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A Assumptions about the Null Arm

In any model in which resources can be consumed and/or replenished over time, one must specify
what happens when the budget of one (or more) resources reaches zero. The original bandits with
knapsacks problem assumes than when this happens, the process of learning and gaining rewards
ceases. The key distinction between that model and ours is that we instead assume the learner is
allowed remain idle until the supply of every resource becomes positive again, at which point the
learning process recommences. The null arm in our paper is intended to represent this option to
remain idle and wait for resource replenishment. In order for these idle periods to have finite length
almost surely, a minimal assumption is that when the null arm is pulled, for each resource there is
a positive probability that the supply of the resource increases. We make the stronger assumption
that for each resource, the expected change in supply is positive when the null arm is pulled. In fact,
our results for the MDP setting hold under the following more general assumption: there exists a
probability distribution over arms, such that when a random arm is sampled from this distribution
and pulled, the expected change in the supply of each resource is positive. In the following, we refer
to this as Assumption PD (for "positive drift").

To see that our results for the MDP setting continue to hold under Assumption PD (i.e., even if
one doesn’t assume that the null arm itself is guaranteed to yield positive expected drift for each
resource) simply modify Algorithms 2 and 3 so that whenever they pull the null arm in a time
step when the supply of each resource is at least 1, the modified algorithms instead pull a random
arm sampled from the probability distribution over arms that guarantees positive expected drift for
every resource. As long as the constant d4; 5 1S less than or equal to this positive expected drift, the
modification to the algorithms does not change their analysis. We believe it’s likely that our learning
algorithm (Algorithm 3) could similarly be adapted to work under Assumption PD, but it would be
less straightforward because the positive-drift distribution over arms would need to be learned.

When Assumption PD is violated, the problem becomes much more similar to the Bandits with
Knapsacks problem. To see why, consider a two-player zero-sum game in which the row player
chooses an arm z, the column player chooses a resource j, and the payoff is the expected drift of that
resource when that arm is pulled, z%7. Assumption PD is equivalent to the assertion that the value of
the game is positive; the negation of Assumption PD means that the value of the game is negative. By
the Minimax Theorem, this means there is a convex combination of resources (i.e., a mixed strategy
for the column player) such that the weighted-average supply of these resources is guaranteed to
experience non-positive expected drift, no matter which arm is pulled. Either the expected drift is
zero — we prove in Appendix A of the supplementary material that regret O(\/T ) is unavoidable in
this case — or the expected drift is strictly negative, in which case the weighted-average resource
supply inevitably dwindles to zero no matter which arms the learner pulls. In either case, the behavior
of the model is qualitatively different when Assumption PD does not hold.

B Regret Bounds for One Arm, One Resource, and Zero Drift

In this section we will consider the case when X = {z°, 2}, J = {1}, and « has zero drift, i.e.,
ud = 0. Since z is the only arm besides the null arm, we assume without loss of generality that
its reward is equal to 1 deterministically. The optimal policy is to pull 2° when B;_; < 1 and x
otherwise. We will show that the regret of this policy is ©(v/T).

Theorem B.1. The regret of the MDP policy is O(v/T).

Proof. The optimal solution of the LP relaxation (Eq. (1)) is p, = 1 and pyo = 0. Since z° and
have reward equal to 0 and 1 deterministically, OPT p = 1.Therefore, the regret of the MDP policy
is equal to the expected number rounds in which the budget is less than 1. That is,

Rr=E

> 1By < 1]] .

t=1
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Since E[d;] = 0 when B;_; > 1 and E[d;] = ugo when B;_1 < 1, we can write

Rp=E|Y 1[B; 1 < 1]]
t=1
1 T
= —uhE | 1By < 1]
Hzo t=1
1 T
=—E| puh1[Bioy < 1] +01[Bi_; > 1]]
Higo t=1
1 T
-yl
Hio t=1
1
= — (E[Br] - B).
Mo

Since By = B, the budget is updated as B; = B;_1 + d; and d; € [—1, 1], we have
E [B}|Bi-1] = E [Bi_| +2B—1d; + d7| By ]
=E B} ,|Bi—1] + E[2B,_1d;|Bi—1] + E [d}| B;—1]
< B | +E[2By_1di|B;_1] + 12
= B2 | +2B; 1pdol[B;y < 1] +1
< BY 420 +1
= E [B}] = O(T).

