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Abstract

Recently, the anchor acceleration, an acceleration mechanism distinct from Nes-
terov’s, has been discovered for minimax optimization and fixed-point problems,
but its mechanism is not understood well, much less so than Nesterov acceler-
ation. In this work, we analyze continuous-time models of anchor acceleration.
We provide tight, unified analyses for characterizing the convergence rate as a
function of the anchor coefficient 3(t), thereby providing insight into the anchor
acceleration mechanism and its accelerated O(1/k?)-convergence rate. Finally, we
present an adaptive method inspired by the continuous-time analyses and establish
its effectiveness through theoretical analyses and experiments.

1 Introduction

Nesterov acceleration [51] is foundational to first-order optimization theory, but the mechanism
and its convergence proof are not transparent. One approach to better understand the mechanism is
the continuous-time analysis: derive an ODE model of the discrete-time algorithm and analyze the
continuous-time dynamics [65, 66]. This approach provides insight into the accelerated dynamics
and has led to a series of follow-up work [71, 62, 29].

Recently, a new acceleration mechanism, distinct from Nesterov’s, has been discovered. This
anchor acceleration for minimax optimization and fixed-point problems [35, 75, 54] has been an
intense subject of study, but its mechanism is understood much less than Nesterov acceleration. The
various analytic techniques developed to understand Nesterov acceleration, including continuous-time
analyses, have only been applied in a very limited manner [59].

Contribution. In this work, we present continuous-time analyses of anchor acceleration. The
continuous-time model is the differential inclusion

X € —A(X) - B(t)(X — Xo)

with initial condition X (0) = X, € dom A, maximal monotone operator A, and scalar-valued
function 3(t). The case 3(t) = 1 corresponds to the prior anchor-accelerated methods APPM [35],
EAG [75], and FEG [42].

We first establish that the differential inclusion is well-posed, despite the anchor coefficient 3(t)
blowing up at ¢ = 0. We then provide tight, unified analyses for characterizing the convergence rate
as a function of the anchor coefficient 5(t). This is the first formal and rigorous treatment of this
anchored dynamics, and it provides insight into the anchor acceleration mechanism and its accelerated
O(1/k?)-convergence rate. Finally, we present an adaptive method inspired by the continuous-time
analyses and establish its effectiveness through theoretical analyses and experiments.

1.1 Preliminaries and notation

We provide the organization for prior works in Appendix A. Here, we review standard definitions and
set up the notation.
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Monotone and set-valued operators. We follow the standard definitions of Bauschke and Com-
bettes [15], Ryu and Yin [58]. For the underlying space, consider R™ with standard inner product
(-,-) and norm ||-||. Define domain of A as dom A = {z € R™ | Az # (}. We say A is an operator
on R™ and write A: R™ =% R"™ if A maps a point in R" to a subset of R™. We say A: R™ = R™ is
monotone if

(Az — Ay,x —y) > 0, Va,y € R™,
where the notation means that (v — v,z — y) > 0 for all u € Az and v € Ay. For u € (0, 0), say
A: R™ = R"™ is u-strongly monotone if
(Ax — Ay, x —y) > pllz —y|?, Ve, y € R™.

Write Gra A = {(z,u) | u € Az} for the graph of A. An operator A is maximally monotone if there
is no other monotone B such that Gra A C Gra B properly, and is maximally p-strongly monotone
if there is no other u-strongly monotone B such that Gra A C Gra B properly.

For L € (0, 00), single-valued operator T: R™ — R"™ is L-Lipschitz if
Tz —Ty|| < Lz —yl,  Va,y eR™

Write Ja = (I + A) ™! for the resolvent of A, while I: R™ — R™ is the identity operator. When A
is maximally monotone, it is well known that J 4 is single-valued with dom Ja = R”.

We say z, € R™ is a zero of A if 0 € Ax,. We say y, is a fixed-point of T if Ty, = y,. Write
Zer A for the set of all zeros of A and Fix T for the set of all fixed-points of T.

Monotonicity with continuous curves. We say an operator is differentiable if it is single-valued,
continuous, and differentiable as a function. If a differentiable operator A is monotone and
X: [0,00) — R™ is a differentiable curve, then taking limit » — 0 of

5 (ACX(E+ 1) = ACX(0), X (¢4 h) — X(1)) > 0
leads to
(FAcea). X)) 2o 1)
Similarly if A is furthermore p-strongly monotone, then
d ) . 2
(Gaxo.x@) = x| @

2 Derivation of differential inclusion model of anchor acceleration

2.1 Anchor ODE

Suppose A: R™ = R™ is a maximal monotone operator and 5 : (0,00) — [0,00) is a twice
differentiable function. Consider differential inclusion

X(t) € —A(X (1) = B)(X(t) — Xo) 3)

with initial condition X(0) = X, € dom (A). We refer to this as the anchor ODE. ' We say
X: [0,00) — R™ is a solution, if it is absolutely continuous and satisfies (3) for ¢ € (0, co) almost
everywhere.

Denote S as the subset of [0, c0) on which X satisfies the differential inclusion. Define
A(X (1) = =X (1) - BO(X (1) — Xo)

fort € S. Since A(X(t)) € A(X(t)) fort € S, we say A is a selection of A fort € S. If

||A(X (t))|| is bounded on all bounded subsets of S, then we can extend A to [0, o) while retaining
certain favorable properties. We discuss the technical details of this extension in Appendix E.1. The
statements of Section 3 are stated with this extension.

IStrictly speaking, this is a differential inclusion, not a differential equation, but we nevertheless refer to it as
an ODE.



2.2 Derivation from discrete methods

We now show that the following instance of the anchor ODE

(1) = ~A(X(H) ~ (X(0) - Xo), @

where X (0) = X is the initial condition and A: R™ — R™ is a continuous operator, is a continuous-
time model of APPM [35], EAG [75], and FEG [42], which are accelerated methods for monotone
inclusion and minimax problems.

Consider APPM with operator hA

o = Tpay* !
k 1
k k_ k=1 0
- o2k — + 5
4 k:—|—1( vy k+1y )

with initial condition ¢ = 2°. Assume ~ > 0 and A: R™ — R" is a continuous monotone operator.
Using y*~1 = 2* + hAz"* obtained from the first line, substituting y/* and y*~! in the second line
we get,

k 1
M hA T = —— (2F — hA” 0.
"t 4+ hAzx k+1(x x)+k+1x

Then reorganizing and dividing both sides by h, we have

zhtl — gk k 1
B S Azk — k_ 0y
h v M T aee@ )
Identifying 2° = X, 2hk = t, and 2* = X (t), we have kiﬂ =1- W}lh =14+ O (h)and so
. 2
2X(t)+ O (h) = —-A(X(t+2h))— (1+ 0O (h)AX(t) — oM (X(t) — Xo) -

Taking limit A~ — 07 and dividing both sides by 2, we get the anchor ODE (4). The correspondence
with EAG and FEG are provided in Appendix D.4.

The following theorem establishes a rigorous correspondence between APPM and the anchor ODE
for general maximal monotone operators.

Theorem 2.1. Let A be a (possibly set-valued) maximal monotone operator and assume Zer A # (.
Let ©* be the sequence generated by APPM (5) and X be the solution of the differential inclusion (3)
with 3(t) = 1. For all fixed T > 0,

lim max ||xk — X(2kh)| =o0.
h—=0+0<k< L

We provide the proof in Appendix D.2.

2.3 Existence of the solution for 3(t) = ;5

To get further insight into the anchor acceleration, we generalize anchor coefficient to 3(t) = 7% for
p,~ > 0. We first establish the uniqueness and existence of the solution.

Theorem 2.2. Consider (3) with 5(t) = L, i.e.

t?}
X(t) € ~A(X(1)) — L(X(t) - Xo). ©)
for p,y > 0. Then solution of (6) uniquely exists.

We provide the proof in Appendix B.



2.4 Additional properties of anchor ODE
We state a regularity lemma of the differential inclusion (3), which we believe may be of independent
interest. In particular, we use this result several times throughout our various proofs.

Lemma 2.3. Let X (-) and Y (-) are solutions of the differential inclusion (3) respectively with initial
values and anchors Xo and Yy. Then for all t € [0, 00),

1X(#) =Y @) < [ X0 = Yol| -

We provide the proof in Appendix B.1.

Boundedness of trajectories is an immediate corollary of Lemma 2.3. Specifically, suppose X (-)
is the solution of differential inclusion (3) with initial value X. Then for all X, € ZerA and
t €[0,00),

X () = Xull < [[ X0 — Xul-

This follows from setting Yy = X, in Lemma 2.3.

3 Convergence analysis

We now analyze the convergence rate of ||A(X (t)) H2 for the anchor ODE (3) with 3(¢) = 7 and
v, p > 0. The results are organized in Table 1.

Case ‘Z; 1 i’ p<l p>1

Al

p
Y
[Ax@)” | o) o@F) o) oW

(AVAN|

Table 1: Convergence rates of Theorem 3.1.

Let /3 be the anchor coefficient function of (3). Define C': [0,00) — R as C(t) = elo B()ds for some
v € [0, 00]. Note that C' = C5 and C is unique up to scalar multiple. We call O (5(t)) the vanishing

speed and O ( o ) the contracting speed, and we describe their trade-off in the following.

Loosely speaking, the contracting speed describes how
fast the anchor term alone contracts the dynamical system.
Consider X (t) = —3(t)(X (t) — a) for a € R, a system
only with the anchor. Then, X (t) = %(X(O) —a)+a \
is the solution, so the flow contracts towards the anchor
a with rate % Intuitively speaking, this contracting

behavior leads to stability and convergence. On the other
hand, the anchor must eventually vanish, since our goal is

. p=3y=1
to converge to an element in ZerA, not the anchor. Thus p=1,y=1
the vanishing speed must be fast enough to not slow down ply=1

— p=l,y=

the convergence of the flow to ZerA .

This observation is captured in Figure 1. Consider a mono—

tone linear operator A = (% §) on R? and 3(t) = & Figure 1: Flows of the solution of (6)
withy = 1and p > 0. Note if there is no anchor, the with A = (71 0) v =1, X, = (1,0)
ODE reduces to X = —A(X) which do not converge [31, and various p. Flow is from ¢t = 0 to
Chapter 8.2]. Figure 1 shows that with p > 1, the anchor ¢ = 100. The marker is plotted every 0.8
vanished too early before the flow is contracted enough units of time until ¢ = 9.6. Note the last
to result in converging flow. With p < 1, the flow does marker of the flow for p = % is farther
converge but the anchor vanished too late, slowing down from the optimal point % than that of the
the convergence. With p = 1, the convergence is fastest.  flow for p = 1.

The following theorem formalizes this insight and produces the results of Table 1.



Theorem 3.1. Suppose A is a maximal monotone operator with ZerA # (. Consider (3) with
B(t) = 1%. Let A(X(t)) be the selection of A(X (t)) as in Section 2.1. Then,

|AX @) =0 (0(1]5)2> +0 (B(1)) +0 (81)).-
Note that

eT-» p#£ 1.

We expect the convergence rate of Theorem 3.1 to be optimized when the terms are balanced. When

Bt) = 1,

tY p=1
C(t) == { itlfp

1 1 1 .
= = — = t 2 = — t
C(t)Q (eflt %d5)2 t2 6( ) 5( )
and all three terms are balanced. Indeed, the choice 5(t) = % corresponds to the optimal discrete-time
choice 1= of APPM or other accelerated methods.

3.1 Proof outline of Theorem 3.1

The proof of Theorem 3.1 follows from Lemma 3.4, which we will introduce later in this section. To
derive Lemma 3.4, we introduce a conservation law.

Proposition 3.2. Suppose Ais Lipschitz continuous and monotone. Forty > 0, define E : (0,00) —
R as

5= SO (JAGKEN]® + 2500 (A (X(0), X(0) ~ Xo) + (8 + 50 1X(0) - Xl

t $)28(s 9 t N .
- / a <C”f”> X)Xl ds + [ C(s)” <jA<X<s>>,X<s>>ds.

to S
Then E is a constant function.

The proof of Proposition 3.2 uses dilated coordinate W (t) = C(t)(X (t) — Xo) to derive its conser-
vation law in the style of Suh et al. [67]. We provide the details in Appendix E.2.

Recall from (1) that <%A(X(s)), X(s)> > 0, the integrand of the last term of E is nonnegative.

This motivates us to define
t d - .
V(t)=FE - / C(s)? <A(X(s)), X(s)> ds
t ds
as our Lyapunov function.

Corollary 3.3. Let A be maximal monotone and 3(t) = 7 withp > 0, v > 0. Let A(X (t)) be the

selection of A(X (t)) as in Section 2.1. For ty > 0, define V : [0,00) — R as

2 ~ 5 ~ .
v ( A @) +26(0) (AX(6), X(t) = Xo) + (B + B(1)) 11X (1) - Xo|2)

-4 (C(S)f (”) IX(5) — ol ds.

SJort > 0and V(0) = limy_94 V(¢). Then V(t) < V(0) holds fort > 0.

V(t) =

A technical detail is that all terms involving - A(X (s)) have been excluded in the definition of V/

and this is what allows A to not be Lipschitz continuous. We provide the details in Appendix E.3.

Lemma 3.4. Consider the setup of Corollary 3.3. Assume ZerA # (). Then for t > 0 and
X, € ZerA,

IAC )" < 4807 X0 — X + 4cv(t(;)z) —2 (B(t)2 + B(t)) 1 () — Xol®
! C<2t)2/t % (C()28() 1X(s) = Xo*ds. -



Proof outline of Lemma 3.4. Define

() = [|ACX(®)] +280) (AX (1)), X (t) — Xo) .

Then, from monotonicity of A and Young’s inequality,

() > [|AX (1) >||2 +28(t) (A(X (1), X.- Xo)
> A () 2(H x| + 180 (X*Xo)|2)
*||A O)[° = 28 1X0 - X% ®)

By Corollary 3.3, QC‘zg)Q) — é‘ft(;z) + ®(t) > ®(¢) for t > 0. Applying (8) and organizing, we can get

the desired result. The details are provided in Appendix E.4. [

Proof outline of Theorem 3.1. It remains to show that last integral term of Lemma 3.4 is O (0(115)2 ) +
O (B(t)*) +0 (B(t)) The details are provided in Appendix E.5. O

Before we end this section, we observe how our analysis simplifies in the special case 5(t) = +. In

this case,

1
t

2 ) _
Vit = 5 A+t (AX0), X (1) - Xo),

and this corresponds to the Lyapunov function of [59, Section 4] for the case vy = 1. As V(0) = 0,
the conclusion of Lemma 3.4 becomes

~ 2 4 2 1
AN < % 1% - 1P =0 ().
which to the best rate in Table 1.

3.2 Point convergence

APPM is an instance of the Halpern method [54, Lemma 3.1], which iterates converge to the element
in ZerA closest to X [34, 73]. The anchor ODE also exhibits this behavior.

Theorem 3.5. Let A be a maximal monotone operator with ZerA # () and X be the solution of (3).
Iflim;_, o HA(X(t))H = 0andlimy_,o, 1/C(t) =0, then, ast — oo,

X () — argmin ||z — Xo|| .

zEler

We provide the proof in Appendix E.6.

4 Tightness of analysis

In this section, we show that the convergence rates of Table 1 are actually tight by considering the

dynamics under the explicit example A = ( 0 (1)) Throughout this section, we denote A as A when

when the operator is linear.

4.1 Explicit solution for linear A

Lemma 4.1. Let A: R™ — R" be a linear operator and let 3(t) = 1. The series

X(t) = ; 1“(7(1_—:{;)471—1)“7 +1)Xo,

where I denotes the gamma function, is the solution for (3) with A = A.



Note that when « = 0, this is the series definition of the matrix exponential and X (t) = e~*4. The
solution also has an integral form, which extends to general 3(t).

Lemma 4.2. Suppose A: R™ — R" is a monotone linear operator. Then

e—tA

X(t) = 0 ( /0 esAC(s)ﬁ(s)ds+C(0)I> Xo 9)

is the solution for (3) with A = A.

See Appendix F.1.1 and Appendix F.1.2 for details.

4.2 The rates in Table 1 are tight

First, we consider p > 1 for 5(t) = 7.

Theorem 4.3. Suppose lim;_, o % # 0, i.e., suppose B(t) € Ll[tg, c) for some to > 0. Then
there exists an operator A such that

lim HA ))H #£0,

t—o0

where X is the solution of (3).

Note that 7 € L'[tg,00) when p > 1. The proof of Theorem 4.3 considers A = 21§ ( o (1)) for
EeR and uses the Fourier inversion formula. See Appendix F.2 for details.
Next, we consider 3(t) = 7 for cases other than p > 1.

Theorem 4.4. Let A= (% §), B(t) = %, 0 <p <1, and~ > 0. Let X be the solution given by
(9) and Xo # 0. Let

2 forp=1v>1
r(t)=qt" forp=179<1,
2P for0 <p< 1.

Then, )
Jim (1) [ ACX(5)]* # 0.

We provide the proof in Appendix F.3.

5 Discretized algorithms

In this section, we provide discrete-time convergence results that match the continuous-time rate of
Section 3.

Theorem 5.1. Suppose A be a maximal monotone operator, p > 0, and y > 0. Consider

B gyt
kP 0
k k k—1 0
= 2 J—
Y ki’+v(x Y )+k1’+vx
fork = 1,2,..., with initial condition y° = 2° € R". Let Az* = y*1 — 2F fork = 1,2,....

Then this method exhibits the rates of convergence in Table 2.

% p<l p>1
O () O(m) O

Table 2: Rates for the discrete-time method of Theorem 5.1.

Case ‘

IV H

p
Y
O (

A/\H

1A |

Note that the method of Theorem 5.1 reduces to APPM wheny =1, p = 1.



Proof outline of Theorem 5.1. The general strategy is to find discretized counterparts of correspond-
ing continuous-time analyses. However, directly discretizing the conservation law of Proposition 3.2
was difficult due to technical reasons. Instead, we obtain differently scaled but equivalent conservation
laws using dilated coordinates and then performed the discretization. The specific dilated coordinates,
inspired by [67], are W7 (t) = X (t) — Xo forp > 1, Wa(t) = ? (X(t) — Xp) for 0 < p < 1,
Ws(t) =t (X(t) — Xo)forp=1,v>1and Wy(t) =17 (X(t) — Xo) forp=1,0<y < 1.

In the discrete-time analyses, the behavior of the leading-order terms is predictable as they match
the continuous-time counterpart. The difficult part is, however, controlling the higher-order terms
that were not present in the continuous-time analyses. Through our detailed analyses, we bound such
higher-order terms and show that they do not affect the convergence rate in the end. We provide the
details in Appendix G.3. O

6 Convergence analysis under strong monotonicity

In this section, we analyze the dynamics of the anchor ODE (3) for u-strongly monotone A. When
B(t)=+and A = (f ), Lemma 4.1 tells us that A(X(t)) = } (I — e~**) X, and therefore that
[AX®)* =6 (%), which is a slow rate for the strongly monotone setup. On the other hand, we
will see that 5(t) = % is a better choice leading to a faster rate in this setup.

Our analysis of this section is also based on a conservation law, but we use a slightly modified version
to exploit strong monotonicity.

Proposition 6.1. Suppose A is monotone and Lipschitz continuous. Let X be the solution of (3) and
let R : [0,00) — (0, 00) be a differentiable function. For ty > 0, define E : (0,00) — R as

VL0 (IACEEI+ 2800 A 0),X(0)-Xo) + (560 + 50) 1) - Xol* )

[ (W) X ()Xol ds + t:c(8>2R(s’2<<jsA<X<s”’X OF ¢ HX(S)H2> "

E =

, ds s)
Then E is a constant function for t € [0, 00).

Proposition 6.1 generalizes Proposition 3.2, since it corresponds to the special case with R(t) = 1.

Recall from (2), when A is u-strongly monotone we have

<jSA<X<t>>,X<t>> x| =0

This motivates the choice R(t) = e#, since ggz; = p. From calculation provided in Appendix H.2,
the choice 3(t) = 62,2% makes % (m) = 0. Plugging these choices into Proposi-

tion 6.1 and following arguments of Section 3, we arrive at the following theorem.

Theorem 6.2. Let A be a u-strongly maximal monotone operator with . > 0 and assume Zer A # (.

Let X be a solution of the differential inclusion (3) with B(t) = ezzf“_l, i.e. for almost all t,

Let A(X (t)) be the selection of A(X (t)) as in Section 2.1. Define V : [0, 00) — R as
ep,t _ e—ut 2 2 ~
V() = L A @) 2 (1 ) (A ©). X () - Xo) — X — Xol?).

Then V (t) < V(0) holds for t > 0. Furthermore for X, € ZerA,

A < (- >2||X0—X*||2=O<621m)-

et — 1



In Appendix H.2.3, we show that (10) is a continuous-time model for OS-PPM of Park and Ryu [54].
In Appendix C, we show the existence and uniqueness of the solution.

Since 5(t) = ezfﬂ_l € L'[tg, oo) for any to > 0, Theorem 4.3 implies that A (X (t)) + 0 when A is
merely monotone. This tells us that the optimal choice of 3(t) for should depend on the properties of
A. In the following section, we describe how /3(t) can be chosen to adapt to the operator’s properties.

7 Adaptive anchor acceleration and experiments

In this section, we present an adaptive method for choosing the anchor coefficient 5, and we
theoretically and experimentally show that this choice allows the dynamics to adapt to the operator’s
properties. It achieves the optimal O(1/k?)-convergence rate when A is monotone and an exponential
convergence rate when A is furthermore p-strongly monotone and Lipschitz continuous.

Theorem 7.1. Suppose A is Lipschitz continuous and monotone. Consider the anchor ODE
~ 2
A
2 <A(X),X — Xo>
=-B(t)

with initial condition X(0) = X, and HA(XO)H # 0. Suppose the solution exists and X is
continuous at t = 0. Moreover, suppose (3: (0,00) — R is well-defined, i.e., no division by zero
occurs in the definition of B(t). Then for t > 0 and X, € ZerA, we have B(t) > 0 and

IACX®)|* < 48(8)? [ X0 — X, |

1
B(t)* < =

If A is furthermore wu-strongly monotone, then fort > 0,

s < (2)

We provide the proof in Appendix I.1. Note that anchor coefficient (11) is chosen so that
~ 2 ~
(1) = [AX (D))" +28(t) (AX (1), X(t) — Xo) = 0.

So left-hand side of (8) is zero and a O (ﬁ (t)z) convergence rate is immediate. An analogous
discrete-time result is shown in the following theorem.

X =-AX)+

(X — Xo) Y

Theorem 7.2. Let A be a maximal monotone operator. Let x° = 3y° € R™. Consider

xk) — ]IAyk:—l

v = (1= B) (2" =y 1) + Bra”
with
| Az |? -
s e P £0
k= —(Axk, xk — 20) + || Azk|| }
0 if [|Az*||* = 0,
fork=1,2,..., where Azt = Ykl — 2k,

Then By, > 0 and

| At " < 87 2 - 2|
B < ﬁ
fork=1,2,... and z* € ZerA.

If A is furthermore pi-strongly monotone and L-Lipschitz continuous, then fork = 1,2,. ..,

B;%<< p/0+ 17) )2.
T\ + /2 =14 /(1 +12)
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Figure 2: (Left) Network graph. (Right) Squared M-norm ||Az*||2, vs. k. Halpern corresponds to
the method in Theorem 5.1, we use p = 1.5 and v = 2.0.

~ 2 2 .
For the monotone setup, the rate HAx’“+1 || < ﬁ on -z H matches the exact optimal rate of

APPM [54]. In the limit p — 0, the result for the p-strongly monotone case reduces to the result for
the monotone case. We provide the proof and details of Theorem 7.2 in Appendix L.3.

The method of Theorem 7.2 is a discrete-time counterpart of the ODE of (11). The extra term || Az*||?
of the denominator in the definition of ), vanishes in the continuous-time limit. We provide further
details in Appendix I.2. Analogous to the continuous-time case, a key property of the discrete-time
adaptive method is that the counterpart of ®(¢) is kept nonpositive. In the proof of Lemma 1.3, the
fact B, < 1 plays the key role in proving this property. The extra term ||Az*||? in the denominator
and the fact that (Az*, zF — 2°) < 0 when ||Az*||? # 0 leads to §;, < 1.

7.1 Experiment details

We now show an experiment with the method of Theorem 7.2 applied to a decentralized compressed
sensing problem Shi et al. [63]. We assume that we have the measurement b; = A(i)x + e;, where
A(;) is a measurement matrix available for each local agent 4,  is an unknown shared signal we hope
to recover, and e; is an error in measurement. We solve this problem in a decentralized manner in
which the local agents keep their measurements private and only communicate with their neighbors.

