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Abstract

Many unsupervised learning problems can be expressed as a form of matrix fac-
torization, reconstructing an observed data matrix as the product of two matrices
of latent variables. A standard challenge in solving these problems is determining
the dimensionality of the latent matrices. Nonparametric Bayesian matrix factor-
ization is one way of dealing with this challenge, yielding a posterior distribution
over possible factorizations of unbounded dimensionality. A drawback to this ap-
proach is that posterior estimation is typically done using Gibbs sampling, which
can be slow for large problems and when conjugate priors cannot be used. As an
alternative, we present a particle filter for posterior estimation in nonparametric
Bayesian matrix factorization models. We illustrate this approach with two matrix
factorization models and show favorable performance relative to Gibbs sampling.

1 Introduction

One of the goals of unsupervised learning is to discover the latent structure expressed in observed
data. The nature of the learning problem will vary depending on the form of the data and the kind of
latent structure it expresses, but many unsupervised learning problems can be viewed as a form of
matrix factorization — i.e. decomposing an observed data maiigto the product of two or more
matrices of latent variables. X is anN x D matrix, whereN is the number ofD-dimensional
observations, the goal is to find a low-dimensional latent feature space capturing the variation in the
observations making uX. This can be done by assuming t#at~ ZY, whereZ isa N x K

matrix indicating which of (and perhaps the extent to whikhlatent features are expressed in each

of the N observations an is aK x D matrix indicating how thos& latent features are manifest

in the D dimensional observation space. Typicall/is less tharD, meaning tha¥Z andY provide

an efficient summary of the structure Xt

A standard problem for unsupervised learning algorithms based on matrix factorization is determin-
ing the dimensionality of the latent matricds, Nonparametric Bayesian statistics offers a way to
address this problem: instead of specifyiidca priori and searching for a “best” factorization, non-
parametric Bayesian matrix factorization approaches such as those in [1] and [2] estimate a posterior
distribution over factorizations with unbounded dimensionality (i.e. letlihg> co). This remains
computationally tractable because each model uses a prior that ensurédsstegarse, based on

the Indian Buffet Process (IBP) [1]. The search for the dimensionality of the latent feature matrices
thus becomes a problem of posterior inference over the number of non-empty colufhns in

Previous work on nonparametric Bayesian matrix factorization has used Gibbs sampling for poste-
rior estimation [1, 2]. Indeed, Gibbs sampling is the standard inference algorithm used in nonpara-
metric Bayesian methods, most of which are based on the Dirichlet process [3, 4]. However, recent



work has suggested that sequential Monte Carlo methods sugarticle filtering can provide an
efficient alternative to Gibbs sampling in Dirichlet process mixture models [5, 6].

In this paper we develop a novel particle filtering algorithm for posterior estimation in matrix fac-
torization models that use the IBP, and illustrate its applicability to two specific models — one with

a conjugate prior, and the other without a conjugate prior but tractable in other ways. Our particle
filtering algorithm is by nature an “on-line” procedure, where each roX ¢f processed only once,

in sequence. This stands in comparison to Gibbs sampling, which must revisit each row many times
to converge to a reasonable representation of the posterior distribution. We present simulation results
showing that our particle filtering algorithm can be significantly more efficient than Gibbs sampling
for each of the two models, and discuss its applicability to the broad class of nonparametric matrix
factorization models based on the IBP.

2 Nonparametric Bayesian Matrix Factorization

Let X be an observed’ x D matrix. Our goal is to find a representation of the structure expressed
in this matrix in terms of the latent matric&s(N x K) andY (K x D). This can be formulated

as a statistical problem if we viel as being produced by a probabilistic generative process, re-
sulting in a probability distributior?(X|Z,Y). The critical assumption necessary to make this a
matrix factorization problem is that the distribution Xfis conditionally dependent oA andY

only through the producZY. Although definingP(X|Z,Y) allows us to use methods such as
maximume-likelihood estimation to find a point estimate, our goal is to instead compute a posterior
distribution over possible values @ andY. To do so we need to specify a prior over the latent
matricesP(Z,Y), and then we can use Bayes' rule to find the posterior distributionZeerdY

P(Z,Y|X) x P(X|Z,Y)P(Z,Y). 1)

This constitutes Bayesian matrix factorization, but two problems remain: the choi€eard the
computational cost of estimating the posterior distribution.

