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Abstract

O(ws(slogd+log(dgh/s))) and O(ws((h/s)log q) +log(dgh/s)) are
upper bounds for the VC-dimension of a set of neural networks of
units with piecewise polynomial activation functions, where s is
the depth of the network, A is the number of hidden units, w is
the number of adjustable parameters, ¢ is the maximum of the
number of polynomial segments of the activation function, and d is
the maximum degree of the polynomials; also Q(wslog(dgh/s)) is
a lower bound for the VC-dimension of such a network set, which
are tight for the cases s = ©(h) and s is constant. For the special
case ¢ = 1, the VC-dimension is ©(ws log d).

1 Introduction

In spite of its importance, we had been unable to obtain VC-dimension values for
practical types of networks, until fairly tight upper and lower bounds were obtained
([6], [8], [9], and [10]) for linear threshold element networks in which all elements
perform a threshold function on weighted sum of inputs. Roughly, the lower bound
for the networks is (1/2)w log k and the upper bound is w log k where h is the number
of hidden elements and w is the number of connecting weights (for one-hidden-layer
case w =~ nh where n is the input dimension of the network).

In many applications, though, sigmoidal functions, specifically a typical sigmoid
function 1/(1 + exp(—z)), or piecewise linear functions for economy of calculation,
are used instead of the threshold function. This is mainly because the differen-
tiability of the functions is needed to perform backpropagation or other learning
algorithms. Unfortunately explicit bounds obtained so far for the VC-dimension of
sigmoidal networks exhibit large gaps (O(w?h?) ([3]), 2(wlog k) for bounded depth
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and Q(wh) for unbounded depth) and are hard to improve . For the piecewise linear
case, Maass obtained a result that the VC-dimension is O(w?logg), where gq is the
number of linear pieces of the function ([5]).

Recently Koiran and Sontag ([4]) proved a lower bound Q(w?) for the piecewise
polynomial case and they claimed that an open problem that Maass posed if there
is a matching w? lower bound for the type of networks is solved. But we still have
something to do, since they showed it only for the case w = ©(h) and the number
of hidden layers being unbounded; also O(w?) bound has room to improve.

We in this paper improve the bounds obtained by Maass, Koiran and Sontag and
consequently show the role of polynomials, which can not be played by linear func-
tions, and the role of the constant functions that could appear for piecewise poly-
nomial case, which cannot be played by polynomial functions.

After submission of the draft, we found that Bartlett, Maiorov, and Meir had ob-
tained similar results prior to ours (also in this proceedings). Our advantage is that

we clarified the role played by the degree and number of segments concerning the
both bounds.

2 Terminology and Notation

log stands for the logarithm base 2 throughout the paper.

The depth of a network is the length of the longest path from its external inputs to
its external output, where the length is the number of units on the path. Likewise
we can assign a depth to each unit in a network as the length of the longest path
from the external input to the output of the unit. A hidden layer is a set of units at
the same depth other than the depth of the network. Therefore a depth L network
has L — 1 hidden layers.

In many cases w will stand for a vector composed of all the connection weights in
the network (including threshold values for the threshold units) and w is the length
of w. The number of units in the network, excluding “input units,” will be denoted
by h; in other words, the number of hidden units plus one, or sometimes just the
number of hidden units. A function whose range is {0, 1} (a set of 0 and 1) is
called a Boolean-valued function.

3 Upper Bounds

To obtain upper bounds for the VC-dimension we use a region counting argument,
developed by Goldberg and Jerrum [2]. The VC-dimension of the network, that is,
the VC-dimension of the function set {fg(w; -)|w &R} is upper bounded by

max {N |2¥ < max N ('R’” = Uf\;lN(fg(_w; x,)))} (3.1)

iy XN

where N,(-) is the number of connected components and N(f) is the set
{w] f(w) = 0}.

The following two theorems are convenient. Refer [11] and [7] for the first theorem.
The lemma followed is easily proven.

Theorem 3.1. Let fg(w; x‘) (1 £i < N) be real polynomials in w, each of degree
d or less. The number of connected components of the set (-, {w| fa(w;x;) = 0}
is bounded from above by 2(2d)* where w is the length of w.