As in Shi et al. [63], we formulate the problem into an unconstrained ¢; -regularized least squares
problem

minimize & i1 Uzl A = bil|* + pllfli }

and apply PG-EXTRA. We compare vanilla PG-EXTRA with the various anchored versions of
PG-EXTRA with (3 as in Theorem 5.1 and Theorem 7.2. We show the results in Figure 2. Further
details of the experiment are provided in Appendix J.

8 Conclusion

This work introduces a continuous-time model of anchor acceleration, the anchor ODE X €
—A(X) — B(t)(X — Xo). We characterize the convergence rate as a function of 3(¢) and thereby
obtain insight into the anchor acceleration mechanism. Finally, inspired by the continuous-time
analyses, we present an adaptive method and establish its effectiveness through theoretical analyses
and experiments.

Prior work analyzing continuous-time models of Nesterov acceleration had inspired various follow-up
research, such as analyses based on Lagrangian and Hamiltonian mechanics [71, 72, 26], high-
resolution ODE model [62], and continuized framework [29]. Carrying out similar analyses for the
anchor ODE are interesting directions of future work.
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A Prior work

Acceleration for smooth convex function in discrete setting. There had been rich amount of research on acceleration about
smooth convex functions. Nesterov [51] introduced accelerated gradient method (AGM), which has a faster O(1/k?) rate than
O(1/k) rate of gradient descent [22] in reducing the function value. Optimized gradient method (OGM) [36] improved AGM’s
rate by a constant factor, and is proven to be optimal [27]. For smooth strongly convex setup, strongly convex AGM [52]
achieves an accelerated rate, and further improvements were studied [70, 53, 68, 61]. Recently, OGM-G [37] was introduced as
an accelerated method reducing squared gradient magnitude for smooth convex minimization.

Acceleration for smooth convex function in continuous setting. ~Continuous-time analysis of Nesterov acceleration has
been thoroughly studied as well. Su et al. [65, 66] introduced an ODE model of AGM X (t) + X + V f(X) = 0, providing
F(X(t)) — fo € O (1/?) rate for r > 3. Attouch et al. [7] improved the constant of bound for r > 3 and proved convergence

of the trajectories. Attouch et al. [9] achieved O (1 / t=2r/ 3) rate for 0 < r < 3. Apidopoulos et al. [2] generalized their results
to differential inclusion with non-differentiable convex function. Furthermore, wide range of variations of AGM ODE has been
studied [3, 8, 12, 16, 18, 5, 10, 19]. Also, applications to monotone inclusion problem were studied by Attouch and Peypouquet
[6], Attouch and Laszl6 [4], Bot and Hulett [17].

Motivated from above continuous-time analysis for accelerated methods, tools analyzing ODEs have further developed.
Wibisono et al. [71], Wilson et al. [72] and Kim and Yang [38] adopted Lagrangian mechanics and introduced first, second,
unified Bregman Lagrangian to provide unified analysis for generalized family of ODE, where the latter provided analysis for
strongly convex AGM. Systemical approach to obtain Lyapunov functions exploiting Hamiltonian mechanics [26] and dilated
coordinate system [67] were proposed, and analysis of OGM-G was provided by dilated coordinate framework. Different forms
of continuous-time models such as high-resolution ODE [62] and continuized framework [29] were developed.

On the other hand, another type of acceleration called anchor acceleration recently gained attention. As Yoon and Ryu [76]
focused, many recently discovered accelerated methods for both minimax optimization and fixed-point problems are based
on anchor acceleration. More recently, practical applications of anchor acceleration to detecting infeasibility for constrained
optimization problems [55], and accelerating value iteration for dynamic programming and reinforcement learning [41] were
introduced as well.

Fixed-point problem. The history of studies on fixed-point problem dates back to the work of Banach [14], which established
that the Picard iteration with contractive operator is convergent. Kransnosel’skii-Mann iteration (KM) [40, 47] was introduced,
which is a generalization of Picard iteration. Convergence of KM iteration with general nonexpansive operators was proven by
Martinet [49]. For iteration of Halpern [34], convergence with wide choice of parameter were shown by Wittmann [73].

The squared norm ||y, — Ty ||2 of fixed-point residual is a common error measure for fixed-point problems. KM iteration was
shown to exhibit O(1/k) rate [23, 44, 21] and o(1/k)-rate [13, 50]. For Halpern iteration, O(1/(log k)?)-rate was established
by Leustean [43], then improve to O(1/k) rate by Kohlenbach [39]. First accelerated O(1/k?) rate was achieved by Sabach
and Shtern [60] and the constant was improved by Lieder [45] by a factor of 16.

It is known that there is an equivalence between solving fixed-point problem and solving monotone inclusion problem
[30, 28, 54]. Proximal point method (PPM) [48] achieves O (1/k)-rate in terms of H[\xk ||2 [33]. Accelerated proximal point

method (APPM) [35] improved the rate to accelerated O (1 / kz)—rate. Park and Ryu [54] showed APPM is exactly optimal
method for this problem and provided exactly optimal method for p-strongly monotone operator named OS-PPM, which
achieved O (1 / 64“k) rate. The optimal methods APPM and OS-PPM are based on anchor acceleration [76].

Minimax problems. Minimax optimization problem of the form min, max, L(z, y) have recently gained attention in
machine learning society. One of the commonly considered theoretical setting is smooth convex-concave setup, with squared
gradient norm as error measure. In terms of ||OL(x,y)||?, classical EG [64] and OG [56, 57, 24] was shown to achieved
O (1/k)-rate [32]. SGDA [59] achieved O (1/k?>~?P) rate for p > 1/2 with introducing the term anchor. With introducing a
parameter-free Halpern type method, Diakonikolas [25] achieved O(log k/k?). Recently, EAG [75] first achieved accelerated
rate O(1/ k:2) with anchor acceleration, followed by FEG [42], anchored Popov’s scheme [69] and moving anchor methods [1].
Fast ODGA [20] also achieved accelerated o(1/k?) rate. For OL is furthermore strongly monotone with condition number #,
SM-EAG+ [76] achieved accelerated O (1 / 62’“”) rate.

However, continuous-time analysis for anchor acceleration is, to the best of our knowledge, insufficient. Continuous-time
analyses of acceleration for monotone inclusion problem were studied by Bot et al. [20], Lin and Jordan [46], but they did not
consider anchor acceleration. Ryu et al. [59] considered continuous-time analysis of anchor acceleration, but only with limited
cases X (1) = —A(X(t)) — (X — Xo) for v > 1. In this paper, we provide a unified continuous-time analysis for anchor
acceleration with generalized anchor coefficient.
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B Proof of Theorem 2.2

B.1 Proof of uniqueness

Proof of uniqueness is immediate from Lemma 2.3, we first prove the lemma.

Proof of Lemma 2.3. 1t is trivial for t = 0, so we may assume ¢ > 0.
By monotonicity of A and Young’s inequality, we get the following inequality.

LX) - Y@l = < () = V(1) X()) - Y (1))
<A<X<t>> A(Y (1) + BIOX (1) - Y (£)) = B()(Xo — Yo), X(1) - Y (1))
26(t) X (1) = Y (H]” + 28(1) (Xo — Yo, X(t) = ¥ (1))
< S350 1X(0) - YOI + 50) (1% = YolI* + 11X () = Y (1))
= =B IX(6) = YOI + B(1) | Xo - Yol .

Now define C(t) = efu #()4 for some v > 0, then we see C'(t) = C(t)3(t). Moving —B(t) | X (t) — Y (¢)||* to the left hand
side and multiplying both sides by C(t), we have

L (o 1X) - YOI7) = )% 1X(0) ~ Y@ + 00 1X(0) - YOI

< CWBH X0~ Yol = L)1 X0 - Yo

Integrating both sides from € > 0 to ¢ we have
2 2 2 2
CHIXE) =Y@I" = Cle)[|X(e) =Y ()" < C(t) [ Xo = Yo" = C(e) [ Xo = Yo" -
As C'is nonnegative and nondecreasing, lim._,4 C(€) exists. Taking limit e — 0+ both sides we have
C() X (1) = Y (@)]* < Ct) || Xo — Yo
Finally, dividing both sides by C(¢) we conclude
1X(8) =Y () < [1Xo — Yo *.

O
Proof for uniqueness can be done to generalized case (3).
Theorem B.1 (Uniqueness of solutions). If the solution for (3) exists, it is unique.
Proof. Suppose X1, X5 are solutions of (3) with same initial value X,. By Lemma 2.3, we have
[ X1(t) = X2 ()] < [[ Xo — Xoll =0
Therefore X7 (t) = Xo(t) for all ¢ € [0, 00), we get the desired result. O

As (6) is special case of (3), uniqueness proof for Theorem 2.2 follows from Theorem B.1.

B.2 Proof of existence

The proof of existence needs tedious work due to the singularity of % at ¢ = 0, we provide our proof through subsections.
Before we start, we provide a short outline of the proof. The proof is bas1cally based on the proof provided in [65] and [11].

We first prove the case A is Lipschitz. The differential inclusion becomes ODE when A is Lipschitz, we can adopt similar
argument done in [65]. We consider series of ODEs Lipschitz with respect to X, approximating X (t) = —A(X (t)) — (X0 —
X(t)). The approximated ODEs have solutions by classical theory of ODE, we obtain the true solution by considering proper
subsequence of solutions.

As the solution for Lipschitz A is obtained, we can adopt similar argument done in [11]. We first consider solution X, with
Yosida approximation Ay = 1 (I — (I + AA)~"), which is an approximation of A that is Lipschitz continuous. Then we can
obtain a subsequence X converging to original differential inclusion.
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B.2.1 Ecxistence proof for Lipschitz A

Since we will approximate A with Lipschitz continuous functions, we first consider the ODE with Lipschitz continuous A.

Theorem B.2. (Existence of solution for Lipschitz A)

Suppose A : R™ — R" is L-Lipschitz continuous function. Consider the differential equation, with initial value condition
X(0) = Xy € dom(A),

X(t) = —AX (1) - (X (1) - Xo). (12)
where 7, p > 0. Then there exists a unique solution X € CY([0,00), R™) that satisfies (12) for all t € (0, 0). Moreover, for
X (0) defined by X(O) = lim; 04 (t) X0 following is true

. A(Xo) fo<p<l1
X(0) = —lfl( o) if p=1
0 if p>1.

The proof need some preparation. We will think of approximated solutions X5, obtain a sequence that converges to solution X.
Thus we first define Xs. From now, we will denote A as a L- -Lipschitz monotone function.
Definition B.3. Let 0 < § < 1. Consider

S {A(Xes(f)) — L(X5(t) - Xo) 0<t<s

Xl = _AX5(0) — 2(Xs(t) — Xo) £ (13)

Since right hand side above is (L + %)-Lipsehitz with respect to X, the solution uniquely exists by classical ODE theory.
Define the solution as Xg. Then for positive sequence {9, } men such that 6, < 1 and lim,,,_, ~ 0,, = 0, consider sequence

{Zon}
meN

Before we start, we prove a useful lemma we will widely use for the cases that operator is Lipschitz continuous.

Lemma B4. Let A: R" — R" a Lipschitz continuous function. Suppose 3: D — [0,00) be a continuous function with
D C [0,00). Consider differential equation

X = —A(X) - Bt)(X - Xo),

with Xo € R™. Let X:D 5 R"bea differentiable curve that satisfies above equation for t € D. Then for all 0 < a < b such
that [a,b] C D, X and the composition Ao X : [a,b] — R™ are is Lipschitz continuous.

Moreover if 3(t) is well-defined and bounded for almost all t € [a, b], then X is Lipschitz continuous in [a,b]. Thus if B is

twice differentiable, X is Lipschitz continuous.

As Lipschitz continuous functions, X, Ao X and X are absolutely continuous functions.

Proof. We first prove X is Lipschitz continuous. As A, X, 3 are continuous in [a, b] we see A(X (t)) + B(t)(X (t) — Xo) is
continuous in [a, b], thus

M1 = s [0 = e Ak ) + o) - 30

exists. Since its derivative is bounded by M; < oo, we have X is M, -Lipshitz continuous. As composition of two Lipschitz
continuous functions, A o X is Lipschitz continuous.

First observe if § is twice differentiable, J is bounded in [a, b] as it is continuous. Now if 3(t) is bounded for ¢ € [a, b], i.e
‘B(t)‘ < M; for some My > 0, for M3 = max,c(q 3 |B3(t)| we have

H Xo H = Hﬁ — Xo) H+Hﬁ H < Mo My b — a| + M3,

Therefore 3(t)( X(t) — Xo) is (MM, |b — a| + MsM,)-Lipschitz continuous. Thus as a sum of Lipschitz continuous

functions, Xis Lispchitz continuous. O
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We will show for every T° > 0, the set of derivatives {);(5 | § € (0, 1)} is uniformly bounded on [0, 7] and {Xgm}
converges uniformly on [0, T']. We first prove the boundedness of derivatives. To do so, we first prove a useful lemma.

Lemma B.5. For 0 < a < b, suppose X : [a,b] — R" satisfies ODE (12) for t € [a,b]. Define U : [a,b] — R as

meN

o= ]+

2
HX -]

540 - g [l + B o

=1 2r

Then Uy is nonincreasing if for 0 < p < 1, and U, is nonincreasing for p > 1.

Proof. From Lemma B.4 we can check U; and U, are absolutely continuous in [a,b]. Therefore it is enough to check the
derivative is nonpositive for almost all £. From Lemma B.4, we can differentiate (12) both sides. Thus for almost all ¢ we have

S % P o5 Y ¢
K1) =~ SARW) + 2 (X(0) - Xo) ~ LX),
Recall from monotonicity of A and (1), we know <)~( (1), %fl(f( (t))> > 0 for almost all ¢ . Therefore for almost all ¢

Uy (t) = 2 <)‘((t>,)?(t)> + 2p <f((t),f((t) - XO> - % HX(t) - XOH2

— 9 <5((t), CZA(X(t))> - 377 H)%(t)H2 + % <)2'(t),5<(t) - Xo)

e (00,200 = Xo0) = 2 [ 200 = 0 = S e - x|
— -2 (%0, GAXW) - T [0 - 2% - o) - LEZE 200 -
<0
) p>1
Ou(t) = 22 &+ 252 (. X)) + 22 (), X - xo) ~ 22X (1) - x|
—-I2t x| - o (R, GAE@)
_ tjj_l ‘)%(t) ‘2 n 2%5 < (1), X — X0> + ;lf <5((t),5( - X0> - tszl HX’(t) _ X(’Hz
) - (R, GAE@) - ak [f0 - Bk - x|
<0

We now are ready to prove uniform boundedness of derivatives )~( 5-
Lemma B.6. Tuke T > 0. Forallt € [0,T) and 6 € (0, 1), below inequality holds.

VIT 5 [ A(X0)| 0<p<l

\/Tpl (% +2w@L2+2y+1)) HA(XO)H p>1.

Hjﬁs(t)H < Myo(T) =
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Proof. We prove first statement by considering two cases.

(1) t €10,6]

2 2 2
From Lemma B.4, we know X is absolutely continuous and so HX 5 H is absolutely continuous as well. Differentiating
(13), for almost all ¢ € (0, ) we have

Now for almost all ¢ € (0, ),

d I 112 Lo s od ~ ~ 27/ X
i[5 =2 () = -2 (R ko) - [ < T <o
i 0<p<l1 ) . .
From above we know HXJH is nonincreasing in ¢ € [0, §], we have HXg(t)H < HXg(O)H = HA(XO)H
(i) p> 1
L2 L2
Integrating % X(;H < =L H we have
Z 2 * 2
[fso] - 5o <5 [ |%o] «

2t 2
S0 as == %ol

Organizing with respect to HX’ s(t) H we have

- X i
|| < \ (0 M WH 0)\\3@”/1(;(0)
@ t>5

Note for ¢t > § (12) holds, we can apply Lemma B.5.

) 0<p<1 . .
From (i) we know Hf((;(t)H < HA(XO)H for t € [0, d]. Therefore H)Z(;((S)H < HA(XO)H and we see

/Oéig(s)ds < /06 Hi(é(s)
2

~ Z 2 2 .
From Lemma B.5 we know U (t) = HXg(t) H Xs(t) — XOH is nonincreasing. Therefore HX5 (t) H <
01(5) for ¢t > 4. Since § < 1 we have

0] < B0 = y £+ g [0 -

<\l +worr o) < VTR A0

beao - -

ds < 5HA(XO)H.

tP+1

) p>1

f;;)m (i) we know HX(;(t)H < \/;
| %s06) - x| g/jH)@(s)Hdss/:\/g
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(Xo) H for ¢ € [0, 0]. Therefore HX5 H

A(XO)H ds = [ 25:“ HA(XO)

(XO)H and we




Applying (13) and recalling the fact A is L-Lipschitz, we have

5 X5 (60) - Xoll? = |A(xs(0)) + X5<6>H2 = |Acxs6)) — Acxo) + Acxo) +X6<5>HQ
< 2|4 () - ACe)| + 2| Acxo) + Xs00)
<212 %00 _XOH2+4HA(X0)H2+4HX5(6)H2

p—1
< (4L25”+1 +4+ 2 > HA Xo) H )
v

[£ol”

tp—1

From Lemma B.5 we know Us (t) = - Xo H is nonincreasing. Therefore

[72(6) fort > 4. Since § < 1 we have

o] e [Jof
- op—1 52p

2
7 [ %59 - %]
tp—1

HA(XO)HQ _ 2 1 .
4 p (4026041 § 4y 4 260-1) HA(XO)H < \/27 +2p (202 42y +1) HA(XO)H .

Therefore for ¢ € [0, 7] we have

o] < /s (3 + 20z 204 ) )|

From (1) and (2), we get the desired result. O

We now show the sequence {X(;m} converges uniformly on [0, 7] for every T' > 0. It is suffices to prove following
meN

proposition.

Proposition B.7. ForT' > 0, the sequence {f( Som } is a Cauchy sequence with respect to supremum norm on [0, T).
meN

Proof. Take € > 0. We want to show, there is NV € N such that if n,m > N then HX};" (t) — Xs,, (t)H < eforallt € [0, 00).

- 2
Define ds,, (t) = 1 HXa (t) ( H . Without loss of generality, we may assume § > v. With M, (T') defined in
Lemma B.6, we will show ds,, (t) < 262 Mps(T)>.

First consider the case 0 < ¢ < §. By Lemma B.6, we have

e - 0] = st - o= [ (o] [ecof) o

t
< / O 4ot (T)ds = 243 gor(T)
0

Thus for ¢ € [0, 6] we have

s, (1) < 262 M gor(T)? < 262 Myos (T)2.
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Now we consider the case ¢ > . By monotonicity of A, we have
20| = (K - % 0. %50 - %)

= (- (AFs(r) — AK (1)) — L

< (= (X6l0) = X0) + 00 (0) = X, Xalt) = X,0)

[t

= LX) - X, ()|
<0.
Thus we have ds,,(t) < ds, () for t > 0.
Now combining two cases, we have
s, (t) < 262 Mypi (T)? (14)

2
Since limy ;o 0, = 0, there is IV € N such that m > n > N implies ds,, 5,, < 5, we’re done. O
We are now ready to prove Theorem B.2.

Proof. (1) Existence of solution.

From Proposition B.7, we know {X S } converging uniformly on [0, T for every T' >. Denote the limit as X,
meN

i.e. define X : [0,00) — R" as ) }
lim Xs, (t) = X(¢).
m—r o0

We can check X (0) = X easily since X5, (0) = X for all m € N. It remains to show X satisfies (12).
Take ¢t > 0. We wish to show

Consider h, 6, T such that 0 < |h| < ¢,0 < § < min{1,¢ — |h|} and T > ¢t + |h|. Then (¢t — |h|,t + |h|) € [0,T]
and X5(t) = —A(Xs(t)) — - (f((;(t) - Xo>. Consider inequality

. H&(th—f(é(o

|| X - X @
h—0 h

+ AX@®) + (Xt) - Xo)

Hw +AX @) + tlp (X(t) - X0>

X0 + | X0+ AK@®) + % (R0 - Xo) |-

We now show right hand side goes to zero as h — 0. The point of the proof is, Xy converges uniformly to X and X,
is uniformly bounded on [t — |h|, T

From (14) we have

H X(t+h) - X))  Xs(t+h)—Xs(t)

h h
< (HXt+h) Xt + )|+ %) - X)) < 6|Mdot(T)
Also from (14) and since A is L-Lipschitz continuous,
st + Aty + 5 (X0 = X ) | = [ (A0 + 3 (£ - X)) + A @) + 5 (X0) - X |
BTV M
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Now from Lemma B.4 we have X5(t) is absolutely continuous, thus

h (Xg( ) — X; (t)) ds

HX(;(t—kh})L—Xg(t) I i
t+h s .. t+h .
:W t /f Xs(u) duds §m (u)H duds
Observe, for almost every u € [t — |h|,t + |h|] C [0,T] by Lemma B.6 we have
HXé H = HA s(u)) + p+1 (X5( ) — Xo) - ng(u)
= s actstu| + ] 2 [ Estwian] + | Z kst
u

~ p ~ ~
< LMgot(T) + (t—};y|)p+1/o Mot (T)dv + WMdot(T)

= mT ~y ) B
= (L+ (t — \h|)p+1 + = h|)p> Mo (T) =: M.

Note M is independent of / or §. While obtaining the inequality, we used the fact that A(X5(-)) is LMo, (T')-Lipschitz

continuous in [0, T]. Now
t+h s t+h
/ / M duds / (s —t)ds
t t

Now consider § = h? with h small enough that satisfies |h| < 1 and |h| + h? < t. Then the conditions |h| < ¢,
0 < 6 < min{1,¢ — |h|} hold, above arguments are valid. Gathering above results, we have

t+h 1

S R
|h|

Ity

:—M
2

I

u)H du ds

[h]

HX“ i hf)L —X® | AX () + tlp ()”((t) _ Xo) ’
< 2V NLaoe(T) + VAP (L + 1) Mg (T) + s = 0 (a))

which implies the desired result.

(2) The value and continuity of X (t)att =0.
Define C(t) as

Then we see for ¢ > 0
d ~ * v = -~
= (e (X0 - X0)) =) (X + L (X(0) - X0)) = ~COAX ).
Integrating both sides from € > 0 to ¢t we have
C(t)(X(t) = Xo) = C(6)(X(e) = Xo) = — [ C(s)A(X(s))ds.
As C'is a nondecreasing function and bounded below by 0, lim._,g+ C(€) exists, taking limit € — 0+ we have

(X (@) /c VA(X (s
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Dividing both sides by tC’ ( ) with change of variable v = s / t, we have

—C —/C“»

C(tv) _ {W p=1

et (vt -1) p#1,p>0.

Observe

Note t2t"77 (v'7? — 1) < 0 for v € [0,1], since 12 and (v'~? — 1) has opposite sign either 0 < p < 1 or

p > 1. Therefore eT= =t (v < 1. Also, A(X (tv)) is bounded for v € [0, 1] since A(X(-)) is continuous by
Lemma B 4.
So we can apply dominated convergence theorem and take limit £ — 0+. Since

. (tv) 1 0<p<l1
tgl(gl-i- C(t) =)V P=
0 p>1
for v # 0, we have
- —A(Xo) 0<p<l1
oo X -Xg [ (Ct) 5 o _ i B
X(0) = tglgl+ — = —/0 t£%1+ 0 A(X(tv)) ) dv = TAXo) p=1 (15)
0 p>1
We now check X (t) is continuous at ¢ = 0.
H0<p<l
For t > 0, we know
< ~ ~ ’y ~
X(t) = —A(X() - 5 (X(t) = Xo)
Observe
im L (X(t) — Xo) = li 1 X =X _ JO 0<p<l
t£%1+ tp (X(t) - Xo) = tLH& <7t t N fﬁA( 0) p=1 (16)
Now from ODE X(t) = —AX(t)) - tlp(X'(t) — Xo), by taking limit ¢ — 0+ we have
i o (s _ J-A(X0) 0<p<l
Jim X(1) = ~A(X0) =t (K1) - Xo)) = { LA(X) p=1

Therefore X (t) is continuous at ¢ = 0.

(i) p>1 ~
For p > 1, we don’t know the value of lim;_, 75 (X (t) — Xo). Thus we first find the limit.
Let’s go back to

Ct)(X (1) — Xo) = — / C(s)A(X (s)) ds.

