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Abstract

This work proposes a new algorithm — the Single-timescale Double-momentum
Stochastic Approximation (SUSTAIN) — for tackling stochastic unconstrained
bilevel optimization problems. We focus on bilevel problems where the lower level
subproblem is strongly-convex and the upper level objective function is smooth.
Unlike prior works which rely on two-timescale or double loop techniques, we
design a stochastic momentum-assisted gradient estimator for both the upper and
lower level updates. The latter allows us to control the error in the stochastic gradi-
ent updates due to inaccurate solution to both subproblems. If the upper objective
function is smooth but possibly non-convex, we show that SUSTAIN requires
O(e73/2) iterations (each using O(1) samples) to find an e-stationary solution.
The e-stationary solution is defined as the point whose squared norm of the gradient
of the outer function is less than or equal to €. The total number of stochastic
gradient samples required for the upper and lower level objective functions match
the best-known complexity for single-level stochastic gradient algorithms. We also
analyze the case when the upper level objective function is strongly-convex.

1 Introduction

Many learning and inference problems take a “hierarchical” form, wherein the optimal solution
of one problem affects the objective function of others [27]. Bilevel optimization is often used to
model problems of this kind with two levels of hierarchy [27, 8], where the variables of an upper
level problem depend on the optimizer of certain lower level problem. In this work, we consider
unconstrained bilevel optimization problems of the form:

minze]RdUP é(a:) = f(ac,y*(x)) = Ef[f(xa y*(m),ﬁ)]
st y*(x) = argmin, cpa, {g9(z,y) = Eclg(z,y; ()},

where f,g: R x R% — R withz € R% and y € R; f(z,y;&) with & ~ 7 (resp. g(x, y;¢)
with ¢ ~ m,) represents a stochastic sample of the upper level objective (resp. lower level objective).
Note here that the upper level objective f depends on the minimizer of the lower level objective g, and
we refer to ¢(x) as the outer function. Throughout this paper, g(x, y) is assumed to be strongly-convex
in y, which implies that ¢(z) is smooth but possibly non-convex.

(D

The applications of (1) include many machine learning problems that have a hierarchical structure.
Examples are meta learning [13, 31], data hyper-cleaning [35], hyper-parameter optimization [12,
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Algorithm Sample (Upper, Lower) Implementation Batch Size  Per-Iteration Complexity

BSA [14] O(e72), O(e7?) Double loop o(1) O(d2 -log T)
stocBiO [19] O(e72), O(e7?2) Double loop O(e71) O(d2 - logT)
TTSA [18] O(e5/2), O(e75/?) Single loop o(1) O(d} -logT)
STABLE [5] O(e7?), O(e7?%) Single loop o(1) O(d})
SVRB [17] O(e3/2), O(e=3/?) Single loop o(1) o(d})
SUSTAIN (this work) ~ O(e=3/2), O(e=3/?) Single loop 0(1) O(d2 -logT)

Table 1: Comparison of the number of upper and lower level gradient samples required to achieve an e-stationary
point in Definition 1.1. For the algorithms with O(d3 - log T') per-iteration dependence, the Hessian inverse
can be computed via matrix vector products; algorithms with O(dy) dependency requires Hessian inverses and
Hessian projections, which incur heavy computational cost.

13, 29], and reinforcement learning [22], etc.. To better contextualize our study, below we describe
examples on meta-learning problem and data hyper-cleaning problem:

Example 1: Meta learning. The meta learning problem aims to learn task specific parameters that
generalize to a diverse set of tasks [30]. Suppose we have M tasks {7;,i = 1,..., M} and each task
has a corresponding loss function L(z, y;; §;) with &; representing a data sample for task 7;, x € R

the model parameters shared among tasks, and y; € R% the task specific parameters. The goal of
meta learning is then to solve the following problem:

min, cgaw {Les(z,5°(2)) = 17 Yoty Be,om, [L(x, v} (2); )] }
s.t. g ( ) € argmln REM, i Ltr( ag) = ﬁ Z’f\il (]EQN&, [L(xayz><z)] +R(yz))7 )

where § = [yf,...,y1,]T, R(-) is a strongly convex regularizer while S; and D; are the training and
testing datasets for task 7;. Compared to the number of tasks, the dataset sizes are usually small for
meta-learning problems, so the stochasticity in tackling (2) results from the fact that at each iteration
we can only sample a subset m out of M tasks. Note that this problem is a special case of (1). [

Example 2: Data hyper-cleaning. The data hyper-cleaning is a hyperparameter optimization problem
that aims to train a classifier model with a dataset of randomly corrupted labels [35]. The optimization
problem is formulated below:

min, cpa, £() := ZieDval L(a; y*(z),b;) 3)
st y*(2) = argmingega, {c|ly]* + X,cp, o(zi) L(a] y,bi)}.

In this problem, we have d,,, = |Dy;| and dj, is the dimension of the classifier. Moreover, (a;, b;) is
the ith data point; L(-) is the loss function, with y being the model parameter; x; is the parameter
that determines the weight for the ith data sample, and ¢ : R — R is the weight function; ¢ > 0 is
a regularization parameter; D, and Dy, are validation and training sets, respectively. Clearly, (3) is
a special case of (1) where the lower level problem finds the classifier y* (z) with the training set D,
and the upper level problem finds the best weights « with respect to the validation set D, . (]

A natural approach to tackling (1) is to apply alternating stochastic gradient (SG) updates. Let
B, a > 0 be some step sizes, one performs the recursion

yt ey — BVyg(a,y), xt ez —aV,l(z;y) (4)

such that V,g(z,y), V£(z; y) are stochastic estimates of V,g(z, y), V{(x), respectively. Notice
that (4) is significantly different from the standard alternatmg primal-dual gradient algorithm for
saddle point problems. Particularly, the design of Ve / (x;y) is crucial to the SG scheme in (4).
Observe that V¢(x) can be computed using the implicit function theorem, and its evaluation requires
f(-,-) and y*(z), the minimizer of g(x,y) given x (cf. (5)). This gives rise to a unique challenge to
bilevel optimization, where y*(x) can only be approximated by y obtained in the first relation of (4).

In light of the above observations, previous endeavors have considered two approaches to improve the
estimate of y*(x) while V¢(x;y) is used as a biased approximation of V(). The first approach
is to apply the double-loop algorithms. For example, [14] proposed to repeat the y+ update for
multiple times to obtain a better estimate of y*(z) before performing the z+ update, [19] proposed



to take a large batch size to estimate V,g(z,y). While simple to analyze, these algorithms may
suffer from a poor sample complexity for the inner problem. The second approach is to apply
single-loop algorithms where the y+-updates are performed simultaneously with the z-updates.
Instead, advanced techniques are utilized that allows y™ to accurately track y*(z). For example, [18]
suggested to tune the step size schedule with 5 > «, [5, 17] proposed single-timescale algorithms
with advanced variance reduction techniques. However, the latter two algorithms require Hessian
projections onto a compact set along with Hessian matrices inversion which scales poorly with
dimension (i.e., in O(d} )). We summarize and compare the complexity results of the state-of-the-art
algorithms in Table 1.

A careful inspection on the above results reveals a gap in the iteration/sample complexity compared
to single-level stochastic optimization. For instance, an optimal stochastic gradient algorithm finds an
e-stationary solution [cf. Definition 1.1] to min, E¢[¢(z; )] in 0(6’3/2) iterations [10, 7, 37, 42].
For bilevel optimization, the fastest rate available is only O(e~2) to the best of the authors’ knowledge.
In comparison, the proposed algorithm achieves a rate of O(e~3/2). During the preparation of the
current paper, a preprint [17] has appeared which extended [5], and achieves an improved rate of
O(e73/2). We remark that the latter work follows a different design philosophy from ours and maybe
less efficient; see the detailed discussion at the end of Sec. 3.

Contributions. In this paper, we depart from the prior developments which focused on finding

better inner solutions y*(x) to approximate V. £(x;y) ~ V{(x). Our idea is to exploit the gradient
estimates from prior iterations to improve the quality of the current gradient estimation. This leads
to momentum-assisted stochastic gradient estimators for both V,g(x,y) and V{(x) using similar
techniques in [7, 37] for single-level stochastic optimization. The resultant algorithm only requires
O(1) samples at each update, and updates x and y using step sizes of the same order, hence the name
single-timescale double-momentum stochastic approximation(SUSTAIN) algorithm. Additionally,
it is worth noting that our algorithm has a O(d3) per iteration complexity, compared to the O(d3 )
complexity of STABLE [5] and SVRB [17]. That is, the SUSTAIN algorithm is both sample and
computation efficient. Our specific contributions are:

* We propose the SUSTAIN algorithm for bilevel problems which matches the best complexity
bounds as the optimal SGD algorithms for single-level stochastic optimization. That is, it requires
O(e73/2) [resp. O(e~1)] samples to find an e-stationary solution for non-convex (resp. strongly-
convex) bilevel problems; see Table 1. Furthermore, the algorithm utilizes a single-loop update
with step sizes of the same order for both upper and lower level problems. Such complexity bounds
match the optimal sample complexity of stochastic gradient algorithms for single-level problems.

* By developing the Lipschitz continuous property of the (biased) stochastic estimates of V£(x),
we show that obtaining a good estimate of V¢(x) does not require explicit (sampled) Hessian
inversion. This key result ensures that our algorithm depends favorably on the problem dimension.

* Comparing with prior works such as TTSA [18], BSA [14], STABLE [5] and SVRB [17], our
analysis reveals that improving the gradient estimation quality for both Vg (x, y) and V{(z) is
the key to obtain a sample and computation efficient stochastic algorithm for bilevel optimization.

Related works. The study of the bilevel problem (1) can be traced to that of game theory [36] and
was formally introduced in [2—4]. It is also related to the broader class of problems of Mathematical
Programming with Equilibrium Constraints [26]. Related algorithms include approximate descent
[9, 38], and penalty-based methods [40]; see [6] and [25] for a comprehensive survey.

In addition to the works cited in Table 1, recent works on bilevel optimization have focused on algo-
rithms with provable convergence rates. In [34], the authors proposed BigSAM algorithm for solving
simple bilevel problems (with a single variable) with convex lower level problem. Subsequently, the
works [24, 23] utilized BigSAM and developed algorithms for a general bilevel problem for the cases
when the solution of the lower level problem is not a singleton. Note that all the aforementioned works
[34, 24, 23] assumed the upper level problem to be strongly-convex with convex lower level problem.
In a separate line of work, backpropagation based algorithms have been proposed to approximately
solve bilevel problems [12, 35, 16, 15]. However, the major focus of these works was to develop
efficient gradient estimators rather than on developing efficient optimization algorithms.

Notation. For any € R?, we denote ||z|| as the standard Euclidean norm; as for X € R"*9,
| X || is induced by the Euclidean norm. For a multivariate function f(z,y), the notation V,, f(z, y)
[resp. V, f(z,y)] refers to the partial gradient taken with respect to (w.r.t.) x [resp. y]. For some z >



0, a function f(x,y) is said to be y-strongly-convex in x if f(z,y) — & ||[|? is convex in 2. For some
L > 0, the map A : R — R™ is said to be L-Lipschitz continuous if || A(x) — A(y)|| < L||z — y||
for any z,y € R%. A function f : R? — R is said to be L-smooth if its gradient is L-Lipschitz
continuous. Uniform distribution over a discrete set {1, ..., 7'} is represented by U{1,...,T}.