Tight Bounds for the VC-Dimension of Piecewise Polynomial Networks 325

Lemma 3.2. If m > w(log C + loglog C + 1), then 2™ > (mC/w)¥ for C > 4.

First let us consider the polynomial activation function case.

Theorem 3.3. Suppose that the activation function are polynomials of degree at
most d. O(wslogd) is an upper bound of the VC-dimension for the networks with
depth s. When s = O(h) the bound is O(whlogd). More precisely ws(logd +
loglogd + 2) is an upper bound. Note that if we allow a polynomial as the input
function, dids will replace d above where dy is the mazimum degree of the input
functions and dy is that of the activation functions.

The theorem is clear from the facts that the network function (fg in (3.1)) is a
polynomial of degree at most d®* 4+ d*~! + --- 4+ d, Theorem 3.1 and Lemma 3.2.

For the piecewise linear case, we have two types of bounds. The first one is suitable
for bounded depth cases (i.e. the depth s = o(h)) and the second one for the
unbounded depth case (i.e. s = O(h)).

Theorem 3.4. Suppose that the activation functions are piecewise polynomials with
at most ¢ segments of polynomials degree at most d. O(ws(slogd + log(dgh/s)))
and O(ws((h/s)logq) +log(dgh/s)) are upper bounds for the VC-dimension, where
s is the depth of the network. More precisely, ws((s/2)logd + log(gh)) and
ws((h/s)logg+logd) are asymptotic upper bounds. Note that if we allow a polyno-
mial as the input function then d,d, will replace d above where dy is the mazimum
degree of the input functions and d is that of the activation functions.

Proof. We have two different ways to calculate the bounds. First
Nee (Rw - U?;lN(fG(W; x;)))

< T max Ne (R¥+ 4% — N (fo, (W1 0+ 0 wj;xy)))

=1
s j—l . W1‘+'"‘+I.U:'
” H (Seth,(d +--+d+ 1)d)
=1 w, +--- 4 ‘wj

<

w

(8equ<=+3V2(h/s))‘”’

where h; is the number of hidden units in the i-th layer and o is an operator to
form a new vector by concatenating the two. From this we get an asymptotic upper
bound ws((s/2) logd + log(gh)) for the VC-dimension.
Secondly

8eNghd*\"“
w

Ner (R® = UL (fa(wi ) < Nee (R = UL, UL, A (s wix) < (

From this we get an asymptotic upper bound ws((h/s)logg + logd) for the VC-
dimension. Combining these two bounds we get the result. Note that s in log(dgh/s)
in it is introduced to eliminate unduly large term emerging when s = ©(h). o

4 Lower Bounds for Polynomial Networks

Theorem 4.1 Let us consider the case that the activation function are polynomials
of degree at most d. Q(wslogd) is a lower bound of the VC-dimension for the
networks with depth s. When s = ©O(h) the bound is (whlogd), More precisely,
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(1/16)w(s —6)logd is an asymptotic lower bound where d is the degree of activation
functions and is a power of two and h is restricted to O(n?) for input dimension n.

The proof consists of several lemmas. The network we are constructing will have
two parts: an encoder and a decoder. We deliberately fix the N input points. The
decoder part has fixed underlying architecture but also fixed connecting weights
whereas the encoder part has variable weights so that for any given binary outputs
for the input points the decoder could output the specified value from the codes in
which the output value is encoded by the encoder.

First we consider the decoder, which has two real inputs and one real output. One
of the two inputs y holds a code of a binary sequence by, by, ...,b,, and the other
holds a code of a binary sequence ¢y, ¢3,...,¢m. The elements of the latter sequence
are all 0’s except for ¢c; = 1, where ¢; = 1 orders the decoder to output b; from it
and consequently from the network.

We show two types of networks; one of which has activation functions of degree at
most two and has the VC-dimension w(s— 1) and the other has activation functions
of degree d a power of two and has the VC-dimension w(s — 5)logd.