Recall C 7 C(t). By taking integration by parts for the right hand side, we have
< togp—1 < tg -
/ (s Vs = LA @) - / o2 () AR () ds — [ ()L A(X (s)) ds.
v 0 v o7 ds

Where we know A(X (s)) is differentiable almost everywhere from Lemma B.4. Now, divide both sides by
@. Then for s = tv we have

(X (t) - Xo) = _A(X(t))+/0 B g((j;/i()?(s))ds+/o jj g((j; (j A(X(s ))) ds

% ' p—lc(tv) 1/ v P ( d
o)+ [ e DAy [ oS (Lace) v
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From Proposition B.7 and since X satisfies (12) for ¢ > 0, for s € (0, ] we have

X(s) = A(X(s)) + L (X(s) - XO) = lim (A(Xgm(s)) + tlp (Xgm (s) — XO)) — lim X5, (s).

m— oo m—r o0

From Lemma B.6 we know H)L(gm(s)H < Myyi(t) for s € [0,1], taking limit m — oo we have HX(S)H <
Mo (t) for s € [0,]. Thus X (s) becomes Mg, (t)-Lipschitz continuous in s € [0,]. And so (A o X)(s)
becomes L Mg, (t)-Lipschitz continuous in s € [0,], we have H%fl(f((s))” < LMy (t) for almost all
s € [0,t]. Moreover C(tv)/C(t) is bounded for v € [0, 1] since C' is a nonnegative nondecreasing function.

Therefore we can again apply dominated convergence theorem. Reminding lim; o+ % = 0 for p > 1, taking
limit ¢ — 0+ we have

m tlp(j((t) — Xo) = —A(Xo) + 0 = —A(Xy). (17

Finally we have

Jim X(1) = —A(Xo) = Jlim (L(X(H) = Xo)) = —A(Xo) — (~A(X0)) = 0 = X(0).

O

Before we move on to original inclusion, we prove important corollaries that bound HX (t) H and HA(X (1)) H uniformly on

[0, T']. Note the main difference between following corollary and Lemma B.6 is that the dependency on Lipschitz constant L is
dropped for the case p > 1, which will be crucial in the next section.

Corollary B.8. Denote X as the solution of (12). Then for T > 0, following inequality is true for t € [0,T).

HAXOH 0<p<i
[xol| < § A=A p=1

1/”TPlHA H p>1.

Proof. ) 0<p<l1
As X is the solution for (12), from Lemma B.5 we know

0= o+ 2 o

1

is a nonincreasing function. From (15), (16) and continuity of X (t) att = 0, we have

N 2
lim 0 (e) = HA )| Oep<t (18)

2
e—0+ HA XO H p=1.

* 2 ~
Therefore HX(t) H < Ui (t) < limeo4 U (e) for t > 0, we get the desired result.

(i) p>1
As X is the solution for (12), from Lemma B.5 we know

Us(t) = XOH

o RO + 3 e

2
X(¢) H , we first calculate it. To

is a nonincreasing function. However, as we don’t know the value of lim;_,o+ tp%l

do so, we consider

2
=[xl + g [xo -x[
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In the proof of Lemma B.5, we have observed its derivative becomes

d

aur:4<iuxﬁdu»>—2y

- 0 -2k - xo)| - 22 %) - x|

{p+2

P —1) || 5 2
< e [X0-x

For € > 0, integrating from € to ¢ we have

Ul(t)gﬁl(e)—k/e WSTHX XOHst.

We consider taking limit e — 0+. Observe from (17) and (15) we know lim;_, ¢+ _XU = —@ and HX(O)H =0,
and therefore we have
TPl (o) — 2,p71fBH* ‘2~ p—1 _
lim Oi(e) =0+ lim 22 | X(e) XOH @t =2 Ac)| tim @7 =0,
Moreover as lim;_,g Hx(ti;pXOH = [Axol] , there is § > 0 such that 0 < s < J implies M <

- 2
M/ﬂ. Recalling p > 1, for 0 < € < § we have

- 2
[ P - xffas [ wosn?loL,

et

_ 2 ~ 2
%@UW@M\[lply 2p || A(Xo)
= S =
Y p—1 0 Y
therefore

- 2
2p HA(XO)H

2 2
/ rﬂT HX XOH dS S €p71 +/ ’YPST HX XOH dS < 0.
0 €

Thus the integral is well-defined when € — 04-. Taking limit € — 0+ we have
~ ﬂyp 2

2
Moving %

~ 2 z
X(t) — Xo H to the right hand side, we get a inequality for HX (t)

. 2 2 t — 2 2
: - e —1) |5
5@ =0~ g5 [0 - < [ 20 -5l as - 2 %0 - x|
Observe, by L’Hopital’s rule we have
2 2 - 2
s fro-xfe s jro-sf | Jso-sf
lim = lim = lim ypr——"+— == HA(XO)H .
t—0+ tp—1 t—0+ (p—1)tr— T 0+ t2p ~
Now dividing t?~! to previous inequality and taking limit, we conclude
I -1 s
S < g [ P ol s B
t—>0+ tr—1 10y 1 o  sPT? t—0+ 2P

- 2aco] - 2 Jaca]
=0.
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12
X H = 0. Therefore,

Thus we have lim;_,04 -1

lim U2(€) = lim ( ]; HX(e) —Xon) _ % HA(XO)Hz.

er—1 H H

e—0+ e—0+
] 2
From 5= < lim o4 UQ(e) = % HA(XO) , we conclude the desired result.
O
Corollary B.9. Denote X as the solution of (12). Then for T > 0, following inequality is true for t € [0,T)].
Jorn (1422 A o<p<
A < <[4 p=1
\/le) (1 + 1) Jdcxo)| p>1
Proof. First observe,
2 2
~ ~ - ~ ’y ~
|[axen| =|X®+ 2 (@ - x|
e 2 3 X(t) — Xo ’7/2 2
_ X(t)H 2y <X(t), tp> + 2 X - XOH
- 2
B 2 HX(t) X()H ,.Y2 2
= H HX H * £2» g ||XO - XOH
S
= v (o] + g ko - )
The inequality comes from Young’s inequality. Now we consider each case.
@ p=1 ~
For this case, the terms on the right hand side exactly become U (t). Therefore from (18)
N 2 . - _ 2
A <+ 00w < G+ tim Tie) = |40 -
(i) 0<p<1
- 2
Recall from the proof of Corollary B.8 we know Uj(t) < lim. o4 U1 = HA (Xo) H . Therefore we have
T X(t) XOH < Uy(t HA Xo) ,applying Corollary B.8 we get
- - 2 B 2 $1-p
Jacken] < o ([Jfo] + g o -] 57
- 2 T1-p
<(v+1) HA(XO)H (1 = ) .
(i) p>1

- . . 2
Recall from the proof of Corollary B.8 we know Us(t) < lime_,o4 Ua(€) = % HA(XO)H . Therefore we have
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2

=L , applying Corollary B.8 we get

t2p

X(t)— X0H2 <Uy(t) <

A(Xo)’

[izo| < o+ ([fof + 220 -x|" 1)

< p(v;rl) (Tp—l + ;) HA(XO)HQ.

B.2.2 Existence proof for general A

Now we move on to the original inclusion. As noticed before, we will approximate A with a Liptschitz function A called
Yosida approximation. We define and state some facts about A as a lemma, and use it without proof. For the ones who are

interested in proofs, see [11, Chpater 3.1, Theorem 2].
Lemma B.10. Define Ay : R™ — R™ as

Ay = %(J{—m) — % (]If (]I+)\A)_1)

This is so called Yosida approximation of A. Followings are true.

(i) Ay is %-Lipschitz continuous and maximal monotone.

(ii) limy_ o+ Axz = m(A(x)).
Here m(A(x)) is defined as m(A(x)) = (g (0), the element of A(x) with minimal norm.

(iii) ||Ax(z)]| < [m(A(z))].
(iv) Vx € R™, A)\(Cﬂ) S A(]I)\Ait).

Now we can state the proposition that proves existence of Theorem 2.2

Proposition B.11. For Yosida approximation Ay, consider the ODE

Xa(t) = —Ax(XaA(t) — tlp(XA(t) - Xo)

(19)

with initial value condition X»(0) = Xy € dom(A). The solution uniquely exists by Theorem B.2, denote the solution
as Xy. Now for T > 0 and a positive sequence {\, }nen such that lim, ., A, = 0, define a sequence of solutions as
Fr ={Xn, : [0,T] = R"™ | m € N}. Then there is a subsequence { )\, } o\ such that XA, converges to the solution of (6)

uniformly on [0, T).

From Corollary B.8, Corollary B.9 and Lemma B.10 (iii), following lemma is immediate.
Lemma B.12. Ler X, be the solution of (19). Then following is true for t € [0,T] for all T > 0.

Im(AXo))] 0<p<i
|53 0)]) < M) = { oz ImAGDI p=1

VTP Im(AXo))| p>1

and

Jo+D (14 22) (Ao 0<p<

A XA < Ma(T) = { (Ao p=1
D (114 ) fm(ACE)| p> 1

Proof. Replace A with Ay and X with X in Corollary B.8 and Corollary B.9. Applying ||Ax(Xo)|| < ||m(A(X))]| from
O

Lemma B.10 (iii), we’re done.
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While we’re concluding the existence of converging sequence, we will exploit following lemma from [11, Chapter 0.3,
Theorem 4]. For convenience, we restate the lemma here.

Lemma B.13. Ler us consider a sequence of absolutely continuous functions x(-) from an interval I of R to a Banach space
X satisfying

(i) Vt € I, {zy(t) }ren is a relatively compact subset of X

(ii) there exists a positive function c(-) € L*(I,]0,00))

ax(t)]] < e(t)

Then there exists a subsequence (again denoted by) x, () converging to an absolutely continuous function x(-) from I to X in
the sense that

(i) x(-) converges to x(-) over compact subsets of T
(ii) @1 () converges weakly to &(-) in L*(I, X)

Proof. See [11, Chapter 0.3, Theorem 4]. O

From Lemma B.12 we can immediately check norm of all derivatives X A,,, are bounded by My,:(T"). So condition (ii) holds
with My,:(T'). For condition (i), we prove Fr is convergent in C'([0, T], R™).

Lemma B.14. Fr is convergent sequence in C([0,T],R™). In other words, Ve > 0, there is N > 0 such that n,m > N
implies supyejo, ) [| Xx,, (t) = X, ()] <€

Proof. We will show X is Cauchy sequence in C([0,T],R™). Let v, A > 0. From (19), we see for t € (0, T
CIX (1) = XA = (Xut) — K1), Xu(0) — Xa(1))

= = (AL (Xy (1) = Ax (XA (1)), Xo(t) = Xa(D)) — tlp 16, (#) = X (8)|?

— (AL (Xy (1) — Ax(Xa(1)), X, (t) — X(1)) -

From definition of resolvent we know I — Jyxa = AA). And from Lemma B.10 (iv) we know A (X (t)) € A(Tra(XA(2))).
Thus from monotone inequality we see

dt2

IN

- <AV(X (1)) — Ax(Xa(1)), Xu(t) — Xa(2))
— (AL (X () = AN(XA()), vAL(Xu(t)) — AAN(XA(2)))
— (AL (Xu (1) — AX(XA(), Jua(Xou () — Taa(Xa(1))
< — (AL (Xu (1) — AN(XA(D)), vALX,(t) — AAN(XA(2))

= W+ (A(Xo(t)

~—

A0 — (v IAX O +

By Young’s inequality
(v + ) (A (X (1), AN (A1) = (v A X DI + A A XA D))
< v (I8 O + IACROI?) + 3 (IO + ] 1A (K01
(v 1A, X @1 + Al XA 0)])

1 2 2
= 7 (VIACA@IF + A AL 0)]7)
Now applying Lemma B.12 we have

2 _ 1 2
< - .
& LIX (1)~ X0 < (v + NMAT)
Then integrating both sides from 0 to ¢ we have
t
1, (8) = XA (0" < 5 (v + 2 Ma(T)* (20)



Now take € > 0. Then there is IV > 0 such that for n > N, A, < holds. Then for ¢ € [0,T], n,m > N, we have

e
TMa(T)2

t
1Xx, () = X, ()" < 3
Therefore we get the desired result. O

(A 4 M) MA(T)? < e.

Finally, we are ready to prove Proposition B.11, which implies the main theorem.

Proof of Proposition B.11. Take T > 0. We know X, uniformly converges on [0, 7] by Lemma B.14. Name the limit as X,
i.e. define X : [0, 7] — R™ as X (¢) = lim,, o0 X, (t). Then as X (0) = X forall n € N, we see X satisfies the initial
condition. It remains to show X satisfies (6) almost everywhere.

Recall { X, } is bounded in L>°([0, 7], R™) by Lemma B.12. Thus we can apply Lemma B.13, there is a subsequence { X Ayt
converges weakly to X in L*([0, 7], R"). Furtheremore we have X € L ([0, T], R™) and so {X)\nk } also converges weakly
to X in L?([0, T],R™) as well.

For A > 0, define fy: [0,7] — R"™ as

O
Then for f: [0,T] — R™ defined as f(t) = 7 (X () — Xo) fort > 0 and f(0) = 0, we have limj 0 fr,, (t) = f(t). As
1A (D)) = HXA(t) YA, (X,\)(t)H < Myoy(T) + Ma(T) for t € (0, T] by Lemma B.12, we have

2 2
1£x(8) = FOIT < (A + £ @)D < A(Maoe (T) + Ma(T))*.
Therefore by dominated convergence theorem we have

lim

T
k—oo Jq

[ 0,00 0| e = /OT tim | 7., ()~ £ e = o,

k—o0
we conclude fy, ~strongly converges to f in L2([0,T],R™).

Now consider F) : [0,7] — R™ defined as

Fa(t) = {XW) + E(XA(t) — Xo)  ift>0

—Ax(Xo) ift=0
Note since X are solution to ODE (19), we have

Fi(t) = —Ax(XA(2)).
Then for F': [0,T] — R"™ defined as

P

X))+ E(X(t) - Xo) ift>0
F(t){—mm(Xo)) Ui,

we see {F), }ren converges weakly to F in L*([0, ], R™).

On the other hand, by Lemma B.10 (iv) and the fact —F, (t) = Ay, (X, (t)), we see

’VLk,
—F,, (1) € A(Jx,, a(Xn,, (1))
Observe, from the definition of Ay, and Lemma B.12, we see
[ X5, (&) = In,a(Xn, (D) = An |AN, (Xn, ()] £ AnMa(T).

Since X, converges to X in C([0,T], R™), by taking n — oo above inequality we see Jy a (X, ) also converges to X in
C([0,T],R™).

Now for A : L2([0,T],R"™) — L*([0,T],R") defined as (A(z))(t) = A(z(t)) almost everywhere, by [11, Chapter 3.1,
Proposition 4], A is maximal monotone since A is maximal monotone. Since —F), weakly converges to —F in L2([0, 7], R™)
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and Jy, o(X),) strongly converges to X in L?([0,T],R™), by [11, Chapter 3.1, Proposition 2] we have —F € A(X) in
L3([0,T),R™). Therefore for almost all ¢ € (0, T] we have

’V

— (X0 + (X0 - X0)) € A (D).

Reorganizing the result with respect to X, we have following is true for almost all ¢ € (0,7
X(t) € ~AX () - 2 (X(0) - Xo).

Since T' > 0 was arbitrary, we conclude X satisfies above inclusion for almost all £ € (0, 00). O

C Proof of existence and uniquencess of the solution of (10)

As uniqueness comes from Theorem B.1, we only need to show the existence. What we need for the existence proof are

- 22
(i) Nonincreasing function U (¢) which contains HX H as in Lemma B.5.

(if) Uniform boundedness of );(,;(t) fort € [0, 7] as shown in Lemma B.6.

(iii) X (0) = limy—04 M = limy 04 X (t) as shown in the existence proof of Lipschitz case.

(iv) Uniform boundedness of HX)\ (t)‘ and ||Ax(Xx(2))]| for ¢t € [0,T] as shown in Lemma B.12

2p

We now show these steps can be also done to the 5(t) = —#—.

(i) Nonincreasing function U (t) which contains HX H

From

for almost all ¢ we have

Define

o= e+ (s ) o -

B 2 2 2, . ~ 2 3 ~
—2ut H H 2ut
— pe2 HX(t)H +2 (WJ <X(t),X(t) —X0> - (ew . 1) 22 HX(t) —XOH
—2ut 2/162“75

2he X(t) - P (X(t) - Xo)

e2nt — 1




(ii) Uniform boundedness of X s(t)

As (13), we define )L((;(t) as the solution of

SRS B
Again with same arguments of Lemma B.6 we have Hf((;(é) - XOH ) HA(XO)H and HXg((S)H < HA(XO)H. Now for
te 0,7

[%sto)] < et < \Jerntis) - e*‘t\/e—w [ &5 + (egj“_lf [ %5(6) — x|

<ol + () Jacso

<oy

X()X

(iii) X (0) = limy_ o4 = limy_,4 X (t)

Define C(t) := 1 — e~2#*, Then C(t) = C(t)5(t) for 3(t) = —=2£—. And since

e2nt —1

. C(tv) I 1— e 2ntv
S0+ O (t) C(t) T oy 1—e-2mt O

with same argument done to arrive (15), we have

$0)= i SO =Ko 1 (Ol
t—0+ t o t—0+ C(t

A(X(w))) dv = _%21()(0)

Now from ODE X(t) = —A(X(t)) — =2~ (X (t) — Xo), by taking limit both sides by ¢ — 0+ we have

. 2 _ ~ o~ . 2/Lt X(t) — XO
t£%1+X(t) = —A(X(0)) — tg%ﬁr e2ut _ 1 t

= —%A(Xo)

5((

Therefore, lim; gt —Xo _ lim; 04 X (t).
(iv) Uniform boundedness of HXA(t)H and ||A,(t)]| for t € [0, T
. 2 2. . .
‘X,\(t)H + (W) [IXx(t) — Xo||” is nonincreasing. So from (iii), we have

ol + () o)

A + 7 1A (X0)|F = [ Ax(Xo)]?

Recall U(t) = e~ 21

t—0+

—2ut || v 2 2/1’ ? 2 : —2ut
e X/\(t) + m ||X)\(t) — XO” S lim (&

Therefore we have from Lemma B.10 (iii)

. 2 1 . ehlT
| < I < 3 ImAE)P = [%a0]| < S Imac)]. @1

—2ut

c 2
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and by Young’s inequality

21 2
e2nt — 1

_2<HX)\(15)H2+<€2u2t/”L_1>2|X>\(t)_X0H2>

eQ,uT 9
sz( AN (X2 + & ||AA<X0>||) (7 4 1) [ Ay (X0) [ < (2T + 1) [m(A(X0))[

A < Hfm) 4 (Xa(t) — Xo)

Therefore

AN (XA < Ve2rT + 1 ||m(A (22)

D Omitted proofs for derivation of anchor ODE (4)

D.1 Preparation for the proof of Theorem 2.1

We first provide the boundedness of trajectories as a lemma. As mentioned in the discussion after Lemma 2.3, boundedness of
trajectories is an immediate corollary of Lemma 2.3. However, to address cases that are slightly more generalized, we present a
proof using an argument similar to the one used in the proof of Lemma 2.3. Note the proof argument of following lemma is
valid for the solution of differential equation (11) with satisfying the assumptions in Theorem 7.1 as well.

Lemma D.1. (Boundedness of solutions) Suppose X (-) is the solution of the differential inclusion (3). Then for all X, € ZerA,
t € [0,00), following holds.
[ X(t) = Xl < [[ Xo — Xl

And so, || X (t) — Xol| < 2| X0 — X,|I.

Proof. 1tis trivial for ¢ = 0, so we may assume ¢ > 0.
Take X, € ZerA. By monotonicity of A and Young’s inequality, we get the following inequality.

%\\X(t)—X*H?=2<X<t>,X<t>—X*>— 2 (A(X (1) + B(E)(X (1) — Xo), X(t) — X..)
~2(A(X (1) + B (X () - X.) = BO(Xo — X.), X (1) - X.)
< =28(0) I X(8) = X + 28(8) (Xo — X, X() — X.)
< =28(1) |X() = X + B(1) (1% = X.I” + 11X (1) - X.)

2 2
=B [ X(#) = XullI” + B() | Xo — X7
Now again define C(t) = els B()ds for some v > 0, then we see C(t) = C(t)A(t). Moving —B(t) || X (t) — X,||? to the left
hand side and multiplying both sides by C(¢), we have

L (CO1x0) - XI?) = €0 1X(0) — X+ COB0 X (1) - X

< OB X0 — X, = SO0 1% - X,

Integrating both sides from € > 0 to ¢ we have
CH)IX (1) = Xull* = C(e) 1 X (€) = Xul|* < C(1) [ Xo — Xul|* = C(e) | X0 — X.|*

As 8 > 0, we have C' is nonnegative and nondecreasing, lim._,o+ C/(¢) exists. Taking limit ¢ — 0+ both sides we have and
dividing both sides by C'(t) we conclude

2 2
[X () = Xull” < [ X0 — X"

The latter statement holds directly from triangular inequality,
[X(#) = Xoll < 1X () = Xul[ + [ Xs = Xoll <2[[Xo — Xu]|-
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Following lemma shows APPM is an instance of Halpern method. It is immediate from induction, but we state it as a lemma
due as its importance.

Lemma D.2. Consider a method defined as
,'Ek+1 — ]IAyk
YT = (1= Br) 22 — ") + Bra®,

fork =0,1,..., with initial condition y° = x°. Then for reflected resolvent R p defined as Ry = 2J5 — 1, above method is
equivalent to

7 = Bri® + (1 — B) T

when T = Ry, §° = 4. Here equivalence means ij* = y* holds for k = 0,1, . . ..

Proof. Proof by induction. As 3° = y° by assumption, the statement is true for k¥ = 0. Now suppose y* = §* holds for k € N,
then
J = (1= Be)RAT" + Soi° = (1= Br) (20a — 1) §* + B0’
= (1= B) (204 =D y* + Boy” = (1= Br) (22" = o%) + By = y" .

Thus g’““ = yk“, the statement is true for k£ + 1. By induction, we get the desired result. O

D.2 Proof of Theorem 2.1

Let A: R™ — R™ be a maximal monotone operator, and h, A, § > 0. Again, denote Ay = +(I— Axa) = 3 (I— (I+AA)71).
Since various kind of terms appear in the proof, we first organize the terms and notations.

e X : Solution of differential inclusion,
. 1
X e-AX)- ;(X — Xo).

* X, : Solution of differential equation,

Xy = —AN (X)) — 2(Xx — Xo).

ot
* X5 : Solution of approximated differential equation,

—AN(Xns)(t) — F(Xas(t) — Xo) 0<t<§
1
t )

Xaa(t) = {—AA(X/\,é)(t) — 1 (Xas(t) — Xo) t=6. =

e X f\f s : Sequence obtained by taking Euler discretization of ODE (23),

X5 = (2hAN(XL5) + 5 (X85 — Xo))

0
Xk+l —
Xk - (2h80(XE ) + E(XEs - X0)) k2

P B

: xfl 5 : Sequence obtained from APPM with operator hA ), i.e.
xlfL,A = Hh/‘\xy’fi;\l
k 1
k k k-1
=—(2 — — Xo.
Yhoa k+1(xh,A yh,A)+k+1 0
. :v;j : Sequence obtained from APPM with operator hA, i.e.
zf = Tnnyy !

k 1

k k k—1

= " (oak X,
Yn k 1($h yh ) k 1 0
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We want to show for fixed T" > 0,

i ; k _ —
hli>I(I)1+ 0;;13% ||z — X (2hk)|| = 0.

Equivalently we may show for fixed T > 0, for every {h,},, .y such that h,, > 0 and converges to 0,

lim  sup Hajﬁn — X (2h,k)|| = 0.
T

"0 0<k<SE-
We will show this by considering inequality
|2k — X (2hk)|| < [|X (2hk) — XA(21K)|| + [| XA (2hk) — Xx 5(2hk)| (24)
+ || Xn6(20k) — X5 5| + | X5 5 — 25|+ [Jah A — 2| =2 S (h, A, 6,k).

Our goal is to show, for every {h,}, o such that h,, > 0 and converges to 0, there is a sequence {(d,,, An)}, cy such that
lim,, 00 SUPg< e T S (hn, An, 0n, k) = 0, and thus

lim  sup H:cﬁn — X(2hnk)|| < lim  sup S (hn, A, 60, k) = 0.

n—oo T n—oo . T
0<h< 5 0<k<zE-

To clarify our goal, we need to find proper {(6,,, An)},,cy in terms of {hn },, oy As {hn}, ¢y is determined, ||z} — X (2R, k)|
is fixed and doesn’t change by the choice of {(d,, An)},,cn- Butif we find {(6,,, M)}, that makes S (hy,, A, 0p, k) small,
since (24) holds for any choice of d, A, right choice of {(d,,, An)},,cy can gaurantee ||x§jn — X (2h,k) H is small. Thus to find
such {(d,1, An)},,cn» We Will observe each terms in S to find the required conditions.