Finally, we state the following definitions for the optimality criteria of (1).

Definition 1.1 (e-Stationary Point). A point x is called e-stationary if ||V£(x)
algorithm is said to achieve an e-stationary point in ¢ iterations if E[||V£(x;
expectation is over the stochasticity of the algorithm until time instant ¢.

€. A stochastic
< ¢, where the

I” <
)]

Definition 1.2 (¢-Optimal Point). A point z is called e-optimal if ¢(z) — ¢* < e, where £* =
min, pa, (). A stochastic algorithm is said to achieve an e-optimal point in ¢ iterations if
E[¢(z;) — £*] < €, where the expectation is over the stochasticity of the algorithm until time instant ¢.

2 Preliminaries

We discuss the assumptions on (1) to specify the problem class of interest. We also preface the
proposed algorithm by describing a practical procedure for estimating the stochastic gradients.

Assumption 1 (Upper Level Function). f(x,y) satisfies the following conditions:
(i) V.f(x,y) and V, f(z,y) are Lipschitz continuous w.r.t. (z,y) € R%» x R, and with
constants Ly, > 0 and Ly, > 0, respectively.
(i) For any (z,y) € R% x R%, we have |V, f(z,y)| < Cj,, for some Cy, > 0.
Assumption 2 (Lower level Function). g(z,y) satisfies the following conditions:
(i) Forany z € R% and y € R, g(x,y) is twice continuously differentiable in (z, ).
(i) Vyg(z,y) is Lipschitz continuous w.r.t. (z,y) € R% x R%, and with constant L, > 0.
(iii) For any z € R%», g(x,") is fg-strongly-convex in y for some gy > 0.
(iv) VZ,9(z,y) and V3, g(x,y) are Lipschitz continuous w.r.t. (z,y) € R% x R%, and with
constants Ly, > 0Oand L, > 0, respectively.
(v) Forany (z,y) € R x R, we have || V2, g(z,y)|* < C,

92, Tor some Cy > 0.
Assumption 3 (Stochastic Functions). Assumptions 1 and 2 hold for f(z,y;£) and g(x, y; (), for
all £ € supp(rmy) and ¢ € supp(my) where supp() is the support of 7. Moreover, we assume the

following variance bounds.
E|V2

xT

,9(T,y) — Viyg(x,y;f)ﬂz < ng for some oy, > 0,07, > 0and oy, > 0.

These assumptions are standard in the analysis of bilevel optimization [14]. For example, they are
satisfied by a range of applications such as the meta learning problem (2), data hypercleaning problem
(3) with linear classifier. Notice that under these assumptions, the gradient V¢(-) is well-defined. By
utilizing Assumption 2—(i) and (ii) along with the implicit function theorem [33], it is easy to show
that for a given x € R%» the following holds [14, Lemma 2.1]:

VUz) = Vo f(,y"(2)) = V3,9(2,y"(2)[Vy,9(z,y* (@) 7'V, f(2,y"(2)). (5)
Obtaining y* (z) in closed-form is usually a challenging task, so it is natural to use the following
gradient surrogate. At any (Z, ) € R%»*do_ define:

Vi(E,9) = Vo f (Z,9) — Va,9(Z,9)[Vo,9(2,9) " Vy f(Z, 7). (6)

Evaluating (6) requires computing the exact gradients and Hessian inverse which can be non-trivial.
Below, we describe a practical procedure from [14] to generate a biased estimate of V f(Z, §).

Stochastic gradient estimator for V/(z). The estimator requires a parameter X' € N and is based
on a collection of /& + 3 independent samples £ := {&, (), ..., () k(K)}, where & ~ i, (V) ~ 7,
i=0,...,K,and k(K) ~ U{0,..., K — 1}. We set

k(K) 2 0
v b b

Vi(@,y;€) = Vo f(x,y;6) — Lﬁviyg(%y;c(o)) II (I— %)%ﬂ%y;&), @

g g

=1



where we have used the convention ngl A; = Iif j = 0. It has been shown in [14, 18] that the bias
with the gradient estimator (7) decays exponentially fast with K, as summarized below:

Lemma 2.1. Under Assumptions 1, 2. For any K > 1, the gradient estimator in (7) satisfies

_ _ 0 C .
HVﬂaw—Ewﬁuw¢MSﬁj@(l—f) ;Y (zy) ERM xR (8)
g9 g

The detailed statement of the above lemma is included in Appendix C. We remark that each computa-
tion of V f (x, y; ) requires at most K Hessian-vector products, and later we will show that setting
K = O(log(T)) is necessary for the proposed algorithm. Since V2, g(x,; C) is of size djo X djo, the
total complexity of this step is O(log(T)dZ ). On the contrary, STABLE [5] and SVRB [17] require
O(d}) to estimate the Hessian inverse, which is more computationally expensive when dj, > 1.
Indeed, it has been explicitly mentioned in [5] that “our algorithm (STABLE) is preferable in the
regime where the sampling is more costly than computation or the dimension d is relatively small”.

Notice that (7) is not the only option for estimating the gradient surrogate V f(z,y). For ease of
presentation, below we abstract out the conditions on the stochastic estimates of Vg, V f required
by our analysis as the following assumption:

Assumption 4 (Stochastic Gradients). For any (_a:, y) € R%» x R, there exists constants o 0920
such that the estimates V,g(x,y; (), V f(x,y; §) satisfy:

(i) The gradient estimate of the upper level objective satisfies:
Ee[|Vf(2,y;€) — V/(z,y) — Bla,y)|*] < 0¥, ©)
where B(z,y) = E¢[V f(z,y;£)] — Vf(x,y) is the bias in estimating V f(z, y).
(i) The gradient estimate of the lower level objective satisfies

E¢ [IVyg(, y;¢) — Vyg(a, 9)|*] < 0. (10)

As observed from Lemma 2.1, the gradient estimator (7) satisfies Assumption 4(i).

Lastly, the approximate gradient defined in (6), the true gradient (5), as well as the optimal solution
of the lower level problem are Lipschitz continuous, as proven below:

Lemma 2.2. [14, Lemma 2.2] Under Assumptions 1, 2 and 3, we have
IVf(z,y) = V)|l < Llly*(z) =yl Ny*(@1) = y*(@2)]| < Lyller — 22,

(11)
[VE(z1) = VEU(z2)|| < Lyl|z1 — 22,
forall x,x1, x5 € R% and y € R%. The above Lipschitz constants are defined as:
L C L L, C LC C
I = Lfl + fy~ Gay 4 ny ( Gzy 4 Jyy > Gy >’ Lf — I + Gzy , Ly _ Gzy . (12)
Hg Hg Hy ’ Hg ) Hg

The first result in (11) reveals that V f(z, y) approximates V{(z) when y ~ y*(z). This suggests
that a double-loop algorithm which solves the strongly-convex lower level problem to sufficient
accuracy can be applied to tackle (1). Such approach has been pursued in [14, 19]. Next, we propose
an algorithm which rely on single-loop updates with improved sample efficiency.

3 The proposed SUSTAIN algorithm

Equipped with a practical stochastic gradient estimator for V¢(z) [cf. (7)], our next endeavor is to
develop a single-loop algorithm to tackle (1) through drawing O(1) samples for upper and lower level
problems at each iteration. Our main idea is to adopt the recursive momentum techniques developed
in [7, 37]. Notice that these works utilize unbiased stochastic gradients evaluated at consecutive
iterates to construct a variance reduced gradient estimate for single-level stochastic optimization.

In the context of bilevel stochastic optimization (1), a few key challenges are in order:



Algorithm 1 The Proposed SUSTAIN Algorithm

Input: Parameters: {8}/, {a }/ ' {n{ }/5', and {nf }/5! with nf = nf =
Initialize: x¢, yo;setx_1 = y_1 = hfl =h?, =0
fort =0toT — 1do
(y-update) Compute the gradient estimator /{ by (13) and set y; 11 = y; — Bih.
(z-update) Compute the gradient estimator h{ by (14) and set x4 = x4 — oy h{ .
end for
Return: (1) where a(T') ~ U{1,...,T'}.

A A o

* Recall from Lemma 2.1 that obtaining an unbiased estimator for the outer gradient V() requires
using K' — oo samples in (7), this calls for the new techniques to control the bias arising from
approximating V{(z).

* The gradient estimator (7) has a more complicated structure than a plain gradient estimator,
as it involves up to three different stochastic vectors/matrices related to V, f(z,y), V, f(z,y),

V.y9(,y), and one stochastic inversion that is related to [V, g(z, y)]~'. It is not clear which
are the most important objects for which variance reduction shall be applied.

Our key innovation is to develop a useful estimate of V f(z,y) by using a novel double-momentum
technique. First, we build a recursive momentum estimator for V, g(z, y), based upon which the
variable y gets updated. Then, with such a "stabilized" inner iteration, we compute an estimate of
V f(z,y) as given in (7), by using the four stochastic vectors/matrices mentioned above but without
performing any variance reduction. Such a stochastic estimator will then be used to construct a
recursive momentum estimator for V f (x, y). The intuition is that as long as y is accurate enough,
then the stochastic terms in (7) are also accurate enough, so they can be used to construct the estimator
for the outer gradient. Our approach only tracks two vector estimators, while still being able to
leverage the low-complexity sample-based Hessian inversion as given in (7).

The SUSTAIN algorithm is summarized in Algorithm 1. Define n¢ € [0,1], n/ € [0,1]. For the
lower level problem involving y, it utilizes the following momentum-assisted gradient estimator,
h{ € R, defined recursively as

hi =)V yg(xe, v &) + (1 — T}tg)(hfq + Vyg(@e, v G) — Vyg(Te-1,ye-1; Ct)); (13)
For the upper level problem involving x, we utilize a similar estimate, hf € R, defined as
htf = nf?f(wt,yt;ft) +(1— mf)(h‘tfq + ?f(xmyt;gt) - vf(xtfla yt71§gt)>' (14)

The gradient estimators h{ and h{ are computed from the current and past gradient estimates
Vyg(@e, ye;G)s Vyg(@e—1,ye—1:G) and V f (x4, y: &), V f(24—1, Ye—1; & ). Note that the st_ochastic
gradients at two consecutive iterates are computed using the same sample sets ¢; for Y and &; for hf .

Both x and y-update steps mark a major departure of the SUSTAIN algorithm from existing algo-
rithms on bilevel optimization [14, 18, 19]. The latter works apply the direct gradient estimator
V (2, yrr1; &) [ef. (7)] to serve as an estimate to V f(z, y) [and subsequently V{(z)]. To guaran-
tee convergence, these works focused on improving the tracking performance of y;11 =~ y*(x¢) by
employing double-loop updates, e.g., by repeatedly applying SG step multiple times for the inner
problem; or a sophisticated two-timescale design for the step sizes, e.g., by setting 3;/c; — 0.

A recent preprint [17] suggested the SVRB algorithm which applies a similar recursive momentum
technique as SUSTAIN. However, SVRB is different from SUSTAIN as the momentum estimator
is applied exhaustively to all the individual random quantities involved in (7) and requires Hessian
projection. As a result, the SVRB algorithm entails a high complexity in storage and computation
as the latter has to store matrix variables of size dj, X d), and computes a matrix inverse for each
iteration. In comparison, the SUSTAIN algorithm only requires storing the gradient estimators A, h{
of size djo, dyp, respectively, and the computation complexity is only O(di K ) for each iteration.