Using Jensen’s inequality, we have

E[Br] < /E[B}] = O(VT).

This completes the proof. O

Theorem B.2. IfE [d?|B,_1] > 02 > 0, then the regret of the MDP policy is Q(V/'T).

Proof. Using the proof of Theorem B.1, it suffices to provide a lower bound on E [Br]. Since the
budget is updated as B; = B;_1 + dy, E [d;|B;—1] > 0, and E [d?|B;_1] > 02, we have
E [Bf|Bi—1] = E[B}_; 4+ 2B_1d; + d;|By_1]

=E [B} {|Bi—1] + E[2B;_1d¢|Bs—1] + E [d}| B_1]

> B | +E[2B, 14| By 1] + 0

= B? | 4+ 2B, \E[d;|By_1] + 0

> Bt2_1 + 0'2

= E [B}] > Q(T).

The Cauchy-Schwarz inequality yields that

L2172 SN 2172
E [(Bf) ] E {(BT/Q) } > E[B2] > QT).
Squaring both sides yields that

E[Br]E [B3] > E[B2]® > Q(T?).
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It suffices to show that E [B3.] = O(T"?) because this will imply that E [Br] = Q(T"/?). Since
d; € [-1,1], we have

E [B}|Bi-1]
=E (B}, +3B}_,d; + 3B;_1d; + d}|Bi_1]
=B} | + 3B} \E[dy|B;_1] + 3B;_1E [d}|Bi_1] + E [d}| B;_1]
= B} 1 +3B7 1y 1[Biy < 1]+ 3B, 1E [d}|B, 1] + E [d}| Bi 1]
< B}, +3ud +3B,1 + 1.
Taking expectation on both sides yields
E[Bf] <E[B} ] +3E[Bi_1] +0(1)
<E[B!,] +0(VA).

where the last inequality follows from the proof of Theorem B.1 where we show that E [B;] < O(v/1).
Summing both sides over all rounds yields that

E[B}] = O(T"?)

and this completes the proof. O

C Proofs for Section 3.1

C.1 Proof of Lemma 3.2

When the LP solution is supported on a positive drift arm 2P, OPT p = 1 because the LP plays it with
probability 1. Therefore, the regret is equal to the expected number of times ControlBudget (Al-
gorithm 1) pulls the null arm. This, in turn, is equal to the expected number of rounds in which the
budget is less than 1.

Define
2

1 _ eXp ( drm)
Then, we have that for all b > by,

02k
ZPr Bayr, €[0,1)| B, —b]<ZeXp( Puck ) o

k=b
9 -1
= exp (—6dr8iﬁb) (1 — exp (—6‘i8riﬁ>> . 24)

where the first inequality follows from Azuma-Hoeffding’s inequality. By our choice of by, we have
that

bo = 835 In (22)

(25)

1\3\»—\

ZPI‘ [Bs+k € [07 1)|B b] <
k=b

In words, the probability that the budget ever drops below 1 once it exceeds by is at most % Now,

consider the following recursive definition for two disjoint sequence of indices s; and s}. Let
so =min{t > 1: B;_y € [0,1)}, and define

s;=min{t > s; : By > bgort—1=T} (26)
Sit1 = min{t > S; B € [O, 1)} 27

In words, s} denotes the first round after s; in which the budget is at least by and s;11 denotes the
first round after s in which the budget is less than 1. Note that Eq. (25) implies that

1
Pr [s; is defined |s}_, is defined| < 3 (28)
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Therefore,

: 1
Prs; is defined] < [ [ Pr [s; is defined |s)_, is defined] < 5 (29)
j=1
Now, we can upper bound the expected number of rounds in which the budget is below 1 as

’

T T—1 S5
E [Z 1B, < 1]] =) Prls; isdefined] E | Y " 1[B,_1 < 1] (30)
t=1 i=0 t=s;

’

T-1 S

<Y 2R | 1B <] (31

t=0 t=s;

IA
g
N
=
NCID
|
»

(32)

S 2 L E[B, - B,] (33)

IA

> o2 ! (bo + 1) (34)

IN

) 35
Odrife 33)

where Eq. (33) follows because both the null arm and the positive drift arm have drift at least dqyif.
Therefore, we have that