Lemma D.3. For h, \,0 > 0 following is true.
() 1 X(2hk) — X5 (2)] = O (VX)
(i) |1 X (2hE) — X 5(2hE)| = O (5)

(iii) Hx% — b

H — 0.

2 lm(A(Xo))|[, 3, 22 Im(A(X0))]

1
For Ly s = max{x,

3
(iv) HX>\75 (2hk) — Xf\”(;H = O (he?brsT),
Further more if 0 < & < 1,
) || Xk s = k]| = O () + O (121 pe223T)
35 (0(5) + 0 (522T) 4 O() +0 (5 #7) + 0 (“757) +0(0).
We prove this lemma in next subsection, here we assume the lemma is true and prove Theorem 2.1. Suppose above lemma is

true. The calculations are messy but the strategy is simple; balancing the speed of the terms h, d, A going zero to make above
terms reach to zero. Above lemma motivate to take sequences as

hn SMT

i (1)

V2|m(A(Xo))|[ 0, 2T
M 7 logs (i)

where M = max {1,4v2||m(A(Xo))||}. When lim,_, h,, — 0 with h,, > 0, we can easily check lim,, . 6, = 0 and
lim,,—, o A, = 0. So the cases (i), (ii), (iil) go to zero.

0, = min

Ap = max { Oy,



Now observe from the definition of \,, we have,

2 A(X On M 2 A(X, 1 M
- max{fllm( A m} — M { fum&n( o)l An} — Lua-¥
Thus
eQL)\ sT S 6235\17' S 3255V2T S 3110g‘5(%ﬂ) %
T
T MT togs (7 ) 1
33w <3 <3 8M = Ve
I
@26"1’)‘”‘5" _ om §n _ 0 (5n)
Ly, s, M
Therefore when lim,, o h,, — O,
hpe?frnon™ < B34 — 0
3/2
L 2L, T — @ 2L T e2lrn.6n T < E 4Lxp,6, T < M 0

n )\1“5716 - 2T( Anq(;'n/ )e — 2Te — 2T —

3% hy = h7/8 50

z hy x T hy 21 by, 5/
3% — =3% —— <3 — < —0
An A T — T~ T
r h hy4 ha!?
3>n " o2Lxg, 5, T < n 2Lxp .50, T < n -0
M- T ° T
2 3/2

gt tn 2o < Mg

3%5’”( S 3T10gg;6n) 5n _ (5}/2 N 0

As limy, o h,, = 0, without loss of generality we may assume h,, < 1. Since h, > 0 we have )\, is well-defined
and satisfies the condition for Lemma D.3. Thus terms for the case (iv) and (v) go to zero as well. Therefore we have
lim,, oo SUPg< e T S (hns A, 0y k) = 0, as {hn}, o is arbitrary, we get the desired result.

D.2.1 Proof for case (i), (ii), (iii), (iv) of Lemma D.3
As case proof for (v) need lot of work, we provide it in a different subsection and here we provide the proofs for the cases from

(i) to (iv).

() | X(20k) — X5(2)] = O (V)
This is result of Lemma B.14. Considering (20) with p = 1, taking limit v — 0 we know

sup [[X(1) ~ Xa(0)]) < /A Im(ACX0))| = 0 (VA)
t€[0,T]

(i) [ XA(2hk) — Xy 5(2hk)] = O (5)
This is result of Proposition B.7. Consider (14) with v = p = 1 for Lemma B.6 and taking limit v — 0. Then applying
Lemma B.10 (iii) we have

S [ XA(t) — Xas(t)]| < 2V26 | AN (Xo) || < 226 [|m(A(Xo))|| = O () .
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Gii) |25, — k]| = O
We first show show a general fact about Yosida approximation and resolvent. From [15, Proposition 23.7 (iv)] we have

190(2) = Iy @)1 = a2 = (14 5 Grama =1) ) @
Tna(z) — (11\)\33 + liAH(H/\)hA(fU)) H

1
< m’ |z — Jha()]l

From [15, Proposition 23.31 (iii)], we have

[Tna(@) = Jaianal@)|| < ATnalz) — ||

[Tra(z) = Jaanal@)]| + 1+A

Combining two facts we get

2\
[Jha(z) = Jna, ()] < T

[ = Tna()]]-

From Lemma D.2, we know the iteration of * sequence in (5) is equivalent to below sequence

1 k
bl — X 20,a — 1) (4%).
Y ] 0+k+1( na — 1) (¥"%)

Using this alternating form we have

[+ = w57 = g 1230a ~ D) — 2, Do)
k
STy ] (H 20ha — 1) (y5) — (2Tna, —H)(yﬁ)H + HRhm(y@ —Rhm(ylﬁ,x)u)
k
< 57 @A) = Inay @il + [y — vral)
k 4\
< et (10 Ik = 3eaGb ] -+ 1k~ k]

k AN || Xo — Xl Kk
k+1(1+A o Tl -l

The first inequality comes from triangular inequality. The second inequality is from nonexpansiveness of reflected
resolvent Ry = 2Ja — I, [15, Corollary 23.11]. The third inequality is from the inequality shown previously. The last

NG || < I\XokX*H

Now multiplying both sides by £ + 1 and summing up from 0 to k we get

7||X0 Xell = (b + 1) == [1Xo — Xl

H k 4\
- 1+

(k+1) Hka yﬁt\l

Finally, from the relation between x* and y in APPM we have

foﬂ - xff;H = HJ‘hA(y;fH) — Tnas (Ui 3 H

< [T i - Jrhm y,’jtl )| + 130a ) = 30w
< HykJrl k+1H L 1+>\ Hyk+1 thA(y;’i“)H

4\ 22 [ Xo — Xl
< X, — X,
—1+A”0 ”+1+A k+1

1

=24+ — — X, || =0O(N).

(24 157 T W0 - Xl =00
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() || Xa5 @0k) = X5 5| = O (he2E2sT)

From (23), we can consider X 5 as of function F': R™ x [0,00) — R™ defined as below

1
_A,\(X)—(I;EX—XO) 0<t<s 05)
t

F(X’t):{—AA(X)— X —Xo) t>6.

Note F' is 2max { 1, § }-Lipschitz with respect to X.

For convenience name « = 2h. Define ¢, := X 5 (ak) — X f 5. By definition of Euler discretization and from
fundamental theorem of calculus, we have the following

X5 = X35 4+ aF(X) 5, ak)
a(k+1)

Xy s(alk +1)) = Xag(ak) + / gt

a(k+1) t

= Xys(ak) + / Xk,g(s)ds> dt

ak
a(k+l) pt
= X s(ak) + aF (X s(ak), ak) + / / Xy 5(s)dsdt.
ak ak

From Lemma B.4 we have F'(X) s,t) = X)\’g(t) is Lipschitz continuous respect to ¢, so X}\ﬁ is defined almost
everywhere and fundamental theorem of calculus is valid. Therefore we have

1 = Xos(a(k+1)) — XI;,JE1
a(k+1l) pt
= Xy s(ak) — X§ 5+ a (F(Xys(ak),ak) — F(X5 5, ak)) + / / Xys5(s)dsdt
ak ak
As F is 2max { 1, § }-Lipschitz with respect to first variable, we have

a(k+1) pt B
lewsnll < || Xas(ak) — XE4|| + a | F(Xn5(ak), ak) — F(XE 5, ak)| +/ / HX,\’(;(S)H ds di
ak ak

11 a(k+1)  palk+1) |
< |14 2amax< —, = Ilex ] +/ / HX/\,(S(S)
)\ 6 ak ak

Now we observe HX W) H is bounded. By differentiating X 2,5, as

ds dt.

.. d 1 /. 1. d 1 . 1.
Xrs = —ﬁA,\(X,\ﬂS) + o) (X,\,a - Xo) - ;Xx,a = _£A/\(X>\,5) + n (—A,\(Xm) - Xm) - ;X)\ﬁ

for t > 9, we have for almost every ¢

o= {—(ZA/\(X/\,é) + %X)\,(S ' 0<t<d
’ — L AN Xns) — AN Xns) — 2Xns t2>0

Considering v = 1, p = 1 to Lemma B.6 and from Lemma B.10 (iv) we have

| X050 = VEIANXO) ] < VEImAK)I,
and thus
X5(t)

[AXN(Xxs())l (Xa6(t) — Xo)

1
+ max {J,t}

N e

IN

1Xx,5(8) = Xol

IN

Xk,g(t)H n m /Ot HXA,g(s)H ds < 2v/3 [ m(A(Xo))| -
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And since A is +-Lipschitz, we know Ay o X, 5 is +v/2|/m(A(Xo))||-Lispchitz, thus we have for almost all ¢,

V3 [m(AXo) |

s« 5

Applying these facts we have

st < | fasoso)] + 5 IAnConstl + 5 [ %500

< VA | 4V ) < 2 { V2Im(A(Xa))l 4v2 |m<A<XO>>||} |
Therefore
lexsall < (1 + 20 max { 3 }) lewl| + 2 max { V2 ”m(f%))” 7 4? |m(A(X0))||} a2 (26)
Now for L5 » = max {%, w, 35 % lm(A (X)) } we show

llex|| < he2ExsT,
— —(k+1)
Multiplying (1 4 2a.Ly 5) to (26) we have

(1+2aLn5) " " lepsall < (14 2aLn5) " exll + (14 2aLa5)” " Ly 507

As |leo| = [|Xo — X(0)|| = 0, summing up from 0 to k£ — 1 we have
k
(1-‘1-20([/)\5 ||6k|| Z 1—|—2aL>\5 L,\)gO(2

(1+2aLy0) ™" (1= (14 20L15)7")

- = Ly s0?
—(142aLys) "
1 J—
=5 (1-(+200,)7) e
Multiplying (1 + 2a.Ly 5)" to both sides and applying o = 2} we have
«
lewll < 5 (1 2aL05) = 1) = b ((1+ 4hL0g)" = 1) @7)
Now from
k __ 1 N\ 4hLx sk
(1+4hL>\,6) < ((1+4hL>\76)4h’L>\,6) < e4th15k7
applying k < 2h
llex]l < h (64hL*15k — 1) < he2lr.eT
Therefore
HXA,& (th) — Xl)f’&H < heQLA,éT -0 (heszéT) . (28)

D.3 Proof for case (v) of Lemma D.3

As APPM has coefficient
have

P +1’ we consider X fng instead of X /’\“ s due to calculation simplicity. From triangular inequality, we
k k k k+1 k+1 k
[ XX — 23] < HX/\,S - X3 H + HX,\,a - 35/\H .
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We will show

X85 = XE5|| = 0 (0) + 0 (121 56227

[ xkst - ok = 5% ( ( ) +0 (};eQL“T) +O(h) +0 (hj 2L, 6T> +0 (622;) +o<5)> .

First one is simple. Since X\ = X¥ § + 2hF (X 5, 2hk) and F'is 2max { }, } }-Lipschitz with respect to the first variable,
we have

|55 — X551 = 20 | P 5, 208)
< 2R || F(Xx5(2hk), 2hE)|| + 2R | F (X5 (2hk), 2hk) — F(XY 5, 2hEK)||
< 20| Xas(2nk) | + 4hmax{i, (15} 1 X0,5(20k) — X%
< 2V2h |m(Ax(X0))|| + 4h2Ly se2ErsT
= O (h) + O (h*Lyse*™7).

Second one is complicated, we present our proof with dividing steps to subsections.
- . _ | yrr1 k
D.3.1 Recursive inequality for ¢, = HX N5 —xp /\H

Define ¢, = HX ktl x’fb N H Recall, X 5 was solution of approximated ODE

Xas(t) = F(Xps,t) = {AA(XA,§)(t) - %(X(f) -Xo) 0<t<6 '

—AN(X5)(t) — $(X() = Xo) t26

We now wish to write €1 in terms of ex. As €41 involves X I;JgQ, we first write it explicitly.

X552 = XE5L 4 2nF (X55 20k + 1))
Xfigl _ 2hA>\(Xk+1) %(X/I\C—gl 7X0)> 0<krl<g
XFHL— (2hAN(XEEY) + gy (XEH — X0)> k1> 2

Now we find recursive inequality considering two cases.

() k+1> 2
Recall APPM (5) was defined as

k k—1
Thx = Jha, Ynx

k 1

k k: k—1

= —— (22} I
yh,)\ k 1( yhA) L 1 05

and substituting yflj\l = xfl \ hAA(xZ)\), we get a one line expression

k k 1
wZJf\l o 15%A h <A/\($§t\1) + mAA( hoA )> + mXo-

Rewriting Xy ’”2 to make easier to compare with above,

k k 1
XV ==X = h ( ANXEE) + ——ANXYED ) + =X
AT pp 1A XS M) ) g X
h
1 (AAEF) - ARE) - o AR,
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As A is *—LlpSChltZ
k

k h h
e < g (o o) + 5 P08 -0+ o]

Organizing,

1 k h
< 1 h HXk+2 Xk+1H ’A +1 H
6k+1_71_;§ k+1<+/\)€k+ ( NG +k+1 A )

=€r

(i) k+1< 3,
Rewriting X f'gQ we have

k k 1
XA = b (M) + A +

1 2h

)

h
+h (A,\(ijf) - A,\(ijsl)) + M+ (M 5 ) (X35 = Xo).

The only difference between the case (i) is the last term. Therefore with same calculation, we get below inequality.

1 k h 1
< (e ) e (bt i) s et +
€k+1f1_% k+1( +)\>Ek+ < ) +k‘+1 NESW) il

5|

=ey

From case (i) and (ii), by defining

k+2 k+1 k+1 k+1 5
en — h % X)\j_ - X 5 + kil AA(X)\,—E ) + k+1 - ‘ HX * XOH 0<k+1< 5h
ke 1| k42 _ gkl 1 ket 1 s
hix |[Xxs — X356 || 7 || AN(XRS) E+12> 45,

we can write a recursive inequality for all k£ as below

<L WY SRV DU
€k+171 k‘—|—1 )\Ek k|-

D.3.2 SUPg<i< T 61’23% ((’) (%)_ﬁ_@(% 2L JT) O( 2L>\5T) +(9( 26L;6) —I—O((S))
We will now sum up above inequality. Multiplying (k + 1) (1 +§ ) both sides we have
A
L_h k+1 o Q)k—i-l
0 (k4 Dexgr < 2 kf’f + Sk De
1+ 5 +3 X

By summing up above inequality from O to £ — 1, we have

S AN %)i“
S 2+1ei.
1+% Z; )

Note €( vanished as it is multiplied with 0. Reorganizing with respect to €, we have

1+% (1_7)14-1 .
€k§ <1_}/{> %Z#(z—kl)ei

= (1+%)
T
1+ﬁ %1k—1 1+ﬁ R mlk—l
_<1 2) z 2 (i+1)ei= ( 2) 72 i+ e
DY =0 DY =0
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For second inequality follows from the fact 0 < % < 3, which implies 0 <

1+k
<land1 < T Observe
x
1

fz) = (if—;) " s nondecreasing in = € (0, 1) since

Therefore, from f () = 9 we have

1 = 1k71 lefl
Ekf(2> ki:o(l—i—l)el 3Aki:0(l+1)el

Now we show

k—1
1 2 25L>\,5
kZ(Hl)ei:O(i)JrO(h 2L%5T)+O(h)+(9<h 2L”T)Jr(’)(é)Jr(Q(eL )
1=0 A0

for0 < T < 00,0 < k < 2. Name N}, = min {k, [%J} From the definition of e; we have

1k
%Z Z+1

1 = 1 10! 1
- i+2 z+1 i+1 - . z+1
MR <AHX A+ rrrllase]) « 5 z< 5| et -]
k—1
< 3o (5 ez - i+ Hlaoss]) + 5 3 i -x
where inequality follows from the fact "H <lfor0<i<k—1land 75 > 5 2h for 0 < i < N, — 1.
Now let’s observe each term. From Lemma B.12 and Lemma D.1 we know
|| < V2IAN X1 < V2 Im(AC)]
[AXX @) < [[Ax(Xo)] < [[m(A(Xo))l
[ Xx,6(t) = Xol| < 2| X0 — X,
Name M = max {v2 ||m(A(Xo))|l, 2| X0 — X.| }-
o8]
First observe
=1y
hy 3 1062000 +2)) — X5,5(2h(0 + 1))
i=0
h /Qh(i+2) . h k 2}L(1+2) . h h
u Xas(t)dt]| < 2 / HXM t H dt < “k(2h)M < "1,
=3 2 oy MO <32 [ [Fre @ de < ShERM < 3
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Thus,

3 e x|

k—1
<3 (i = 5200+ 2))|| + 10,5200 +2)) = Xa 520G + 1) + || X526+ 1)) - X35
=0
h k—1
2Ly sT
<3 TM+2;he A )
h
<3 (TM + Te*»oT).

Therefore
k—

h P2 z‘+1H _ h hoop, st
AZOHX -xi=o(5)+o(5e .

(ii) %HA,\ X§+51 H

Since A is + L1psch1tz continuous and from (28)

k 1 k—1
; h . .
S A < B (1An () — Ax (X s(@h)]| + A (X s(2hi)) )
=0 =0
k—1
h h 2Ly 5T h e2LxsT
- —e2BxsT L M) =h xoT 4 M
<7 2 <)\e + )\ +
Therefore
k—1

| =

; k ‘A/\(Xf\tg)H =0(h)+0 < )\2 205, 5T>

(i) & Y N’“ ! HX;JF; XOH for N, = mln{k L%J}
F1rst observe

X)\7§(S)H ds < tM.

t
S/
0

|55 = Xo|| < X35 = Xaa(2hG + 1)|| + 1 X052 + 1)) = Xol

t
[ X0 — Xas(t)]| = H/ Xs(s)ds
0

From (27)

< h(1+4hLy )"+ 2h(i + 1)M.
Now as ¢ + 1 < Ni = min {]f’ L%J }

Ni—1
= Z (RevEpd S% 3 B (1 4By g)™ 4 20+ 1)M)
1=0

Ni—1
h(1+4hLy )V =1 = '+1
<= » 2hM
— k 4hL)\75 + Z

e4hLx s Nk
+ 2h N M

=0

IN

IN




From (i), (ii), (iii) we have

k

|
—

T =
<
I
=)

Therefore,

(i+1)ei(9(i)+0( 2L*<‘T)+(9( )+(9<)\2 2L”T>+(9(62L6:5)+(9(5).

T h 2 626L>"6
ex = 3% <O<A)+0( 2L”T>+(9( )+o<A 2L”T>+O< 7 )+0(5)>.
\,6

D.4 Derivation of ODE (4) from EAG and FEG
D.4.1 Derivation from EAG

For L-Lipschitz continuous monotone operator A and stepsize h > 0, EAG-C [75] is defined as

1
Pt =k P (2% = 2%) — hA(2F)
1 1
k1 _ _k kE_ 0 ki
2V =2 —k+2(z —2%) — hA(Z""2).

Dividing the second line by / and reorganizing we have
k+1 k 1
TR ARy (K
G - e

= —A(z*) - m (2% = 2%) - (A(,ZH%) - A(zk)> .

—20)

Identify hk = t, 2* = X (t), 2° = X. As 2" is a converging sequence [76], it is bounded. Thus we see

(z k — 29+ hA(zk)

1
Zk+2 _ Zk

HA(W%) —A(zk)' <

S 7] |-
s

Ht+2h — Xo) + A(X(t ))H—O(h).

Therefore taking limit ~ — 0+ we have

D.4.2 Derivation from FEG

For L-Lipschitz continuous monotone operator A and stepsize h > 0, FEG [42] is defined as

k1 _ Lk 1 kE_ 0y _ khAk
2=y 1 (2" = 27) o (z")
1
2Rl = ok P (2F = 2°) — hA(2FF2).
Dividing the second line by h and reorganizing we have
2Rt ok 1 1
" __A k+sy_ _  — k 0
h ) = T (5 =)



Identify hk = t, k=X (t), 2V =Xy AszFisa converging sequence [76], it is bounded. Thus we see
I

| I
_LHh(k—kl)(Z 2')+h

1

=Lh||——
B

(X () — Xo) + tA(X(t))H — o).

Therefore taking limit 4 — 04 we have

E Proof of convergence analysis for monotone A

E.l Extending A to [0, c0)
Lemma E.1. Suppose A is a maximal monotone operator. Let X be the solution for (3). Define S as
S = {t € [0,00) | X(1) € —A(X (1)) — BE)(X () — Xo) is true} .
Then as X is the solution for (3), we know [0, 00)\S is of measure zero.
Define A(X): S — R™ as
A(X)(t) = =X () - B)(X(t) — Xo) (29)
and denote A(X (t)) = A(X)(t). Assume for every T > 0, there is M > 0 such that for all t € S0 [0, 7]
|AX ()] < M.
Then A(X) can be extended to t € [0, 00) with satisfying following properties.
(i) A(X(t)) € A(X(t)) forallt € [0,00).
(ii) Fort € [0, 00)\S, there is a sequence {ti},cx such that ti, € S, limy_,oo t, = t and A(X (ty,)) converges to

A(X(1))-

Proof. Take t € [0,00), and take a sequence {t,}, oy such that ¢, € S and lim, . t, = t. As a converging sequence
t, is bounded, there is T' > 0 such that ¢, € [0,7]. For that T, we have HA(X(tn))H < M by the assumption. As
n +— A(X (t,)) is a bounded sequence, there is a subsequence {t,,, } ren Such that & — A(X (t,,)) converges. Name the limit

as u = limy_, 00 A(X (ty,,)). On the other hand, as X is a continuous curve we have limy_, o, X (t,, ) = X (¢). Then since A

is maximally monotone, from [15, Proposition 20.38] we have (X (t), u) € Gra A. Defining A(X ()) as u, we get the desired
result. O

Corollary E.2. Let X be the solution for (6). Then [\(X ) defined as (29) has extension with properties stated in Lemma E. 1.

Proof. First consider the case 3(t) = 5, p > 0,y > 0. Take T' > 0. It is enough to show there is M > 0 such that for
teSNIo,T]

|AX ()] < M.

Recall from Proposition B.11 for Yosida approximation Ay, we denoted X as the solution of

Xy =—Ax(X)) - tlp(XA — Xo),

and we have shown there is a sequence {\, },, o such that X  uniformly converges to X on [0, T'.
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From Lemma B.12, we see for i £ 0

HX)\(t+ h})L %0 H _ ftt+h HX)\(S)H ds ) ftt+h MZOt(T)dS Moy (T),

=< h <
thus

o [[XaGh) -
A—0+

HX(t+h)—X(t)H

Xod) H < Myot(T).

Therefore for t € SN [0, 7], X (t) = limy, 0 w holds, we conclude

. . X(t+h)—
[ = i | X2

X() H < Mot (T).

And also from Lemma B.12, for ¢ € [0, T] we have

LX) = Xo)| = K@ + A < [Ka )] + 1AsO) < Mao(T) + Ma(T),
therefore

fXO)H — lim

Aa0+Ht7’ 7X0)H < Mot (T) + Ma(T).

| (xe
tp
Gathering the result, for ¢ € SN [0, 7] we have

JAG @) = %@+ (X0 - Xo)|| < X + | (X ®) = Xo)|| < 2Maor(T) + Ma(T).

E.2 Proof of Proposition 3.2

We prove this theorem by deriving the energy with dilated coordinate W (t) = C(¢)(X () — Xo) and conservation law from

[67]. Think of dilated coordinate W (t) = C(¢)(X () — Xo). As we’re considering the case A is Lipschitz continuous, the
differential inclusion (3) becomes ODE

X(t) = —A(X (1) - B)(X () — Xo).
Rewriting the ODE in terms of W, we have
% (W(t) - ﬁ(t)W(t)) = -AX(W(t),t) — %W(t)

where X (W (t),t) = X(t) = W((tt)) + Xo. Organizing, we have

0=W(t) + COIAX(W(1),1)).

