we used ¢ < k + 1, as without loss of generality the
number of probability values in |R| can be assumed to be at most k + 1 (because of the sparsity
lemma [Lemma 4.3) and the actual size of |R| only reflects in the running time. Now note that
Dick+1] @ = e, jeo.i (Aij — Bij) < t because of the condition of the lemma. Combining the
analysis for A and «;, we get g(A’) > exp (—O (tlogn)) g(A) and we conclude the proof. O

A.4 Proof of[Theorem 4.1 and [Theorem 2.1

Here we provide the proof of] that provides the guarantees of our first rounding algorithm
(Algorithm 1) for any probability descritization set R. Later we choose this discretization set carefully
to prove our main theorem (Theorem 2.1)).

Proof of[Theorem 4.1] By [Lemma 4.2L the Step 1 returns a solution S’ € Zﬁ’f "¢ that satisfies,
Cy - 8(S') > exp (O (~klogn)) maxyear P(q, ¢). By [Lemma 4.3| the Step 2 takes input S’ and
outputs 8" € Zg/"** such that g(S”) > g(S') and |{i € [¢] | [S" 1']; > 0}| < k + 1. As the matrix
S’ has at most k + 1 non-zero rows and colimns, by [Theorem 4.4|the Step 3 returns a matrix B that
satisfies: B}, < Sj; Vi € [(],j € [0,k],B" 1" € Z BT € Z_E’k] and > ey e(0.4] (S}, —Bj;) <

i < ij) =
O(k). The matrices S” and B” satisfy the conditions of |Lemma 4.5|with parameter ¢t = O(k) and

the algorithm CreateNewProbability Values returns a solution (S ,ReXt) such that S™¢ ¢ Zﬁcxt
and g(S™*) > exp(—O(klogn))g(S”). Further substituting g(S”) > g(S') from earlier (Step 2) we
get, g(S™") > exp(—O(klogn))g(S'). As S ¢ Zﬁm, by [Lemma 3.4|the associated distribution

p’ satisfies P(p’, ¢) > exp(—O(klogn))Cy - g(S™*) > exp(—O(klogn))Cy - g(S'). Further
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combined with inequality Cy - g(S") > exp (O (—klogn)) max,¢ ar P(q, ¢) (Step 1) we get,
P(p’, ¢) > exp (O (—klogn)) max P(q, ¢) .
qeAP
All the steps in our algorithm run in polynomial time and we conclude the proof. O

Proof of [Theorem 2.1] Choose R with parameters & = klogn/n and [R| = ¢ = O(n/k) in

Lemma 3.1 and we get that maxgear P(q, ¢) > exp (—klogn)maxyear P(p,¢). As the [R|
is polynomial in n, the previous inequality combined with[Theorem 4.T|proves our theorem. O

B PseudoPML Approach, Remaining Proofs from and
Experiments

Here we provide all the details regarding the PseudoPML approach. PseudoPML also known as
TrucatedPML was introduced independently in [CSS19b] and [HO19]]. In[Appendix B.I} we provide
the proof for the guarantees achieved by our second rounding algorithm (Theorem 5.1) that in
turn helps us prove [Theorem 2.4} In[Appendix B.2} we provide notations and definitions related
to the PseudoPML approach. In provide the proof of Finally in

we provide the remaining experimental results and the details of our implementation.

B.1 Proof ofTheorem 3.1/and [Theorem 2.4!
Here we provide the proof of that provides the guarantees satisfied by our second
approximate PML algorithm. Further using this theorem , we provide the proof for [Theorem 2.4]

Proof of[Theorem 5.1} By [Lemma 4.2[, the first part of Step 1 returns a solution X € Zf;’f "¢ that
satisfies,

Cy - 8(X) = exp (O (—~klogn)) max P(q, ¢) - (10)

qeAR
We also sparsify the solution X in Step 1 that we call X'. By the solution X € Z&/"*
satisfies g(X') > g(X) and |{i € [{] | [X’?]i > 0} < k + 1. The Steps 2-3 of our algorithm
throw away the zero rows of matrix X’ and consider the sub matrix S’ corresponding to its non-
zeros rows. Let R’ be the probability values that correspond to these non-zero rows of X’ and