Unlike standard matrix factorization methods that require an a priori choide, afonparametric
Bayesian approaches allow us to estimate a posterior distributiorZoaadY where the size of
these matrices is unbounded. The models we discuss in this paper place a [#Fitradigives each
“left-ordered” binary matrix (see [1] for details) probability
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whereK , is the number of columns & with non-zero entriesn,, is the number of’s in column

k, N is the number of rowst y = Zf.vzl 1/i is the N** harmonic number, anét, is the number

of columns inZ that when read top-to-bottom form a sequencé'®find0’s corresponding to the
binary representation of the number This prior onZ is a distribution on sparse binary matrices
that favors those that have few columns with many ones, with the rest of the columns being all zeros.

This distribution can be derived as the outcome of a sequential generative process calidéhthe
buffet proces$lBP) [1]. Imagine an Indian restaurant into whighcustomers arrive one by one and
serve themselves from the buffet. The first customer loads her plate from the first Pojsdishes.
Thei'" customer chooses dishes proportional to their popularity, choosing a dish with probability
my /i wheremy, is the number of people who have choosenkHedish previously, then chooses
Poissoffic/7) new dishes. If we record the choices of each customer on one row of a matrix whose
columns correspond to a dishes on the buffeift €hosen,0 if not) then (the left-ordered form of)

that matrix constitutes a draw from the distribution in Eqn. 2. The order in which the customers enter
the restaurant has no bearing on the distributio ¢fip to permutation of the columns), making

this distribution exchangeable.

In this work we assume th& andY are independent, witf?(Z,Y) = P(Z)P(Y). As shown in
Fig. 1, since we use the IBP prior fét(Z), Y is a matrix with an infinite number of rows arid
columns. We can take any appropriate distribution¢"), and the infinite number of rows will
not pose a problem because oy rows will interact with non-zero elements B&f A posterior
distribution overZ andY implicitly defines a distribution over the effective dimensionality of these
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Figure 1: Nonparametric Bayesian matrix factorization. @t matrixX is the product oZ and
Y, which have an unbounded number of columns and rows respectively.

matrices, througli’, . This approach to nonparametric Bayesian matrix factorization has been used
for both continuous [1, 7] and binary [2] data matri@&s

Since the posterior distribution defined in Eqn. 1 is generally intractable, Gibbs sampling has pre-
viously been employed to construct a sample-based representation of this distribution. However,
generally speaking, Gibbs sampling is slow, requiring each ent#/andY to be repeatedly up-

dated conditioned on all of the others. This problem is compounded in contexts where the the
number of rows ofX increases as a consequence of new observations being introduced, where the
Gibbs sampler would need to be restarted after the introduction of each new observation.

3 Particle Filter Posterior Estimation

Our approach addresses the problems faced by the Gibbs sampler by exploiting the fact that the prior
on Z is recursively decomposable. To explain this we need to introduce new notatidf{\die

the i*® row of X, andX(*%) andZ(*:") be all the rows ofX andZ up to: respectively. Note that
because the IBP prior is recursively decomposable it is easy to samplePf@m®) |Z(1~1)); to

do so simply follow the IBP in choosing dishes for tfi& customer given the record of which dishes
were chosen by the first— 1 customers (see Algorithm 1). Applying Bayes’ rule, we can write the
posterior oriZ(1¥) andY givenX () in the following form

1:)(2(1:1’)7 Y|X(lz)) o P(X(z) |Z(1:i) Y, X(l:i—l))P(Z(l:i) ’ Y|X(1:i_1)). (3)
Here we do not inde¥ as it is always an infinite matrix.

If we could evaluateP(Z(~1) Y|X(1:~1)), we could obtain weighted samples (or “particles”)
from P(Z(1*) Y |X (%)) using importance sampling with a proposal distribution of

P(Z(lzi)’Y|X(1:i71)) _ Z P(Z(Li)|Z(1:i71))P(Z(1:i71),Y|X(1:i71)) (4)
Z(L:i—1)
and taking
we o< P(XD|Z5: Y (), X1 (5)

as the weight associated with th&" particle. However, we could also use a similar
scheme to approximat®(Z(“~1) Y |X1#=1) if we could evaluateP(Z(#~2) Y |X(1:-2)),
Following Eq. 4, we could then approximately generate a set of weighted particles from
P(Z(:) Y|X141) by using the IBP to sample a value froﬁ(Z(lﬁi)|Z85“1)) for each parti-

cle fromP(Z(=1) Y|X(~1)) and carrying forward the weights associated with those particles.
This “particle filtering” procedure defines a recursive importance sampling scheme for the full pos-
terior P(Z,Y|X), and is known as sequential importance sampling [8]. When applied in its basic
form this procedure can produce particles with extreme weights, so we resample the particles at each
iteration of the recursion from the distribution given by their normalized weights and,set1/L

for all ¢, which is a standard method known as sequential importance resampling [8].