From Lemma B.4 we know A(X (W, t)) is differentiable almost everywhere, by differentiating we obtain second order ODE
which holds almost everywhere

d ~
dt

A(X(W(t),1)). (30)

0=W +CHBOAX W), 1) +C(t) - AX(W(t),1)

=W —Bt)W + C’(t)%

Now by taking inner product with W and integrating, we get equality which was refered as conservation law in [67]

ElszW /5 HW H ds+/ )<§9A(X(s)),W(s)>ds.
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Since W (t) = C(t) (X(t) +8)(X(t) — XO)), we can rewrite the integrand in the last term as

/ Co) ( AW ) ds = [ O ( AKX X () s+ / (SAKEOLCEHIW ) ds

Note the purpose was to obtain the first term, which is nonnegative due to monotonicity of A. Now taking integration by parts
to the second term we have

/ <55A<X (s)), C<s>ﬂ<s>w<s>> ds

= [(AX(W,5)),C(s)B(s)W ()], — / (AW, 9)), (C()8(5)* + C(s)3(5)) W (5) + C() ()W (5) ) ds

to

= [(AXV.9).CBEWE), + [ 3o o) s + / (B2 +89) (W(s). W () ds

= [(AXW.8).CEBEWEN], + [ 86 i) as

t
to

+|(er i) swer| -3 | (28180 + A(s)) W) s

On the second equality, we used the fact W(~t) = —C(t)A(X(W(t),t)). Note the fundamental theorem of calculus for
(A(X(W,s)),C(s)B(s)W (s)) is valid since A(X (W, s)) is Lipschitz continuous and C(s)3(s)W (s) is continuously differ-
entiable in [t, t], so their inner product is absolutely continuous in [tg, t].

Observe the integrand in the last term can be rewritten as

(28(5)3(5) + B IW ) = Cls)? (28(5)8(s) + Ao 1X(s) ~ Xo* = - (Cs2B(5)) 1X () ~ Kol

Now gathering the results, we conclude

B = % HW(t)H2 . /t:ﬁ(s) HW(S)szs—l- /tt O(s) <;SA(X(3)),W(S)> ds
= S A + (A (), ). CEBEW )], + [(/3<s>2 +() 5 ||W<s>||2]z
+ [ et (AN X6 yds — 5 [ 4 (C0786) 1X(s) — XalP s

c?

= = (IAC@I” + 280 (AX©), X(0) - Xo) + (802 + 5®)) 1X(0) — Xo*)
d

# [ et (LA Y ds— g [ (0056 1(s) — Kol ds

%0)2 (%(to) (A(X(t0)), X (to) — Xo) + (ﬁ(to)2 + B(to)) 1X (o) — X0||2)

—=constant

Moving the constant terms to left hand side and naming ¥ = E; — constant, we get the desired result.

E.3 Proof of Corollary 3.3
E.3.1 V is nonincreasing when A is Lipshitz continuous monotone

We first check it is true for the case A is Lipschitz continuous. Then from Proposition 3.2 we can write V() as

V(t)=FE — 2[ C(s)? <58A(X(s)), X(s)> ds
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with E in Proposition 3.2. As A is monotone, from (1) we know C(s)? <%A(X(s)), X(s)> > 0 holds almost everywhere.
Therefore for h > 0

t+h
Virm-vio=-2 [ o <jSA<X<s>>,X<s>> ds < 0,

we see V' is a nonincreasing function. Therefore forall ¢ > 0, V'(¢) < lim._,o4 V (€). It remains to show the limit lim._,o4+ V'(¢)
exists.

E.3.2 Calculation of V(0) = lim,_,o, V (¢) for Lipshitz continuous monotone A

In this section, we calculate lim;_, o1 V' (¢) when Ais Lipshitz continuous. Recall V' was defined as

QO (Ao +250) (ACX©). X(0) - Xo) + (307 + ) 1X(0) - ol

[ & (C“f“) 1X(s) — Xo ds.

From now we denote V for the case t, = 0 as V.
We first check

V(t) =

t =
C@:{Vﬁpp (31)

t
/ zds = vlogt
1 S

t
/ S%ds:ﬁtl’p for0<p<1
) _

t
Jgs= T 41-» forp > 1,
sP 1—p

Observing

we see C(t) defined above agrees with the definition of C/(¢t) for each case. Note

. 0 p>1
1 = -
130 ¢ {1 0<p<l.

Now we will show

0 ifp>1

IAX @) = {||A<XO>||2 (32)
2

2
lim Vo(t) = lim c)
if0<p<l.

t—0+ t—0+ 2
To do so, we first show for ¢ > 0

lim

e—0+ J. ds

td <C(5>25<5>
2

)X@_%R@<m

We first provide an elementary fact as a lemma.

Lemma E.3. Let f: (0,00) — R is a continuous function. Suppose there is ¢ < 1, 0 < I < oo such that

limsup | f(¢)t?] < 1.
t—0+

Then fort > 0, f € L'([0,],R).
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Proof. Since limsup,_,q, f(s)s? = [, thereis € € (0,) such that
O<s<e = |f(s)s?] <2|l.
Then since ¢ < 1
€ € 1 c 2|l 2|1 ‘ 2|1
/ |f(5)|ds:/ |f(s)s?| —ds §/ Jds= Lslfq = |7‘61*‘1 < 00.
0 0 s4 o 87 I—gq o l—gq

By the way as f(t) is continuous on [, t], M = max¢[c ¢ | f(s)| exists. Therefore,

t _ [ t 2l 1 _
| treias= [Cieolas+ [ s < (-0 < .
O
Applying Lemma E.3, we will show for ¢ > 0
32% (C(28(9)| € L' ([0, 1, R). (33)
Observe
d . ) . 2p~y2 1
% (COP3E) =20628(3(6) + Clo2He) = (o (- H 4 PLEDT). G4
i p>1

We first show lim,_,o1 C(s)? 2 = 0 for all n > 0. Take n > 0. Then there is some k € N such that k(p — 1) > n.
With change of variable u = % and L"Hoéptial’s rule we see

n

1 U
. 2 4 g
sl—l>%1+ C(S) sn uli)nc}o e%ui’*l
n—1 n+l—p k—1 _ _1 n—k(p—1)
= hm ,nu—hil = E hm 71112“{ - = e = Hm:O(n T’Z(p )) hm u = — _ 0
u—oo 27u1’*2eﬁuy 27 U—00 epjup (2’}/) U—00 eﬁ"p
(35)
And thus
d [ C(s)°B(s) 27 p(1+p)y
: 27 ~\2) P\°) _ 1 2 ( _
sl—l>%l+ 5 ds < 2 51—1>%1+ C(S) s2p—1 + sP

By Lemma E.3, we conclude fg ‘52% (%) ‘ ds < 0.

(i) p=1
Since C'(s) = s7, we see

d [ C(s)B(s) . .
2 & [ YS)PUS) ) 1] 2 _1)e27-3 L 1| — _ v _
5 ( 5 —ShI(I)l |s y(y—1)s s |—7|’y 1|sh%1 s7 =0.

2

Since 1 — v < 1, by Lemma E.3 we conclude f(f ’52(% (%) ‘ ds < oo.
(i) 0<p<1
Since limg o+ C(s) = limg_04 eT7% " =1, we see

2d <O<s>2ﬁ'<s>>

s 5 = lim sup C(s)? ‘—Qp'yzsl_p +p(1+ p)'y’ =p(1+p)y.

s—0+

lim sup
s—0+

Since p < 1, by Lemma E.3 we conclude fg ‘520% (%) ‘ ds < oo.
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Naming the bound in Corollary B.8 as M (T'), we know for 0 < s < T

HX(s)S— Xo o

S Jy X @) du _ o M(T)du

Therefore applying (33), for 0 < ¢ < T we have
/t d [ C(s)*B(s) 24 C(5)*B(s)
0 ds 2

— d .

I 5 5 < 00
0(4) ; : : t d (C()°B(s) 206 —

Hence we know V(t) is well defined and since lim; 0 |, —=5=> )| X(s) — Xo||" ds = 0, we have

ds < M(T)? /Ot

) 1X (s) = Xo|”

ds

t 2
lim VO(t) = tim S0
t—0+ t—0+ 2

(A @) + 280 (A (1), X () = Xo) + (B®)? + B(1)) I1X(1) = Xo*)

Now we are ready to show the desired result.

i p>1 ~
As we know X () — X and A(X (¢)) are bounded from Lemma D.1 and Corollary B.9. Therefore from (35) we have

0= lim C(t)” = Jim C(0)5(1) = lim C(t)? (5 +5(1))

t—0+4

therefore lim;_,o4 V9(t) = 0.

(i) 0<p<1

AS’M < M(T) < cofor0 < t < T, we see

limsup C(t)?B(t) (A(X (t)), X (t) — Xo) < vlimsup C()*t' P HA(X(t))H M(T)=0

P t—0+
lim sup C(t)2 (ﬁ(t)Q + ﬂ(t)) X (¢) — X0H2 < ~vlimsup C(t)2 (’}/t2—2:0 — tl—P) M(T)2 =0.
t—0+ =0+
Therefore
C)2 .~ 0 ifp=1
lim VO(t) = lim S0 IAX @] =9 jacn]?
t—0+ t—0+ 2 —s if0<p<1.

From (i) and (ii) we get the desired conclusion

. 0 ifp>1
2

and therefore for general ¢ > 0,

V(0) = lim V(t) = lim V°(t) /to 4 (C(s)zﬂ(s)> X (s) — Xol? ds
0

is well-defined.

E.3.3 V(t) <lim, o Vi, (0) holds for ¢t € S and general maximal monotone A

Define S as defined in Lemma E.1. Take ¢ € S, let T' > t. Let {\, },, . be a positive sequence A, that lim,, oo Ap, = 0, X,

converges to X uniformly on [0, 7] and X, converges weakly to X in L([0,T], R™). Recall existence of such sequence was
gauranteed by Proposition B.11.
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Recall we denoted X as the solution of the ODE (19). Denote V) as V for the case A = A,, i.e.

5 (AN +28(2) (Ax (Xa (1), Xa(0) = Xo) + (B0 + B®)) [Xa(0) — o)

¢ S 24 S 2
| (C( Lo >> 1XA(6) — Xol?ds.

Note equality X (t) = —A(X (t)) — B(t)(X (t) — Xo) holds since t € S, therefore we have
v = (] + soixo - x) - [ 4 (C()f”) I1X(5) - Xol ds.

The goal of this section is to show
V(t) <limsup Vy, (¢) <limsup V), (0) = lim Vy, (0).

n—00 n—00 n—00

(1) V(¢) <limsup,,_, . Va, (%)
First observe, from Lemma B.12 we know

X = Xoll _ o [3@)[ds gt ryas
S - S - s
<

holds for s < T'. Thus from (33) we have
d [C(s)*B(s)
o 2 2 @ [ ¥o) P\o)
’ )nxms) Xl < |s ds( ;

d <C<s>2ﬁ'<s>
Therefore applying dominated convergence theorem, we have for ¢ty € [0, T]

ds
tim [ 2L <W> 10, (6) = XolPds = [ <W> IX(5) - Xol2ds. (36)

n—oo [, - ds 2 to 2

= Mdot (T)

Mot (T)* € L*([0,T], R).

From elementary analysis, we can easily check lim sup,,_, .. (an + b,) = limsup,,_, ., an + lim, o by, holds when
lim,, s by, exists. Thus we have

. c@t)? (.. . 2 T
limsup Vy, (t) — V(t) = —2 (limsup HXM (t)H - HX(t)H .
n—o0 ) 2 n— o0
Therefore it is suffices to show following lemma.

Lemma E.4. Suppose for T' > 0 and sequence { )\, },,cn, X, converges to X uniformly on [0,T] and X, converges
weakly to X in L2([0,T],R™). Let t € S N [0, T]. Then following inequality is true

HX(t)H < lim sup HXAn(t) ’ .
n—0o0

Proof. (1) HX H < limsup,,_, HXA H holds for almost every s € [0, 1.

Let D be a measurable subset D C [0, 7). Since X, — X in L2([0,T],R") and xp X € L?([0,T],R"™), we

have

. 2 T, . . T, . .
/ )| s = / (X(9).xp(s)X(s) ) ds = lim <XA7L(5),XD(S)X(S)> ds
D 0 n—eeJo

:limsup/ <X,\n(s) X( ) ds <hrnsup/ HX,\
D

n—oo n— oo

The inequality comes from the Cauchy—Schwarz inequality. Now from Reverse Fatou’s Lemma we have

limsup/ HXAW(S)H HX(S)Hds §/ limsupHXAn(s)H HX(S)Hds
D D

n— oo n—oo
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Therefore combining two inequalities we have

[ (imsw [, - [ £]) [0 a0

As D was arbitrary measurable subset of [0, T'], we conclude for almost every s € [0, T]]

(limsup HX;W(S)H - HX(S)H) HX(S)H >0 = HX(S)H < limsup HX’\”(S)H .

n—oo n— oo

(ii) HX(t)H < limsup,,_, HX)‘“(t)H fort € SN0, 7).
Lett € SN0, T]. Then for h > 0 such that ¢ + h < T, since S is measure zero, from (i) we have

t+h t+h .
/ HX Hds < / limsupHXA"(s)Hds.
t

n—oo

Now, for some a > 0 consider

0, (6) = o0, ) + 225 10, (9 - Xl + [ 22U 16 (00 - Kol

:f n (5)
Then from the proof Lemma B.5, we know

Uy, (s) = —2 <XA,1 (s), %A/\n (X(s))> - i% % (9) = B, 5) - Xo)Hz =0

holds for almost every s, thus U, , is nonincreasing.
By the way, as X, converges to X uniformly on [0, T'], using dominated convergence theorem we have

i (5) = 225 16(5) = %o+ [T 220 ) — Kol

n—oo

Denote f(s) = limy, 00 fn($).
Using above facts, for s € [t, ¢ + h] we have

lim sup HX)‘" (s)’ = limsup \/Ux, (5) — fu(s)

n—oo n— oo
<limsup /Uy, (t) — fn(s) =, [limsup Uy, (t) — f(s). 37
n— oo n—oo
Therefore,
t+h t+h t+h
I X+ h)—X(@)| §/ X S)Hdsg/ hmsupHXA ’ds</ \/hmsupU)\ ) — f(s)ds.
t t n— 00 n— 00

Note /limsup,,_, . Uy, (t) — f(s) is a continuous function with respect to s. Thus we have

t+h
lim h/ \/hmsup Ui, (t) — f(s)ds = \/limsup Ui, (t) — f(t)

h—0

n—oo n—oo
\/hmsupHX)\ ‘ + lim f,(t) — f(¢ )—hmsupHXA H
n—00 n—oo n—00
Finally as t € S, X(t) = limp_0 w exists. Therefore

HX ‘ HX(tJrh)* @]l

h—>0+

t+h _
< - - =i
hlir(r]l+ h/ \/hrILILSogp U, ( f(s)ds hfffolip HX)‘" (t)

we conclude the desired result.
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(2) limsup,, ., Vi, (t) < limsup,,_, ., Vi, (0)
As A, is Lipschitz continuous, from Appendix E.3.1 we know V), is nonincreasing, and thus

V,\n (t) S 61_i>%1+ V)\n (6) = V)\n (0)
Taking limsup both sides we get the desired result.

(3) limsup,, , ., Vi, (0) =lim,_, Vi, (0)
From (32) and (ii) of Lemma B.10, we know

lim VY (0) =

n—oo

0 ifp>1
||7’“L(/3*(2X0))H2 if0<p<l1.

And applying (36) we have

to g C’(s)%"(s)
. s 0 _ G V) Pe)
nhm Vi, (0) = nhm V/\" (O) /0 5 < 5

> 1 X (s) — Xol| ds.
As the limit lim,,_, o V), (0) exists, the limsup concides with the limit.

E.3.4 Proof for general maximal monotone A

First, we show V' (¢) < lim,,_,o Vi, (0) holds for ¢ € [0, 00). Next, we show lim,,_, Vi, (0) = lim; o+ V(). Then we have
< 1 = 1 =
V() < nlgr;o Vi, (0) tglél_i_ V(t) =V (0),

which is our desired result.

(i) V(t) < lim Vy,(0) holds for ¢ € [0, c0)
n—oo
Take ¢ € [0, 00). We know the inequality is true when ¢ € S, thus assume ¢ ¢ S. Then from Lemma E.1, we know
there is a sequence {ty},.y such that tx € S, limp oo tx = t and A(X (1)) converges to A(X (t)). Asty € S,

V(tr) < limy_00 Vi, (0) holds. Since limy_, oo V(¢r) = V(t), taking limit & — oo to the inequality we get the
desired result.

(ii) limy, oo Vi, (0) = limy—04 V (¢)
Take a sequence {ty},, o such that ¢ > 0 and limy, o tx = 0. We wish to show lim o V (tx) = limy, 00 Vi, (0).

Note the arguments in Appendix E.3.2 are valid when HA(X (tr))|| and w are bounded for all k£ € N. The
boundedness of HA(X(tk)) || comes from Corollary E.2. And from Lemma B.12 we have

tr ,
X(te) — X, X(ty) — X I XA(S)HdS
X () = Xoll _ lim X7 (t) = Xoll < lim 0 < Mot (tr) < sup Mot (t)-
ts A—0+ tr A—0+ tr keN
Therefore applying the arguments in Appendix E.3.2 we have
C(tr)? | «
lim VO(t,) = lim %) A (1))
k—oo k—o0 2

Thus it remains to show the limit on the right hand side exists and is equal to lim,, o V)?n (0).

For p > 1, we know limy,_,o, C(t1)? = 0, thus limp_, o %’”2 HA(X(tk))HQ = 0 since HA(X(tk))H is bounded.
As limy, o0 VY (0) = 0 from (32), we're done.

Now consider the case 0 < p < 1. Suppose A(X (t4,)) is a convergent subsequence of A(X (t)). First observe from
(i) we have

A(Xo)|I?
VO(ty,) < lim VP (0) = llm(AXo))I”
n—o00 " 2
From above inequality, recalling lim;_, o, C(tx,)? = 1 we have
2

lim A(X (tg,))

l—o0

. m(A(Xo))?
> = Jim V() < T
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By the way as lim;_ o X(tr,) = Xo and A(X(t,)) € A(X(ty)). by closed graph theorem we have
lim;_o0 A(X (t,)) € A(Xo). As of m(A(Xy)) is the element in A(X,) with smallest norm, we have
limy_,00 A(X (tr,)) = m(A(Xp)). As all convergent subsequence converges to the same limit m(A (X)), we
conclude limy,_, oo A(X (t1,)) = m(A(Xp)).

Therefore

C(ty)

2 n—oo

lim VO(t.) = 1
Jim V() = lim,

As t), was arbitrary positive sequence converges to 0, we conclude limy, o Vy (0) = lim;04 VO(t) = V(0).
Therefore

Tim V3, (0) = V°(0) - /0 " d (C(S)Qﬂ(s)

2 5.
== >|X(5)—X0 ds = Jim V().

E.4 Proof of Lemma 3.4

Most of the proof is done in the main text. Recall ®(t) is defined as ®(t) = ||A(X )H2 +28(t) (A(X (1), X (t) — Xo),
and from (8) we have

A @) —26(1)% X0 — X%
On the other hand,

. t $)28(s )
Cap — 00 = (302 +40) 1X0 - Xl - o [ (W) IX(s) - Xo” ds.

Note C(t) # 0if t > 0, we can divide with C(¢)2. Now from Corollary 3.3 we have we have V (t) > V(0) fort > 0, and so

%_%ZO.Thusfort>e

S — (807 +80) 1X(0 - X+ oo [ 5(0()25()> IX(5) — Xol ds

L) (v
= 2~ (zap —20)
~ (T 2O a2 00 2 LA - 2002 1% - X1

Moving 28(£)2 || X — X, ||? to the left hand side and multiplying with 2 we get the desired result

JACX @) < 4802 10 - ‘;V(t(? 2 (B0 + (1)) 11X (1) — Xol?
+C(2t)/ ( B) 1 () — Xol*ds.
E.5 Proof of Theorem 3.1
Restating Lemma 3.4, we know for £ > 0,
IACRO) < 45602 1% - X + T -2 (50 + 50) 1X() - Xol? ™

s | (C6806)) 1X(6) ~ XolP s
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As we know || X (t) — Xo|| < 2||Xo — X«|| from Lemma D.1, it is clear that
45(0? [ Xo — X, |* = O (B(t)?)

2V(0) 1
ce ~ 9 <c<t>2> G8)
Jr

2 (B0 +8®) 1X(1) - X0l = 0 (81)) + 0 (B(1)) .

Therefore it remains to show
#/ ! (C%6(5)) 1X(5) = Xo|* ds = O (5(1)%) + O (cé)?) +0(Aw).

t, ds

We can check there is 7 > 0 such that for s > T the sign of % (C(s)2ﬁ(s)) does not change, for 3(t) = & with v > 0,

p > 0. We first proceed our proof with assuming this condition. The point for this condition is that following equality holds for
d

t>T.
[ (cwrpe)as| = [ (cwrae)
T ds T |ds
Applying above equality and using || X (¢t) — Xo|| < 2| Xo — X4||, we see

’O(2t)2 /tt % (0(3)25(8)) X (s) — Xol® ds

ds.

T t

< &7 / s (COPBO) 1X0) = Xl as| s [ |3 (C160366)) 1 06) = Kol s
=M

< i 8 (i s

oM 8| Xo— X,

=Ccar T Car - |CWAw - ompA)
< C(zt)z (M +4[1X, — X, |* C(T)? \B(T)D + 81X — X, | ‘B(t)‘ 0 (cé)z) e (3@) _

Therefore from (7) and (38), we conclude

— 0 (B(t)*) + O (C(lt)2> +0 (A1)

~ 2
[ AX ()]
It remains to show there is 7" > 0 such that for s > 7" the sign of % (C ()28 (s)) does not change. It can be shown by easy,
but a little complicated calculations. Since C'(t) = C/(t)3(t), we see

L (0ts85)) = 20(sBLs)B(s) + C(s)28(5) = C(s)? (28(s)8(5) + A(s)) .
Therefore it is enough to check the sign of 23(s)3(s) + 3(s). Observe

) .

) . 2p’y2 p(l 4+ p)’y ?3'7(1 - '7) ifp=1
28(s8)B(s) + B(s) = — = _ .

(s)B(s) + B(s) T pr; plpti)y (sp 1 %) ifp # 1.

Thus when p = 1, for all s > 0 it is nonpositive if v > 1 and nonnegative if 0 < v < 1.
When p # 1, we see

lim P! =

{oo if0<p<17 Jim P! —
s—0+

0 ifp>1 s—00

Therefore by intermediate value theorem there is 7" > 0 such that TP—1 — 2—1 = 0, and for that T' we have sP~1 — 27 s

P p+1
nonpositive for s > 7" if 0 < p < 1 and nonnegative for s > 7" if p > 1. This concludes the proof.

0 if0<p<l1
o ifp>1
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E.5.1 Proof for the convergence rate in Table 1

Recall, from (31) we have

eTr p>0,p+#1.

tY p=1
C(t) = { ti-p

We now observe ﬁ(t) does not effect to convergence rate. In other words, we show B (t) is not the slowest one that goes to zero
compared to 3(t)? and ﬁ for every case.

) 0<p<l1
Comparing 3(t) = — £ with A(t)? = ;Q%, we see 3(t) = O (B(t)?) when 0 < p < 1.

(i) p> 1
For p > 1, we see lim;_, ﬁ =1#0. Aslimy_,o0 B(t) = — limy_, oo 4 = 0, we have B(t)=0 (ﬁ)

From (i) and (ii), we conclude

IAX®)|* = 0 (80)%) + O (C(lt)2> .
Now the results in Table 1 is straightfoward.
ep=1
When p = 1, we have C'(t) = 7. Comparing ﬁ =
M |AX@)|* =0 (B()?) =0 (&)ify>1.
@ [AXO)" =0 (atp) =0 (F) ifo <y <1,

*0<px«l1
When 0 < p < 1, we have

L O t? 0
e BH)2 O~ 32 oo g5t ?

— 0 (3) = O (k).

Therefore,
*p>1
We observed previously that lim;_, o ﬁ =1 # 0 when p > 1. Therefore H[\(X(t))“2 =0 (ﬁ) =0(1).

Ax @)

E.6 Proof of Theorem 3.5

Name
X, = Hzer a(Xo) = argmin ||z — Xo| -
z€ZerA

We first show
lim sup <X(t) - X, X0 - X*> <0.

t—o00

Proof by contradiction. Suppose not.
Then there is € > 0 such that for every k € N, there is ny, € [0, c0) such that

(X(n) — Xe, Xo— Xi) > €
By the way, from Lemma D.1 we know X (n;) € B” Xo—X.|| (X, ). Thus by Bolzano-Weierstrass theorem, there is a converging

subsegeunce {X (ng()) }ie(n). Name the limit as Xo. Since lim;—, o0 | A(X (2))|| = 0, {A(X (n1)) hie(n) converges to 0.
Then from [15, Proposition 20.38], (X,0) € Gra A, ie. Xoo € ZerA.