E

Z 1[B;_; < 1}] <C, (36)

t=1
where
2

1 —exp <f%>

37
C.2  Proof of Lemma 3.3
Let p* denote the optimal solution to the LP relaxation and note that T'p} denotes the expected

number of times the LP plays arm x. Since the LP solution is supported on two arms, both the budget
and sum-to-one constraints are tight. Therefore, we have

D(Tp*) = bre, (38)
where ., .
n * * 7B
D{Mfo ”f],p[ﬁfj],mph]. (39)

Let N, denote the number of times ControlBudget (Algorithm 1) plays arm z. Since it plays the
null arm 20 and the negative drift arm 2™, the sum-to-one constraint is tight. However, the budget
constraint may not be tight because there may be leftover budget. Therefore, we have

DN =bip — b, 40)

where
V= Eg[[%ﬂ b= {_E([)BT]} : @1

Define
e= [t - [Fre B @



Subtracting Eq. (40) from Eq. (38) we have £ = D~!b, where the LP constraint matrix D is invertible
by our assumption that the drifts are nonzero. Finally, letting 1" denote the vector of expected
rewards, the regret can be expressed as

Ry (ControlBudget) = £ pu" (43)
<& (44)
< [lElalle" oo (45)
<D™l fBll (46)
< Cs, E[Br], 47)
where Cj,,, = O(0g.+) is a constant. This completes the proof.

C.3 Proof of Lemma 3.4

Let p* denote the optimal solution to the LP relaxation and note that T'p} denotes the expected
number of times the LP plays arm x. Since the LP solution is supported on two arms, both the budget
and sum-to-one constraints are tight. Therefore, we have

D(Tp*) = bip, (48)
where ; 4
— :u‘zp :u‘z" * p;P — _B

Let N, denote the number of times ControlBudget (Algorithm 1) plays arm z. Since it plays the
null arm z° when the budget is less than 1 and may have leftover budget, neither the budget nor the
sum-to-one constraint are tight. Therefore, we have

DN = bp — b, (50

where
N= {%&H b= {]Eﬁ[?]\[[Bﬁq - (51)

Define
) B3]

Subtracting Eq. (50) from Eq. (48) we have £ = Db, where the LP constraint matrix D is invertible
by our assumption that the drifts are nonzero. Finally, letting " denote the vector of expected
rewards, the regret can be expressed as

Rp(ControlBudget) = &7 u" (53)
< €7 " (54)
< €l " Moo (55)
< [|ID7Hl1]blly (56)
< C5driﬂ (E[BT] + E[NLO]) s (57)

where Cs,,, = O(0y,) is a constant. This completes the proof.

C.4 Proof of Lemma 3.5

Divide the 7" rounds into two phases: P; = {1,...,T —exp(3/c)} and P, = {1,...,T} \ P;. Note
that P, consists of exp(3/c) = O(exp(darite)) = O(1) rounds, where the last equality follows because
drifts are bounded by 1. Therefore, the expected number of null arm pulls in this phase is O(1) and it
suffices to bound the expected number of null arm pulls in P;.

Consider the following recursive definition for three disjoint sequences of indices t;, ¢} and ¢/. Let
to = 0, and define

t:=min{t >t;: Bi_1 >nort—1=T} (58)
t! =min{t >t : B;_1 < 1}, (59)
tiv1 = min{t >t/ : By < 1}. (60)

18



We can bound the expected number of rounds in which the budget is less than 1 as

T
E lz 1[B;_; < 1]] (61)

t=1
T—1 t;
= Z Pr [t; exists | E 1[B;_1 < 1] (62)
=0 t=t,
to—1 T—1 ti—1
SE|> 1[Biy <1]| + > Prltiy exists [t],t] exis| E [ > 1[B_y <1]|.  (63)
t=to =0 t=t;
(a) (a)
In rounds {¢;, .. ., t;—1}, the algorithm pulls the null and positive drift arms. The proof of Lemma 3.2

shows that the expected number of null arm pulls in these rounds is at most é’ , where C'is defined
in Eq. (37). Therefore, we can bound the term (a) in the above inequality by C' and we have that

T
Z Bt 1<1

T-1
<C (1 + Z Pr[t; ; exists |}, ) ex1st]> (64)