S e Zﬁ;f "% As S’ changes during Steps 4-8 of the algorithm, we use Y to denote the unchanged

S from Step 2. The matrix Y € Z%/" satisfies: g(Y) = g(X) > g(X) and has ¢/ < k + 1
rows. In the remainder of the proof we show that the distribution p’ outputted by our algorithm

satisfies P(p’, ¢) > exp (—O((Fmax — Fmin)n + klog(¢n))) Cy - g(Y) that further combined with
g(Y) > g(X) and [Equation (10)|proves the theorem. Now recall the definition of g(Y),

ef
g(Y)d=eXP( > [C; Y35 — Yijlog Yis] + > [Yl]ilog[Yl]i), (11)
1€[1,¢'],5€[0,k] ie[1,e']

where C}; = m;logr,. We refer to the linear term in Y of function g(Y) as the first term and

the remaining entropy like terms as the second. We denote the elements of set R’ by r} and let
ri < ...r). The Steps 4-8 of our rounding algorithm transfer the mass of S’ from lower probability
value rows to higher ones while maintaining the integral row sum for the current row . Formally at
iteration 4, our algorithm takes the current fractional part of the i’th row sum ([S'1]; — | [S'1];]) and
moves it to row i + 1 (corresponding to higher probability value) by updating matrix S’. As the first
term in function g(+) is strictly increasing in the values of r}, it is immediate that the final solution

St satisfies,
DR 7 A W o (12)
i€[1,£],5€[0,k] i€[1,6'],5€[0,k]

The movement of the mass between the rows happen within the same column, therefore S** satisfies
the column constraints, that is [Se"tTl]j = ¢, forall j € [k]. As [S**1]; = |[S1];] forall i € [1, 4],
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we also have that all the row sums are integral. Therefore to prove the theorem all that remains is to
bound the loss in objective corresponding to the second term for Steps 4-8 and analysis of Steps 9-11.

In Steps 4-8 at iteration ¢, note that we move at most 1 unit of mass ( L[S,l i) ) from row ¢ to 7 + 1.

Therefore the updated matrix S’ after Step 6 satisfies Zj €[0,k] (S: 415~ Yir1;) <1 As SffL ;=

s/ LIISG 1 1l1)
i+1.5 11871 T

inequality we get 3~ ;c(q IS7% ; — Yiy1,] < 1foralli € [L,¢' — 1]. For the first row, we have
Se"t =Y, LH%”H which also gives 3. 4 |S‘1”‘Jt — Y ;| < 1. Therefore for all i € [1,¢] the
followmg inequality holds,

we have > 1 4 (Siy1; — SF ;) < 1 and further combined with the previous

> ISP - Y <1, (13)

J€[0.K]
As the function z log z and —zlog « are O(log n)-Lipschitz when = € [—17, 00] U {0} and all the
terms where Y; ;, [Y1];, S, [S®"1]; take values less than 1/n'° contribute very little (at most

139,59
exp(0(1/n?))) to the objective. Therefore by [Equation (13) we get,
Z (=S5 log S57*) > Z (=YijlogYij) — O(f' logn) , (14)
i€[1,£'],5€(0,k] 1€[1,'],5€[0,k]
> 8 log[8™1); > > [Y1]ilog[Y1]; — O(¢' logn) , (15)
i€[L,e] i€[1,¢]

where in the above inequalities we used the Lipschitzness of entropy and negative of entropy functions.
Therefore Steps 4-8 of the algorithm outputs a solution S°™* that along with other conditions also
satisfies [Equations (12)} [(14)] and [(T5)] Now observe that we are not done yet as the solution
S might violate the distributional constraint Die,e ri[|S*)|; < 1; to address this in Steps

9-10 we construct a new probability R™" where we scale down the probability values in R’ by
C=ien e IS**||1. Such a scaling immediately ensures the satisfaction of the distributional

constraint with respect to R**. As the row sums of S°** are integral and it satisfies all the column

constraints as well, we have that S ¢ Z;’;E.xt Let r! = r}/c be the probability values in set R,
then note that,

X X rl
Z m; S5 logr} = Z m;S{ log f
1€[1,0'],5€[0,k] 1€[1,¢],5€[0,k]