We use for convenience two functions Hg(z) = 1 if z > 6 and 0 otherwise and
Hog(z) =1if z > ¢, 0 if z < 0, and undefined otherwise. Throughout this section
we will use a simple logistic function p(z) = (16/3)z(1 — z) which has the following

property.

Lemma 4.2. For any binary sequence by, by, ..., by, there exists an interval [zy, 2]
such that b; = Hy4,3/4(p*(2)) and 0 < p*(z) < 1 for any z € [z1, z2).

The next lemmas are easily proven.

Lemma 4.3. For any binary sequence cy,cs,...,Cm which are all 0’s except for
¢j =1, there exists zo such that c; = Hy 4,3/4(p"(20)). Specifically we will take zo =
pgu_l)(lffi), where py* (z) is the inverse of p(z) on [0, 1/2]. Then pi~(z0) = 1/4,
pl(z0) =1, p*(z0) =0 for all i > j, and p?~*(zo) < (1/4)* for all positive i < j.

Proof. Clear from the fact that p(z) > 4z on [0,1/4]. O

Lemma 4.4. For any binary sequence by, bs,...,bm, take y such that b; =
Hyjaa/a(p'(y)) and 0 < p'(y) < 1 for all i and zp = ,o;(’_l)(l/é), then
Hrjrz,a/a (it pH(20)P*(y)) = bj, dce. Ho (X7 #*(z0)p*(y) — 2/3) = b;.

Proof. 1 bj = 0, 7, pi(20)p'(y) = Loy £1(20)6'(y) < p(y) + I3 (1/4) <
P (y) +(1/3) < 7/12. 1f b; = 1, 337, p*(20)p' (y) > £ (20)p” (y) 2 3/4. o

By the above lemmas, the network in Figure 1 (left) has the following function:

- Suppose that a binary sequence by,...,b,, and an integer j is given. Then we
can present y that depends only on by,...,b,, and z, that depends only on j
such that b; is output from the decoder.

Note that we use (z +y)? — (z — y)? = 4ay to realize a multiplication unit.

For the case of degree of higher than two we have to construct a bit more complicated
one by using another simple logistic function x(z) = (36/5)z(1 — z). We need the
next lemma.

Lemma 4.5. Take zp = p7Y"1(1/6), where p;'(z) is the inverse of u(z) on
[0,1/2). Then pi=(zo) =1/6, p?(z0) = 1, pi(zo) = 0 for alli > j, and p? ™} (zo) =
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L —

Figure 1: Network architecture consisting of polynomials of order two (left) and
those of order of power of two (right).

(1/6)* for alli > 0 and < j.

Proof. Clear from the fact that y(z) > 6z on [0,1/6]. O

Lemma 4.6. For any binary sequence by, by,...,bk, Dbry1,bri2,..., b2k,
coey Bm—1)k+1,- - Dmr take y such that b; = Hq43/4(p*(y)) and 0 < p*(y) < 1
for 'aH i. Moreover for any 1 < j < m and any 1 < | < k take z, =
p.;(’—l)(l/ﬁ), and o = pg(l_l)(lfﬁk). Then for z = Yoo, p*(y)u™*(z1),

Ho (T (2K (o) - (1/2)) = byt holds.

Lemma 4.7. If0 <p ‘(z) < 1 for anyO < i <1, take an € such that (16/3)'e < 1/4.
Then p'(z) - (16/3)le < pi(a +€) < p'(2) + (16/3)e.

Proof. There are four cases depending on whether p'~!(z + e) is on the uphill or
downhill of p and whether z is on the uphill or downhill of p'~1. The proofs are
done by induction.