=0

If ¢} exists, then By, > 7. If t]/ exists, then 7y» —1 < By _y < 7y because (i) ]/ is the first round
after t; in which the budget is below the threshold; and (ii) the drifts are bounded by 1, so it cannot
be lower than 77 — 1. The algorithm pulls the negative drift arm 2™ in the rounds {#, ..., #; — 1}
and the positive drift arm z? in the rounds {¢/, ..., ;11 — 1}. Since the drifts are bounded by 1, it
takes at least 7y — 2 rounds for the budget to drop below 1 after repeated pulls of z”. Using this and
the observation that the budget dropping below 1 is contained in the event that the total drift in those
rounds is nonpositive, we can bound (a) as

T q
Pr [t;41 exists |t t; exist] < Z Pr [ Z di <0 (65)
q=ty +7 —2 t=t/+1
T 1
< > o3l -2) (66
q=ty +1,1 =2
T 1
< > exp <—25§dﬁn;/) (67)
q:t;’+'rt/i/72
r 1
— Z exp (2§§riﬁclog(T - t;’)) (68)
q=t,’i’+7t;/—2
T
—t)7?, (69)

IA
YH
ElNg
|
]

where the second inequality follows from the Azuma-Hoeffding 1nequal1ty applied to the sequence of
drifts sampled from 2P and the last inequality follows because ¢ > 5T The summation is over at
most T' — ¢/ terms because there are at most T’ — ¢!/ rounds left after round t!!. Therefore, we have
that

Pr [t exists [t/ ¢] exist] < (T —t/)~2. (70)

1%
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Substituting this in Eq. (64), we have that

lZ]lBt 1 < 1]
t=1

T-1
<C|1+ Z Pr [t exists |}, t) ex1st]> (71)

1+ (T - t;’)—2> (73)
=0

2
<C 1+7T6). (74)

<@ <1 +S - t';>2> (72)

This completes the proof.

C.5 Proof of Lemma 3.6

Let I, denote the event that the negative drift arm =™ is pulled consecutively in exactly the last ¢
rounds, i.e., 7y = " forallt > T — q¢+ 1 and z; € {2°, 2P} fort = T — ¢ (if ¢ # T). Note that
the events (E, : ¢ =0, ...,T) are disjoint. Let S, denote the event that the total drift in the last ¢
pulls of ™ is greater than %Mgn q,i.e., Zt>T_q+1 dy > %ﬂg,zq. We can upper bound the expected
leftover budget by conditioning on these events as follows.

Z Pr[E, E[Br|E,] (75)
< Z E[Br|E,] (76)
q=0
T
= ZE[BT‘Eqa Sq] Pr[Sy|Ey| +E[Br|Ey, S;} Pr[Sg|Eq} . 77
qzo—’_’ S—_—— —— —,—

(a) (b) (c) (d)

If ¢ = 0, then the expected leftover budget is trivially at most a constant. We can bound the four
terms for ¢ > 1 as follows:

(a) We have
E[Br|E,, Sq) < clogq+q (78)

because (i) ControlBudget (Algorithm 1) pulls 2° or z? in round T — q if Br_q-1 <
Tr—q = clog ¢; and (ii) conditioned on the event S, the total drift in the last ¢ rounds can
be at most ¢ as the drifts are bounded by 1.

(b) We have
Pr(S,|E,] < exp( 116( ;‘ﬁn)QCJ) (79)

because (i) the sequence of drifts observed from ¢ pulls of the negative drift arm x” is
a supermartingale difference sequence; and (ii) by the Azuma-Hoeffding inequality, the
probability the sum S, is greater than half its expected value is at most exp (— 15 (2. )%q).

(c) We have
1
E[Br|Eq, Sg] < <clogq + 2u§ﬁnq> (80)
because (i) ControlBudget (Algorithm 1) pulls 2° or 2? in round T' — q if Br_41 <

Tr—qg=C¢C log q, and (ii) conditioned on the event S¢, the total drift in the last g rounds can
be at most Q,uxn

20



(d) We have
Pr(S|B,] <1 81)

trivially.