3.1 Convergence analysis

In the following, we present the convergence analysis for the SUSTAIN algorithm when #(-) is a
smooth function [cf. consequence of Assumptions 1, 2 and 3]. Before proceeding to the main results,
we present a lemma about the Lipschitzness of the gradient estimate V f (z, y; £) given in (7):

Lemma 3.1. Under Assumptions 1, 2 and 3, we have for any (z1,y1), (z2,y2) € R x Rde,

- - - 2
EellV f(z1,y15€) — V (@2, y2: )| < LA |1 — 2ol + Iy — w2/},
where

+ )
* 2/~Lng - ,ugz; 2ﬂng - /13 (Lg - Ng)2(2:ung - /‘3)

and K is the number of samples required to construct the stochastic gradient estimate given in (7).

6C2 L2 K 6C%212 K 6C2 C? 12 K3
LK:\/QL? Gy " [y fy "9y Jzy ~ [y Gyy (15)

The detailed proof can be found in Appendix C. We remark that the above result is crucial for

analyzing the error of the gradient estimate h{ defined in (14). To see this, let us first define the errors
of the gradient estimates for the outer and inner functions as follows

ef ==hl =Vf(ziy)— By, el =hi—Vyg(x,u), (16)
where B; := B(x4,y:) denotes the bias. Rewriting e{ using (14) gives the following recursion:
6{ =(1- ’7{)61{4 + (1 - ntf){vf(wt,yt;é) - vf(‘rtflvytfﬁgt)

- (vf(l't»yt) + B — vf(fft—layt—l) - Bt—l)} + 7]{ (?f(xtayt;gt) - vf(xta Yt) — Bt)-
Lemma 3.1 allows us to control the variance of the second term in the above relation as
O(a2||hf |12 + B2[|hY_,||?). This subsequently leads to a reduced error magnitude for E[||e/|2].
Similarly, we can show a reduced error magnitude for E[||e||?] for the inner gradient estimate.

The above discussion suggests that we can track the gradient V() using only stochastic gradient
estimates (7), without needing to track each component stochastic vectors/matrices. This allows us to
avoid costly Hessian inversions. In contrast, [5, 17] track the individual stochastic vectors/matrices of
(7), and then combine them together to yield an estimate of V¢(z). This approach is unable to utilize
the cheap stochastic estimates of Hessian and have to invert it directly.

Turning back to the convergence analysis of the SUSTAIN algorithm, the main idea of our analysis is
to demonstrate reduction of a properly constructed potential function across iterations. For smooth
(possibly non-convex) objective function, this potential function consists of a linear combination of

the norms of the error terms E[|| e/ ||2] and E[[|¢? [|2] along with the outer objective function /() and
the inner optimality gap ||y; — y*(2¢)||?. We obtain:

Theorem 3.2. Under Assumptions 1-4. Fix T > 1 as the maximum iteration number. Set the number

of samples used for the gradient estimator in (7) as K = (Ly/pig)log (Cy, Cy,T/pg) and
1

— _ f_ 2 _ 2
Qp = my Bt = cpa, mp = Cny Qs 77iq = Cny O 17
where w, cg, ¢y, ¢y, are defined in (29) of appendix. The iterates generated by Algorithm 1 satisfy
Uwo) =0 llyo —y*(@o)|*  log(T)o} 10g(T)0§>

_|_

T2/3 T2/3 T2/3 T2/3 (18)

EIVe(eun)l? = O

Details of the constants in the theorem and its proof can be found in Appendix D. The above result

shows that to reach an e-stationary point, the SUSTAIN algorithm requires (5(6*3/ 2) (omitting
logarithmic factors) samples of stochastic gradients from both the upper and lower level functions.

This sample complexity matches the best complexity bounds for single-level stochastic optimization
like SPIDER [10], STORM [7], SNVRG [42] and Hybrid SGD [37]. We claim that this is a near-
optimal sample complexity for bilevel stochastic optimization since for example, we have imposed
additional smoothness conditions on the Hessian of the lower level problem. We will leave this as an
open question to investigate the lower bound complexity for bilevel stochastic optimization.

Strongly-convex /(x). We also discuss the case when in addition to smoothness, £(-) is  ¢-strongly-
convex. Here, a stronger guarantee can be obtained:



Theorem 3.3. Under Assumptions 1-4, and suppose {(z) is p¢-strongly-convex. Fix any T > 1, set
the number of samples for the gradient estimator (7) as K = (Lq/2p14) log (Cgm C’J%y T/,uf]) and

1 1 m 1 L? 4212
o =« < 5 ~ ) A 927 2 ’ 2 QAg
pr+ 1 2pgcs egly 8Ly + Ly ALy Licy

} nl = (uy +a, B, = éga,

where n} = 1, ég = SL?/ +8L% +2us /g and Li is defined in (15). The iterates generated by
Algorithm 1 satisfy for any t > 1 that:

12 .
E[f(z;) — €] < (1 — pra)tAg + /Tf{f + 26 + 83 LR )0? + 2y + 1)%03]a),  (19)
where Ao = £(0) — £* + 07 + [lyo — y* (o) %

The detailed proof can be found in Appendix E. For large T, setting o =< 1/7T shows that the bound
in (19) decreases at the rate of O(1/T).

Theorem 3.3 shows that to reach an e-optimal point, the SUSTAIN algorithm requires 5(6_1)
stochastic gradient samples from the upper and lower level problems, also see the detailed calculations

in Appendix E. This improves over TTSA [18] which requires 6(6’1'5) samples, and BSA [14]

which requires O (e=1), O(e~2) samples for the upper and lower level problems, respectively. Again,
we achieve similar sample complexity as SGD applied on strongly-convex single-level optimization.

Interestingly, in Theorem 3.3, we have selected 77{ = 1 where the momentum term in the lower
level gradient vanishes. In this way, the SUSTAIN algorithm is reduced into a single-momentum
algorithm where the recursive momentum acceleration is only applied to the upper level gradient.
Similarly, in Theorem 3.2, if SUSTAIN utilizes only the upper level momentum, i.e., { = 1, then
with appropriate choice of parameters, we get E||V{(z,1))[|> < O(1/VT) (please see [20] for
further details). This implies that to achieve an e-stationary solution SUSTAIN with only upper level
momentum requires O(e~2) stochastic samples for both the upper and the lower level functions.
Note that this improves over TTSA [18] which utilizes a vanilla SGD update for both the upper and
the lower level problems, i.e., n{ = 1 and y = 1 and requires O(e~%/?) stochastic samples for both
upper and lower level functions.

4 Numerical experiments

In this section, we evaluate the performance of the SUSTAIN algorithm on two popular machine
learning tasks: hyperparameter optimization and meta learning.

Hyperparameter optimization. = We consider the data hyper-cleaning task (3), and compare
SUSTAIN with several algorithms such as stocBiO [19] for different batch size choices, and the
HOAG algorithm in [29]. Note that in [19], the authors shown that stocBio exhibits better practical
performance compared with other bilevel optimization algorithms.

We consider problem (3) with L(-) bemg the cross-entropy loss (i.e., a data cleamng problem for
logistic regression); o(x) := HTp(); c = 0.001; see [35]. The problem is trained on the
FashionMNIST dataset [41] with 50k, 10k, and 10k image samples allocated for training, validation
and testing purposes, respectively. The step sizes for different algorithms are chosen according to
their theoretically suggested values. Let the outer iteration be indexed by ¢, for SUSTAIN we choose
oy = B = 0.1/(1 +t)'/3 and tune for ¢y, and ¢, (see Theorem 3.2), for stocBiO and HOAG we
select oy = d, B¢ = d and tune for parameters da and d,, in the range [0, 1].

In Figure 1, we compare the performance of different algorithms when the dataset has a corruption
probability of 0.3. As observed, SUSTAIN outperforms stocBiO and HOAG. We remark that HOAG
is a deterministic algorithm and hence requires full batch gradient computations at each iteration.
Similarly, stocBio relies on large batch gradients which results in relatively slow convergence. This
fast convergence of SUSTAIN results form the single timescale update with reduced variance resulting
from the double-momentum variance reduced updates.

Meta learning. We consider a few-shot meta learning problem [11, 30] (cf. (2)) and compare the
performance of SUSTAIN to ITD-BiO [19] and ANIL [30]. The task of interest is 5-way 5-shot
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Figure 1: Hyperparameter optimization: Data hyper-cleaning task on the FashionMNIST dataset.
We plot the training loss and testing accuracy against the number of gradients evaluated with
corruption rate p = 0.3.
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Figure 2: Meta learning: 5-way 5-shot learning task on the miniImageNet dataset. We plot the
training and testing accuracy against the number of iterations.

learning and we conduct experiments on the miniImageNet dataset [39, 32] with 100 classes and 600
images per class. We apply learn2learn [1] (available: https://github.com/learnables/
learn2learn) to partition the 100 classes from miniImageNet into subsets of 64, 16 and 20 for
meta training, meta validation and meta testing, respectively. Similar to [1, 19], we implement a
4-layer convolutional neural network (CNN) with ReLU activation for the learning task. At each
iteration, we sample a batch of 32 tasks from a set of 20000 tasks allocated for training and 600
each for validation and testing. For each algorithm, we implement 10 inner and 1 outer update. The
performance is averaged over 10 Monte Carlo runs.

For ANIL and ITD-BiO, we use the parameter selection suggested in [1, 19]. Specifically, for ANIL,
we use inner-loop stepsize of 0.1 and the outer-loop (meta) stepsize as 0.002. For ITD-BiO, we
choose the inner-loop stepsize as 0.05 and the outer-loop stepsize to be 0.005. For SUSTAIN, we
choose the outer-loop stepsize a; as #/(1 +t)'/? and choose € [0.1, 1], we choose the momentum
parameter 7; as a7 /k? and tune for ¢ € {2,5,10, 15,20}, finally, we fix the inner stepsize as 0.05.
For the outer loop update ANIL and ITD-BiO utilize SGD optimizer whereas SUSTAIN uses the
hybrid gradient estimator.

From Figure 2 which compares the training and testing accuracy against the iteration number, we
observe that SUSTAIN achieves a better performance compared to ANIL and ITD-BiO on the meta
learning task. Also, notice that in the initial iterations SUSTAIN converges faster but then converges
probably as a consequence of diminishing stepsizes (and momentum parameter). In contrast, ANIL
and ITD-BiO slowly improve in performance and catch up with SUSTAIN’s performance. In the
appendix, we show that the SUSTAIN algorithm requires less computation time to achieve better
performance compared to the ANIL and ITD-BiO.

For further evaluation of the performance of SUSTAIN, we have included additional experiments on
hyperparameter optimization and meta learning on different datasets in the supplementary material.


https://github.com/learnables/learn2learn
https://github.com/learnables/learn2learn

Conclusions and limitations

We have developed the SUSTAIN algorithm for unconstrained bilevel optimization with strongly
convex lower level subproblems. The proposed algorithm executes on a single-timescale, without the
need to use either two-timescale updates, large batch gradients, or double-loop algorithm. We showed
that SUSTAIN is both sample and computation efficient, because it matches the best-known sample
complexity guarantees for single-level problems with non-convex and strongly convex objective
(smooth) functions, while matching the best-known per-iteration computational complexity for the
same class of bi-level problems. In the future, we plan to rigorously show the sample complexity
lower bounds for the considered class of bilevel problems. Further, we plan to develop sample and
communication efficient algorithms for a more general class of bilevel problems, such as those with
constraints in the lower level problems.
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Appendix

A Additional experiments

In this section, we supplement the numerical results presented in Section 4 with additional experiments
on real datasets. We demonstrate the efficacy of SUSTAIN for the meta learning and hyperparameter
optimization tasks. Furthermore, we examine the performance of SUSTAIN when combined with an
Adam-like update rule [cf. see Algorithm 2].