First suppose that the two are on the uphill. Then p'(z + €) = p(p'~ lgm +€)) <

p(pl Y(z) + (16/3)'1 €) <p Yz) + (16/3)e. Secondly suppose that p'~!(z + e)
is on the uphill but z is on the downhill. Then p'(z + €) = p(p'~ 1(3: +€) >
p(p'(z) — (16/3)'€)) > p'(z) — (16/3)'c. The other two cases are similar. O

Proof of Lemma 4.6. We will show that the difference between pi*+!(y)
a.nd E o P'(2)1i(20) is sufficiently small. Clearly z = Y, ,u"k(wl),a"k(y) =

1w (@1)p™(y) < ﬂ”‘(y)+E,_1(1/6’°) <p*(5)+1/(6°~1) and p%(y) < 2. If
z is on the uphill of p' then by using the above lemma, we get E, o P(2)pt (o) =

Ez_ap( )i (zo) < p'(2) +1/(6% — 1) < p**!(y) + (1 + (16/3)")(1/(6* - 1) <
p**+(y) + 1/4 (note that I < k —1 a,nd k>2). Ifzis b8 the downhill of p then

by using the above lemma, we get Z; "o P(2)pt (o) = .:oP H(2)pi(zo) > p(2) >

P (p* () — (16/3)(1/(6* — 1)) > p?**(y) — 1/4. o
Next we show the encoding scheme we adopted. We show only the case w = ©(h?)
since the case w = ©(h) or more generally w = O(h?) is easily obtained from this.

Theorem 4.8 There is a network of 2n inputs, 2h hidden units with h? weights w,
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and h? sets of input values Xy,...,Xp2 such that for any set of values y1,...,yn
we can chose W to satisfy y; = fa(W;x;).

Proof. We extensively utilize the fact that monomials obtained by choosing at most
k variables from n variables with repetition allowed (say z2z;z¢) are all linearly

independent ([1]). Note that the number of monomials thus formed is ("}™).

Suppose for simplicity that we have 2n inputs and 2k main hidden units (we have
other hidden units too), and k = ("}™). By using multiplication units (in fact each
is a composite of two squaring units and the outputs are supposed to be summed up
as in Figure 1), we can form h = (";‘“) linearly independent monomials composed
of variables zi, ..., Z, by using at most (m — 1)k multiplication units (or A nominal
units when m = 1). In the same way, we can form h linearly independent monomials
composed of variables z,1,...,Z3,. Let us denote the monomials by uq,...,un
and v1,...,%p.

We form a subnetwork to calculate E?=1(E?=1 w; jui)v; by using h multiplication
units. Clearly the calculated result y is the weighted sum of monomials described
above where the weights are w; ; for 1 <i,7 <h.

Since y = fg(W;x) is a linear combination of linearly independent terms, if we
choose appropriately h? sets of values Xy,...,Xp2 for x = (z1,...,Z3,) , then for
any assignment of A% values yi,...,yxs2 to y we have a set of weights w such that
yi = f(xi, w). 0O

Proof of Theorem 4.1. The whole network consists of the decoder and the encoder.
The input points are the Cartesian product of the above xy,...,x,2 and {z, defined
in Lemma 4.4 for b; = 1|1 < j < s’} for some h where s’ is the number of bits to
be encoded. This means that we have h%s points that can be shattered.

Let the number of hidden layers of the decoder be s. The number of units used
for the decoder is 4(s — 1) + 1 (for the degree 2 case which can decode at most s
bits) or 4(s — 3) + 4(k — 1) + 1 (for the degree 2% case which can decode at most
(s — 2)k bits). The number of units used for the encoder is less than 4h; we though
have constraints on s (which dominates the depth of the network) and h (which
dominates the number of units in the network) that & < (**™) and m = O(s) or
roughly log h = O(s) be satisfied.

Let us chose m = 2 (m = log s is a better choise). As a result, by using 4h + 4(s —
ll-i— 1 (or 4h 4+ 4(s — 3) + 4(k — 1) + 1) units in s+ 2 layers, we can shatter h?s (or
h?(s — 2)log d) points; or asymptotically by using h units s layers we can shatter
(1/16)w(s — 3) (or (1/16)w(s — 5) log d) points. g

5 Piecewise Polynomial Case

Theorem 5.1. Let us consider a set of networks of units with linear input func-
tions and piecewise polynomial (with ¢ polynomial segments) activation functions.
Q(wslog(dgh/s)) is a lower bound of the VC-dimension, where s is the depth of the
network and d is the mazimum degree of the activation functions. More precisely,
(1/16)w(s — 6)(log d + log(h/s) + log q) is an asymptotic lower bound.