Therefore,

T

1 1
<) (clogg+ q)exp ( 16(#%)%) + (clogq+ 2uinq) : (82)

q=0

() (f)

This summation is a constant in terms of 7"

1. Term (e) is a constant because clogq < ¢ for ¢ large enough and Z _ 1 gexp(—aq)
converges to exp(a)(1 — exp(a)) 2.

2. Term (f) is a constant because this term is negative for q large enough as %, < 0 and is

_ _2c
maximized at ¢ = . ]

n

Finally, we can bound the expected leftover budget as

- 52 2
E[Br] < C =0 <<1—exp( i‘féﬁ» +52>, (83)
drift

where the last equality follows when ¢ > 59 . This completes the proof.

drift

D Proofs for Section 3.2

D.1 Proof of Lemma 3.9

O min Min{ Jsupport, Istack }
4m

It suffices to show that v = is a feasible solution the Eq. (8).

First, we show that p = D~1(b + vs;) > 0. Foreach z € X,
eED7 V(b4 vs)) = el Do+ vel D71
=p;+vei D 'sy

> 5suppor1 - 'YHDilstHQ

1
> 5suppon - _——vm
Omin

> 0.

Second, we show that for any non-binding resource j, de’l (b+yse) > 5“2“":

df D b+vys) = Y djw, p)ps +7df D 's,
rzeX
> 5s]ack - 7|dJTD715t‘

> Oslack — ’YHdZHQHD_lHQHStHQ

2 5s]ack - m
min
5slack

2

v

>77
-2

where the last inequality follows because o min ; dtacks Gsupport < 1.
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D.2 Proof of Lemma 3.10

Divide the T rounds into two phases: P; = {1,...,T — exp(3/c) and P, = {1,...,T} \ P;. Note
that P consists of exp(3/c) = O(exp(y*)) = O(1) rounds, where the last equality follows because
~* is bounded by 1. Therefore, the expected number of null arm pulls in this phase is O(1) and it
suffices to bound the expected number of null arm pulls in P;.

We can write the expected number of rounds in which there exists a resource whose budget is less

than 1 as
T T
S>> 1B <1 =) E Z [Bi_1; < 1] (84)

t=1jeJ JjeT =1

(a)
We can bound term (a) above the same way as in the proof of Lemma 3.5 (Appendix C.4) with dy
replaced by v*.. Therefore,

T 2
SN 1By < 1| <mC (1 + 7T6> : (85)

t=1jeJ
where C is defined in Eq. (37).

D.3 Proof of Lemma 3.11

Consider an arbitrary resource j € J*. Recall the vector s; defined in ControlBudget (Algorithm 2).
If ¢ denote the row corresponding to resource j, then the ith entry of s;, denoted by s:(7), is —1 if
B;_1,; < ¢ and +1 otherwise.

Let E, denote the event that the s;(¢) is equal to —1 consecutively in exactly the last g rounds, i.e.,
si(i) = —1forallt > T — g+ 1and s,(i) = +1fort = T — q (if ¢ # T). Note that the events
(Eq:q=0,...,T) are disjoint. Let S, denote the event that the total drift for j in the last ¢ rounds

is greater than ( V)G e D s g At > 1(—~*)q. We can upper bound the expected leftover
budget of resource j by condition_ing on these events as follows.

M=

E[Br;] = ) Pr(E)] E[Br;|E] (86)
q=0
T
< ZE[BT,j|Eq] &7)
q=0
T
= ZE[BT,j|Eqv Sq] Pr[Sq‘Eq] + E[BT’j|Eq7 S;] Pr[Sg|Eq] . (88)

<
Il
=)

(a) ®) (©) (d)

If ¢ = 0, then the expected leftover budget is trivially at most a constant. We can bound the four
terms for ¢ > 1 as follows:

(a) We have
E[Br,;|Eq, Sq] < clogg+ ¢ (89)
because (i) ControlBudget (Algorithm 2) sets s¢(i) = +1inround T' — g if Br_q_1 ; <
Tr—q = clog ¢; and (ii) conditioned on the event S, the total drift in the last ¢ rounds can
be at most ¢ as the drifts are bounded by 1.

(b) We have
1 *
Pr(Sy|E,] < exp( TRt )261) (90)
because (i) the sequence of drifts observed in rounds ¢ > T" — ¢ + 1 is a supermartingale
difference sequence with E[d; j|dr—g41,,--.,ds—1,;] < —7*; and (ii) by the Azuma-

Hoeffding inequality, the probability the sum .5 is greater than half its expected value is at
most exp (— % (*y*)zq) .
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(c) We have
1
E[Br ;| Eq, Sg] < (clogq + 2(—7*)61) oD

because (i) ControlBudget (Algorithm 2) sets s4(i) = +1inround T — qif By_q4_1 ; <
Tr—q = clog ¢; and (ii) conditioned on the event S¢, the total drift in the last ¢ rounds can

be at most & (—7*)q.

