A Technical Lemmata

Proof of Lemmal[l} We simply exihibit the proof for E = L2(M,TM). Indeed, let f €
L2 (M, TM), then:

L6 1P = [ Lot Lafyd (10)
- / 9(Lof. Lo f)dw + / 9(Lofo Lo f)deo ()
supp(¢) M\supp(¢)
— / g(d6 f.dé 1) det(Jo ) + / olf, dw  (12)
¢(supp(¢9)) M\supp(¢)
< g(f, Hllde™"|* det(Jo~")dw' + || 12 (13)
supp(¢)
<( sup |do ()P + 1)) £ < o0 (14)
wesupp(¢)
(15)
Thus, L, is bounded. O

A.1 A remark on the Flowbox theorem

Usually, the Flowbox Theorem (here Theorem [) is stated for a (often local) diffeomorphism.
If ¢(m) # 0,é(m) # 0, then there exists U,V and ¢ : U — V a diffeomorphism such that
m € UNV and Lyg(lyc) = 1yé. However, we note that thanks to Theorem 4 of [29], it is

possible to find U smaller such that there exists ¢ : M — M whichisa global diffeomorphism and

Vm € U, ¢(m) = ¢(m). In this case, ¢, U and V = ¢(U) are the candidates of our statement in
Theorem[d] As this is quite technical and rather intuitive, we skipped this remark in the main paper.

A.2 Spatial localization (common to the scalar and vector case)

We now explain how to localize our operator M. Equipped with Lemma [2] we can extend our
contraction result on R to M as follow:

Corollary 1 (Contraction of an openset). For any U € Oy and W openset such that U C W C M,
there exists ¢,, supported on W such that for any f € L? (M, TM):

Ly, (luf) = 0.

Proof. We prove first the result for U = B(0,1) and U C W. In this case, it is possible to find € > 0
such that B(0,1 + ¢) C W. Now, taking ¢,, * as in Lemma we get:

| Mo s @ D@1 du = [ 160,005 @)d6, ()£ @)l du (16

= [ W02, (w6, ). )] a7)

= 1 | 1o (@ldon(0).fw)? du (1)
1

< g ltsen fIF =0 (19)

Next, getting back to the manifold, we know that if U € (’jl, thereis V € Oy suchthat U C V. We
can thus find an openset B C V/, such that in the chart of V, B is an open ball, and U C B C W.
We can thus apply the technique derived above to get ¢,, : V' — V, compactly supported, which
contracts B(and thus U) to 0 and supported in . Since it is smooth, compactly supported on W, we
can extend it on M and we get the result. O

Next, this technique can be used to build a sequence of contraction, which allows to explicitly localize
the image of a compactly supported function, as follow:
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Lemma 9 ( Lemma [3| restated for closed sets). Let F' C M a closed set. Then, for any f €
L2 (M, R), we have:

MIf1p] = 1pM[f]

Proof. Because M is a manifold, it is second countable and thus there is a countable collection of
opens such that M\ F' = U;>oU; with U; € O;. We use Lemma|12|and, we apply the dominated

convergence theorem to f,, = 1y, v, f to conclude. O

Proof of Lemma[3] We note that if U € Oy, then w(U\U) = 0 and we can thus use the Corollaryl
to conclude.

A.3 Action on locally constant functions, for the scalar and vector cases

We now prove the part specific to the vector field setting, i.e., that the action of M is locally a
multiplication by a scalar.

Proof of Lemmal] Step 1:M (1y7¢)(m) = 1y A(m, U, ¢)c such that ¢(m) # 0,¥Ym € U.

Letc € C*(M,TM).ForU € 01, mg € U, fix acharty : U — R? ¢(mg) = 0 and c s constant
in ¢ denoted c¢¥ € RY, which is possible thanks to the Theorem This can also be written as for m
in a neighborhood of my:

dip(m).c(m) = c*.

Following the strategy 1n Lemma lthere is W € Og4 such that We¥ = ¢¥ and Wo = —v for any
vector v orthogonal to ¢¥. By compacity, we can find A an open set small enough, with boundary of

measure 0, such that 0 € A, and WA C ¢(U) for any W € O,4. Now, setting ¢ = ¢! o W 0 ¢,
which is well defined on the open Uyyco, WA, using Theorem 4 of [29](see remark Sec. E]of the

appendix), we can can extend ¢ globally such that on a local neighborhood, Vi € U, ¢(m) = ¢(m).

Now, up to taking A even smaller, we can use: V = ¢~1(U,,ezW™A) C U, which is closed with a
measure 0 boundary(we have a countable union). We get:

Ly(lve)(mo) = [dp~" (mg) o W o dip(mg)]e(mo) 1y (20)
— 1ye(mo). @1

Let us denote pj‘w the orthogonal projection (with respect to the Euclidean scalar product) on the
orthogonal plane to c¥.