Meta learning. In Figure 2 of Section 4 in the main paper, we established that when SUSTAIN,
ITD-BiO and ANIL utilize vanilla SG direction for the outer level update, SUSTAIN outperforms rest
of the algorithms for the meta learning problem. Specifically, we compared the training and testing
performance of the algorithms with the number of iterations (i.e., the outer update ¢ in Algorithm 1). In
each iteration, all the algorithms access the same number of samples while SUSTAIN requiring twice
the number of gradient computations (cf. (14)). As observed from Figure 2, SUSTAIN requires the
smallest number of iterations (samples) and gradient computations to achieve a given training/testing
accuracy on the benchmarked dataset.

We conduct additional experiments for meta learning and demonstrate the following: (1) for the
outer level update we can adapt Adam [21] optimizer with the SUSTAIN framework to achieve
better performance, (2) the outer gradient estimate (14) for SUSTAIN can be designed with only
one gradient computation per iteration (instead of two) without compromising performance, and (3)
SUSTAIN outperforms MAML [11], ANIL [30] and ITD-BiO [19] when all algorithms implement
Adam for the outer level update. Next, we discuss the datasets and the parameter settings.

We consider meta learning problem with miniImageNet [39, 32] and FC100 [28] datasets. Both
datasets consist of 100 classes with each class containing 600 images. For the miniImageNet,
we consider the same setting as in Section 4. For FC100, we follow the setting of [28, 19] where
100 classes are split into 60, 20 and 20 classes for meta-training, meta-validation and meta-testing,
respectively. For both datasets, we consider a 5-way 5-shot learning task where the algorithm
aims to classify samples into 5 unseen classes using only 5 available samples. We implement the
solver using a 4-layer CNN (with different width for each dataset). We compare heuristic versions of
SUSTAIN with MAML [11], ANIL [30] and recently proposed ITD-BiO [19], where these algorithms
all utilize the Adam [21] solver for the outer problem’s update. These heuristic algorithms are also
used in [19] when comparing performance of the bilevel algorithms for meta-learning tasks. Note
that these Adam-based bilevel algorithms for meta learning do not have any theoretical performance
guarantees. Nevertheless, in the following we show that they perform well in practice [19].

We first discuss the parameter setting for the meta learning task using miniImageNet dataset. All
the algorithms sample 32 tasks in each iteration. For the Adam versions of MAML, ANIL and
ITD-BiO, we choose the parameters as suggested in [1, 19]. For all the algorithms, we execute 10
update steps in the inner loop followed by a single outer update step. Each update step is counted as a
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Figure 3: Meta learning: 5-way 5-shot learning task on the miniImageNet dataset. We plot the
training and testing accuracy against the number of iterations with each iteration representing one
outer level update step. All the algorithms utilize Adam [21] optimizer for the outer loop update.
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Algorithm 2 Update direction for Adam-SUSTAIN (also see footnote')

1: Parameters: v; = 0.9, 75 = 0.999, mo = 0, v = 0, ¢ = 10~8 and 1

2: fort=1,---,7T do

3: Input: (z¢,y:), (vt—1,y:—1) from Algorithm 1.

Compute the gradient estimator E{ using Option I or II in (20)
Update first moment estimate: m; < 1 - my—1 + (1 — 71)71{
Bias-correction for first moment estimate: m; < m; /(1 — (v1)
Update second moment estimate: vy < v2 - v¢—1 + (1 — 72)(7{
Bias-correction for second moment estimate: v; < vy /(1 — (72)*)
9: Use the update direction: h{ < m;/(\/v; + €)

10: end for

11: Return: hf

t

)
)2

PRIk

single iteration. The implementation of MAML and ANIL is adopted from existing implementations
in [1]. For MAML, we choose the inner loop stepsize to be 0.5 and the outer loop stepsize to
be 0.003. For ANIL we utilize inner loop stepsize of 0.1 and outer loop stepsize of 0.002. Both
ITD-BiO and SUSTAIN utilize gradient descent with stepsize of 0.05 as the inner optimizer. For
the outer update ITD-BiO uses a stepsize of 0.002 (the parameters for ITD-BiO are selected based
the repository https://github.com/JunjieYang97/stocBi0). For SUSTAIN we set the outer
stepsize as oy, = 0.005 and tune for the momentum parameter 7{ = ¢/k2(1 4 t)*/3 with fixed
x = 0.005 by choosing ¢ € {0.25,2.5,5,10}. In contrast to other algorithms, SUSTAIN applies
Adam [21] to the hybrid stochastic gradient estimator used for the outer update (14). For detailed
steps please see Algorithm 22. Moreover, it is worth noting that the direction update rule Option II
given in (20) is a modification of the original update given in (14) (or equivalently Option I in (20)).
Such a rule requires just a single (mini-batch) gradient computation per iteration (which is the same
as MAML, ANIL and ITD-Bi0O), and in practice, its performance is very close to that of Option I.
Our results below uses Option II as the update direction.

iy ?f(xtvyﬁg}) + (1 - mf)(}:l{_l - ?f(zt—lyyt—ﬁ f:t)) Option I
hi = Vi(@eys &) + (L —nl) (R, — Vf(xe—1,ye-1:&-1))  OptionIl  (20)
Previous SG

In Figure 3, we plot the training and testing performance against the number of iterations for the
Adam version SUSTAIN with other algorithms for 5-way 5-shot learning task on miniImageNet
dataset. Note from the discussion above, we know that in each iteration all the algorithms access

“Note that the vector division and exponent operations in the Algorithm are implemented element wise. The
values of the parameters chosen for Adam are default values used by the PyTorch library.
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Figure 4: Meta learning: 5-way 5-shot learning task on the FC100 dataset. We plot the training and
testing accuracy against the number of iterations with each iteration representing one outer level
update. All the algorithms utilize Adam [21] optimizer for the outer loop update.
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the same number of sample, and spend the same amount of (mini-batch) gradient computation
efforts. Consequently, Figure 3 implies that SUSTAIN outperforms ITD-BiO, ANIL and MAML
as it requires fewest iteration (thus samples and gradient computation) to achieve the improved
performance. Importantly, these Adam-based algorithms significantly outperform their vanilla
version (cf. Figure 2 for performance with SGD), in terms of both accuracy and speed.

Next, we compare the performance of SUSTAIN with other algorithms for the meta learning task
using FC100 dataset. For this task all the algorithms sample 32 tasks in each iteration. In contrast
to the previous dataset, for this task we execute 20 update steps in the inner loop followed by a
single outer update step. Similar to miniImageNet dataset, we adopt existing implementations of
MAML and ANIL from [1] and ITD-BiO from [19]. For MAML, we choose inner loop stepsize of
0.5 and the outer loop stepsize of 0.001. For ANIL we utilize inner loop stepsize of 0.1 and outer
loop stepsize of 0.001. In the inner loop, both ITD-BiO and SUSTAIN utilize gradient descent with a
stepsize of 0.1. For the outer update ITD-BiO uses a stepsize of 0.001 ((the parameters for ITD-BiO
are selected based the repository https://github.com/JunjieYang97/stocBi0)). For the outer
update SUSTAIN utilizes the same setting as required for miniImageNet dataset and the Adam
based outer update direction as computed in Algorithm 2.

In Figure 4, we plot the training and testing performance with the number of iterations for SUS-
TAIN and other algorithms for 5-way 5-shot learning task on FC100 dataset. Note that SUSTAIN out-
performs rest of the algorithms on the training task and performs on par with other algorithms with
respect to the testing performance. Moreover, note that initially ANIL performs better but since the
number of inner steps are relatively large (20 in this case), ANIL’s performance degrades after a
certain number of iterations. Similar behavior was noted for ANIL in the results of [19].

The above set of experiments showed that the Adam [21] optimizer can be incorporated with
SUSTAIN and other algorithms to achieve improved performance compared to vanilla SG based
algorithms. We also showed that the gradient estimator for SUSTAIN can be modified to require
only single (batch) gradient evaluation per iteration (cf. (20)) without comprising performance of the
algorithm. In this section, we use an additional set of results to demonstrate that under most settings
SUSTAIN outperforms other state-of-the-art algorithms.

Hyperparameter optimization. For data hyperparameter optimization problem, we consider the
hyper-cleaning task as discussed earlier in Section 4 and benchmark the performance of SUS-
TAIN against stocBiO [19] and HOAG [29]. Importantly, in this section we demonstrate that
SUSTAIN performs well under (relatively) high level of data corruption.

Here we consider an additional set of results for the hyper-cleaning task on Fashion-MNIST dataset
[41]. All the parameter settings are the same as in Section 4, except that we use a higher level 40%
corruption rate. Note that HOAG is a deterministic algorithm and requires full gradient computation
at each iteration. In contrast, stocBiO is a stochastic algorithm but it relies on large batch gradient
computations. We conduct experiments for two settings where stocBiO uses a batch size of 5000 and
1000 (for both inner and outer updates). Our algorithm SUSTAIN is purely a stochastic algorithm and
does not rely on large batch gradient computations. Specifically, SUSTAIN computes two gradients
(on a single sample) in each iteration for both inner and outer updates (cf. (13) and (14)). Since at

8 0.8 i p—

—SUSTAIN o

—stocBio, Batch size = 1k g
stocBio, Batch size = 5k

—HOAG

o
g
=N

—stocBio, Batch size = 1k
stocBio, Batch size = 5k
—HOAG

Training Loss
N

N

Testing Accuracy
=} =}
o »

0 1 2 3 0 1 2 3
Gradient Evaluations 0% Gradient Evaluations 10*

Figure 5: Data hyperparameter optimization: Training loss and testing accuracy against the number
of gradients evaluated with corruption rate p = 0.4.
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each outer iteration, the sample sizes (and gradient computations) accessed by each algorithms are
very different, so it is no longer fair to compare the per-iteration performance for different algorithms
(this is different compared with the meta learning example in the previous section). Therefore, in
this section we compare the training and testing performance of the competing algorithms using
the number of total outer gradient computations (which is same as the inner gradient computations)
across iterations. Note that for HOAG and stocBiO, the number of samples accessed is same as the
number of gradient evaluations, whereas for SUSTAIN we compute two gradients for each sample
accessed (cf. (14))*. The experiments in Figure 5 establish that SUSTAIN outperforms HOAG and
stocBiO, in terms of the total number of gradient evaluations as well as the number of samples, even
under high corruption rate.

3Note that this requirement can be easily relaxed without compromising performance via using the gradient
construction (20).
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Proofs of Theoretical Results

Now we present the proofs of the theoretical results.

B Useful lemmas

Lemma B.1. Consider a collection of functions ®; : R™ — Z withi = {1,2,...,k}and Z C R"*™,
which satisfy the following assumptions:

(i) There exist L; > 0, i € [k], such that
[@i(z) = i(y)|| < Lillz —yl, Vi € [k], 2,y € R".
(ii) Foreachi € [N] and k € N we have ||®;(z)| < M, forall z € R™.