(d) We have
Pr[Si|E,] <1 92)
trivially.
Therefore,
o 1 1
E[Br;] < qz:;) clogq+ q) exp ( 67 *)Qq) + (clogq + 2(—7*)61) : (93)

(e) (f)
This summation is a constant in terms of 7"

1. Term (e) is a constant because clogq < ¢ for ¢ large enough and Z;il qexp(—aq)
converges to exp(a)(1 — exp(a)) 2.

2. Term (f) is a constant because this term is negative for ¢ large enough and is maximized at
2c
q= =
v

Finally, we can bound the expected leftover budget as

- - 7*2 -2 1
EBr;] <C=0 (1—exp(16)> +W , (94)

where the last equality follows when ¢ > *2 This completes the proof.

E Proofs for Section 4

E.1 Proof of Lemma 4.1

It suffices to show that the complement of the clean event occurs with probability at most 5mT 2.

For (i) in the definition of the clean event (Definition 4.2), by taking a union bound over the
components of the outcome vector and using Azuma-Hoeffding inequality, we have

12 ¢ [LCBy(z),UCBy(z)] < 2(m + 1) exp (—2n(z)rad(z)?) 95)
< 4mexp (Qnt(ac) 81°gT> (96)

ny(z)
< 4mT~2. 97)

For (ii) in the definition of the clean event (Definition 4.2), a similar approach works. Let S, ; denote
the sum of the drifts for resource j € J after n pulls of the null arm z°. By the union bound and

23



Azuma-Hoeffding inequality,

1
Pr(3j € 7 st Su; <w] <m ( L ) 98)
1
< mexp ( i 5dnft> 99)
1 1024km2 logT
< mexp < 1 ol g 5drift) (100)
dnft mm
2
— mexp ( 256km logT> (101)
5dr1ft0'mm
< mexp( 256km> logT) (102)
< mexp (—256logT) (103)
<mT~2, (104)

where Eq. (102) follows because dqit € (0, 1] and o € (0, 1). This shows that the probability of
the complement of the clean event is at most 577~ 2 and completes the proof.

E.2 Proof of Lemma 4.2

We will prove the lemma for OP T p because the other cases are similar. Simplifying and overloading
notation for this proof, we denote the probability simplex over k dimensions as Ag, and the vector of
expected rewards, the matrix of expected drifts and the right-hand side of the budget constraints as

r d,1 d,1
1y [P U B
r=1|:|,D= b= ——1. (105)
: T
s d,m d,m
K 1 s

We will use 7 and D to denote the empirical versions of the rewards and drifts. We can write

OPTLp = maxr’p s.t. Dp > b,
PEA
UCB,(OPTip) = max(r + rad;)”q s.t. (D +rad)g > b
[[[SYAVY
< max(r 4 2rad;)Tq s.t. (D + 2rad)g > b
qEA
< 2rad; + max rTq s.t. Dg > b — 2rad;,
qEAY

where the second-last inequality follows because we are conditioning on the clean event. Therefore,
using D’ and &’ to denote the submatrix and subvector corresponding to the binding constraints, we
have

UCB,(OPTp) — OPTip < 2rad; + |r'p —r"q
< 2rad; + [r1(D)"N — (D)"Y — 2rady)|
< 2rad; + |[r[|2[|(D") " [|2]|2rad |2
< 2rady + 2mrad,
am

Omin

<

rad;,

Omin
where last inequality follows because oy, < 1 < m. Since the LCB is defined by subtracting rady
from the empirical means, we obtain the same upper bound on OPT p — LCB;(OPTp) and using
the triangle inequailty completes the proof.

E.3 Proof of Theorem 4.1

Since the complement of the clean event occurs with probability at most O(m71~2) and contributes
O(T) to the regret, it suffices to bound the regret conditioned on the clean event. So, condition on the
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clean event for the rest of the proof. Phase one contributes at most

2
o) < hm” }A2) logT (106)

: 2
min { 6drifl » Omin

to the regret by Corollary 4.2. Phase two contributes at most

O (122) logT (107)
2

to the regret.