For the scarcity of space, we give just an outline of the proof. Our proof is based
on that of the polynomial networks. We will use k units with activation function
of ¢ > 2 polynomial segments of degree at most d in place of each of p* unit in the
decoder, which give the ability of decoding logdgh bits in one layer and slogdgh
bits in total by ©(sk) units in total. If h designates the total number of units, the
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number of the decodable bits is represented as log(dgh/s).

In the following for simplicity we suppose that dgh is a power of 2. Let p (:z) be
the k composition of p(z) as usual i.e. p*(z) = p(p*~(z)) and p*(z) = p(z). Let
plesdl(z) = pl°3d(/\‘( )), where A(z) = 4z if ¢ < 1/2 and 4 — 4z otherwise, which
by the way has 2' polynomial segments.

Now the p* unit in the polynomial case is replaced by the array p!'°8 4log 2108 () of
h units that is defined as follows:

(i) plog8dlo801(z) is an array of two units; one is p'°8 #1°82(A\+(z)) where A*(z) =
4z if z < 1/2 and 0 otherwise and the other is p'°8 #'°6 2(X~(z)) where A~ (z) = 0
if z < 1/2 and 4 — 4z otherwise.

(i) ploslos E'm&m is the array of 2™ units, each with one of the functions
l°3‘“°3‘f -(A*(z))--+)) where A*(--- (A*(z))---) is the m composition
of At (z) or A ( ) Note that A*(--- (A*(z))---) has at most three linear seg-
ments (one is linear and the others are constant 0) and the sum of 2™ possible
combinations f(AE(--- (AE(z))--')) is equal to f(A™(z)) for any function f
such that f(0) = 0.

Then lemmas similar to the ones in the polynomial case follow.
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Abstract

We solve the dynamics of on-line Hebbian learning in perceptrons
exactly, for the regime where the size of the training set scales
linearly with the number of inputs. We consider both noiseless
and noisy teachers. Our calculation cannot be extended to non-
Hebbian rules, but the solution provides a nice benchmark to test
more general and advanced theories for solving the dynamics of
learning with restricted training sets.

1 Introduction

Considerable progress has been made in understanding the dynamics of supervised
learning in layered neural networks through the application of the methods of sta-
tistical mechanics. A recent review of work in this field is contained in [1]. For
the most part, such theories have concentrated on systems where the training set is
much larger than the number of updates. In such circumstances the probability that
a question will be repeated during the training process is negligible and it is possible
to assume for large networks, via the central limit theorem, that the local field dis-
tribution is Gaussian. In this paper we consider restricted training sets; we suppose
that the size of the training set scales linearly with N, the number of inputs. The
probability that a question will reappear during the training process is no longer
negligible, the assumption that the local fields have Gaussian distributions is not
tenable, and it is clear that correlations will develop between the weights and the
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questions in the training set as training progresses. In fact, the non-Gaussian char-
acter of the local fields should be a prediction of any satisfactory theory of learning
with restricted training sets, as this is clearly demanded by numerical simulations.
Several authors [2, 3, 4, 5, 6, 7] have discussed learning with restricted training sets
but a general theory is difficult. A simple model of learning with restricted training
sets which can be solved ezactly is therefore particularly attractive and provides
a yardstick against which more difficult and sophisticated general theories can, in
due course, be tested and compared. We show how this can be accomplished for
on-line Hebbian learning in perceptrons with restricted training sets and we ob-
tain exact solutions for the generalisation error and the training error for a class of
noisy teachers and students with arbitrary weight decay. Our theory is in excellent
agreement with numerical simulations and our prediction of the probability density
of the student field is a striking confirmation of them, making it clear that we are
indeed dealing with local fields which are non-Gaussian.