Then the following holds for all x,y € R"™:

k 2 k k
~TTow| <#>( H M) L2z~ gl @1
=1 =1 j=1,j

Moreover; if k is generated uniformly at random from {0, 1, ..., K — 1}, then the following holds for
allz,y € R™:

k

k
[I®i) - H‘Pi(y

i=1

Ex

k
<K2Ek[( I1 )]LZII:v—yll2 (22)
=171
Here we use the convention that Hle O,(x)=1Tifk=0.

Proof. We first prove (21). To do so we will first show that the following holds for all =,y € R™ and
keN:

k k

H‘I)i(x)—ﬁq’vi(y)HSZ( ﬁ Mj>Lz‘||I—y||7 (23)

i=1 i=1  j=1,j#i

Then by combining the above result with the identity that
llz1 4 22 4+ .+ 2x|* < Ellz1))® + kllz2]|® + ... + kl|zx|?, forall z, k € N, (24)
we can conclude the first statement.

To show (23), we use an induction argument. The base case for £ = 1 holds because of the Lipschitz
assumption (7) given in the statement of the lemma. Then assuming claim (23) holds for arbitrary &,
we have for k + 1

k+1 k+1 H

H ®;(z) — H ®;(y)

k+1 k k+1 H

H‘I> H i(@) 81 (y) + [ [ 2i@)Priny H@

i=1 i=1

.
—Hfbi(y)H

i=1

| @hs1(x) = Prr1 (@) + || Prr1(v)

k+1
(HM)Lk+1||x—y|\+z( 1 M)Llle =
i=1  j=1,j#i
(c) k+1 k+1

<> ( IT )Ll —ull.

=1 j=1,j#i

where (a) follows from the application of the triangle inequality and the Cauchy-Schwartz inequality;
the first expression in (b) results from the application of Cauchy-Schwartz inequality and Assumption
(i) and (ii) of the statement of the lemma; the second expression in (b) follows from the assumption

19



that claim (23) holds for k; (c) follows from combining the two expressions. We conclude that (23)
holds for all k¥ € N.

Now consider the case when & is chosen uniformly at random from k£ € {0, 1, ..., K —1}. First, note

from the definition that for £ = 0 we have H,lle ®,(x) = I. This implies that (21) is also satisfied if
we have & = 0. We then have

k K
H ®i(z) - H ®i(y)
i=1 i=1

Ex

2(2&[;&( I1 0 o) - %)l

=1 =15

Ly m( H ) i) - e

i=1 j=1
(¢) 5 5
< Kzzsk ( H M) L3|z — g%
=1 Jj=1,j#i
where (a) uses the fact that (21) holds for all k € {0, 1, ..., K — 1} almost surely; (b) follows from
the fact that ¥ < K almost surely; (c) results from Assumption (7) of the lemma. O

C Proofs of preliminary lemmas

C.1 Estimation of the stochastic gradient
We construct the stochastic gradient V f (z, y; ) as [14, 18]:

1. For K € N, choose k € {0,1,..., K — 1} uniformly at random.

2. Compute unbiased Hessian approximations V2, g(x,y; (")) and VZ g(z,y; (™) for i €
{1,...,k}, where {¢(W}¥_ are chosen independently.

3. Compute unbiased gradient approximations V, f(z,y; &) and V,, f (x, y; £) where £ is chosen
independently of {¢(V1%_.

4. Construct the stochastic gradient estimate V f (x, y; £) with € denoted as € = {¢, {¢(D}E_.}:
Vf(z,y;€)
K { .
= Vaf(z,y;6) — Vi,9(2,y;¢ [LE ( ve,9(x,y; C(”)Hvyf(ﬂ:,y;ﬁ),
(25)

Q

with H?::l ( — ngvzyg(x,y7g(z))) =1ifk=0.

Next, we state the result showing that the bias of the stochastic gradient estimate of the upper level
objective defined in (7) decays linearly with the number of samples K chosen to approximate the
Hessian inverse.

Lemma C.1. [18, Lemma 11] Under Assumptions 1, 2 and 3 the stochastic gradient estimate of the
upper level objective defined in (25), satisfies

WV, v & Cgmy ny Hg K
1Bz, )| = IVF(z,y) - ENVflz, )l < ——=(1-7"]
Hg g
where B(x,y) is the bias of the stochastic gradient estimate and K is the number of samples chosen
to approximate the Hessian inverse in (25). Moreover, we have

_ _ _ 3
Eel|[91(2.0) - Bl ) < %, + 5 [(0F, + € (6, +2C2,) + 3,2, ).

Gay
g9

Lemma C.1 implies that the bias B(x,y) can be made to satisfy || B(z,y)|| < e with only

K= (Lg/lug) log( gzycfy/:ug )
stochastic Hessian samples of V7, g(z,y).
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C.2 Lipschitz continuity of gradient estimate

Lemma C.2 (Lipschitzness of Stochastic Gradient Estimate). If the stochastic functions f(x,y;§)
and g(x,y; C) satisfy Assumptions 1, 2 and 3, then we have

(i) For a fixed y € R
EellVf(x1,5:8) — Vf (@2, 9)|* < Lillwr — 22|, Va1, 32 € R%.

(ii) For a fixed € R%»
EellVf(,y158) = V (2, 42: )1 < LicNlyr — w2ll”, ¥V y1, 42 € R%.
In the above expressions, Ly > 0 is defined as:

K K
13, =202, +6C2 I () 1602 17 ()
® T oI\ 2pg Ly — pig TvZan\ 2pg Ly — i

K312
g
(Lg - Ng)2(2/~Lng - Ng)’

and where K is the number of samples required to construct the stochastic approximation of V f (see
(25) above).

+ 60?2

Gzy

2
Cy,

Proof. We prove only statement (i) of the lemma, the proof of (ii) follows from a similar argument.
From the definition of V f(z1,y; ) we have for z1, 75 € R% and y € R

\Wf(xl, y;é) - ?f(xg,y;§)||2

(@)
< 2||Vaf (21, 45€) — Vaf(22.4:6)|”
k

K 1 .
+ 2HViyg(I1,y;C(O)) {L 1T (I - LVf,yg(xl,y;C(”)ﬂ Vo f (@1, y:€)
9 ;=1 g
K { 1 , 2
— V2, 9(z2,y;¢V) {L (I — - Viu9(@2,y; C(”)ﬂ Vo f (@2, y:€)
9 ;=1 g

®)
< 205, [lar — |

K 1 1 .
#2200 | £ T (1= £ Fhaston i) | 9ot
g9 ; g

1=

k 2

, (26

1
= o200 | 1 TT (1 £ Vauston 6| 9 ane)
g

where inequality (a) follows from the definition of V f(z1,y;£) and (24); inequality (b) follows
from the Lipschitz-ness Assumption 1—(ii) made for stochastic upper level objective. The variable
k € {0,..., K — 1} above is a random variable define in Section C.1 above. Let us consider the
second term of (26) above, we have

k

K 1 )
HViyg(:cl, y; ¢) [L 11 (I = 7 V9@ y; d“)ﬂ Vyf (@1, y:€)
9 i=1 g
K 1 . 2
— V2, 9(z2, ;¢ {L 11 (I = 7 Via(w2,y; C(”)HVyf(xz,y;S)
9 =1 g

@ ., K2 g \ 2" 2
g g
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) K? K 2 2 2
#3035 (1212 190001, 619) = V202,31 €O
g g

K { 1 . K { 1 AP
+ 303;;16]201/ I H (I - Lviyg(xlvy;c(z))> I (I - valyg<x2»y3<(z)))
9 =1 9 9 i=1 g
2 2k 2 Qk
K2 1 , b 1 N
+3C2 CF, o H (I - Lgviyg(wl,y;d”)) -1 (I - LgVZyg(wz,y;C(”)>
=1 i=1

where inequality ( ) follows from (21) in Lemma B.1, Assumption 1—(iii) and Assumption 2—

2—(v) made for the stochastic upper and lower level objectives. On both sides taking expectation w.r.t
k, we get:

k

K 1 )
Ex || V2,901, ¢) [L I1 (I - LV§yg<x1,y;<<’)))}Vyf<x1,y;£>
g i=1 g
K & 1 , 2
— V2,9(w2,5;¢) [Lg 11 (I - Lgviyy(xz,y;C(”))]Vyf(fcz,y;f)
i=1
K2 g\ 2 K2 1o\ 2
2 g 2 2 2 g
<3Ce., Tz L2 B K Lg) }L e =2 +3nyf§]Ek "I, Ly, llzy — a2
K2 b 1 . k 1 Yk
+3C;, CF, ﬁ]Ek H (I - vayg(%,y;dz))) - H (I - LV§y9(33273/§C(Z)))
i=1 B i=1 g
(a) K K
<3C2 L} — zol? _ _
SCgly <2‘Ll, L >||-'171 -'152“ +3ny g“’(QIU, L )HZ‘] 332”
K2 b 1 , i 1 Yk
i=1 4 i=1 g
27

where (a) follows from the fact that we have:

2k K-1 2k 2
L
]EkKﬂg) ]1 (ug) §K1< g 2)’
L, K kZ:U L, 24gLy — 112

where the first equality above follows from the fact that k € {0,1,..., K — 1} is chosen uniformly
at random and the second equality results from the sum of a geometric progression.

Finally, considering the last term of (27), we have

k k

g g

=1 i=1

2
Ex

@ s AR 0y _v2, @)y
i=1 :

® LE S 2 (4) 2 ONIK
g

< KLyLs,, [ [ (28)
T xa|”,
o (Lg - Ng) (QNgL - ) e
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where (a) follows from the application of (22) in Lemma B.1 along with Assumption 2—(ii)(iii);
inequality (b) utilizes

a((-5) w5 (-8) (@) )
L, K &~ L, T K\ (Lg—pg)?) \2pgLyg — pi2

where the first equality above again utilizes the fact that k € {0, 1, ..., K — 1} is chosen uniformly
at random and the second equality results from the sum of a geometric progression; inequality (c)
utilizes Assumption 2—(v) made for stochastic lower level objective.

Finally, taking expectation in (26) and substituting the expressions obtained in (27) and (28) in (26),
we obtain

B[V f(z1,5;€) = Vf(x2, 55> < Lic |21 — a2,

where L% defined as:

K K
2 . 2 2 2 2 12
thmats, o, 0, () e ()

2pgLg — g Lg— 1
K32
4 602 CQ Gyy .
geu = (Lg — 1g)*(2ngLg — /‘52;)
Statement () of the Lemma is proved.
The proof of the statement (i) follows the same procedure, so it is omitted. O

D Proof of Theorem 3.2: smooth (possibly non-convex) outer objective

First, we consider the descent achieved by the outer objective in consecutive iterates generated by the
Algorithm 1 when the outer problem is smooth and is possibly non-convex. We define the following
constants for the stepsize parameters:

6v2L, L
w = max{Q, 27L3, SLigc%, (g + Lg)gcg, c%z, 0%2}, cg = Ty7
1 AL§ Ly, (pg + Lg)cg
Cyy = @ + max {36L§(, 72 }, 29)
1 8L? 212 4L2L,, (g + Lg)c?
e = — 8122 ¢ {+} max{gw, sl ﬁ},
" 3Ly 9 Lag Ly, (g + Lg) I L2
ng
where we have defined L,,, = h

D.1 Descent in the function value

Lemma D.1. For non-convex and smooth ((-), with e defined as: ¢} = hi — V f(x1,y:) — By, the
consecutive iterates of Algorithm 1 satisfy:

(67 «
Elt(we1)] < E[fo) — SHIVE@)|? = S0 = auLp)If |2 + aullef |
+ 200 L3y — " (@) |2 + 200 Bl

forallt € {0,1,...,T — 1}, where the expectation is w.r.t. the stochasticity of the algorithm.