Observe that after phase two, rady(z) < 7;2 for all x € X*. Combining this with Egs. (8)
and (15) to (17), we have that (v*, D~1(b+ v*s;)) is a feasible solution to the optimization problem
solved by ExploreThenControlBudget (Algorithm 3). Therefore, (7, p;) ensure that there is
drift of magnitude at least % in the “correct directions”. As noted in the end of Section 3.2, the
regret analysis of ControlBudget (Algorithm 2) requires the algorithm to know X*, J*, and
find a probability vector p; that ensures drifts bounded away from zero in the “correct directions”.
Therefore, by Theorem 3.2, phase three contributes at most C” to the regret, where C' is the constant
in Theorem 3.2. Combining the contribution from the three phases, we have that

Ry (ExploreThenControlBudget) < C -logT, (108)

where v* (defined in Lemma 3.9) and C are constants with
2

~ km *\ — 1
CzO( 5 }A2+k(7)2+0). (109)

)
min{6ig: Tanin

E.4 Proof of Theorem 4.2

Note that BwK is not automatically a special case of our model because of our assumption that the
null arm has strictly positive drift for every resource. In this section we present a reduction from
BwK with % bounded away from 0 to our model. We show that our results imply a logarithmic regret
bound for BwK under certain assumptions.

Reduction Assume we are given an instance of BwK with % > daie > 0. (Existing results
on logarithmic regret for BwK also assume the ratio of the initial budget to the time horizon is
bounded away from 0 [14].) We will reduce the given BwK instance to a problem in our model.
The reduction initializes an instance of ExploreThenControlBudget (Algorithm 3) running in a
simulated environment with the same set of arms as in the given BwK instance, plus an additional
null arm whose drift is equal to d4;¢ deterministically for each resource. The reduction will maintain
two time counters: t, is the actual number of time steps that have elapsed in the BwK prlblem, and ¢,
is the number of time steps that have elapsed in the simulation environment in which Algorithm 3
is running. Likewise, there are two vectors that track the remaining budget: B, is the remaining
budget in the actual BwK problem our reduction is solving, while Bj is the remaining budget in the
simulation environment. These two budget vectors will always be related by the equation

Bs = Ba - T(Sdriftl + tsddriftl (1 10)
In particular, the initial budget of each resource is initialized (at simulated time ¢, = 0) to B — T i

Each step of the reduction works as follows. We call Algorithm 3 to simulate one time step in
the simulated environment. If Algorithm 3 recommends to pull a non-null arm z, we pull arm z,
increment both of the time counters (¢, and ¢,), and update the vector of remaining resource amounts,
B,, according to the resources consumed by arm z. If Algorithm 3 recommends to pull the null
arm, we do not pull any arm, and we leave ¢, and B, unchanged; however, we still increment the
simulated time counter t,. Finally, regardless of whether a null or non-null arm was pulled, we update
B; to satisfy Eq. (110).

Correctness Since the reduction pulls the same sequence of non-null arms as Algorithm 3 until the
BwK stopping condition is met and the additional pulls of the null arm in the simulation environment
yield zero reward, the total reward in the actual BwK problem equals the total reward earned in the
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simulation environment at the time when the BwK stopping condition is met and the reduction ceases
running. Since Algorithm 3 maintains the invariant that B, is a nonnegative vector, Eq. (110) ensures
that B, will also remain nonnegative as long as ¢, > 7" must hold. Theorem 4.1 ensures that the total
expected reward earned in the simulation environment and hence, also in the BwK problem itself,
is bounded below by T'- OPT p — C - log T, where C'is the constant in Theorem 4.1 and OPTp
denotes the optimal value of the LP relaxation (Eq. (1)) for the simulation environment.

We would like to show that this implies the regret of the reduction (with respect to the LP relaxation
of BwK) is bounded by C'-log T'. To do so, we must show that the LP relaxations of the original BwK
problem and the simulation environment have the same optimal value. Let . and p%7 denote the
expected reward and expected drifts in the actual BwK problem with arm set X, and let 4%, and %7
denote the expected reward and drifts in the simulation environment with arm set XY+ = X' U {x%}
The two LP formulations are as follows.

max > Pafly max > pafly
p zEX ) p TEX )
s.t. S pepdd > —% VjeJ, S.t. > pepid? > *% — Oarife VieJ,
rzeX zeX
zEX zeXT
pz >0 Vo € X. pz >0 Vo e XT.