= > CSyt-loge Y mST

i€[1,0'],7€[0,k] i€[1,0'],7€[0,k]
= ) CiSi-loge Y myg,
i€[1,£'],5€[0,k] J€[0,k]

= Z C; ;S —nloge.
i€[1,0'],j€[0,K]

(16)

All that remains is to provide an upper bound on the value of c. Observe that, ¢ =
Vieen TS = Ciep e TillYillt + Xicp ey TSl = 1Yill1) < 1+ Finax — Finins
where in the last inequality we used Y € Zg, and > o (IS**|lx — |[Y:]|1) = 0. Substituting the
bound on ¢ back into [Equation (16)] we get,
> mSTtlogr! = Y € S5 —nloge
1€[1,0'],5€[0,K] 1€[1,0'],5€[0,k]

2 Z C; ]Sf:;(t O((rmax - rmin)n) .
i€[1,0'],5€[0,k]

a7

Using [Equations (12)}|(14)}|(15)|and [(17)} the function value g(S®*") with respect to R™*" satisfies,

g(SEXt) Z exp (_O(rmax - rmin)n - 0(6/ log TL)) g(Y)
> exp (—O(rmax — Tmin)n — O(klogn)) g(Y),

(18)
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where in the last inequality we used ¢/ < k + 1. As Sext ¢ Zﬁext, by|Lemma 3.4 the associated distri-

bution p’ satisfies P(p’, ¢) > exp(—O(klogn))Cy - g(S™"). Further combined with|Equation (18)
g(Y) > g(X) and|[Equation (10)|we get,

P(P/, d)) > exp (7O(rmax - rmin)n - O(k log n)) miX IP’(q, ¢) .
qeA?

In the remainder we provide the analysis for the running time of our algorithm. By Theorem A.2
we can solve the convex optimization problem in Step 1 in time O(|R|k?). By|Lemma 4.3[, the sub
routine Sparse can be implemented in time O(|R|k*) and all the remaining steps correspond to

the low order terms; therefore the final run time of our algorithm is O(|R|k*) and we conclude the
proof. O

The above result holds for a general R and we choose this set carefully to prove [I'heorem 2.4

Proof of[Theorem 2.4 As the probability values lie in a restricted range, we just need to discretize
the interval [¢,u]. We choose the probability discretization set R with parameters o« = k/n,

max = U, Ly = £ and |R| = O(%). By [Lemma 3.11, we have mMaxXge AP P(q,¢) >
exp (—k — 6) P (p, ¢). Further combined with Theorem 5.1} we conclude our proof. O

B.2 Notation and the General Framework

Here we provide all the definitions and description of the general framework for symmetric property
estimation using the PseudoPML [CSS19b, [HO19]. We start by providing definitions of pseudo
profile and PseudoPML distributions.

Definition B.1 (S-pseudo Profile). For any sequence ™ € D™ and S C D, let M Lef {f(y™, ) }res
be the set of distinct frequencies from S and let my, my, ..., myy be these distinct frequencies. The

S-pseudo profile of a sequence y™ and set S denoted by ¢s = Pg(y™) is a vector in Zliwl, where

os(j) def {z € S |f(y",z) = m,}| is the number of domain elements in S with frequency m;. We
call n the length of ¢g as it represents the length of the sequence y™ from which the pseudo profile
was constructed. Let ®% denote the set of all S-pseudo profiles of length n.

The probability of a S-pseudo profile ¢ € ®% with respect to p € AP is defined as follows,
def n
Pr(p, ¢s5) = > P(p,y"), (19)

{ymeD™ | 2s(y")=ds}
we use notation Pr instead of IP to differentiate between the probability of a pseudo profile from the
profile.
Definition B.2 (S-PseudoPML distribution). For any S-pseudo profile ¢g € ®%, a distribution
Py € AP is a S-PseudoPML distribution if Py, € argmax,ecar P(p, ¢s). Further, a distribution

pgs € AP is a (3, S)-approximate PseudoPML distribution if P(pgs, ¢s) > B-P(pygs Ps)-

We next provide the description of the general framework from [CSS19b]. The input to this general
framework is a sequence of 2n i.i.d sample denoted by 22" from an underlying hidden distribution p,
a symmetric property of interest f and a set of frequencies F. The output is an estimate of f(p) using
a mixture of PML and empirical distributions.