2 Definitions

We study on-line learning in a student perceptron S, which tries to perform a task
defined by a teacher perceptron characterised by a fixed weight vector B* € RV.
We assume, however, that the teacher is noisy and that the actual teacher output
T and the corresponding student response S are given by

T'of=1,1}" = {=1,1} T(€) = sgn[B -],

S:{-1,1}¥ = {-1,1} S(&) = sgn[J - €],
where the vector B is drawn independently of £ with probability p(B) which may
depend explicitly on the correct teacher vector B*. Of particular interest are the

following two choices, described in literature as output noise and Gaussian input
noise, respectively:

p(B) =X 6(B+B")+ (1-)X) 6(B-B") (1)
where A > 0 represents the probability that the teacher output is incorrect, and
_|.N ¥ -¥(B-B")*/x?

The variance £2 /N has been chosen so as to achieve appropriate scaling for N — oo.

Our learning rule will be the on-line Hebbian rule, i.e.

J(e+1)= (1= )T + 1 €O senlB(©) - £(0)] 3)

where the non-negative parameters y and 7 are the decay rate and the learning rate,
respectively. At each iteration step £ an input vector £(£) is picked at random from
a training set consisting of p = aN randomly drawn vectors &* € {-1,1}V, u =
1,...p. This set remains unchanged during the learning dynamics. At the same
time the teacher selects at random, and independently of §(¢), the vector B(¥),
according to the probability distribution p(B). Iterating equation (3) gives

m—£—1

m m—1
I = (1) 90 + F 2 (1- 1) eosmiBO-€0) @

We assume that the (noisy) teacher output is consistent in the sense that if a
question & reappears at some stage during the training process the teacher makes
the same choice of B in both cases, i.e. if £(£) = &(¢') theri also B(¢) = B(¢'). This

consistency allows us to define a generalised training set D by including with the p
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questions the corresponding teacher vectors:

D ={(',B"),...,(€,B")}

There are two sources of randomness in this problem. First of all there is the random
realisation of the ‘path’ 2 = {(£(0), B(0)), (&(1), B(1)),...,(&(¢),B(¢)),...}. This
is simply the randomness of the stochast.lc process that gives the evolution of the
vector J. Averages over this process will be denoted as (...). Secondly there is the
randomness in the composition of the training set. We will write averages over all
training sets as (...)sets- We note that

P
(0. BO) = 7 3 /(€*, B*) (for all ¢)
n=l

and that averages over all possible realisations of the training set are given by

(Fl(€", B'). (&%, B?);..., (£, B)))sets

DI I P f [H p(B*) dB“] fl(€", B"), (€%, B?),..., (", B?))

£ Ez P
where £* € {—1,1}". We normalise B* so that [B*]> = 1 and choose the time unit
t = m/N. We finally assume that Jo and B™ are statistically independent of the

training vectors &£, and that they obey J;(0), B} = O(N~1) for all 1.

3 Explicit Microscopic Expressions

At the m-th stage of the learning process the two simple scalar observables Q[J] =
J? and R[J] = B*-J, and the joint distribution of fieldsz=J-§ y=B"-§ z =
B - £ (calculated over the questions in the training set D), are given by

QI (m)] = J*(m) R[J(m)] = B™ - J(m) (5)

P

Blagadimil= i S 6z — J(m) € oy — B* €] [z — B* €] (o)

p=1

For infinitely large systems one can prove that the fluctuations in mean-field ob-
servables such as {@, R, P}, due to the randomness in the dynamics, will vanish [6].
Furthermore one assumes, with convincing support from numerical simulations, that
for N = oo the evolution of such observables, observed for different random realisa-
tions of the training set, will be reproducible (i.e. the sample-to-sample fluctuations
will also vanish, which is called ‘self-averaging’). Both properties are central ingre-
dients of all current theories. We are thus led to the introduction of the averages of
the observables in (5,6), with respect to the dynamical randomness and with respect
to the randomness in the training set (to be carried out in precisely this order):

Q(t) = IJl_I;nm< (Q[J(tN)]) )sets R(t) = !Jgnm( <R[J(tN)]) )sel:s (7)
Py(z,y,2) = lim ((Plz,y, 2 J(EN)]) )sets (8)