Proof. Using the Lipschitz smoothness of the objective function from Lemma 2.2 we have:
L
Uaeer) < o)+ (Ve(e), zre = o) + S e — o

a alL
< t(ar) - an(Vewn) b ) + S |

—
=
=

Qi

o
= l(x1) — ?tHVf(fft)HQ — 3

(e
(1= Lp)[IRf|* + b = Vel 30)
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where (a) results from Step 7 of Algorithm 1 and (b) uses (a,b) = %||al|* + 1(|b]|* — 3|la — b]|.
Next, we bound the term ||h] — V£(x;)||2 as follows

1hf = Ve(@)|1? = b =V f (@i, ye) = B+ V[ (@, ye) + By — Vi)
< 20hf — V() — B + 419 e ) — VeI + 4B
€ 2ef 2+ 4Ly () 2 + 41 B,
where inequality (c) uses (24) and (d) results from the definition of e{ = h{ —Vf(z¢,y:) — By and

(11) in Lemma 2.2. Substituting the above in (30) and taking expectation w.r.t. the stochasticity of
the algorithm we get the statement of the lemma. O

D.2 Descent in the iterates of the lower level problem

Lemma D.2. Define e¢f = h} — Vyg(x:,y;). then the iterates of the inner problem generated
according to Algorithm 1, satisfy

Ellyir1 — v (zeg1)]?

gLy . 2 L\ 72 o fi2
< (1 14+0)1—28——— |El|lys — 1+ — | L:aE||R
< (010480 (1~ 28 By —y @+ (1+ 2 ) B

2 1
~ 20+ 80 (22 = 5 EIVyatenan)] + (1490 (1+ 5 ) B

SJorallt € {0,...,T — 1} with some ¢, 0; > 0., where the expectation is w.r.t. the stochasticity of
the algorithm.

Proof. Consider the term E||y;+1 — y* (7411)||%, we have

* (a) * 1 * *
Ellyers — v @) |2 © (1+70)Elyess — " @)l + <1+ %>H~:ny (21) — " (wean)|?

—~
=

N 1
O (1 4 4)Ellye — Behd — y* ()% + (1 + 7>L§E||gct+1 o
t

(c)
< (L+9)(1+ 60|y — BiVyg(me, ye) — y* (@) I
1 1
w0 (14 5 )80 - DugCanpl + (14 1 ) Z2aBInl 1
(3D
where (a) results from the Young’s inequality; (b) uses Step 5 of Algorithm 1 and Lipschitzness of

y*(+) in Lemma 2.2 and (c¢) again utilizes Young’s inequality and Step 7 of Algorithm 1. Next, we
consider the first term of the above equation we have

lye — BeVyg(ze,ye) — y* (z4)||?
= llye — ™ (@)|1> + B2l Vyg(@e, yo) 1> = 2B:(Vyg(@e, y2), ye — y* (1))

e 11y L 28,
< 1-2 99 ) — v (x 2_( _ 32 v Ty, 2’
(1= 2825 Y = @l = (20 = 82 ) 19 )]

where inequality (d) above results from the strong convexity of g, which implies

L *
HoZ9 )y, — y* ()2 +

v IS ' pg + Lg pg + Lg

||Vyg($t,yt)H2-

Substituting in (31) and using the definition ef := h — V,g(z¢,y:) we get the statement of the
lemma. O
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D.3 Descent in the gradient estimation error of the outer function

Before presenting the descent in the gradient estimation error of the outer function we define
Fi: = o{yo, xo, ..., ys, x+} as the sigma algebra generated by the sequence of iterates up to the tth
iteration of SUSTAIN.

Lemma D.3. Define e{ = h{f — Vf(x¢,y:) — By. Then the consecutive iterates of Algorithm 1
satisfy:

Ellef 1|I” < (1= nl)’Ellel [1* + 2nf,1)?0F + 4(1 =0l ))* Lica?El|R] |
+8(1 = /1) L APElef I + 8(1 — 0l 1) L BTEN Vg e, ) I,
Sforallt € {0,...,T — 1}, with Lk defined in the statement of Lemma C.2. Here the expectation is
taken w.r.t the stochasticity of the algorithm.

Proof. From the definition of e{ we have
Ellef, | (32)
=E|hly, = V@1, 9e01) — Bial)?

@ EH”tvaf(tha Yer13Ee41) + (1 — 77t+1)(hf + VI (@er1, Y1 §er1) — VI (@ ye5 Ee41))

= Vf(@t41,ye41) — Bea ||2
F@er1ye13:€601) = VI (@041,Y41) — Begr)
V@1, Yer1s Ee+1) — Vi (@s1,Yer1) — Big)

— (Vf(@t, ye5641) — V(@ 3) — By)) H2
(é) (1- ntf+1)2EHe{H2 + EHme(vf(ﬂUtJrhyt+1§§t+1) - vf(xt+17yt+1) — By1)

+ (1 - 77{+1)((?f(17t+1, Yer1:&41) — VI (@es1, Yes1) — Bey)
— (Vf(@e,y561) = V(e ye) — Bt))||2

d

( = — 2
< (=0l )Elel 1P + 2001’ E| V£ (@eg1, Yr41: &41) — V@01, Y1) — B |
+2(1 - Wt]c)QEH (Vf(@eg1, Yea1: Eea1) — VI (@1, Ye41) — Beya)
= = 2
— (Vf (@ ys:6041) = Vi (@e,00) — Br)||

(b)
= EH(l - 77tf+1)e{ + 771{-1—1(

\Y
+(1- 77{+1)((

=

(e)
< (1=l 1)Elle] | + 2(nf,,)%0?

+2(1 - mf)QEH (VI (er1,yer1;&ee1) = Vi (@11, Y1) — Big)

— (Vf(@t, 965 &41) = Vi (26,9:) — Br) H2
(33)

where equality (a) uses the definition of the recursive gradient estimator (14); (b) results from the
definition e/ = h{ — Vf(zs,y:) — By; (c) follows from the fact that conditioned on Fyyq =
o{¥0, %o, -, Yt, Tt, Yet1, Teg1 }

E<€{, (vf(mt+lvyt+1§ft+1) - vf(xt+1ayt+1) — Biy1)
— (=l ) (V@) = Vi(zey) - B)) )
E<@{7 E[(?f(xt+l7 Yir1: 1) — ?f($t+17 :Ut+1> - Bt+1)

-(1- nngl)((vf(xtayt; &1) = V(ze,y) — By))|Figa] > =0,
=0
which follows from the fact that the second term in the inner product above is zero mean as a

consequence of Assumption 4-(i) and inequality (d) utilizes (24); and (e) results from Assumption
4-(1).
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Next, we bound the last term of (33) above

2(1— WZ+1)2EH (?f(xt—i-l:yt-i-l?gt-&-l) - ?f(l‘tayt;ftﬂ))
- ((?f(lft+17yt+1) + Biy1) — (Vf(@e,90) + Bt)) ||2

(%) 2(1— ﬂg+1)2E||vf(l’t+1,yt+1;ft+1) - ?f(xtayt;§t+1)||2
(_? 41— il BV f (@esr, yer; €e1) — VI (@e g Ee) ||
+4(1 = 0l 2BV f (@, yesrs 1) — V(e g0 ) ||
A0 P ERE e — ol + 40— 01 PLAE s — ]
40— P LR P+ 40— 0l PL3 BREA )

—

(&

< 4(1 — nf )2 LY aZE|R] |1 +8(1 — nf 1) L% BPE| €] |2
+8(1 = 0l )2 LY BIE(V yg(ze, v, (34)

N2

where (a) follows from the mean variance inequality: For a random variable Z we have E||Z —
E[Z]||? < E||Z||* with Z defined as Z = V f(2411,ye11; 1) — V(e v E041); (b) again uses
(24); (c¢) follows from Lemma C.2; inequality (d) uses Steps 5 and 7 of Algorithm 1; finally, (e)
utilizes (24) and the definition of €.

Finally, substituting (34) in (33), we get the statement of the lemma.

Therefore, the lemma is proved. O

D.4 Descent in the gradient estimation error of the inner function

We consider the descent on the gradient estimation error of the inner function.

Lemma D.4. Define ¢ := hi — Vg(x, yi). Then the iterates generated from Algorithm 1 satisfy

Bllef 2 < (1= nfy0)® + 801 = 0, 2L267 ) Ellef |2 + 2(nf, 1) 202

+4(1 = {1 )*LyafE ] |* + 8(1 = nf,1) Lo BTEIVyg (e, o) |

SJorallt € {0,1,--- T — 1}, where the expectation is taken w.r.t. the stochasticity of the algorithm.
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Proof. From the definition of e/ we have
Ellef 1| = Ellhfyy — Vyg(ziir, yern)|I

(a)

= E[Vyg(ei1,yes1, Gerr) + (1= 0 ) (B = Vg (@, 95 Gri1)) = Vyg(@era, yer)|?

®)
= E||(1=nf)ef + (Vyg(mert yes1: Ger1) — Vyg(@eg1, Yesr1))

— (L= 1) (Vyg(@e, ye; Cevr) — Vyg(2e, y1)) HQ

(©
= (1= nf1)’Ellef|?

+ EVyg(@is1, Y1, Gr1) — Vyg(@err, ver1) — (1= 080 (Vyg(@e, ye; Gev1) — Vyg(ze, w)) |12
(d)
< (L=nf )?Ellef1? + 200, 1)) + 20 = 0 )’ ElIVyg (i1, e, Gerr) — Vg(@e, vis G |12
(e)
< (1- 77%?+1)2EH€§||2 + 2(77§+1)203
+ 4(1 - 77iq+1)2E||Vy9(117t+1, Yt+1, Ct+1) - vyg(zta Yt+1; Ct+1)
+4(1 - Uf+1)2E||Vy9($t, Y1, Ger1) — Vyg(e, yt; Cet1)1?

I?

)
< (L= 1) Ellef I* + 2(nf41) %05 +4(1 = 0 1) LB |21 — 2el® + 401 = 0y LiE|[yes1 — wel)?

—~
Q
~

< (=0 Ellef I? + 2(nf1) o5 + 401 — 1] )* Lo B W] |* + 4(1 — iy, )* Ly BTE A |

=
=

< (1= 01BN + 2(0.1)%02 + 41 — nfy)*L20ZE|] |2

+8(1— nfy PLIBTEN ] 4+ 81— ) L2BRENV (e ) |
(0= nf0)? + 80— i) L267 ENdI? + 20784102 + 401 — 1) LZ0ZE|A P
+8(1— 01 )PLEBTENT g e, ),

where equality (a) uses the definition of hybrid gradient estimator (13); (b) uses the definition of eJ;
(¢) uses the fact that conditioned on Fyr1 = 0{yo, o, - - -, Yt, Tt Y1, Tt41}

E(ef, (Vyg(@ir1,yir1,Co1) — Vyg(@es1, ve1)) — (1= n0l10) (Vyg(@e, ye; Cer) — Vg, ve)))
=E(e!,E[(Vyg(i41, Y41, G41) — Vyg(@ei1, ve41)) — (L= 0711) (Vyg(@e, yes Gea1) — Vyg(ze, yi)) | Figa] )
=0

=0.