The differences between the two LP formulations lie in substituting / for y, substituting X'+ for X',
and transforming the inequality constraint ) _ . p, < 1 into an equality constraint ) . p, = 1.
We know that u7, = fif; for every x € X and i, = 0. Furthermore, %7 denotes the expected drift
of resource j in the simulation environment when arm x is pulled. This can be written as the sum of
two terms: drift u% is the expectation of the (non-positive) quantity added to the jth component of
budget vector B, when pulling arm z in the actual BwK environment; in addition to this non-positive
drift, there is a deterministic positive drift of dq; due to incrementing the simulation time counter
ts and recomputing B using Eq. (110). Hence, %7 = pJ + §yiq forall z € X and j € J.
Furthermore, /l;lif = dairi. Hence, for any vector p'representing a probability distribution on X'+, we

have
D pai? = (Z pzﬂi’j> + Garin- (11

reXt zeEX
Accordingly, a vector psatisfies the constraints of the BwK LP relaxation above if and only if the
probability vector on X' obtained from p'by setting p,o =1 — > cx Dz satisfies the constraints
of the second LP relaxation above. This defines a one-to-one correspondence between the sets of
vectors feasible for the two LP formulations. Furthermore, this one-to-one correspondence preserves
the value of the objective function because fi, = u7, forz € X and 7, = 0. Thus, the optimal value
of the two linear programs is the same. This completes the proof.

F Experiments

In this section we present some simple experimental results. > For simplicity, we only consider
Bernoulli distributions, i.e., rewards are supported on {0, 1}, a positive drift arm’s drifts are supported
on {0, 1}, and a negative drift arm’s drifts are supported on {0, —1}. We generate the data for the
experiments as follows:

* Fig. 1 plot (a): We set T' = 25k, B = 0,n = 2 and m = 1. The expected reward and drifts
for the arms are: (0;0.1), (0.8;0.4). The LP solution is supported on a single positive drift
arm.

* Fig. 1 plot (b): We set T = 25k, B = 400,n = 2 and m = 1. The expected reward and
drifts for the arms are: (0;0.4), (0.8; —0.3). The LP solution is supported on the null arm
and the negative drift arm.

* Fig. 1 plot (¢c): We set T' = 25k, B = 400,n = 3 and m = 1. The expected reward and
drifts for the arms are: (0;0.4), (0.8; —0.3), (0.1;0.3). The LP solution is supported on the
positive drift arm and the negative drift arm.

>The code and data are available at https://github.com/raunakkmr/
non-monotonic-resource-utilization-in-the-bandits-with-knapsacks-problem-code.
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LP vs ControlBudget (one resource). LP vs ControlBudget (one resource).
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Figure 1: Regret of ControlBudget on a variety of test cases.

LP vs ControlBudget (one resource). LP vs ETCB (one resource).
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Figure 2: Regret of ControlBudget and ExploreThenControlBudget on the same test case. We

modify ExploreThenControlBudget to use the empirical means instead of UCB/LCB estimates
for phase one as described in Appendix F.

* Fig. 1 plot (d): We set T = 25k, B = 3,n = 3 and m = 2. The expected reward and
drifts for the arms are: (0;0.1,0.08), (0.8; —0.2, —0.25), (0.1; 0.4, 0.5). The LP solution is
supported on the positive drift arm and the negative drift arm.

* Fig. 2 plot (a) and (b): We set T" = 150k, B = 10,n = 3 and m = 1. The expected reward
and drifts for the arms are: (0;0.9), (0.8; —0.6), (0.1;0.7). The LP solution is supported on
the positive drift arm and the negative drift arm.

As our plots show (Fig. 1), our MDP policy, ControlBudget, performs quite well and achieves
constant regret.

Our learning algorithm does not perform as well empirically due to large constant factors. Specifically,
the number of rounds required for the confidence radius to be small enough for phase one to
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successfully identify X™* and J* is too large. In our simple test cases, if we simply consider the
empirical means, which are very close to the true means, instead of the UCB/LCB estimates for phase
one, then the learning algorithm performs as expected: it achieves logarithmic regret by spending a
logarithmic number of rounds identifying X * and J*, and achieves constant regret thereafter (Fig. 2).
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