Algorithm 3 General Framework for Symmetric Property Estimation

1: procedure PROPERTY ESTIMATION(z2", f, F)
2: Let 22" = (27, 2%), where 27 and x% represent first and last n samples of 2" respectively.

Define S % lyeD| f(at,y) e F}.

3
4: Construct profile ¢g, where ¢5(j) e Hy € S| f(z%,y) = 5}

5: Find a (3, S)-approximate PseudoPML distribution pgs and empirical distribution p on x7.
6

7

: return fs (pgs) + f5(p) + correction bias with respect to f5(p).
: end procedure
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We call the procedure of estimation using the above general framework as the PseudoPML approach.

B.3 Proof of and the Implementation of General Framework

Here we provide the proof of The main idea behind the proof of this lemma is to use
an efficient solver for the computation of approximate PML to return an approximate PseudoPML

distribution. The following lemma will be useful to establish such a connection and we define the

following notations: A‘[?u] ef {p € A%|p, € [¢,u] Yz € S} and further define Ag[&u] def {p €

AP|p, € [¢,u] Vz € S}, where A® are all distributions that are supported on domain S.

Lemma B.3. For any profile ¢ € ®" with k' distinct frequencies, domain S C D and ', v’ € [0, 1].
If there is an algorithm that runs in time T(n', k', u’,{') and returns a distribution p’ € A such
that,

P, o) 2 exp (~O((u — ) logn’ + K logn')) max Plg,d) .

qEA[e,u]
Then for domain D, any pseudo ¢g € ®% with k distinct frequencies and {,u € [0,1], such an

algorithm can be used to compute p',, part corresponding to S C D of distribution p” € AP in time
T(n, k,u, ) where the distribution p” further satisfies,

Pr(p",05) > exp (~O((u — Onlogn +klogn)) max Pr(g.os)
S,[¢,u]
Proof. Recall that,
Pr(q, ¢s) < > P(q,y") .
{ymeDn | 2s(y)=¢s}
Let qg and qg denote the part of distribution q corresponding to S, S C D; they are pseudo
distributions supported on S and S respectively. Let n; = ij cos My and no def >

P(qs, ¢s) = > IT g

{ym1esm | d(y™1)=¢g} xS

def ny
Pasos ™ Y [[d
{ym2€8m2 | @(y"2)=¢g} z€S
We can write the probability of a pseudo profile in terms of the above functions as follows,

PI‘(q’ ¢S) = P(qS7 ¢S)P(q5’7 ¢S’)

m, cps My then,

Therefore,

ax P = max P P(qg, 93
max Pr(q, ¢s) = max P(qs, ¢5)P(as. 5)
In the applications of PseudoPML, we just require the part of the distribution corresponding to S C D
and in the remainder we focus on its computation by exploiting the product structure in the objective.

max P(qs, ¢5)P(ds, 65) = max (0‘"1 Jnax P(d, ¢s)) ((1 - )" max P(q", ¢s)> )

where in the above objective we converted the terms involving the pseudo distributions to distributions.
The above equality holds because scaling all the probability values of a distribution by a factor of «
scales the PML objective by a factor of « to the power of length of the profile, which is n; and ny
for ¢ and ¢ 5 respectively. The above objective is nice as we can just focus on the first term in the
objective corresponding to .S given the optimal « value. Note in the above optimization problem the
terms maxy e A s P(q’ ,ds) and. RIER N P(q”, qbg) are ?ndepgndent of o and we can solve for the
optimum « by finding the maximizer of the following optimization problem.
max o"'(1—a)™.
a€l0,1]
The above optimization problem has a standard closed form solution and the optimum solution is

a* = - = . To summarize, the part of distribution p” corresponding to S that satisfies the
ni—+nso n
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guarantees of the lemma can be computed by solving the optimization problem maxg cas Pr(q’, ¢s)
upto multiplicative accuracy of exp (—O((u — £)nlogn + klogn)) and then scaling all the entries
of the corresponding distribution supported on S by a factor of n; /n; which by the conditions of the
lemma can be computed in time T'(n, k, ¢, u) and we conclude the proof. O