AsV Cc U,Visclosedand U € Ol from Lemma@ we know that:
M(c)(mo) = M(Lyc)(mo) = M(Lyc)(mo) = A(mo, ¢, U)dyp ™ (0)c¥+dp™ (0)p M (L) (mo)
Yet, on the other hand:

LM (Lyc)(mo) = Mma, e, U)dyy ™ (0)ey, — dp™ (0)pzs M (Ly e)(mo) (22)

As this is true for any mg, we thus proved that:

M(1ye)(m) = 1gA(m, U, c)c

Step 2: In fact, A(m, ¢, U) = A(m, U) if ¢ does not cancel on U and m € U.

Let ¢, ¢ be two vector fields as above and defined on U both not equal to 0, and m € U. Using the
Theorem [ combined with the remark of Sec. of the appendix, there exists ¢ : M — M a
diffeomorphism and V',V C U and m € V NV, such that Ly (1yc(m)) = 1,¢(m) and ¢p(m) = m
Now, we could take a smaller closed set V' C U with measure 0 boundary, so that M[1y¢c|(m) =
M1yc](m) = M[c](m), which would lead to, following a similar argument to above:

A(m, ¢, U)é(m) = M[1y¢(m)] = LeM[1yvc](m) = Ly(A(., ¢, U)c)(m) = X(m, ¢, U)é(m)

and then locally A is independent of the choice of a vector field, which implies the desired property.
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Step 3: In fact, A\(m, U) = A(U). Indeed, let m, mg € V and ¢ € Diff(M) such that ¢(m) = myg
(as V' is connex, by using Lemma|[ITT). Now, along the same line as above:

A(m,U) = A(mg, U)

The previous results hold when the vector field can be locally straightened, however the vector
fields that take value 0 on some points of U can not be straightened. We will now show that vector
fields that can be straightened on U € O, are dense dense in C>(U,TU) for the L?, norm. Let
feC>UTU),let A= {z € U|f(x) = 0}, and A° = {x € U|||f(z)]| < €} fore > 0. By
Urysohn’s lemma there is x“ : U — R be such that x|4c = 1 and x|¢\ 42« = 0. Let,

o=+ 2ex"

For any x € U,

17 @) = [I[f @)]] = 2ex ()] (23)

and by construction ||| f(z)|| — 2ex®(x)| > 0.

Therefore,

M[f1y] = MU) f¢ 24)

Furthermore for all 0 < € < 1, ||f¢| is bounded by || f|| + 2 that is integrable, so by dominated
convergence theorem, f¢ L—“()) f.So, M[f1ly] = A(U)f.
€E—

To end the proof, one remarks that C$° (M, T M) is dense in LP (M, T M).
O

The next Lemma shows that, in the scalar case, we can consider M f £ Mf — M (0) for f €
L2 (M, R) without losing in generality.

Lemma 10. Under the assumptions of Theorem (I} M (0) is constant, and if w(M) = oo, then
M(0) = 0.

Proof. Following the Theorem 1 of [26]], for any m, my € M, we can find ¢ global diffeomorphism
such that ¢(m) = mg. We note that L,(0) = 0 and thus for any m € M:

M(0)(m) = M[Lg(0)] = LyM(0)(m) = M(0)(mo)
Thus, M (0) is constant, and if w(M) = oo, it is necessary that M (0) = 0. O

The corresponding Lemma in the scalar case is substantially simpler, as strongly convex sets are
connex:

Proof of Lemma Fix mg € V, and let m € V, using Lemma because V € O, is connex, we
can apply a connexity argument or the transitivity argument of Theorem 1 of [26] for compactly
supported diffeomorphisms), we can find ¢ supported in V' such that ¢(my) = m. Thus, Ly f = f
and Mf(mo) = ML¢f(m0) = L¢Mf(m0) = Mf(m) Thus, M(Clv) = h(C, V)lv The
Lipschitz aspect is inherited from the fact that M is Lipschitz. O

A.4 Extrapolation to any good open sets (common to the scalar and vector case)
In this section, we use the fact that we want to prove that both scalar and vector operators correspond

to point-wise non-linearity, which are locally Lipschitz due to the regularity assumptions that we
used.
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Proof of Proposition[l] Step 1:Fix ¢, for any m € U such that V' C U, then h(c,U)(m) =
h(c,V)(m)

Indeed, we note that for m € U, where we used Lemma 3}
M1y f)(m) = 1y (m)M(f)(m) = ly(m)M(f)(m) = M(1y f)(m)
Thus, h(c, V)|v = h(c,U)|y forany V C U.

Step 2: extension by density, for any f, M (f1y) = 1yh(f,U) for any f € L? (M, R). Using
Lemma consider f € C°(E), fn =Y., 1u, cn. Where ¢, is either a constant scalar, either a vector
field, with disjoint support such that |1 f — 1y fr]] < e.