Inequality (d) results from the application of (24) and Assumption 4-(ii); (e) again uses (24); (f)
utilizes Assumption 2; (g) follows from Steps 5 and 7 of Algorithm 1 and finally, (k) follows from
the application of (24) and the definition of eJ.

Therefore, the lemma is proved. O

D.5 Descent in the potential function

Let us define the potential function as:

2L 1lef)? | 1 |lef)?
V= L(xg) + ——|lye — " (20 ||* + — 1 + — 35)
f (¢) 3\/§Ly”yt y* () | 2y i1 | Gy o (

where we define

AL% L, (1g + Lg)c?
Coy = max{36L%(, Kb (52" )%

4L§Lug (kg + Lg)c2ﬁ }

} and ¢, = max{36L§, 73

(36)
with L, defined as L, := H””%

Next, we quantify the expected descent in the potential function E[V;11 — V;].
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Lemma D.5. Consider V; defined in (35). Suppose the parameters of Algorithm I are chosen as
1

ap = EEREE Bt = cpau, nf_ﬂ =y, 03, and nl .y = cy,of forall t € {0,1,...,T —1}.
with
6v2L, L T 1 9 5 [8L2 2172 ]
cgi=—F——, Cpy = oo+ Cppand ey, = — +8Licp+ |5+ | Cy,>
B L#g un 3Ly un Y] 3Ly 9-B Lig L#g(ungLg) n
ng
where L, = ;;_L and

ALj Ly, (pg + Lg)C%

4L3Lug (g + Lg)c% }

Cn; = Mmax {Z’)GL%{7 } and Cp, = max {361)5,

L2 L2
and the parameters
L, /2 L
= Bl /2 5, = Pl
1—BiLy, 1—2BLy,

Then the iterates generated by Algorithm 1 when the outer problem is non-convex satisfy:

f
2(_77t+1)2 o2 2(77tg+1)2 o2

f —
Cnf Qi Cng Qg

a
E[Viyr — Vil < —?tEHVE(xt)HQ + 20| Be||* +
forallt €{0,1,..., T —1}

Proof. We have from Lemma D.2

* * L
Ellyir1 — v* (@) 1P — Ellye — v (@) |I” < {(1 + ) (1 +6¢) (1 —op, e
pg + Lg

26, 2)
_ E||V ,
fiy + Ly By l yg(:ct i)l

)= 1]l - or?
-1+ —i—ét)(

1 1
+(1+v) <1 + (St) 2E|ed |2 + (1 + %)Liaf]EHhtfHQ.

(37)
Let us consider coefficient of the first term of (37) above, choosing ; and d; such that we have
BiLy,
(L 7) (L4 8)(1 = 2B, L) = 1 = =72 (38)
where we define L, = M’; ‘f ng . First we choose ~; such that we have
1- /BtL/L ﬂtL/L
14+6:,)(1—=28,L, )=1—-B.L = 14§ =_—_—""Hs 8, = —“He
(1+0e)( B #g) B Hg + 0t 1_2BtLug t 1_2ﬁtLug
Moreover, this implies that we have:
1 1—28:L 1
1+ = =1+ BiLy, < .
6t BtLng 515‘[//1’9
Using the definition of J; in (38) we
BeLy
ﬂtLp, — BtLu /2
1 1-6L, )=1—-——2 = 1 =_ 2 o _ Ptugl s
(L4+9)(L = BeLy,) 5 + 7 [=GL, "= 1B,
Moreover, this implies that we have:
1 1—06,L 2
PN oL /PR :
Tt ﬁtLug /2 5tLug
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Substituting the above bounds in (37), we get

* * 6tL g * 26
Ellyir1 —y @%H)W'—EH%'—Q($0H2§'—‘75LEH%'—y($0H2— — B2 )E||Vyg(zs, ye)
pg + Lg
2
+ 2F|le]]? + L2a2E||h] 2.
L, e 5L, “v% (Al
Choosing 5; < ﬁ we get
* * 6tL g * 6
Ellyier = " (@) I = Ellye — y* (@) * < == Ellye =y (@) * - :

]E| .9 xt7yt)
2

2
+ B2E||ed||? + L22E||R 2.
L, lefl L, v [[hi

t
Using the definition of 3; = cgoy and multiplying both sides by AL

2
we get
c3 Lug g
417

7 Elllyer1 — v (@)1 = llye — v* (@) ?] € =20 L?Ellys — y* ()|
C,B Hg

4L20[f
- E|Vyg(zt, ys)||
Lug(ﬂg"‘Lg) Y
8Ly 8L2L% oy
+ LBl + LR
Mg B g
2752
Finally, choosing cg = G\f# such that if L/QL %
g B g
2L 4%«
—E —y* 2 —y* 2l < =20, LPE|lys — v* -t RV
3\/§Ly [Hyt+1 Y (@) ] llye — v (zo) || ] < —20 lye — y™ (x| L (g + L) IVyg(ze, ye)l
8L2Oét g12 Qg f2
+ 7 Ellef|” + - Ellhz I
(39
Next, we have from Lemma D.3
E”e{—i-l”Z o EHetf—&JHZ (1 - 77{—4-1)2 o 1 EHef||2 + 2(”2{—&-1)202 +4L2 Cvt]E||hf||2
(e Q1 - Q¢ Qg1 ¢ o f K t

8L3 B2 8L B
+ SRR+ LR ()

(40)
where we have utilized the fact that 0 < 1 —n, < 1forall ¢t € {0,1,...,7 — 1}. Now we consider
the coefficient of the first term on the right hand side of (40), we have

f f
(1 *nt+1)2 1 < 1 My 1 ' (41)
o (o 7] Qi Qi Qi1
Using the definition of a;; we have
1 1 (a) 1 (v) 1
— - = t)L/3 — t—1)3 < <
o T WDkt =D S s T s S Sy e
2%/3 22/3 (o) 223 , (@)

Qy
< <2< X
3w+ 2023 = 3w+ )23 = 3 L= 3L,

where (a) follows from (z + y)'/3 — 21/3 < y/(32%/3); (b) results from the fact that we choose
w > 2 hence 1 < w/2; (c) results from the definition of «;; and (d) uses the fact that we choose
a; < 1/3L;. Substituting in (41) and using 7/, ;| = ¢, a7, we get

(1- nfﬂ)z

1 «
< M
Qi

— —Cp,p < —C
Oét_173Lf et = K

fatv
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which follows from the choice

1 412 [, + L)
Cpy = 57— + Gy With ¢, :max{?)GL%{ KL, (K o) B}.

3Lf L2
Substiuting in (40)
1 Tlelal® el 2(n/;1)? o 217
—E | - T < —Efle] 2 + 0} + SCE P+ ————— e |?
C; o 1 oy Ly, (g + Lg)

BV,
e 0 77 g\Tt, Yt s
L, (pg + Lyg) Y

(42)
Next, from Lemma D.4, we have
Ellefa 1 _ Ellefl? _ {(1 —la)® + 80— )P Ly 1 Efled|? + 2(nf+1)202
oy Q-1 o Q-1 k o g
2ﬁt
+‘JILLLQJCYt]E||h{||2 —I—E(Vyg(xs, y0)|?
(43)

where we have utilized the factthat 0 < 1 —nf < 1forallt € {0,1,...,T — 1}. Let us consider
the coefficient of the first term on the right hand side of (43) we have

(1 - 77tg+1)2 + 8(1 - 77tg+1)2L§ﬁt2 _ 1 < (1- 77iq+1) (

1
1+8L232) —
Qi Q1 Qi * gﬁt) Q1
1 1 8L232

= — 9 1+ 8L2p3?
Qy Ozt71+ oy eny (1 + gﬁt)’

1
-1 — JL

(1- Uf+1)2 +8(1 - 77tg+1)2L36t2 _ 1
on a1 3L

using the fact that from earlier we have a% — and the definition of 8; = cga:, we have

+ 8L2c50¢t Cny Ot

Next choosing ¢, as
g

8L? 2L2
L 2 R : ~ 2
Cn, = 3 —|— 8L 2 + }Lg( ; g)} Cn, with Cp, = Max {36Lg,

AL2L,, (ng + Lg)c3
2 ‘

Therefore, we get

(1-— 77?—1—1)2 +8(1 — 77?4—1)2[/35162 1 8L2 2L _
- ST T |G
Ly Luy(pg + Lg)

Qi Qp—1

Finally, replacing in (43) we get

L [lefal? ||et|2} - [8L2 W}atm 2+ 2(n41)”
Cn, % a1 ]~ LLE, 0 Ly, (pg + Lyg) t oo !
2L?

Qg fu2 2
+ 2R + ————E|| Vg (a,
9 H t || L#q(ﬂg‘i’Lg)at H yg(xt yt)”

(44)

Finally, adding (39), (42), (44) and the result of Lemma D.1 with oy < 1/3Ly, we get
f
2€Wt+1)2 0126 i 2(77tg-|-1)2 o2,

c”lf at C779 at

(0%
E[Vigr — Vil < —;tEHW(fﬂt)ll2 + 200 ]| Be* +

Therefore, we have the statement of the Lemma.
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D.6 Proof of Theorem 3.2

Summing the result of Lemma D.5 for ¢ = 0 to 1" — 1, dividing by 7" on both sides and using the
definition ntf 1= Cnp0f and 0| = e af we get

T—1 2 T—1 2 27T-1
E[Vr — V 1 o ct o
V2] 1S Qa2 + ZatuBtn? 200 S g 2o S
t=0 Cny t=0 R —
(45)

Next considering ZtT;Ol ay in the last two terms on the right hand side of (45), we have from the
definition of «; that

!
L
H
L
H
L

S

1

1
— <log(T+1)

w4t ‘ 1+t

+w
Il
IN

t

Il
=)

t

Il
=)
Il
o

where inequality (a) results from the fact that we choose w > 1. Substituting the above in (45) we
get

T-1 2
B[V — Vi 1 e log(T + 1 22 Jog(T + 1
[ T 0] < _ t]EHVE ||2 atHBt”Q 77f g( )U? + _77 g( )o_g
T 25 Z T Gy, T

Rearranging the terms we get

T 2
at 2 E[Vo—¢1] 2 2 4 77f log(T+1) , 26, log(T+1) ,

1 Z S EIVL@)|® < =—5—+ = ZatHBtH o o+ . %
Using the fact that «; is decreasing in ¢t we have ar < oy forallt € {0,1,...,7—1} and multiplying
by 2/ on both sides we get

T— 2
1 2 _ 2E[Vo — 2, nf log(T+ 1) , 4cng log(T'+1) ,
T 2 EIVe@)|P < =2 ZatllBtll P A

Finally, we have from the definition of the Potential function

2 L Jlegll* | 1 Jleg]”
E[Vo] =E|¢ - R 0 0
[Vo] (xo)+3ﬁLyllyo y (o)l + e +cng o
2L 0.2 02
</l(zg) + —— —y*(z 2 + = ! + = ! )
= ( 0) 3\/§Ly”y0 Yy ( 0)” Cnp Q1 Gy 1

which follows from the assumption and the definition of hf and h{. Therefore, we have

* 4L —qy* 2 2 o2 2 o2
T Z Ve < 2 (xo) i lvo = v (o) |7, _ L+ g
T 3\/§Ly arT e arT ey oy arT

log(T + 1 dey log(T +1
+ Zat”BtHz 77f Og( + ) ?_'_ lg Og( + )0_2

~ g
arT Cn, arT

Finally, we have from the definition of avp := 1/(w + T')'/% and o;; = o, moreover using the fact
that for the choice of K = (Lg /) log(Cy,, Cy, T/ j14) stochastic Hessian samples of V7 g(,y)

we have || B;|| = 1/T, we get

E[| V(o (T))||? < o(W) +O<W> +0(T22/3> +@<TC§/3).