The procedure defined in the previous paragraphs is a general-purpose particle filter for matrix-
factorization models based on the IBP. This procedure will work even when the prior defined on

!In practice, we need only keep track of the row&bthat correspond to the non-empty columnZofas
the posterior distribution for the remaining entries is just the prior. Thus, if new non-empty columns are added

in moving fromZ = to Z(), we need to expand the number of rows¥that we represent accordingly.



Algorithm 1 SampleP(Z()|Z(3*=1) ) using the Indian Buffet process

1 Z 2z
2: if ¢ = 1then
3:  sampleK;°Y ~ Poisson(«)
4. Zi,l:KfCW — 1

5: else
6.

7

8

K < number of non-zero columns
fork=1,..., K4+ do

samplez; , according taP(z; x = 1) ~ Bernoulli( “=:£)
. end for

10:  sampleX;" ~ Poisson(%)

110 Zi ey 41k, 4 Kmew — 1

12: end if

13: Z49) — Z

©..-.

Y is not conjugate to the likelihood (and is much simpler than other algorithms for using the IBP
with non-conjugate priors, e.g. [9]). However, the procedure can be simplified further in special
cases. The following example applications illustrate the particle filtering approach for two different
models. In the first case, the prior oVEris conjugate to the likelihood which means thamneed

not be represented. In the other case, although the prior is not conjugate aitdibes need to be
explicitly represented, we present a way to improve the efficiency of this general particle filtering
approach by taking advantage of certain analytic conditionals. The particle filtering approach results
in significant improvements in performance over Gibbs sampling in both models.

4 A Conjugate Model: Infinite Linear-Gaussian Matrix Factorization

In this model, explained in detail in [1], the entries of bd&handY are continuous. We report
results on the modeling of image data of the same kind as was originally used to demonstrate the
model in [1]. Here each row &X is an image, each row & indicates the “latent features” present

in that image, such as the objects it contains, and each coluriyh ioflicates the pixel values
associated with a latent feature.

The likelihood for this image model is matrix Gaussian

P(X|Z,Y,0,) = tr(X — 2Y)" (X - 2Y))}

(2mo% )ND/2 ol 20%
wheres% is the noise variance. The prior on the parameters of the latent features is also Gaussian

P(Yloy) = YY)}

1
—— 5 EXP — -t
(2mo3 )KD/2 o 20% x

with each element having variane¢ . Because both the likelihood and the prior are matrix Gaus-
sian, they form a conjugate pair aivdcan be integrated out to yield the collapsed likelihood,

1 1 T —1
— — exp{—s—tr(X* X7 X)} (6)

P(X|Z,0.) =

which is matrix Gaussian with covarian& ! = I — Z, (217 + Z—%IKQ*ZQ HereZ, =
Y
Z1.;1.x+ is the firsti{| columns ofZ and K is the number of non-zero columnszf

4.1 Particle Filter

The use of a conjugate prior means that we do not need to repfésexglicitly in our particle filter.
In this case the particle filter recursion shown in Eqns. 3 and 4 reduces to
P(z(ll)'x(lz)) o P(x(i)'z(l:i)’x(l:i—l)) Z P(z(l:i)|Z(1:i—1))P(Z(l:i—1)|X(l:i—1))
Z(1:i—1)

and may be implemented as shown in Algorithm 2.



Algorithm 2 Particle filter for Infinite Linear Gaussian Model

1: initialize L particles[Z\"], ¢ =1,...,L
2:fori=1,...,Ndo
3: foré=1,...,Ldo

samplez{"** from Z{'"~") using Algorithm 1

calculatew, using Egns. 5 and 7
end for
normalize particle weights
resample particles according to weight cumulative distribution
: end for

noise

y1,: y2,: y3,: y4,: Z(i,:)Y

Figure 2: Generation oK under the linear Gaussian model. The first four images (left to right)
correspond to the true latent features, i.e. row¥ ofThe fifth shows how the images get combined,
with two source images added together by multiplying by a single ro#,af,. = [1 0 0 1]. The
sixth is Gaussian noise. The seventh image is the resulting r&v of

ooNOA

X.
iy

Reweighting the particles requires computiRgX () |Z(1:) X (1::i-1)) | the conditional probability

of the most recent row dK given all the previous rows and. Since P(X(:9)|Z(1%)) is matrix
Gaussian we can find the required conditional distribution by following the standard rules for con-
ditioning in Gaussians. Letting; ' = X! /0% be the covariance matrix f& () given Z(::"),

we can partition this matrix into four parts

whereA is a matrix,c is a vector, and is a scalar. Then the conditional distributionXf?) is
X @z XD | Gaussiate?’ ATIX 3D — cTA7Le). (7)

This requires inverting a matriA which grows linearly with the size of the data; howevArjs
highly structured and this can be exploited to reduce the cost of this inversion [10].