We know that, from Lemma [6] that:

M(lUfn) = M[Z 1UT,,Cn} = Z 1U7,,M[1Uncn] = Z 1Unh(cn7 U)

Next, we note that:

M1y f = 1oh(f, U < 1o(Mfr = M) + 1M fo — 1uh(fn, U)| (25)
+ 1o (h(fn, U) = W(£,U))] (26)
< 2L||1U(fn - f)” (27)

and from this, given that 2 (., U) is L-Lipschitz, we conclude by density of C3°(M) in LP (M, R).
Step 3: Independence from U
Step 1 allows for the following definition of a global i from local hy: let m € M, pose,

YU € Oy h(f(m)) := h(f(m),U) (28)

In the scalar case and in the vector case, one can build a scalar function and vector function such that,
f(m)=peRor f(m) = c € T, M (as shown in Step 3 of proof of 4. Therefore in the scalar case
h is a function from R to R and in the vector case for any z € M and v € T, M, h(z) = Az.

O

We only prove the Vitali version for L? (M, R), as the proof for L? (M, T M) would be identical,
replacing solely the scalar by constant vector fields in their local parametrization.

Proof of Lemmal7} We consider U small enough such that U € O1, m € U and exp,, : B—=>U
is locally a diffeomorphism from B C T M., and let U; = exp,,, (B;) with B(z;,r;) C B, which
is strongly convex and thus U; € O1. We remind that exp,,, is bi-Lipschitz on the bounded
set U. In this case, there is C1,Cs > 0 such that for any z;,r; with B(z;,r;) C B, we have
rd < MNB(zi,7)) < Ciw(U;) < CoA(B(zy,7;)) < Cyqrd. By Vitali’s lemma, we have for any
€ > 0 and r > 0, the existence of some x;,r; < 7:

n

||1B - Z 16(30.;,7%;)

i=1

pSGP

For f smooth, let:

n

1 @)1 = flelu|P < | Z(f(x) — f(@i)ly,

=1

P+ 1oy o) f (@) (29)
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Now, as exp,,, is bi-Lipschitz, we get a r small enough such that | f(z) — f(z;)| < e. Next, because
the sets are disjoint:

||Z F)io, HP—Z / () — F)lP (30)

< Zw(Ui)e” (31)
=1
< dw(U)). (32)

Now, using | f(z)| < || f|l oo, We get:
Lo f@)IF < | flloo€”

If - Zf:rz

And:
(14 w(U))YPe.

O

The following Lemma allows to build diffeomorphism with compact support - we give this proof for
the sake of completeness, at it is proved in [26].

Lemma 11. Fix p > 0, and zo,x1 € B(0, p), there exists ¢ diffeomorphism, such that ¢(xo) = x1
and supp(6) < B(0, p).

Proof. Consider f, smooth, supported in [—1, 1] and such that f(0) = 1. We will use a connexity
argument: let us fix zo € B(0, p). Let’s consider I' = {x € B(0, p) : 3¢ diffeomorphism ¢(z) =
Zo, supp(¢) C B(O p)}. Let z1 € T, then there is n < %, B(x1,m) C B(0, p). For x5 such that
|21 — 22| < Wlf\ we introduce:

|l — ||

7(x) = (z2 — 21) f( P )
We have that supp(I — 7) C B(x1,7), and:
or (@ —a){z —z,a1) o, |l — 2

leading to:
or 1
—_ < —
15T @) < 5
This implies that the spectrum of 97 is in [0, 1 and thus, I — 97 is invertible. Now, by assumption,
we know there is ¢ such that ¢(x1) = xo, compactly supported in . Introducing ¢’ = ¢ o (I — 1),
then ¢’ is a diffeomorphism, compactly supported in Q and ¢'(z2) = ¢(z1) = =, thus 25 € T'. This

shows T" is open. But also I is closed (otherwiwe, we can make a path ...). Thus, by connexity
r=qQ. O

The next Lemma is crucial in our proof, and allows to characterize union of well behaving opensets:

Lemma 12. Letn > 0, {U; }i<n C Oy and F a closed set such that U; N F = (0, Vi. Then for any
fer(MmM, TM):
LpM[(1p + 1u,c,0.) f] = 1r M[Lp f]

Proof. We work by induction on n. For n = 0, the result is true. Then, let’s write Uy, | =
{z,d(Uys+1,2) < €}. It's an openset which contains U, 1, and by assumption we can pick e small
enough such that U5 ; N F = (). Next, let’s apply Corollarylto Unyr1and W = Uy, . Then:

LrM[(1r + Lo, unvs, ot )] = Lo, L M[(1p + Lo, unve, )uu,,) f (33)
= 1FM[L¢n(1Ff + ]‘(UiSnUi\U:'L+1)UUn+1 f)} (34)
= 1pMlpf + 1, vnve, ) f] (35)
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Now, we remark that:
L M[1pf + 1, cvnve, ) f] = 1eMApf + 10,0, (Iawe,, f] (36)

And we apply the induction hypothesis to (1yp\ve  f)- O

n+1

The next Lemma is crucial in our proof, and allows to characterize disjoint union of well behaving
opensets:

Proof of lemmal6] We note that U?_, U; = U, U;. Thus, using Lemma@ given this union is closed
and disjoint and as for any closed set I,

M[f1p]lpe = M[0]1pe =0 (37)

the following linearity property holds,

MY 1g f1 = 1o MIf] =3 Mlig,f]

Now, we conclude as the boundaries have measure 0. O
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