55



On the other hand, as A is maximal monotone, by [15 Proposition 23.39] Zer A is closed and convex. Since X, = IIz, A(Xo),
by [15, Theorem 3.16] we have <X — X, X0 — > < 0. Thus

0<e< lliglo (X (ngy) — X, Xo — Xo) = (Xoo — X\, Xo — X)) <0,
this is a contradiction, therefore we get the desired result.
Now we show lim;_, HX(t) — X*H = 0. Recall, fort > 0
X € —A(X(1) - BH(X - Xo).
From C/(t) = C(t)5(t), and monotonicity of A, we observe

%(C(t)QHX( - X Y) =20 (X(0), X (1) - X.) +20(1)%8 HX ) - X,
= 20(1)2 (~A(X (1) = BE)(X (1) — Xo), X(t) — X.) +2C(1)B(1) || X (£) — X.||”
< - () B() (X (1) — Xo, X (1) - >+20< 50| xX() - X[

<X0 — X, X(t) - X*> .
Now take e. From lim sup,_, <X(t) — X,, X0 — X,) <0, there is M > 0 such that
t>M = (Xo—X.,X(t)—X.)<e

For that M and t > M, integrating from M to t we get

(C()2||x(s) - X*HTM — C?||X(t) - X.|* — c(m)? || X (M) — X, ||
< / 20(s)?B(s) (Xo — X, X(s) — X, ) ds
]\/[

120 B(s) (Xo — X, X(s) — X,.)| ds
M

< / 2C(s)?B(s)eds = ¢ [C(s)z]iu =e(Ct)?*—-C(M)?).

M
By dividing C(t)? and organizing,

_ C(M)\* C(M)\* _
X0 - %P < (1 - (%) ) + (S0 e - .

By the way from assumption, we have lim;_, o, % = 0. Therefore we conclude

lim HX )_(*HZ <e.

t—o00

Since € > 0 was arbitrary, we get the desired result.

F Proof for worst case examples
The explicit solution for linear A is crucially used in worst case examples. Therefore, we first provide proof for it.

F.1 Proof for explicit solution for linear A
F.1.1 Proof of Lemma 4.1

Observing

Py +1)Xo = Xo + i A

+1)Xo,
— T(n+7+1) (v + D Xo

ZI‘n—&-v—kl

56



we can check X (0) = X. Now by using the property of Gamma function I'(z + 1) = 2I'(x), and paying attention to the
lower bound of the summation index we have

B e (7tA)n71 )nflAn
= —A; WF(’Y—F l)Xo +’YZ m

=-A X, Xy =-AX(t)— = (X(t) — Xo).
ZFn+7+1 Fly+1) 0+ nzlrn+7+1 Py +1)Xo (t) t< (t) 0)

The solution can be written in another form
t
X(t) = ye A / u e du Xo. (39)
0

As this is a special case of (9), here we just briefly check this satisfies the ODE and check other details in the proof of Lemma 4.2.
By product rule of differentiation,

. d d t d t
X=9 et tiV/ W et du Xo + et [ =t / W et du Xo + et — / w et du X,
at’ 0 dt 0 dt \ Jo
— _AX(D) — lX( £) 4+ ye AT (177t X,
7
= —AX(®)) - 5 (X(t) — Xo).

F.1.2 Proof of Lemma 4.2
Define

X, () = (I— Ace(_; ( /0 t esAC(s)ds» Xo.

We show X, is a well-defined solution for (3) with linear A, then show X, is equal to X (¢) defined in (9).

We first check well-definedness. By definition, C'(t) = elio P)ds 4
from monotonicity of A we have for all z € R"

s ’etAH is also nondecreasing since

Now we see X (t) is well-defined since

g ([ S

[l gl

Also above inequality implies second term reaches to zero as ¢ — 0+, we have lim;_,o4 X, (t) = Xo. Thus defining
X.(0) = X if necessary, we see X, satisfies the initial condition with X,. € C([0, c0), R™).

t
g/(1~1)ds:t<oo.
0

We then check X, (¢) becomes the solution. This is immediate from product rule for differentiation. Since % (%) =
~ o C(OB(t) = — 51 B(t), we have

X.(t)=— (C‘;e“‘) % (/Ot esAC(s)ds> Xy
() ([ ) x

—t 1 d ! S
— Ae Ama (/0 e AC(S)dS) Xo
= — A(X.(t) — Xo) — B(1)(X(t) — Xo) — A(Xo) = —A(X(t)) — B(£)(X(t) — Xo).
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Finally we now show X (t) = X, (t), where X (¢) is defined as (9). From integral by parts we have

t

0

X(t) = e_tA% ( /0 L AC(5)B(s)ds +C(O)I> Xy
(fe*co)

/O t Ae*AC(s)ds + C(O)I) X,

— <1 - Ae*”‘% (/Ot eSAC’(s)ds>) Xo = X.(t).

F.2 Proof of Theorem 4.3

0 1

If 5(t) =0, for A := (1 0

), we have X (t) = e7*4, s0
lim [AX(O)] =1 £0.

So let’s consider the case /3 is not 5(t) = 0 and 3(¢) > 0. For

Ag = 2m¢ <_01 (1)>

name the solution for ODE X; = —A¢(X¢) — B(t)(Xe — Xo) as X¢. By Lemma 4.2 we have

eftAg

Xelt) = 5 ( /O teSAfC(s)ﬂ(s)ds+C(O)I> Xo.

‘We want to show,
HeRr,  Jim [A(Xe(D)] #0

oA
Cc(t)

From lim;_, ﬁ %0, we see lim;_, ’ =1 % # 0. And since A is invertible except the case £ = 0, we have

Jim [A¢(Xe(@)]] = 0 <= Jim [ Xe(t)]| =0

< || lim /t e*A¢C(s)B(s)ds + C(O)IH =0.

t—o00 0

Now let assume V€ € R, limy_, o ||Ae(Xe(2))]| = 0 and lead to contradiction. Define f : R — R as

C(s)B(s) s>0
J(s) = {0 s<0.

Then [%_ f(s)ds = [C(s)]y” = limy—ee C(t) — C(0) < oo we have f € L'(R,R). Note lim;_, C(t) exists, since C'is
nondecreasing and by the assumption is bounded.

. . T sA, _ [ cos2m&s  sin2n€s
Now setting Xy = (1,0)* and from e*“¢ = (_ sin27&s  cos2més ) Ve 5@

T

/000 e*AeC(s)B(s)ds Xo = (/000 cos(2ms€) f(s)ds /000 sin(—27rs§)f(s)ds>
= (re(it©) , (i)

where f(€) is Fourier transform of f.

From assumption we have V¢ € R,

I, es4eC(s)B(s)dsXo + C(0)Xo|| = 0, we have
(Re(i(©) . Im(f(e)) = ~C(0)Xq
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By the way, from Fourier theory we know f vanishes at infinity , thus
ICO)Xo]l = lim |f©)| = 0.
§—o0
Therefore we have f(¢) = 0 forall £ € R.

Now f = 0is clearly L' (R, R), we can apply Fourier inversion formula and conclude f = 0 almost everywhere.

However, f(s) = C(s)/3(s) is not zero almost everywhere since 3(s) is not constantly zero. Thus a contradiction, we get the
desired result.

F.3 Proof of Theorem 4.4
F.3.1 Proof for thecasep=1,7> 1
Recall from (39), we know
X(t) = ye At /t e ds X,.
0
Without loss of generality, we consider the case Xy = (1,0)7.

@) y=1
Plugging v = 1 gives

et i sart L, —tA r_ 1, T
X(t) = 7 Al e ]0 XoZgA (I —e ") (1,0) ZEA (1 — cost,sint)
Therefore
. L B . AT
Jim [[EACX (1)) _tlggoH(l cost, sint) H £ 0.
i) v > 1

We will show lim;_, [|tA(X (¢))|| = ~. With change of variable s = tv and integration by parts we have

1 t
('y) tA(X (1)) = e A A~ 07D / 577 ds X,
0

1
= e_tAtA/ e o X,
0
. 1
= t4 [e“AvV’l]O Xo—(v—- 1)671‘/‘4/ e 2dv X,

0
T

1 1
=Xo—(y—1)e (/ cos(tv)v? 2dv | / sin(tv)v”2dv>
0 0

By the way, from v > 1 we have v =2 € L'[0, 1], by Riemann-Lebesgue lemma we have
1

1
lim cos(tv)v?’ " 2dv = lim / sin(tv)v? " 2dv = 0.
0
Observe as e~ "“* is a rotation, we know

t—oo /o t—o0
1 1 1 1
e A (/ cos(tv)v? 2dv | / Sin(tv)zﬂzdv) (/ cos(tv)v? 2dv | / sin(tv)v”zdv) H .
0 0 0 0

Taking limit ¢ — oo we know right hand side converges to zero, we conclude

1 1
lim e 4 (/ cos(tv)v 2dv / sin(tv)v”%lv) =0.
t—o0 0 0

tA

Therefore,
1 1 T
lim [[tA(X ()] = ||[7Xo — y(y — 1) lim e~ %4 (/ cos(tv)v? 2dv | / sin(tv)v’y_de)
t—o00 t—o0 0 0

=7 Xol =~
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F.3.2 Proof for thecasep=1,7 < 1

Since A, et are invertible, we see

. 2y 2 . v . v
Tim 27 [ ACX(1))]* # 0 <= lim £ [JACX(1))]] # 0 <= lim ¢

1
etAX(t)H # 0.
~
Therefore it is enough to observe "¢ X (t). Again for Xo = (1,0)"
1 t
—e X (1) :/ e ds X,
v 0

= (/Ot cos(s)s7 tds /Ot Sin(s)57_1d5>

Since s7~! decrease monotonically to zero, we may apply similar argument with alternative series test.

T

Define a,, = f( . sin(s)s”'ds and name S,, = >_;'_; a,,. Then for m € N, ¢ > 2mm we see

t
Som < / sin(s)s? " 'ds < Sopm_1.
0

By the way S = lim,,_, , S, exists by alternative series test, thus we have

t

lim sin(s)s7 " 'ds = S
t—oo Jq

by squeeze theorem. Note S > S5 > 0. With similar argument, we can conclude lim;_, o, fg cos(s)s”’lds also exists.

Therefore we conclude lim;_, |[tY X (¢)]| # 0 since
¢ ¢

(/ cos(s)s? " ds , / sin(s)s"’_lds>
0 0

T

o o -
Jim [[7X (@) = lim > S > 0.

F.3.3 Proof for the case 0 < p < 1

Recall from (9), we have
o—tA

X0 =5 ( /O " AC(5)B(s)ds + 0(0)z> Xo.

Our goal is to show

. 2p 2
Tim 27 [|A(X (1))]* # 0.
We first observe, it is enough to show

lim / C(s )sinsds # 0.

t—o0 B

This follows from below facts.

(1) Since (t) = 7 and A is linear and invertible,

im %7 2= im’yi2 2 im .
Jin 7A@ = Jim L AN 20— i HB (t)”#o

(2) Recall from (31), we have C(t) = e " for B(t) = L, s0 C(0) = lim;_,o4 C(t) = 1 and lim;_, m

tp>

Thus lim;_, m ||C'(0)I]| = 0, second term is ignorable. Therefore the problem reduces to

Jim Hﬂ(‘i)t;@) </Ot C(s)ﬁ(s)esf‘ds) X
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(3) Since e' is linear and invertible, problem reduces to

lim H ( / C(s _SAds) X
t—o0

coss sins
—sins coss

(4) Again without loss of generality, let X = (1,0)”. Recalling ¢4 = ( ), focusing on one component

we see it is sufficient to show

t_mo 5 / C(s)B(s)sinsds # 0.

Now we prove the statement. For convenience, name D (¢ ) (t)C(t) . We want to show

lim/ D(i) sinsds # 0.
[ ——

t—o00 0

=5(t)
We first observe
D(t+9)
D(t+m)

1‘0.

lim sup
t=20 5¢(0,4]

To do so, we first show lim;_, g((fifr)) = 1for § € [0, w]. Take § € [0, w]. Observe

D(t+8) _ Bt+0)C(t+08) _ (t+m\"er T (40T (T e (1-(55) )
Dt+m) Bt+m)C(t+n) t+6) erpttmi=? t+9 ’

Considering L’ 6spital’s rule for the exponent, we see

ey () e
3

lim (t+6) 7 (1 (L7 = lim —— "2 — |im W)~ fim —— =

t—o00 t+ 9 t—o0 (t 445 p t—o00 (p _ 1) (t 4 5)? t—00 (t + 7'(')

As the exponent reaches to zero, we conclude lim;_, g((fifr)) =1.

Now from
D) = C(t) (B2 + B(1)) = e "t~ (91— pt?),

_1 1
we see D(t) is nondecreasing for ¢ > (%) """ since 0 < p < 1. Therefore for ¢ > (%) " we have SUPse(0,4] ‘% - 1‘

D(#) D(t+6)
maX{‘D(t-{—ﬂ') | D)

— 1’} so it reaches to zero as t — oo.

Now we prove desired statement. Proof by contradiction. Suppose lim;_, ., S(¢t) = 0. Then for 0 < € < %, thereis 77 > 0
such that ¢ > Ty implies |S(¢)| < e. Now for ¢ > T7, observe

HTrD(S)sinsds/t D(s) sin s ds
. 0 D(t—|—7r)t o D(¥) 1 1 t
:’Di_t:j—ﬂ (/O D(s)sinsds—/ D(S)Sin8d8>+<D(t+7r _D(t)>/0 D(s)sinsds

D(s) —’( t+7r )/ Dt smsds

t D(t+ )
D)

On the other hand, there is 75 such that ¢ > T5 implies Supsc(o ] [ Dl

(2n+1)w D
/ i sinsds| —
2 D(t + )

% > |S(t + ) — S(t)] =

sin s ds

- 1‘ < £ Now fort = 2nm > max{T}, To},

D(#)

2 N\
< ‘D<t+w>

(2n+1)w
><|S(t)|>/ (1 —¢€)|sins| ds —e=2—2e.
2

nm

nm

This contradicts the fact e < %, we prove the assumption lim;_, o, fot S(t) = 0is not true. Therefore lim;_, o, fot S(t) #0.
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G Proof of convergence analysis for discrete counterpart

G.1 Correspondence between discrete method in Theorem 5.1 and continuous model (6)

To check the correspondence of the method with (6), we provide a informal derivation. Assume operator A is continuous. Then
we have y* = 21 + AzF+1, by substituting 3y* and y*~!, the method can be equivalently written as

kP ¥
k+1 k41 _ k_ pqk 0
"+ Ax _kp—l—v(x Az )+k1’—|—'yx' (40)
This can be considered as a special case of below method, with A = 1.
kP h1=Py
k41 k41 _ k_ k 0
T+ hAZ T = W iy (x" — hAz") + R
Dividing by h both sides and reorganizing, we have
k+1 k
T - hP kP ¥
T ARt T AR T (R 0
h . hPkP + hy T ek hy (2" =)

Identifying hk = ¢, ¥ = X (¢) and taking h — 0, we have
X(t) = —2A(X (1) - - (X = Xo).

As monotonicity is preserved for scalar multiple, rescaling 2A to A does not change the class of operators that the ODE covers.
For notation simplicity, replacing 2A to A we have

X(1) = ~AX(1) - 5 (X~ Xo).

G.2 Proof of boundedness of ka H

While proving Theorem 5.1, we need a upper bound for H.Z‘k H Therefore we first prove following lemma.
Lemma G.1. Let A be a maximal monotone operator. Consider a method

2 = Jayhl

y' = (1= Bp) (22" —y* 1) + Bra®
fork =1,2,..., with sequence { By} cn, 0 < B < 1 and initial condition Y = 20 € R™. Then following holds

l2* =& < [l = 7.

for x* € ZerA. And so,

o) <2 Ja0 — %]

Proof. Recall from Lemma D.2, we know for T = Ra = 2Ja — I given method is equivalent to below method
YR = By’ + (1 — Br) Ty,

Note that 2* € Zer A < 0 € Ax* & 2% = Jpz* & o* = Ta* & x* € Fix T. We first prove ||yk — x*|| < ||y0 — x*|| by
induction. The statement is trivially true when k£ = 0. Now suppose the statement is true for £ € N. Then

J9#50 = al = 18 0 = )+ (1 ) (1 = )|
< Bl =+ (1= B [T - |
< B lly” = || + (1= Be) [|v* — =]
< Bl =]+ 1= B0 I° - o) = o = )

The first inequality is just triangular inequality, the second inequality comes from the fact 2* € Fix T and T is nonexpansive,
and the last inequality is from induction hypothesis. By induction, we have Hyk — :C*H < ||y0 —x* || fork=0,1,....
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Define Az* = y*~1 — z*, then Az* € Az* since Jpy*~! = 2*. Observe for k = 1,2, ..., from monotone inequality we

have
ly* " — 2| = | Aa* + (@F — )| = | Aat|” +2(Ask, 0" — 2% + [l* — o7 |* > |[2F - 2|

Therefore we conclude
[Jo% —a* || < fly* 7 =] < [ly” — 2| = [|l2° - 2]

The latter statement holds directly from triangular inequality,

l2* = 2%l < []a* — & || + [|lo* - 2] < 2[|2" — 27

G.3 Proof of Theorem 5.1

The outline of the proofs originate from continuous proofs. To simplify calculations, instead of directly deriving discrete
counterpart of Proposition 3.2, we consider rescaled conservation law for each cases. By considering dilated coordinate

Wi =X—-Xoforp>1,Wo=tP (X —Xg)forO<p<1l, Wy =t(X—-Xo)forp=1,v>1land Wy =7 (X — X)
forp =1, 0 < v < 1, we obtain below conservation laws.
A 2 274 gl
By = A + 2 (ACK0). X0~ Xo) + (55 + 2 ) 1K) - Xol?
t t
d ~ . . 2 1
+/ <A(X(s)),X(s)> ds +/ L% )+ Bex(s) - Xo)|| ds + f/ 2221 5 (5) - Xo| 2 ds
o \ds o SP s 2 )y 8P
~ 2 _
By =t [|A(X (1)) + 2715”( (X (1), X(t) = Xo) + (v* =yt ") [|X (£) — Xo|®
t t t
d ~ . 2
—|—/ 257 <d (X(s)),X ds+ [ 257 (y—psP™!) HX(S)H ds +/ ¥p(p = 1)s” 2 || X (s) — Xo[*ds
0 $ 0 0
~ 2
By = 2 |AX0)] + 29t (A(X (), X (1) = Xo) +7 (v — 1) [|X(£) — X0
t t
d - ) ) 2
+/ 2s? <dA(X(s)),X(s) ds+ [ 2s(y—1) HX(S)H ds
to S tO
~ 2 _ ~ _
By = 7 A0 + 29827 (AX (1), X (1) ~ Xo) +(y — D2 X(1) ~ Xl
t t
d - )
+/ 2 <dA(X(8)), X(S)> s +/ 29(y = 1)s™7% | X (s) — Xo|* ds.
0 s 0
Lyapunov style proof can be obtained by considering below functions
- 2 2y, ~ 2
() = A + 5 (ACC0). X0 - Xo) + (I + 25 ) 1X(0) - o
2 _
Un(t) = ¢ HA( O+ 29 (ALX(0), X(0) = Xo) + (27 =) 1X(0) - Xo|?
Us(t) = 2 |AX (1)) +2vt< (X (1)), X(t) — Xo) +v (v = 1) | X(t) = Xolf
Us(t) = > HA O] + 4~ (AKX (6), X (1) — Xo) + (v — DD X (1) - Xo *.
The main blocks of the calculations corresponds to continuous cases, but there are some ‘errors’ in terms of Az and zF — 20
occur due to discretization. The proofs are done by showing these ‘errors’ don’t effect to the conclusions.
(0) Preparation.
For all cases, we will consider functions of the form
UF = ay, HAa:kH2 + b, <Aa:k,a:k — x0> + ¢ Ha:k — x0||27 41)
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and consider U**! — U*. As similar calculations will be repeated, we first organize the repeating calculations. That
is, we prove following equality is true.

UFHT Uk A, <[\mk+1 — Azk gh+t xk> T <1:\xk+1 — Azk ghHt xk> (42)
kP + ~ ~
= (ak-H >\k 7) ||AIk+1||2 + <)\k P i ~ — ak) ||/\xk||2
+ (bk+1 - /\kklp — Tk — Chi1 kp];— 7) (Agk+t b+ — 0 4 (1 — epyn) <Amk+1,xk —2%)
- kP -
+ (76 — Ckt1) <A:vk,xk+1 > ()\k T b — Tk — Cki1 [ ’y) (Azh 2F — 20)
e o) |9
Observe, this can be shown by checking below equalities are true.
(Az+l — Agh, gh+1 — b (43)
k""Y k12 Y A k+l _k+l 0 Ark|? o k.0
Bt — (A M —a) 4 AP 4 (e o )
<[\mk+1 — AzF Pt — xk> (44)
= <Amk+1, ahtt — a?0> + <Amk, zF — :c0> - (<Axk+1, zF — x0> + <Axk,xk+1 — x0>)
crp |2 = 20| = e [|2* — 2°||° (45)
= —Cpy1 kpk—: i <[\xk+1,xk+1 — ac0> — Cri1 <Amk+1,xk — x0>
— Ck+1 <A$k,$k+1 — ZL‘O> — Ck+1% < A .’I}k, Ik - Z‘0>
e et = = e o = o e — )t - o

— Proof for (43)
Recall, the method was defined as

k _ kP (2% k—1) T .0

" — x
Y kP + v Y N kP 4~
“+1 — JIAyk
By considering 2%t + Az*F*1 = ¢/ substituting y* and y*~! we can rewrite the method as
E+1 | A k41 7 E_ Ak g 0
" 4+ Ax —(1 kp—f—’y)(x Ax)+k1’+7x' (46)

By multiplying kP + «y to both sides and reorganizing we have,
(K” +7) {(@"F! = 2%) + Aa® 1} = kP{ (2" — 2°) — Aa®}.

By subtracting both sides by kP (2! — 20) and (kP + ) (x* — 20) respectively, above equation can be rewritten
as

—kP(AZF 4 (Y — 2F)) = (B + 4)AgkH 4 y(aF T — 20)
— (kP + 7)(AzFHL 4 (2P — 2F)) = kP ALY + y(2F — 20).
From above, we get the following
(kP + ~)kP <Awk+1 — AzP P — xk>
= (kP + 7)k? (A" 2ht — oF) 4 (kP

—zF ~¥)kP <Axk+1 Az >
_ (kp Jrfy kp <[\xk,mk+1 _ xk>

+
(kP + v)kP <Amk+1 Az")
—(KP + ) Az —kP(AzF 4 (21 — 2F)) + KP(A® — (kP 4+ 7) (AP + (2P — 2F)))
— (kP + ) (Ax" T (kP + ) APt + (2P = 20)) + kP (AxF, kP AxF 4+ (2F - 20))
— (kP

+7) (K + A2 + (At 2 — o)) + kP (|Az®)|? + v (Ad,2b —2?)).
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Now dividing both sides by kP (kP + ), we get the desired result.

— Proof for (44)
This can be checked by just expanding the inner product of left hand side.
— Proof for (45)
First, observe
2 2
e [ 20" = e [lo* — 2

= cunr (4 =)~ —2°)") + (ernr — ) o — 2]
— gy (P =2k (P = 20) + (28 — 20)) + (crpr — ) |2 — 20|
= cpr ((@"T — 2P 2P = 20) (2P — 2P 2k —20)) + (g1 —en) sz - x0||2.