Using the above lemma we now provide the proof for[Cemma 2.3]

Proof of[Lemma 2.3} Let p, pgs be the underlying hidden distribution and (3, S)-approximate Pseu-
doPML distribution. The guarantees stated in the lemma are the efficient version of Theorem 3.9
and 3.10 in [CSS19b]. Both these theorems are derived using Theorem 3.8 in [CSS19b] that in turn
depends on Theorem 3.7 which captures the performance of an approximate PseudoPML distribution.
In all these proofs the only expression where the definition of (3, .S)-approximate PseudoPML

distribution was used is the following: Pr (pis, qi)s) > BPr (p, ¢s). Any other distribution p’ that

satisfies Pr (p’, ¢s) > BPr (p, ¢s) also has the same guarantees and provides the efficient version of
Theorem 3.9 and 3.10, that is the guarantees of our lemma.

As described in the general framework works in two steps. In the first step, it takes

the first half of the samples («7) and determines the set S e {y € D f(z},y) € F}, where
F is a predetermined subset of frequencies (input to the general framework) that depends on the
property of interest. The pseudo profile ¢ is computed on the second half of the samples, that is

?s(j) def {y € S| f(«4,y) = j}|. Based on the frequency of the elements of S in the first half
of the sample (they all belong to F), with high probability (in the number of samples) we have an
interval I = [¢, u] in which all the probability values of elements in S C D for p lie. Therefore
finding a distribution p’ that satisfies,

Pr(p', ¢s) > 5q1611§§ Pr(q,¢s) = Pr(p’,¢s) > BPr(p, és) ,

where A?J def {q e AP ‘ q, € I forall z € S}; therefore p’ can be used as a proxy for pgs and

both these distributions satisfy the guarantees of our lemma (for entropy and distance to uniformity)
for an appropriately chosen /3. The value of 3 depends on the size of F that further depends on the
property of interest and we analyze this parameter for each property in the final parts of the proof.

Now note that we need to find a distribution p’ that satisfies, Pr (p’, ¢s) > 8 max ¢ ap, Pr (p, ds)

and to implement the PseudoPML approach all we need is p’, the part of the distribution correspond-
ing to S. The helps reduce the problem of computing PseudoPML to PML and we use
the algorithm given to us by the condition of our lemma to compute p’.

In the remainder, we study the running time and the value of S for entropy and distance to uniformity.

Entropy: In the application of general framework (Algorithm 3)) to entropy, the authors in [CSS19b]
choose F' = [0, clogn], where ¢ > 0 is a fixed constant (See proof of Theorem 3.9 in [CSS19b]).

Recall the definition of subset S %< {y € D| f(z},y) € F} and as argued in the proof of Theorem
3.9 in [[CSS19b], with high probability all the domain elements x € S have probability values

S 2“%. Further, we can assume that the minimum non-zero probability of distribution p to be
Q(1/poly(n)), because in our setting n € {2(N/log N) for all error parameters € and the probability
values less than 1/poly(n) contribute very little to the probability mass or entropy of the distribution
and we can ignore them. Therefore to implement the PseudoPML approach for entropy all we need is
the part corresponding to .S of distribution p’ that satisfies,

Pr(p', ¢s) > B max Pr(q,os) , (20)
qEAEﬁI
for any 3 > exp (—O(log2 n)) (Theorem 3.9 in [CSST9b]) and I = [poli(n), 2612“}. Based on our

discussion at the start of the proof, this corresponds to computing the S-approximate PML distribution
supported on S for the profile ¢g. As the number of distinct frequencies in the profile ¢ is at most
O(logn), length of the profile ¢ is at most n and interval I = [¢, u] take values £ = 1/poly(n) and

u=0( loi ), the algorithm given by the conditions of our lemma computes the part corresponding
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to S of distribution p’ that satisfies [Equation (20){with approximation factor 8 > exp (—O(log2 n))

in time T'(n, O(log n), 1 /poly(n), O(EX)).

The proof for distance to uniformity is similar to that of entropy and is described below.