A fundamental ingredient of our calculations will be the average (&; sgn(B-{))(E‘ B):
calculated over all realisations of (£, B). We find, for a wide class of p(B), that

(& sgn(B - €)) ¢, B) = PB; + O(N™*/?) 9)

where, for example,
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P \/g (1-2X) (output noise) (10)
= \/? o (Gaussian input noise) (11)
TVrVir e d

4 Averages of Simple Scalar Observables

Calculation of Q(t) and R(t) using (4, 5, 7, 9) to execute the path average and the
average over sets is relatively straightforward, albeit tedious. We find that

—~ft(1_e—-,rt) 1 2

Q(t) = e 2" Qo + 2npRy 2—7(1—6‘2*‘)
o e 1, 5
+ (a +p°) (12)
and that
R(t) = e "Ry + npy (1 — e ™) (13)

where p is given by equations (10, 11) in the examples of output noise and Gaussian
input noise, respectively. We note that the generalisation error is given by

E, = %arccos [R(t)/\/Q(t)] (14)

All models of the teacher noise which have the same p will thus have the same
generalisation error at any time. This is true, in particular, of output noise and
Gaussian input noise when their respective parameters A and ¥ are related by

1
1-2\= ——. 1

Ve (1)
With each type of teacher noise for which (9) holds, one can thus associate an
effective output noise parameter A\. Note, however, that this effective teacher error
probability A will in general not be identical to the true teacher error probability
associated with a given p(B), as can immediately be seen by calculating the latter
for the Gaussian input noise (2).

5 Average of the Joint Field Distribution

The calculation of the average of the joint field distribution starting from equation
(8) is more difficult. Writing ¢ = (1—~-y/N), and expressing the 4 functions in terms
of complex exponentials, we find that

d‘ ydz : = - = e =yt i . s S, 1 1
Py(z,y,z) = /v’% eilze+yitzi) A}gnm (e"‘[”“-’ Jo&'+§B" £ +:B' . £

X H[ Z —lingN "'V =4(£7-£") sgq(B"'§")]]> (16)

v=1

In this expression we replace &' by &€ and B! by B, and abbreviate S = [Tt [-- .
Upon writing the latter product in terms of the auxiliary variables v, = (£!-£*)/vVN
and w, = B” - £", we find that for large N
induy n?%uy
4y

logS ~ x(Z sgn[B - &],t) ~ (1—e 1) — (1—=e™27) (17)

where u;, u, are the random variables given by
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1 1 2
U = v, sgn(w,), Uy = — v,°.
'T oV/N ,,Z;q gn(w) T ;
and with 1t i
x(w,t) = a/ ds [c_l‘”"*"“"E - 1] (18)
0

A study of the statistics of u; and us shows that limy_,.c u2 = 1, and that
uy =pB* - E+a (N = 00),

where u is a Gaussian random variable with mean equal to zero and variance unity.
On the basis of these results and equations (16, 17) we find that

didijds

eilxd+yi+:)— 1:%[Q-R*—e~ 2" (Qo—R3)]+\ (& sgn[z].t)—ity(R—Roe™ ")
83

Pi(z,y,2) =

s h!ihlpw(e—z[:e Jo&+iB -E+zJE5‘.E])(£'BJ (19)
where Q and R are given by the expressions (12,13) (note: @ — R? is independent
of p, i.e. of the distribution p(B)). Let zo = Jo-&, y = B*-&, 2 = B - €.
We assume that, given y, 2z is independent of zy. This condition, which reflects in
some sense the property that the teacher noise preserves the perceptron structure.
is certainly satisfied for the models which we are considering and is probably true
of all reasonable noise models. The joint probability density then has the form
p(zo,y,2) = p(xoly)p(y, z). Equation (19) then leads to the following expression for
the conditional probability of z, given y and z:

P:(R?Iy. z) ) /g_"% efi[x—Ry]—%iz[Q—R2]+x(i sgn|z].t) (20)
™

We observe that this probability distribution is the same for all models with the

same p and that the dependence on z is through 7 = sgn(z], a directly observable

quantity. The training error and the student field probability density are given by