Reorganizing (40), we get two different expressions for z*+1 — z*,

_ kP
ohtt — gk = — (AP 4 A ) — 7 (xk — xo)
kP 4y kP 4y

AR — (WAle + A:ck) X (;v’“l —2%).

kp kp
Now plugging these to previous equality, be get the desired result.
2 2
e [ = 20" — ep [|l2* — 27
P+ 2 hv1 ik Y k1l 0y k410
:—ck+1(< = Az + Ax —|—k—p(m —x),x —x

- kP ol 2
+ <Azk+1 + WAxk + P (z¥ —20) 2% — x0>) + (crg1 — ) |[2* — 22|

= —Ck+1 prk—; v <Axk+17 Rt x0> — Cl+1 <A:L'k+1, zk — £L‘O>
e (Aak,ab ) - ckﬂkp"% (A 2* — o)
*%H%m“hfwfkﬂw+|wwa+wa%nx7wW
@) [|A)||* = 0(1) for p > 0,7 > 0.
Plugging
8 _ kP 0 1 1

=145 be = +_4(l-c+)<k_(k_(k:+1)>>
)\k—l‘i‘% Tk = Ck+1

to (41) and (42), we obtain

kP 1 1 ~ -
k+1 _ 7k 1 7_77 A k+1 _ Aok k1 _ _k
v 2/<;P+fy 11 | AgF L2 v (2kP + ) | A
kzp kp (k+1)p Qkp(kp+ )
L 2= 1 AL k+l k+1 0
(k% (k <k+1>p)> e
kP 1 1 Ak k0
- _ A _
(kp kp+»y 2(kP + ) <kp (k+1)P)>< €T, T ")

s e
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y2kP o 1 1 2 9
2 (kP + ) (2P +7) (k‘”’ - (kp (bt 1)”)) " = %" + Ceaa = ) " =27
2

(2K +9) || 5 k1 1 k? 1 k+1 .0
= —-—-—-—— A —_—— —_
oz |0 T, Uy o Gror)) )
~ (2kP K (1 1 2
+7 Y+ — = (a:k—xo)
le’ (kP +7) 2kzp + 7 2 \kr (k+1)p

1/
(kp—um )Hm i

o~ 1 1 k2 (1 1\’ ) 2
‘ﬂwww<”<w+m‘w)+4(m‘w+w))w“‘””

Sk,1

AP 1 1 k102 1 ko on2
v (- w)t e () - a2
2 (kP +7) (2kP + ) (k+1)p kp 4 \ kp (k+1)p

Sk,0

+ (cre1 — ck) H:vk — mOH2 )

The continuous counterpart of above equality is

(0 + { A, X(0)

A+ (2 +2) e - x| - 522 x - xo?,

tp

1 #)
kP~ (k+1)P
O (k) O (g55r) = O (1), the order of the term 57— (’y + k;p (k%, — m)) corresponds to (7 + 2).
Thus we can see the sum of first two terms on the right hand s1de of the equality for discrete setting corresponds to the
first term of the right hand side of the equality for continuous setting.

which can be obtained by differentiating and reorganizing the conservation law for ;. Note, as k; (

We can observe that si,1, k.0 = O (72t ) + O (752 )- Andsince ¢, = O (535 ) + O (71 ), we have 1 — ¢ =
O (7257) + O (=) as well. Therefore the coefficients of [|**! — :cOH2 and ||z* — x0H2 are summable for p > 0.

From Lemma G.1, we know sz“ — :z:0||2 and ||x’C — xOHQ are bounded by 4 Hzo — :1:*”2.

The term <Axk 1 Agk gkt — k> on the left hand side is nonnegative from monotonicity of A, and the coefficient
is nonnegative as well. The coefficient of || Az*+1 || in the right hand side, —% ( =z - ﬁ), is nonpositive. As a
result, we get below inequality.

1 ¥ ol 2 2
R < Uk o <kp _ (k+1)p) 2541 — 20| + (cras — k) || — 2|
< U? +2Hx0 _LC*HQ Z ((]:;) _ (k;—:l)l’) + 2 (cpt1 —Ck)> =M.
m=1

As done in (8), by monotonicity of A and Young’s inequality
M > U* = ay | Aa®|” + by, (Aa®, 2% — 2°) + ¢ || — 2°|
> ay, HAmkHQ + by, <Axk, * — x0>

~ 2 1/~ 2 1
> ap [Ad*|” = 5 (JAaH]” + 8 [la* —2°)*) = 5 (1+ 5 ) Ak +

2
o2 o = a0
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Reorganizing, we get the desired result

~ 2 ¥\~ 2
JackP <2 (1= Z) " (b gl ot - o))

_y (1+ - 7) <M+ o Hx*—x0||2> — o).

Qi) [|A()]|* = O (&) for0 < p < 1,7 > 0.

Plugging
gl kP
:kp(kp+,>7 b = ~kP, __vr
Gk41 B) k+1 =7 Ck+1 4(kp n %)
Ak = Qk41, Tk = Ck+1
to (41) and (42) with p = 1, we obtain
2
Ut Uk (e (R 1) - L I VS B W SR
2) "1+ D)
~ (kp n 1) HAkaHz _ 72<[5‘%k+1 gkt g0y 7° ka+1 _ on2
: | i)
+ 714321’ (k" + 3) —(k=1)? ((k - 1)+ l) HAxk||2 + 7k DR 4+ K = (k1)) (A z* — 2z
kp + ~ 2 kp 4+~ ’
=4k =Tk
31.p 3(Lp — — 1)
vk k 0|2 7 (K — (k= 1)) E 0|2
- 7 I =+ s == 7 " =2l
4 (kP + ) (k* + 3) 8((k—1)p+3) (k» +3)
2 2
YN A k1 2 k+1 0 Ak L Tk (kK 0
—~ (EP ,) A 1 _ A 5 —
’y( +2Hx +2k1’+7($ 2|+ x+2qk(x )
3kp 3(kP — (kK —1)P
(i s
g AR ) (R +3)  8((k—1)P+3) (b +3)
Sk
The continuous counterpart of this equality is
. d -~ )
Ua(t) + 26 { AKX (), X))
~ 2
= 27 (y—ptr ) [AGX () + L (X0~ Xo)|| = wlo — D 1X (1) - Xol?

which can be obtained by differentiating the conservation law for Fs. The first term on the right hand side correspond
to the sum of first two terms in the right hand side of discrete equality. Thus we may expect the order of the coefficients
for the terms would match, and we will check the expectation is indeed true.

With some calculation, we can observe
292k — PR ((k — 1)P — kP)?
NI

S =

where

A = 207 (k = 1) (k= 17 + 2 ) = 2% — k% 4 2906 = )7 (b= 1) + 2 ).

By considering Newton expansion and from 0 < p < 1, we see
di, = 2k +vEk*P + O (K°P71) — 2k°P — 4k + 29k* + O (kP)
=29k + O (K**71) + O (k?) = O (k*P) .
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Thus we can check the leading order of numerator is p+ 2p + (2p — 2) = 5p — 2, and leading order of the denominator
isp+p+2p=4p. Asbp—2—4p = p— 2, we have s, € O (kp’Q), which matches with the continuous counterpart.
Therefore Y po | s < 00.

On the other hand, we see

& (k2 + 3) y
Qk—w—(k_l)p((k_1>p+§)

S (1 k0 (170 (1 -+ 0 (170) 4 )

2
= —%k” + 2Pk 4+ O (K2P72).

Since p > 2p — 1, we have lim_, . gx = —o0. Note this matches with the continuous counterpart as well.

Therefore there is N > 0 such that for &k > N, g < 0. Now for k£ > N we have

(oo}

Uk+1 S Uk + sk ||QL‘]c — 1‘0||2 < Uy +4 ( Z 5m> ||5UO - 1'*”2 =M.
m=N

Thus for £ > N, by monotonicity of A and Young’s inequality

2
M > Uk = kp (kp n %) HAkaH? kP <Axk+17xk+1 _ $0> + 4(]]::1;) Hmk+1 _ on2
> kP (kp + g) ||Axk+1|‘2 + kP <Axk+1,x* —z%)
M 1a 2 kP M 11 & R T 2
> (k4 1) Aarr - 2 ((k + 1) IR 4 ol o o) )
kP (kp"‘%) A k1|2 kP2 * 0|12
= PR pageer? - FT e,
Reorganizing, we get the desired result.
< 2 2 y? L2 1
A1 < s <M+2 a® — o7 ) ~0 (W) .
(iii) [|A@R)|" = O (&) forp=1,7v > 1.
Plugging
) 1 1
ap+1 = k7, b1 ="y k—i(W—l) ; Ck+1:17(7—1)

A = k(k + 1), Tk = Ck41
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to (41) and (42), we obtain

. . 1 ~ -
Ukl _ gk 4 (k(k: +1)— 17(7 - 1)) (Agh T — Az oF Tt — o)

- (y-1), 2
o n k412 _ vy — 1) k2
=—(r =D E+1)[|Az" k1o [ A®|
_ 1y =1 (k+73) (Rgh+1, 2k +1 20y _ 1y =1 (k- 7) (A*, 2% — 29
k k4~
2 2
_7(7—1) k+1_02_’7(7_1) E_ .02
T I = Y IR
2
— _ _ A ,-k+1 v Na E+1 .0
=—(y-1(k+1) ’Ax +2(k+1) (1+4k>(x z?)
RPO=Dyx 6, 7 v k N
“ s At g (- ) @R =)
2 2 3
R aCEE)) oy k1 o2 (v =1) o YN k02
64k(k + 1) (8” 2) k)”x | 64k (k + ) (8 k:) l* = 2|I"
=s1.1=0(7z) =s1.0=0(3x)

The continuous counterpart of above equality is

V() + 2% <CZA<X@>>,X@>> = 2t(y - 1) A ®) + L (X0 - Xo)|

which can be obtained by differentiating the conservation law for E5. Note the terms match with same order of
. 2 2 .

coefficients, except two ||ackJr1 — acOH and ||xk — z0 || , while these terms are summable as sy 1, 5,0 = O (k—lz)

Therefore we have

Ukt < gk — Skl Hmk+1 _ x0||2 — Sk0 ka _ onQ
o0
<U 4 = 2| 3 (sm1 + 8m0) = M.

m=1

Thus by monotonicity of A and Young’s inequality

W20 =k At (kD) (Rt —at) o 1) ot et
= kK2 HAkaHQ + (k — % (v— 1)) <Axk,x* - x0>
~ 2 1 1 2 2 2

ZkWAﬁH—Q((h-QW—D)HAﬂH+¢Wﬁ—xw)

2 2
> 8 = B e o)

2 2

Reorganizing, we get the desired result.
-2 72 2 1
JAat < 5 (34 5 e~ 2I) =0 (55).

@v) [|A@E)|| = 0 (&) forp=1,0 <7 < 1.
Plugging

1 2v—2
ap = k>, b =k (k - 4) : k1 = 7y(y = DE 2

e = B2k 4 ), Tk = Ck+1

69



to (41) and (42) with p = 1, we obtain

1 - -
Ukt _ k4 (k2'y—1(k )+ 17(1 _ 7)k2w—2) <Axk+1 — Agk, bt xk>

= ((k+ 12 = k72(k +9)) | Ac"F1?

=4k

2y—2 ]f—f— 1 B
+ <7(k +1) (k + 4> — kP2 (k4 ) — (1 + 14;7> 0= 1)1@27—2) (Agh T gh T — 20)

=Sk,1

2y-2
21 SN E-NT o iev—2) Aok k0
+ | vk vk [k 1 1+k+ 47(7 1)k (Ax®, 2" — 20)
Y

=Sk,0

- ivz(v — 1R 2R ) ivz(v — K

) (e (S Va Ee

The continuous counterpart of this equality is
. d -~ )
U0+ 267 ( GACK), X0 ) ds = =290 = DE X (0) - Kol

which can be obtained by differentiating the conservation law for ££,. Thus we may expect the order of the matching

terms are equal, and the terms do not occur in the continuous version do not bother our desired conclusion. We check

our expectation is true.

0112
I

Terms ||z**! —x0H2 and ||z* — 2°||" correspond to || X — Xo|”. The coefficients for ||z*+! —£C0H2 and

2 : . . .
ka — :170” are clearly O (k27’5), which equals the order of continuous counterpart. Since v < 1, we know
these terms are summable.

Next we observe ¢, < 0. Observe

(k4+ 12" (k+7)?
@ <0 <~ ST g2
1\ 7\? 1\’ v
-) < J ) o<1+
<:><1+k) _(1+k) <:>(1+k> <1+

To check the last inequality is true, consider f(z) = z7. Since this function is concave for 0 < v < 1, we see
1" 1 1 5y
1+—-) = I+ ) <fO)+=-f(1)=1+—.
(147) =1 (1+3) sr0+ rw=1+7

Finally we focus on si o and s, 1. As cross terms don’t appear in continuous version, we may expect these terms are
‘small’, or in mathematical words, summable. From Cauchy-Schwarz inequality we know

(B, k1 20 < [[Aak a7 — 20|
(Aab, ot —a) < | AatJa* ~ 2] .
Since H[\x’"“ H and HAxk H are bounded from the proof for case (i), we know two innerproduct terms are bounded.

Thus if we show Y77 | [sk.0], D pey [Sk,1| < 00, we can conclude U* is bounded.
Considering Newton expansion, we see

2y—2
y(k+1) <l<:+ 4> — P2 (k4 )

— 7]{27—1 + v (1 + g ('Y _ 1)) k2'y—2 + O <k2’y—3) _ ,ka'y—l _ ,72k2’y—2

_ %7(7 — 1R 4O (K3
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Therefore

1 1
Sk,1 = 5'7('7 - 1)k27—2 +0 (k2’7—3) _ (2 + %) 1’7(’7 _ 1)k27—2 -0 (k2y_3) .

With similar argument

2v—2
spo ="kt —~k gl T 1+L 17(7—1)#%2
’ 4 k+v) 4

1 1
= B~k (sz —@y-2) B0 (I<:2’Y‘4)> - (2 - kly) RIC At

= %’7(’7 - 1)k27—2 +0 (kQ'y—?») _ (;’Y(’Y . 1)k27—2 +0 (k27_3)> _0 (kQ,y_S)

Therefore, we have

UM < U s At | [l *! — ] + so [|A]| " — 27|

=g [ =2 = e ot = 2O+ (e — ) [l - 20
(oo}
<2 (
m=1
oo
+ Z (‘Cm+1;;‘ |=* Tt — CL’OH2 + (‘Cm+1mz_’y' + [ek41 — Ck|) ||Ik - $0H2> = M.
m=

1

s Az (41 = 2% + Jsm ol A | [|l2** — 2°])

By Young’s inequality
1 5 B 2v—2 B
My + Zy(l — )k 2 ka o = k2 || Ak + vk (k‘ - 4) (Az", 2 — 20)

- 1\27"2
> k|| Az 4+ vk (k— 4) <Aa:k,x* —2?%)
5 5 1 2vy—2
= kY| Az®|? + <I<:7Axk,’yk17 <k — 4> (% — IEO)>

. 1 ~ 72 1\ ’ 2
L e e (el (R I I e

2v=2

Since k'~ (k — §)
N 2
that % (’ykk” (k — %)QW 2) ||JCk — x*||2 < Mo for all k > 1. Reorganizng terms, we obtain the desired result

O (k'Y_l) and y < 1, this terms goes to zero as k — oo thus there is some Ms > 0 such

~ 2 1
At < gz (M1 + Moot (1= )2 " =) = 0 <k> |

H Proof of convergence analysis for strongly monotone A

H.1 Proof of Proposition 6.1

We take dilated coordinate W (t) = C(t)(X (t) — Xo) as did in the proof of Proposition 3.2. Recall from (30), the second order
version of the ODE was written as 0 = W — B(t)W + C(t) £ A(X (t)). Now for we multiply R(t)? in the ODE and obtain

0= R(t)? (W — BH)W + C(t)jt[\(x)) .
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Now taking inner product with 1¥ and integrating we have
B = %’5)2 HW(t)H2 - /t: R(s)? (gg HW(S)H2> ds—/t: B(s)R(s)? HW(S)HZCZ

t

t C(s)R(s)? <ddsA(X(s)), W(s)> ds.

Note the second term which is obtained from integration by parts, would not appear if R(¢) = 1 as in Proposition 3.2. This is
key term to exploit the condition A is strongly monotone.

Now again with W (t) = C(t) (X(t) + B(s)(X(t) — X0)>, we rewrite the last term as
t

t C(s)R(s)? <58A(X(s)), W(s)> ds

t C(s)*R(s)? <§SA(X(S)), X(S)> ds + [ <§9[\(X(s)), C(S)R(S)Qﬁ(S)W(S)> ds.
Taking integration by0 parts to the second term we have ’
/t <§SA<X<S>>,c<s>R<s>25<s)w<s>>ds — [(A(X(W(s), %)), C(s)R(s)*B(s)W (s))],

to

- <A<X<W,t>>, <ﬁ(s)2 +2E 8 + B<s)> CR(s)W (s) + C(S)R(s)2ﬂ(8)W(S)> ds

= /t: 5(S)R(8)2 HW(S)H2 ds + /t: (ﬁ(s)Q + 22%3 (s) —l—ﬁ(s)) R(S)Q <W(s), W(s)> ds.

The fact C(t)A(X (W, t)) = —W (t) is applied to the second equality. Note the fundamental theorem of calculus is valid since
C(s)R(s)?B(s)W (s) is differentiable, A(X (W (s),t)) is Lipschitz continuous in [to, ] by Lemma B.4, and so their inner
product is absolutely continuous in [tg, t].

Now consider the second integrand except the term marked with *. From integration by parts we have

/ (309 + B(5)) R(s) (W (6), W(s)) ds - [(5(@2 +805)) R(s)?5 ”W(”'QI

—-3/ ((ams)ﬁ(s) +B()) B(s)? + (5<s>2 +B<s>> 2R<s>R<s>> W (s)? ds.
to N—~—

The integrand except * marked term can be rewritten as

5 | (BOBORE) + BIR() + 26(:)R(s)) R(s) [W()|P ds

to

= [ €7 (286)8(5)Bls) + B)R(s) + 26(5) ls) ) Bls) X (5) — Kol ds

2 to
=5 [ (COPREPH6) 1)~ XolP .

Now collecting the terms marked with *, we have

/t:R(S)2 (ggg HW(S)H2> d5+/t:2ggz;5(s)R( ) ds—/ B(s s) || (s)|% ds
- [ e e - — [ mepeer B Lo as
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Collecting all results we have

£ = M0 o+ [HAKOv.).cRP WO, + (369 + 3) RS W]

‘X(S)HZCZS

R(s)

C(s)*R(s)? <dsA(X(S))’X(S)> ds — t R(s)*C(s)?

R(s)

. / @ (e R286) 1X(5) - Xol ds

- SO Ry (||A<X(t>>|| 280 (ACX(0). X(0) - Xo) + (80 + 40 IX(6) — Xol)

o et ({ o) -G o o [ (CFEP o i

- M (28(10) (AKX (10)). X (t0) ~ Xo) + (8(t0)* + Bito) ) 1X(t0) — Xol”) .

constant

Renaming F' = F; — constant, we get the desired result.

H.2 Proof of Theorem 6.2
H.2.1 Proof of the inequality V' (¢) < V(0)

The basic structure of the proof is same as Appendix E.3. We do not repeat the whole proof here, instead we check the steps
done in Appendix E.3 are also valid for the setup in Theorem 6.2.

(i) V is nonincreasing for Lipschitz continuous p-strongly monotone A.
Recall V in Theorem 6.2 was defined as

eut _ e*lﬂ 2 9 ~ 2
A + 20(1 — ) (ACK (1), X(1) ~ Xo) — 202 (1 =) [ X (1) — Xol

(47)

V(t) =

We first check following equality is true.

v(e) = SO (Ao +280) (A ). x(0) - Xo) + (807 + 80)) I1X(0) ~ Xo?) . @8)

—2ut

Recall we’re considering (10), B(t) = . As L log (1 — e721t) = 24 o = 28— — 3(¢), we have

Ct) = el s Jos(1=e7) _q _ o—2ut,

As B(t) = —% and R(t) = e,

L na 2
C(t)2R(t)? 1 (- e_m)gew _(ert—emrt
2 2 2

CE2R(EB(t) = 20 (0 — 1) ezft“_ = 21— e

2 2 . eht _ o=t 2 2 2,2ut
CPROP (4 ) = 0 () - ) e ).

This proves the desired equality. Now we show

N /t:C(s)2R(S)2 <<CZA(X(S)),X(S)> - ggz; HX(S)H2> ds, (49)




(i)

(iii)

where E is from Proposition 6.1 which was defined as

b= M (1A @ +28(8) (ACX (1), X (1) - Xo) + (8(0)° + 5®)) 1X (1) - Xo|?)
of e <<j A X6) - 75 ¢ <8>H2> i [ & (W) IX(0) — Xol s,

From (48) and the definition of F, it is enough to show % (w) = 0. Since
2 201\ 3 2 2t
C2 (O R(1)B() _ (1- e—2ut>2€2ut _ Aptet ) S
2 (et =1)
we see - (70(5)2%8)26(‘*)) =0.

Now since A is Lipschitz continuous, we know F is constant from Proposition 6.1. Therefore from (49), for ¢ > 0,
|h| <t we have

V(t+h) - / (s <<dds A (X(s)),X(s)> - ggz; HX(S)HQ> ds.

As ggzg = pand A is p-strongly monotone, from (2) we see

d ~ . R(s)

—A(X X -
(SAXE).XE ) - 1
Therefore V(¢ + h) — V(t) > 0 for h > 0, we get the desired result.

Calculation of V(0) for Lipshitz continuous monotone A
Plugging ¢t = 0 to (47) we immediately obtain V' (0) =

‘X(s)\f > 0.

V(t) < 0holds for all t € [0, c0) and general maximal u-strongly monotone A
We check the arguments in Appendix E.3.3 and Appendix E.3.4 are also valid here.
Define S as defined in Lemma E.1. Take ¢ € .S, let T > t. As checked in Appendix C, the arguments used in the proof

Proposition B.11 is also valid for the case 3(t) = W This fact provides the required sequence { X, },,cx» Where

X, converges to X uniformly on [0,77], and X converges weakly to X in L2([0,T],R™). As in Appendix E.3.3,
denote V) as V' for the solution with Ay. Then from (i) we know V) is nonincreasing for all n € N, we have
limsup,,_,, Vi, (t) < limsup,,_,. Vi, (0) = 0.

Moreover, we can check the extension of A defined in Lemma E.1 is also valid. From (21) and (22), we
know || X,(8)[| < <5 Im(A(Xo))| and [AN(XA(E)]] < VT T [m(A(Xo))| for all A > 0,¢ € [0,T].

Therefore we can prove Corollary E.2 for the case 8(t) =

623% with the same proof, replacing Ma(T') by
ve2rT +1m(A(Xo))|| and Mo (T) by e\‘/‘; |[m(A(Xo))|. Thus A(X(t)) is well-defined for t = 0, plugging
t = 0 to (47) we obtain V' (0) = 0.

Therefore we have

limsup Vy, (¢) <limsup Vy  (0) =0 = V(0),
n—oo n—oo

it remains to show V (t) < limsup,, . Vi, (t). Observe, as equality X (£) = —A(X (t)) — B(t)(X (t) — X;) holds
since t € S, from (48) we have

vio = S (x| + s 1xo - xal?).

Therefore if is suffices to check Lemma E.4 is valid here with some U, . For some a > 0, Define Uy, : [0,00) = R
as

26(s)?
B(s)

U, (0) = |, )] =800 15, 0) — ol + /:(ms)— >|an(5)—X0|2d5-

In(t)
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We proceed similar argument with Lemma B.5. Differentiating X (£) = —A, (X (t)) — B(t)(Xx, (t) — Xo), we
have for almost all ¢ > 0

X (6) = — M (X(®) - B()(Xx, (8) = Xo) = B(t) X, (¢).

Therefore for almost all ¢ > 0,
Us, (t)

=2<Xxxw,Xwa>—Z%w|xx4w——de—26@><Xwa~xha>—Ab>+—(B@)— 5@)>nxaxw——xof

=2 (3o, (0, A0, (X(0) = B, () — Xo) — 0K (1))

=250 (0,00, - %)~ 20 1300, Ko
=—2<&Am$AM@w»>—w@.&Jw+§8cmgw—xw <o,

. . 2
Therefore Uy, is nonincreasing, we can prove HX (t) H < limsup,,_, HX A, (1) H with same argument in Lemma E.4.

Therefore we have V(t) < V(0) = 0 for ¢ € S. Extending the result to ¢ € [0, 0) can be done with the same
argument done in Appendix E.3.4.

H.2.2 Proof for convergence rate

Recall
V(t) = w HA(X(t))H2 + 2/1(1 - e_Qut) <A(X(t)),X(t) o XO> . 2:“2 (1 . e—QMt) HX(t) . X0||2 )
Observe
1 Z(Qut = (e — DA (07 + 4 (AX (), X (t) — Xo) — 4p% [| X (£) — Xo|*

= (e = 1) (JAX )12 - 4 (AX 1), X (1) = Xo) + 4% | X (1) = Xo|)

=[| A (8) —2u(X (1)~ Xo) ||
+ e (e — D) AX (1)) + e (4u (A(X(t), X(t) — Xo) — 4p® | X (t) — XoIIQ) .
=p(t)

From the law of cosines, we have || X (t) — Xo||* = || X (t) — X, ||* — 2 (X () — X0, X0 — X,) — || X, — Xo||>. Applying
this to p(t) we have

p(t) = 4pe ((A(X (1), X (1) = X.) — (A(X (1)), Xo — X)) — ul| X (8) — Xo|*)
= dpet ((A(X () + p(X (1) = X,), X (1) = X.) — (A(X (1)) = 2u(X (1) = Xo), Xo — Xa) — p]| Xo — X.|*.)