Distance to Uniformity: For distance to uniformity, the authors in [CSS19b]] choose F' = [ —

\/ 5\'}‘% o R k’,g "], where c is a fixed constant (See proof of Theorem 3.10 in [CSST9b]). The
subset § % {y € D| f(z},y) € F} and as argued in the proof of Theorem 3.10 in [CSS19b], with
high probability all the domain elements x € .S have probability values p,, € [% — 4/ 26;#, % +

\/ 2671#} Therefore to implement the PseudoPML approach for distance to uniformity all we need
is the part corresponding to .S of distribution p’ that satisfies,
Pr(p’,¢s) > B max Pr(q,¢s) , 21
qeAT

for any 3 > exp (—0(\/”1“’]53’1) (Theorem 3.10 in [CSSTOB)) and I = [4 — y/2¢k8n L 4
\/ 25;#] This corresponds to computing the -approximate PML distribution supported on S for

the profile ¢s. As the number of distinct frequencies in the profile ¢g is at most 4/ W € 0(1/e)

(because n = @(%) for distance to uniformity), length of the profile ¢s is at most n and

interval I = [(, u] take values { = - — 1/2671# € Q(1/N)andu = + + 1/2%# € O(1/N),

the algorithm given by the conditions of our lemma computes the part corresponding to S of

distribution p’ that satisfies |[Equation (21)| with approximation factor 5 > exp (O(\ / C”lfvgdn> in
time T'(n, O(1/€),Q(1/N),O(1/N). We conclude the proof.

B.4 Experiments

In this section, we provide details related to PseudoPML implementation and some additional experi-
ments. We perform different sets of experiments for entropy estimation — first to compare performance
guarantees of PseudoPML approach implemented using our rounding algorithm to the other state-of-
the-art estimators and the other to compare the performance of the PseudoPML approach implemented
using our approximate PML algorithm with a heuristic algorithm [PIW17].

All the plots in this section depict the performance of various algorithms for estimating entropy
of different distributions with domain size N = 10°. Each data point represents 50 random trials.
“Uniform” is the uniform distribution, “Mix 2 Uniforms” is a mixture of two uniform distributions,
with half the probability mass on the first N/10 symbols and the remaining mass on the last 9N /10
symbols, and Zipf(a) ~ 1/i* with ¢ € [N]. In the PseudoPML implementation for entropy, we
divide the samples into two parts. We run the empirical estimate on one (this is easy) and the PML
estimate on the other. Similar to [CSS19bl], we pick threshold = 18 (same as [WY16a]) to divide
the samples, i.e. we use the PML estimate on frequencies < 18 and empirical estimate on the rest.
As in [[CSS19b], we do not perform sample splitting. In all the plots, “Our work™ corresponds to
the implementation of this PseudoPML approach using our second approximate PML algorithm
presented in [Section 5| (Algorithm 2)). Refer to [CSS19b] for further details on the PseudoPML
approach.

In[Figure 2] we compare performance guarantees of our work to the other state-of-the-art estimators for
entropy. We already did this comparison in and here we do it for three other distributions.
As described in MLE is the naive approach of using the empirical distribution with
correction bias; all the remaining algorithms are denoted using bibliographic citations.

An advantage of the pseudo PML approach is that it one can use any algorithm to compute the part
corresponding to the PML estimate as a black box. In we perform additional experiments
for six different distributions comparing the PML estimate computed using our algorithm (“Our
work”) versus the algorithm in [PIW17] (“Pseudo-PJW17”), a heuristic approach to compute the
approximate PML distribution.
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Figure 2: Experimental results for entropy estimation.
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Figure 3: Experimental results for entropy estimation.
In the remainder we provide further details on the implementation of our algorithm (Algorithm 2)). In

Step 1, we use CVX[GB14] with package CVXQUAD[FESP17] to solve the convex program. The
accuracy of discretization determines the number of variables in the convex program and for practical
purposes we perform very coarse discretization which reduces the number of variables to our convex
program and helps implement Step 1 faster. The size of the discretization set we choose is slightly
more than the number of distinct frequencies. Even with such coarse discretization, we still achieve
results that are comparable to the other state-of-the-art entropy estimators. The intuition behind to
choice of such a discretization set is because of [Lemma 4.3] which guarantees the existence of a
sparse solution. As the discretization set is already of small size, we do not require to perform further
scarification and we avoid invoking the Sparse subroutine; therefore providing a faster practical

implementation.
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