Hence, the theorem is proved. O
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E Proof of Theorem 3.3: strongly-convex outer objective

To prove Theorem 3.3, we utilize the descent results obtained for the proof of Theorem 3.2 in
Appendix D. The proof follows similar structure as the proof of non-convex case. We first consider
the descent achieved by the consecutive iterates generated by Algorithm 1 when the outer function is
strongly-convex and smooth.

E.1 Descent in the function value

Lemma E.1. For strongly-convex and smooth ((-), with ¢! defined as: ef = hi —¥ f (x4, yi41)— B,
the consecutive iterates of Algorithm 1 satisfy:

Ell(z141) = £7] < E[(l —aypiy) () — £7) — %(1 = Lp)lIB]|? + aulle] |
+ 200 L3y, — " (@) |2 + 200 Bl
forallt € {0,1,...,T — 1}, where the expectation is w.r.t. the stochasticity of the algorithm.
Proof. Note that from Lemma D.1 derived in Appendix D, we have
Elt(ae+1)] < E|6w:) — GLIVE@)|? = FH(1 = aiLp)lIAf I + allef | (46)
+ 200 L2y =y (@)|1? + 20| Bl?).
Now using the fact that for a strongly convex function we have:

IVO(x)||? > 2us(0(z) — £*) forall x € R%e,

substituting in (46), subtracting £* from both sides and rearranging the terms yields the statement of
the Lemma. O

E.2 Descent in the iterates of the lower level problem

Lemma E.2. The iterates of the inner problem generated according to Algorithm I, satisfy
Ellyet1 =y (@) I” < (14 7) (1 = 2Beg + B7 L5 Ellye — y* (20|

1
+ (1 + %>L§afE|h{||2 + (1 +mw)Bio.

forallt € {0,...,T — 1} with some ~; > 0, where the expectation is w.r.t. the stochasticity of the
algorithm.

Proof. Consider the term E||y;+1 — v* (7411)||?, we have

* (a) * 1 * *
Ellyer — 5" (@) |2 S (14 10)Elyess — o @)l + (1 " 7)Ey (@s1) — " (@)
(b) 1
< (14 20l = Bkt 5 @I+ (14 2 ) 3Bl -

(c) 1
D (1 4+ 0)Ellye — Bihd — v @)l + (1 i %)Lf,a%ﬂ*:uh{ R

where (a) results from Young’s inequality; (b) uses Step 5 of Algorithm 1 and Lipschitzness of y*(+)
given in Lemma 2.2; and (c) uses Step 7 of Algorithm 1.

Next, we consider the first term of (47) above:
Ellys — Bihf — y* (o)1 = Ellye — y* () |* + BFEIAYI® — BeE(ys — y* (21), hf)

(Z) Ellys — u* 2 2RIV 2 2RIRY — ¥ 2
< Ellys — y* (@)lI” + BrEVyg(@e, yo)lI° + BE[R] v9(Te, ye) |
— By — y* (1), Vyg(xe, y1))

(b)
< (1= 2B + BLYE |y, — y* () |* + + 5702 “48)
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where (a) utilizes the fact that for 7 = 1 we have E[h{|F;] = V,g(x,y;) and (b) uses the fact
that (1) V,g(x, y*(z)) = 0 and the Lipschitzness of V, g(x, -) in Assumption 2-(ii); (2) Assumption
4-(ii); and (3) g(x,y) is pg-strongly convex w.r.t. y, we therefore have

(Vay(z,y1) = Vay(2,92), 51 — y2) > pgllyr — 2|,
using y1 = y; and yo = y*(z;) yields inequality (b). Finally, substituting (48) in (47) yields the
statement of the lemma. O

E.3 Descent in the gradient estimation error

Lemma E.3. Define e{ = h{ — Vf(x¢,y:) — Byi. Then the consecutive iterates of Algorithm 1
satisfy:

Ellel 112 < (1 - f,)2Ellel |2 + 2(nf,1)20% + 4(1 — nf, ) 2L aZE||f |2
+8(1 = )2 L% 302+ 8(1 - nf, PLAL2B7Elly, -y ()],
forallt € {0,...,T — 1}, with Ly defined in the statement of Lemma C.2. Here the expectation is
taken w.r.t the stochasticity of the algorithm.
Proof. From the statement of Lemma D.3, we have
E||e{+1||2 < (1 - ’71{+1)2]E||6{H2 + 2(77{+1)20J2f +4(1 - 77{+1)2L%(Q§E||h{”2
+8(1 — /1) LEBIEle] |* + 8(1 — 0l 1) LE BRIV yg (e, o) I,

The proof follows by noticing the fact that for the gradient estimate kY with n{ = 1, we have
Ellef]|* < o7 from Assumption 4-(ii) and the Lipschitzness of V,g(z, -) combined with the fact that

Vyg(z,y*(z)) = 0. O

E.4 Descent in potential function

In this section, we define the potential function as:

Vo= (0xe) — ) + [l 12+ llye — v (@)%, (49)

which is different from that of (35). We next show that the potential function decreases with
appropriate choice of parameters.

Lemma E.4. With the potential function, 17,5 defined in (49), with the choice of parameters

8L§ + 8L?2 + Qqu and v, Ngﬁt
Hg ) 2(1 - Mgﬁt)

77{;’_1 = (ur + D)oy, By = égoy with ég = forallt € {0,1,...,T — 1},

with a_1 = «g, moreover, we choose

1 1 1 L? +2L2
e77 S { ’ PR A/nga 2 ’ 2 2A?2/ } (50)
pr+1 2ugcs cgly 8Ly + Ly ALy Lgch

L Cy.,Cr,\°
K = g 10g<< Gzy fy) T)
2tg Hg
such that we have || By||?> < 1/T, then we have

~ ~ 2« . A
E[Vit1] < (1 = prou)E[Vi] + Tt + [(265 + 83 L3 ) oy + 2(uy + 1)%07] o},

Further, we choose

forallt € {0,1,...,T —1}.

Proof. From Lemma E.3, we have

Ellef1|* < (1 = nf,)EIle/I* + 2(nf,1)°0F + ALEQFE|B] | + 8L3 B0y + 8L Ly 57 Ellys — y* ()|,
61y
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which follows from 1 — ntf +1 < 1. With the choice of 7; = (s + 1)oy and 3; = ¢gay we get from
(5D

Ellel4]1* < (1= (g + Den)Ellef | + 2(us + 1)%afo} + AL5aFE[|R] |2
+ 8LKé%at202 + 812 chﬁafEHyt - y*(zt)||27

(52)
Next, we consider the descent in the iterates of inner problem. Again using Lemma E.2 we have
Ellyss1 = y* (@)1 < (14 70) (1 = 2Bepg + BLE)Ellye — y* ()| (53)

+ (1 + )LzafIEHhﬂQ +(1+ %)ﬂ?og.

Using the fact that 5; < ZQ , 0 < 5— and from the choice of v; we have 1 +

the 7, 5; and the upper bound on 1 + in (53) above we get:

2
. pt . 2Ly 0 )
Ellyr1 — ¢ (@) < (1 - t)Enyt v @) + BRI +28alo). (4
g
Next, replacing the choice of ¢ in (54), we get:
* * « ~
Ellyes1 =y (@) [I” < (1= [4L5 +4L% + pgla)Ellye — y* (x0)|1* + ZtEHh{HQ +2e5ai0].

(55)

Finally, to construct the potential function defined in (49) we add (52) and (55) to the expression of
Lemma E.1, we get

=~ (0% (0%
BlTis1] < (1= e BfFinr] - (50— ailp) - 5§~ aLad I P + 200l
— (4L + 4L} oy — 2L — 8L7 Lzé%af)EHyt —y*(z)|]?
+ (263 + 8¢5 L )ojos + 2(us + 1)o7,

2
Noting the fact that oy < ﬁ and o < # and choosing B; such that we have || B||? <
K
+, we get
=~ 2a . R
E[Vesr] < (1 ppae) BIVi] + 75 + (285 + 8 LY o) + 2(us + 1)%0F)af.
This concludes the proof of the lemma. [

E.5 Proof of Theorem 3.3

Next, we conclude the proof for the case of strongly-convex outer objective function case based on
fixed step sizes and momentum parameters.

Proof. With fixed step sizes, i.e. a; = aforallt € {0,1,...,T — 1}, we have from the Lemma E.4
=~ =~ 2ce R R
E[Vis1] < (1 — pra)E[Vy] + - + [(2¢3 + 863 L% )0y + 2(us +1)%0F]a”.

applying the above inequality recursively we get
t—1 t—1

~ ~ 2x R R
E[Vi] <(1- ufa)tE[Vo] + T Z(l — ,ufa)k + [(20% + 8C%L%()U§ +2(pr + 1)20]%]a2 Z(l — ufa)k

k=0 k=0
(1= g (o) ) + BN I + Bl — g o)) + 22 30— et
= t—1
+ (265 + 863 L% )og + 2(ns +1)%07]a® Y (1 — pya)t
k=0
®) (263 + 86312 )02 + 2(piy + 1)%0

< (1= pra)'{(£(zo) =€) + 07 + lyo — y" (20|} + psT I
(56)
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where (a) follows from the definition of Vi given in (49) and (b) utilizes the summation of a geometric
progression.

This concludes the proof of the theorem. O

Sample complexity of SUSTAIN in the strongly convex setting Let us estimate the total number
of iterations, 7', needed to reach an e-optimal solution. First, we select a constant step size such that

- s [(2¢3 + 83 L oz + 2(us 4+ 1)0F]
€ -
T 4[(2¢3 4+ 8¢3 L% )02 4 2(us + 1)%0%] [

a <

qx\m

(57)
which controls the last term in (56). Secondly, to control the second term in (56), we observe that
T > 1mp11es

T i. Finally, controlling the first term in (56) requires
€ * *

5 2 (1= pge)" ((E(xo) = %) + 0% + lyo — y” (20) %) (58)
which means we require:

2((l(zo) — €*) + 0% + llyo — y*(0)1?)

€
<~ Tlog(l — pra) g( )
(= 2((U(o) — )+ % 1 o — v @) |P)

(1= pra)’ <

log 2 (Z(wo +of€+|\1/o y” (zo)ll ))
—log(1 — pya)
(a) 2((0(xg) — %) + 02 + — y* (o) ||? 1
7% log( ((¢(xo) )+ 0%+ lyo — y* (o)l )>, (59)
€ JIyZe

where (a) is due to logz < z — 1 for all x > 0. This along with (57) imply that we require at
most T = O(e 1) iterations to reach an e-optimal solution, i.e., E[¢/(z;) — £*] < e. Finally, as each
iteration takes a batch of K = O(log(T)) samples, the total sample complexity required to reach an
e-optimal solution is bounded as T = O (e~ !). O
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