Thus
1?%%=M“DMM®%mam—&W+wwuum<@w+m>

— (" — D|AX(1)) = 2u(X(t) — Xo)|I? — 4ue" (A(X (1)) — 2u(X (1) — Xo), Xo — X,)

+ et (el — 1)[|AX (1)) + dpet (A(X (1) — (X (8) — X.), X (8) — X.) + dp2et || Xo — X, |2
2[1,6‘“ 4‘LL eQut

ert —1 (Xo - X.) ert — 1

(e 1) Acxo) - 2ux0) - 0 X0 - X

+wwtnMme+ww«Nmmxm—xwwwo—&w+wa%m—&m
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Now since A is p-strongly monotone, <A(X(t)), X(t)— X)) —pl|X(t) - X.,||> > 0. From previous section we know
0 =V(0) > V(t) for all ¢ > 0. Therefore forall t > 0

2V(t) 7 7 A 7 4/’[’262/“‘/
0> 5 > (e = DIAX @) + <4u26“ - iy ) X=X
B 4u2€,ut
= ert(ert — DIAX O - 51X - X,

Organizing, we conclude

2
A p
ACO)? <4 (5 ) 1% - X2

H.2.3 Informal derivation of ODE from the method

Assume A: R" — R" be a continuous monotone operator. In [54], the method OS-PPM is presented as

k k—1
¥ = Tpay

1 1, . 1
yk<1> {Ik(yk 1Ik)}+y0
Sk v Sk

2k+2_ 4
v2—1

k—1

whereyozaco,l/zl—l—Qh,uandsk =142+ 4r2k=v
this method can be expressed in a single line,

1 h 1
2T+ hAZFTT = <1 — > (mk - Axk> + =20,
v

Reorganizing and dividing both sides by h, we have

. Using y*~! = 2* + hAz", substituting y* and y

L b I 1
L A CE S P e}

v VSk

Identifying 2° = X, 2hk = t, 2% = X (t),

X(t+2h) — X(t) 1 1 1
=-AX{t+2h)—-|-—— | AX(®)) — —(X(t) — Xo).
; (X(t+2) = (5 = 5o ) A (D) = (X () - X0)
Now observe
V2k+2 -1 (1 + 2h,u)2k+2 -1
lim hsp = lim h—s—— = li
v T e S | hs0+ (1+2hp)? -1
_ g (L2024 2h) -1 et -1
S I )
.1 . 1
lim — = lim —— =
h—0+ V h—0t+ 14 2hp
1 11 4p
lim — = lim ——h= —0.
Pt VS, hao+ U hsp, X o2t _ 1 x0=0

Taking limit & — 0T and organizing,
. 4u
2X(t) = —A(X (1)) — (1+0)AX (1)) — = (X () - Xo).

By diving both sides by 2, we get the desired anchor ODE

X(t) = ~AX(1) — 2 (X(t) - Xp).

e2nt — 1
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I Proof omitted in Section 7

I.1 Proof for Theorem 7.1
We first check
~ 2
[AX )" < 48()?1Xo — X.|* = O (B(t)?),

where

By definition of 3(t), ®(¢) defined in (8) becomes zero, i.e.
~ 2 ~
0= () = | A1) +280) (AX (1)), X — Xo).
Plugging ®(¢) = 0 to inequality (8) we have
1~ 2
0> 5 [AX®)|" - 26(0% X0 - X,
Reorganizing, we get the desired result. Other results need some works, we provide the proof with steps into subsections.

L1.1 pB(t)>0fort >0

Taking inner product with A(X) to the ODE and applying $®(t) = 0 we have

. - - 2 ~ 1, = 2
(X0, ACxX(®)) = = [[AC@)||” = 81) (A1), X (1) = Xo) = —5 [AX@)|
As A is assumed to be continuous, taking limit ¢ — 0+ we have
) . ~ /. . ~ 1 ~ 2 1,4 2
Jim (X0, ACX(0)) = <t£I§+X(t),A(Xo)> = —5 lim [AX®) = -3 |AXo)]
On the other hand, by assumption we have lim; 4 X (t) = lim; o M and ||[\(X0) || # 0, thus
N ~ . - 1, - 2
tg151+ n (A(X (), X(t) — Xo) = <A(X0), t£%1+X(t)> =3 |A(X0)|" <o. (50)

Therefore there is € > 0 such that <A(X(t)),X(t) —Xo) < 0fort € (0,e), thus for t € (0,€) we have
<[\(X(t)), X(t) — Xo) # 050 B(t) is well-defined and satisfies
~ 2
A @)

0= (A(X(1), X (t) - Xo) "

Observe the denominator of 3(t) is zero when HA(X(t)) | = 0. As 3 is assumed to be well-defined, we have HA(X(t)) | #0

for all £ > 0. Since 3 is continuous as A and X are continuous, by intermediate value theorem we have ||A(X (t)) H > 0 for all
t>0.

1.1.2 Proof for the main statements

We first show following lemma.

Lemma 1L.1. Following equality holds for almost every t > 0.

(50 + 807 ) (ACX0). X (0 - Xa) = ( GACX(0).X). 51)
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Proof. Since A is Lipschitz continuous by assumption, by Lemma B.4 we know A(X (t)) is differentiable almost everywhere.
Differentiating ®(¢) we have

0= d(t)

=2 <5tA(X(t)),A(X(t))> +28(t) (A(X (1)), X (t) — Xo) + 2B(t) < d A(X (1), X(t) — XO> +28(t) <A(X(t)),X(t)>

dt

>z

:2<$A(X(t)), (X (1) +BE)X (L) - X0)>+25(t)<A(X(t))’X(t)_XO>

+2B()< (X (1), ~AX(t) = B(t)(X ()—Xo)>

Ax >+45 X(0), X01) ~ Xo) +2 (80) — B(1)?) (ACX (1), X(1) ~ Xo)
X0 +2 (50 + 507) (ACX0),X(0) - o).

for t € (0, 00) almost everywhere. The equalities come from the ODE X (t) = —A(X (t)) — B(t)(X (t) — Xo) and the fact
®(t) = 0. Reorganizing, we have the desired equation (51). 0

Now we show the upper bounds of 3(t) for each monotone and strongly monotone case. Observe from (51) and the definition
of B(t), we have for almost all ¢ € (0, c0)

. 2 J- .
—mggngAﬂﬁmf:<ﬁA“%X>' (52)
(i) When A is monotone.
From (52) and (1) we have for almost all ¢ € (0 00)
Jr .
B -0

Since 3(t) > 0 we have

Bt)+B(t)* <0

almost everywhere. Now dividing both sides by 3(¢)? we have

)
A1)
holds almost everywhere. Since — g((tt))Z = % (%) , integrating above inequality both side from § to ¢ we have
1 1 1
0 o~ = = B(t) £ ———.
O o
By the way, from (50) we have
A(X(t
lim t3(t) = — lim H ( ))” =1,
t—0+4 t=0+ o <A(X(t))7 X(t)t_XO >
thus lim;_, 04 8(d) = 00, so lims 04 3 ( = (. Therefore taking limit § — 0+ we have
1 1
t = —.
B()_5—>0+t—5+5(1) t



(ii) When A is p-strongly monotone.
From (52) and (2) for almost all ¢ € (0, c0) we have

: 2 9 - . . 2
A S A = ( 5A00.%) = [ x| 53
On the other hand, observe
|| = 1Acxw) + s e - X0
= [[AX ()] + 28() (AX (1), X (1) = Xo) +B(8) | X (1) = Xoll* = B)* [ X (1) — Xol* .
=®(t)=0
From Cauchy-Schwarz inequality we see
IAG®)]* = ~28() (ACX (1), X(1) — Xo) < 28(8) [[AX )] 1X(8) = Xoll,

therefore ||[\(X(t)) | <2B(t) | X(t) — Xo||. Combining above observations, we have for almost all ¢ > 0

sxo]  aserixo - X

. ; e (54)
lA @) A @)

From (53) and (54), we get an inequality for 3(¢) and 53(t)
B(t) +B()* _ B(t) O]
2B0) 2B 2

Moving B ( ) to the right-hand side and reorganizing, we have for almost all £ > 0

B(t) _ B

1 1
'S TEmE s T & <mw 5+6m) -

Integrating above inequality both sides from § to ¢ we have

>

=

Bt A
=750 T Ty

=

BB, §+B0)
B(#) 5786)

As observed in case (i) we know lims_,o4 5(0) = oo, taking limit 6 — 0+ both sides we have

it 5+ B(t) n/ /2 < (/2
g Sls gy Tl O+ﬁ@>:$ RO

g(t —8) < |—log B(t) + log (g + B(t))}; = log

Organizing, we get the desired result.

/2
0= G 1

LI.2 Correspondence between the ODE (11) and the discrete method in Theorem 7.2

Observe, the case h = 1 for below method corresponds to the method provided in Theorem 7.2.

k k—1
¥ = Tpay

|hAzt|?
B = —(hAz*, zF — 20) 4 ||hAZk|? }
0 if || Az*||2 =0

= (1= Br)(22® — y*71) + Bra®.

if [ Act[2 £ 0
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We now show when A is continuous and ||Az*||? # 0 for all k£ > 0, we obtain the ODE (11) when we take limit & — 0+.
Note when A is continuous A equals to A.

From hAzF+1 4 zF+1 = ¢/ substituting y* and y/*~! we get a single line expression
hAxk-H +xk+1 _ (1 _ ﬂk)(l’k _ hACCk) + kao_
Reorganizing and dividing both sides by h, we have

k+1 _ ok ~ ~
r o -r ; L _Agt (1 — By)Azk — %(xk —zY).

Identify 2° = Xy, 2hk = t, and x* = X (t). Then we see
Br _ h?|| A |? _ IAX (t)]]?

h —h2(Azk, 2k — 20) + 3| Axk|2  —(A(X(2)), X(t) — Xo) + hl|A(X (1))
Thus 8 = O (h), we have limj, 94 S = 0. Now taking limit & — 0+ we have
~ 2
[AX®)]]

2X (t) = —2A(X(t)) — (A(X (1)), X(t) — Xo)

(X(t) = Xo)-
Dividing both sides by 2, we obtain (11).

I1.2.1 Correspondence between convergence rates in Theorem 7.1 and Theorem 7.2

From identification above, we see /3(t) corresponds to g—; Therefore we see with identification 2° = X, 2* = X,, 2hk = t,
and ¥ = X (t) we have
. 9 5 32 L2 divideby h% h—04 . 9 9

A < 8 e - o = an s e - 2P S RGO < 4807 1% - Xl
And we can also check that the bound 3;, < %ﬂ for the monotone case, is equivalent to Q—Z <
B(t) < 1 as well.
Now suppose A is p-strongly monotone and L-Lipschitz continuous. Then hA is hpu-strongly monotone and hL-Lipschitz
continuous, we have the following inequality from Theorem 7.2

1
HETOM) and corresponds to

3 AT RDY)
koo 2(1+(hL)?) (55)

9k = h k by
h (1 + 1+(:L)2) -1+ 1+(hHL)2

Recalling the identification 2hk = t, we see

pt
1+(hD)2\ 2(1+(hL)2)

k t
h h 8 h " h—0+
PR TR | P 7 I
1+ (kL) 1+ (hL) 1+ (hL)
Therefore identifying 3(t) = % and taking limit A~ — O+ to the inequality (55), we have
/2
/B(t) S e“t/Q _ 1 :

1.3 Proof of Theorem 7.2

Recall, the method was defined as

| Ak
Br =4 —(Azk, zk — 20) + || Ak |2 }
0 if ||Az*||2 =0

yF = (1 - B) (22" —y* ") + Bra’.

if [ Act|2 £ 0
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First, we assume Ax* = 0 for all k£ > 0. Define
F = (1 - By) | Az¥|* + B (A", ¥ — 20)
fork=1,2,...,and
OF = ||AZY|? + Br_1 (A, 2F — 20)
for k = 2,3,.... Note by definition of ), we have dF = 0. Our goal is to prove
P+ <.

Then with the same argument with (8) we can conclude ||Az**1||2 < 522° — 2*||?. To do so, we first show following lemma.
Lemma L.2. For k > 1, following is true.

(1= Br)@* — L = (1 — Bi)(AzF Tt — Azk, 2FHL — by, (56)

Proof. Recall y* = 2#+1 4 AzF+1, Substituting 4* and y*~1, the method is equivalent to
2P 4 Ak = (1= By) (2 — AzP) + Bra®.
From above we can get two different expression of (1 — ;) (zF+1 — z*).
(1= Bo) (@™ — 2F) = —(1 = B)(AcF*! + Azb) — B, (Axk+1 + (2R - )
= —(1 - B) [(Az*T! + AzF) — By, (AzF — (2% — 20))].
With reorganizing, first equality can be obtained by subtracting both sides by £, (z**! — 2) and the second equality can be
obtained by multiplying both sides by (1 — Sx).
From this we have
(1= B)(Azk+t — Ak, gb+1 _ gk
— (RatH, (1= B @k — ab)) — (Bak, (1 - B) (@ — ob))
_ <Axk+1’ “(1 = B)(Az"H + Axk) — B Azt 1 (2FH! —2%)})
—(1—B%) <Axk, —(Aka + Amk) + ﬁk{[\xk - (a:k - xo)}>
= —(1 = B)[ALHY? = Br(AzhH!, Arh ! 4 (28 —2f))
+ (1= Bi) (IA2"|? — Br(Aa”, Az® — (a* — 7))
—(1-8) (- Bo) | Az |2 + B (Azk, 2* — %)) — IAZHHL|2 = By (AzktL, h+L — 40
(1— Br)®* — k+1,

O

Since A is monotone we have (Aajkﬂ — Azk, gkt — x¥) > 0, we see that the right-hand side of (56) is greater or equal
to 0if 1 — B > 0. Thus it remains to show 1 — 8 > 0. As the index is quite confusing, we provide it as a lemma to avoid
confusion while proceeding the proof.

Lemma L3. If Az* # 0 for all k > 1, then
<Amk,xk — x0> <0, Bre(0,1), ®*1<o

forallk > 1.
Proof. Proof by induction. From z' = Jay°® = Jaz°, we have ' + Az! = 20 and so ' — z° = —Az'. Applying these
facts we have
(Az', zt — 2% = —||Az!|? <0,
Az'|? 1
L =y
—(Azl, x' —2%) + |At]]> 2
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As1— (1 > 0, from (56) we have
(1—p1)0! — @2 = (1 - 6))(Az? — Azt 22 — ') > 0.
As &1 =0 by definition, we have ®2 < (. Therefore the statement is true for k = 1.
Now suppose the statements are true for k. By induction hypothesis, we know
0> &F+1 = || AgF+ |2 + By (AxhtL, b1 — 20).

As B > 0 from induction hypothesis and Azhtl # 0 by assumption, reorganizing ®* < 0 we have

B A k+1(2
<Axk+1, R m0> < - Az <0.
Br
And therefore
_ |AZF+|J2
6k+1 - —<A(Ek+1, gkt 1,0> +||A(Ek+1||2 € (0’ 1)'

>0
Since 1 — Sr4+1 > 0, by (56) we have
(1 _ Bk-l-l)&)kJrl chJrZ (1 _ ﬂk+1)<A$k+2 Axk+1’ $k+2 _ $k+1> > 0.
Since k1 =0 by definition, we have ®Fk+2 < (. Therefore the statements are true for k + 1, by induction, we get the desired

result. O

Suppose || Az*||2 # 0 for all k > 1. From the lemma we know ®**1 < 0 for k& > 1, so with the same argument of (8) we have
for x* € ZerA

0> q)k+1 ||A1‘k+1||2 + B < k+1 J,‘k_H _ J)*> _ ﬁk<A$k+l, xO _ .23*>
> ||A.’13k+1||2 _ k(ACIL‘]H_l, 3?0 _ .’17*>
- 1 - . 2 1 - 2
g T R D Ll = PO
2 2 2 2
Organizing, we get
A2 < BR[|2° — 2%,
Now we show the upper bound of 5. Observe from (56) and the fact o= 0, we have
(1—PBr) <Axk+l — Az ot — xk> = (1 — Bp)0F — F+?
Bk ©k+1 (DkJrl _ ( Bk *Bk’ o 1> HAIk+1H2.

~ Brn Br+1
As1— By # 0for k > 1 by Lemma 1.3, dividing both sides by 1 — ﬂk, we get the discrete counterpart of (52),
- - —Br—1
<A$k+1 _ Agk gFH xk> _ 5k+1 |’A$k+l||2' (57)
1— By
(i) When A is monotone.
From (57) and monotonicity of A we have
0 < (Azh+1 — Agk oh+1 — gk = ,Bk+1 — B - H ~x’“+1]|2.
1— Bk
From Lemma 1.3 we have 1 — 3 > 0, therefore
Bk 1 1
—Br—1>0 = —+1<
Ber " Br Brt1
Summing up, as f; = 5 and —~ > 0 we have
1 1 1
—+k-1)=k+1< — = < —.
B ( ) = Bk O = k+1
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(ii)) When A is p-strongly monotone.
Since A is p-strongly monotone, from (57) we have

— Bk —

1 ka+1 _ ka? < <Axk+1 — Agh, gkt _ xk> Bk+11 3 ||Af’5k+1|‘2'
— Pk
o |2
Define r;, = TR for k = 0,1,.... Dividing both sides by ||A:ck+1 H and organizing, we have
Br Be — 1
k I6] 1
< P = (1 B) < _5k< _1>_ﬁk—(1—ﬁk)~
1 — B Br+1 Br+1
Dividing both sides by 3 and reorganizing, we get a recursive inequality for ,8% -1
1
(14 rpp) ( - 1) +1< —1. (58)
Bk k+1

We now prove an upper bound of 55 from above inequality.

Lemma L4. Suppose A be a pi-strongly monotone operator. Let By be a sequence defined as Theorem 7.2 and let

k+1_ k|2
rE = Mfor k=0,1,.... Then following holds for k = 1,2, . ...
(| Akl
1
Pe <
(T+mrip)+2
j=li=j
Proof. First observe, the statement is equivalent to
k—1k—1
—1>2> J[a+rn
Jj=11i=j

The proof can be done by induction with (58).
When k = 1, recalling 8; = % from the proof of Lemma 1.3, we can check the inequality is true.
Now suppose the inequality is true for & = m. Then from (58) we have

=121 +7rmp) (1—1>+1

Bm+1 Bm
m—1m—1
> (14 rmp) ZH 1+mp)+ +1
Jj=1 i=j
m—1 m m m
= (D IO +rm+Q+rmp) | +1= Y J]Q+rp) +1.
j=1 i=j j=1i=j
Therefore, we get the desired result. 0

Under the identification considered in Appendix 1.2, the continuous counterpart of 7y, is

. 2
B AT W SRS U B0

e (GR7 Ak JACe)]”

Aty U

and is greater or equal to 1 by (54). We obtained an exponential convergence rate in continuous setup from this fact.
In the same spirit, we can get an exponential convergence rate for discrete setup if there is a positive lower bound for
r%, we provide it as a corollary of Lemma 1.4.
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Corollary L.5. Consider the setup of Lemma 14. Suppose there is v > 0 such that vy, > r for k =0,1,.... Then
following is true fork =1,2,....

i
(1w =1+

Br <

Proof. From r; > r we have

k—1k—1 k—1k—1
ZH(1+T,-M)+2EZH(1+T#)+2
j=1i=j j=1i=j
k-1 k-1 k
j=1 1=0 "H
Applying Lemma 1.4, we get the desired result. O

_1
1+ L2

(iii) When A is p-strongly monotone and L-Lipschitz continuous.
Recall from the proof of Lemma 1.2, we know

oF T gk = AR (1 = Br) AzF — Bzt — 20).

We now show rj, > holds when A is furthermore L-Lipschitz continuous.

Taking inner product with Az* both sides we have
<Amk,xk+1 — xk> =— <Axk+1,[\xk> — ok = — <Axk+1,[\a:k> .
From above equality we can check
4t — [+ [t — At = [Aat | 4 ek ot 4 At 2 At
As A is L-Lipschitz continuous, we have
(L L2) [l = [* 2 [Jah = ab|” + Akt = Aok = A",
Dividing both sides by (1 + L?) || Az**! H2 we get a lowerbound for 7,

I el

[aaker? T 1L

Tk

Applying Corollary 1.5 we get the desired result

w0+ 12)
(14 p/(1+L2))" =14 p/(1 +12)

Br <

Note if we take limit 11 — 07, with substitution o = /7> we have

. p/(1+ L?) 1 1
um = — ’
W0 (L (14 22) = 14 /(L L) dimgge & (14a)f 1) 41 K]

which is the bound for the monotone case.

1.3.1 If there is k¥ > 0 such that Az* = 0

Suppose Az* = 0 for some k. Let 2V be the very first iterate such that Az = 0. Then from previous argument we know
Theorem 7.2 is true for £ < V. Thus it remains to show the statements are true for kK > N.

From AzN = 0 we know yV ! = 2V 4+ Az™ = 2. And since Az"¥ = 0 implies S = 0, from the definition of the method
we have yV = 22V — yN =1 = V. Therefore
.'ZTN+1 — JAyN — JAIN — l'N,

we conclude z* = 2N € ZerA for all k£ > N. Thus 5 = 0,
k> N.

|Aa:’“ | = 0forall k > N, the Theorem 7.2 is trivially true for

84



J Details of experiment in Section 7.1

We solve a compressed sensing problem of Shi et al. [63] which is formulated as an ¢; -regularized least-squared problem
e 1 n 1
minimize 35, {5140 —bll® + pllzlh} -
We solve this problem in decentralized manner due to the problem setup where the network of local agents are as Figure 2 and
each agents communicate only with their neighbors, the nodes connected to each agents by edge. We use Metropolis-Hastings
matrix as our mixing matrix W € R™*™ and apply PG-EXTRA. Let W; ; denote (4, j)-th entry of W and V; C {1,2,...,n}
denote the index of the agents in the neighborhood of agent i. Consider

k+1 __ k k k
Xi = PTOXQpH-Hl Z Wi,jxj — OéA-(ri) (A(Z-)Xi — b(i)) — Wi
JEN;
1
k41 _ _k k Uk _
with =wi+ o e - ; Wixh |, k=0,1,... (PG-EXTRA)
J i

to the problem above. Under suitable choice of parameters, PG-EXTRA can be seen as a fixed-point iteration of an averaged
operator with respect to ||-||,, [74, Theorem 2], where the metric matrix M is defined as

1/a)l UT
o o).
and U is a symmetric definite matrix with U? = %(I — W). That is, denoting x*, w* € R¥*™ as the vertical stack of x¥’s and
w’’s respectively [58, Chapter 11.3], PG-EXTRA can be rewritten as (x*!, w**1) = T(x*, w*). Using this T, we proceed
the experiment with the Halpern method
(Xk+1,Wk+1) _ ﬂk(XO,WO) + (1 o ﬂk) T(Xk,wk).
When T is an averaged operator, it is nonexpansive, we know T = Rp = 2J — I for some maximal monotone operator A

[54, Lemma 2.1]. Considering the equivalence discussed in Lemma D.2, we see above Halpern method is equivalent to our
presented algorithms of the form

$k+1 — HAyk:
YR = (1 = B) (22F+ — ) + Bra®,

. < 2 R .
by corresponding y* = (x**1, w**1). Note the operator norm HAQ:’€ || 1y can be calculated by considering below equation

1 (Tykq _ ykﬂ) Y NPy S R (Axk -~ xk) — _Azk

2
We use the anchor coefficients 8 = k%rl , B = k:P’YT'y with p = 1.5, v = 2.0 and the adaptive choice of 85 in Theorem 7.2
with M-norm. Note, in the experiment the adaptive coefficient is calculated by considering below equation
_ 1112 ~ 2
1 ITy" =y 1 4[|aat,

2 Tyht — g5y + (Tyh—t —yht bt —a0) 24 || Axk|? ) + (—2Aak, Axk 4 2F — 20)
B - P

— (Azh, b — IO>M + ||Az¥|3,

We choose the dimension of signal d = 100, the number of agents n = 20, the number of measurement for each agent m,; = 4,

¢1-regularization parameter p = 0.01, and algorithm parameter o = 0.01.

M

K Broader Impacts

Our work focuses on the theoretical aspects of convex optimization algorithms. There are no negative social impacts that we
anticipate from our theoretical results.

L Limitations

Our analysis concerns convex optimization. Although this assumption is standard in optimization theory, many functions that
arise in machine learning practice are not convex.
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