Bu = [dady 3 8(zr)Paly. Pl P) (21)
r=41
P(@)= [dy 3 Pulely, )P(rn)P) (22)
r=#1

in which P(y) = (2:rr)“%e'lz‘y2. We note that the dependence of E;, and F,(z) on
the specific noise model arises solely through P(7|y) which we find is given by

P(rly) = A8(—71y) + (1 — A\)8(ry) P(rly) = %(1 + Terf[y/ﬁE])

in the output noise and Gaussian input noise models, respectively. In order to sim-
plify the numerical computation of the remaining integrals one can further reduce
the number of integrations analytically. Details will be reported elsewhere.

6 Comparison with Numerical Simulations

It will be clear that there is a large number of parameters that one could vary in
order to generate different simulation experiments with which to test our theory.
Here we have to restrict ourselves to presenting a number of representative results.
Figure 1 shows, for the output noise model, how the probability density P;(z) of
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Figure 1: Student field distribution P(z) for the case of output noise, at different
times (left to right: ¢t =1,2,3,4), for a=~v= 3, Jo =n=1, A=0.2. Histograms:
distributions measured in simulations, (N = 10,600). Lines: theoretical predictions.

the student field x = J - € develops in time, starting as a Gaussian at t = 0
and evolving to a highly non-Gaussian distribution with a double peak by time
t = 4. The theoretical results give an extremely satisfactory account of the numerical
simulations. Figure 2 compares our predictions for the generalisation and training
errors E, and E;. with the results of numerical simulations, for different initial
conditions, E4(0) = 0 and E4(0) = 0.5, and for different choices of the two most
important parameters A (which controls the amount of teacher noise) and a (which
measures the relative size of the training set). The theoretical results are again in
excellent agreement with the simulations. The system is found to have no memory of
its past (which will be different for some other learning rules), the asymptotic values
of E; and Ei, being independent of the initial student vector. In our examples E, is
consistently larger than E,, the difference becoming less pronounced as a increases.
Note, however, that in some circumstances Ey, can also be larger then E,. Careful
inspection shows that for Hebbian learning there are no true overfitting effects, not
even in the case of large A and small «y (for large amounts of teacher noise, without
regularisation via weight decay). Minor finite time minima of the generalisation
error are only found for very short times (f < 1), in combination with special
choices for parameters and initial conditions.

7 Discussion

Starting from a microscopic description of Hebbian on-line learning in perceptrons
with restricted training sets, of size p = a/N where N is the number of inputs,
we have developed an exact theory in terms of macroscopic observables which has
enabled us to predict the generalisation error and the training error, as well as the
probability density of the student local fields in the limit N — oo. Our results are in
execellent agreement with numerical simulations (as carried out for systems of size
N = 5,000) in the case of output noise; our predictions for the Gaussian input noise
model are currently being compared with the results of simulations. Generalisations
of our calculations to scenarios involving, for instance, time-dependent learning
rates or time-dependent decay rates are straightforward. Although it will be clear
that our present calculations cannot be extended to non-Hebbian rules, since they
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Figure 2: Generalisation errors (diamonds/lines) and training errors (circles/lines)
as observed during on-line Hebbian learning, as functions of time. Upper two graphs:
A =0.2 and a € {0.5,4.0} (upper left: E4(0) = 0.5, upper right: E,(0) = 0). Lower
two graphs: a@ = 1 and A € {0.0,0.25} (lower left: E,(0) = 0.5. lower right:
E4(0) = 0.0). Markers: simulation results for an N = 5,000 system. Solid lines:
predictions of the theory. In all cases Jy =7n =1 and v = 0.5.

ultimately rely on our ability to write down the microscopic weight vector J at
any time in explicit form (4), they do indeed provide a significant yardstick against
which more sophisticated and more general theories can be tested. In particular.
they have already played a valuable role in assessing the conditions under which a
recent general theory of learning with restricted training sets, based on a dynamical
version of the replica formalism, is exact [6, 7].
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