4.2 Experiments

We compared the particle filter in Algorithm 2 with Gibbs sampling on an image dataset similar
to that used in [1]. Due to space limitations we refer the reader to [1] for the details of the Gibbs
sampler for this model. As illustrated in Fig. 2, our ground-tri¥thconsisted of four different

6 x 6 latentimages. A00 x 4 binary ground-truth matrif was generated with by sampling from
P(z 1 = 1) = 0.5. The observed matriX was generated by adding Gaussian noise with= 0.5

to each entry oY

Fig. 3 compares results from the particle filter and Gibbs sampler for this model. The performance of
the models was measured by comparing a general error metric computed over the posterior distribu-
tions estimated by each approach. The error metric (the vertical axis in Figs. 3 and 5) was computed
by taking the expectation of the matiBZ” over the posterior samples produced by each algorithm
and taking the summed absolute difference (L.e.norm) between the upper triangular portion of
E[ZZ"] computed over the samples and the upper triangular portion of th&Z#de(including

the diagonal). See Fig. 4 for an illustration of the information conveyed®¥. This error metric
measures the distance of the mean of the posterior to the ground-truth. It is zero if the mean of the
distribution matches the ground truth. It grows as a function of the difference between the ground
truth and the posterior mean, accounting both for any difference in the number of latent factors that
are present in each observation and for any difference in the number of latent factors that are shared
between all pairs of observations.

The particle filter was run using many different numbers of partidkeskFor each value of?, the
particle filter was run 10 times. The horizontal axis location of each errorbar in the plot is the mean
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Figure 3: Performance results for particle filter vs. Gibbmgling posterior estimation for the
infinite linear Gaussian matrix factorization. Each point is an average over 10 runs with a particular
number of particles or sweeps of the samgher= [1, 10, 100, 500, 1000, 2500, 5000] left to right,

and error bars indicate the standard deviation of the error.

wall-clock computation time on 2 Ghz Athlon 64 processors running Matlab for the corresponding
number of particles® while the error bars indicate the standard deviation of the error. The Gibbs
sampler was run for varying numbers of sweeps, with the initiéh of samples being discarded.

The number of Gibbs sampler sweeps was varied and the results are displayed in the same way as
described for the particle filter above. The results show that the particle filter attains low error in
significantly less time than the Gibbs sampler, with the difference being an order or magnitude or
more in most cases. This is a result of the fact that the particle filter considers only a single row of
X on each iteration, reducing the cost of computing the likelihood.

5 A Semi-Conjugate Model: Infinite Binary Matrix Factorization

In this model, first presented in the context of learning hidden causal structure [2], the entries of
bothX andY are binary. Each row dX represents the values of a single observed variable across

D trials or cases, each row &f gives the values of a latent variable (a “hidden cause”) across those
trials or cases, and is the adjacency matrix of a bipartite Bayesian network indicating which latent
variables influence which observed variables. Learning the hidden causal structure then corresponds
to inferringZ andY from X. The model fits our schema for nonparametric Bayesian matrix factor-
ization model (and hence is amenable to the use of our particle filter) since the likelihood function

it uses depends only on the prod@cy .

The likelihood function for this model assumes that each entrXa§ generated independently
P(X|Z2,Y) =[], 4 P(zi,4|Z,Y), with its probability given by the “noisy-OR” [11] of the causes
that influence that variable (identified by the corresponding ro#)and are active for that case or
trial (expressed iY'). The probability that; 4 takes the valug is thus

P(rig=1Z,Y) =1~ (1 -\ ¥a(1 ) )

wherez; . is thei® row of Z, y. 4 is thed™ column of Y, andz; . - y.4 = Y1, zixyk.a. The
parametet sets the probability that; ; = 1 when no relevant causes are active, ardktermines

how this probability changes as the number of relevant active hidden causes increases. To complete
the model, we assume that the entrieSvofire generated independently from a Bernoulli process
with parametep, to give P(Y) =[] ,p¥"¢(1 — p)L~¥~d and use the IBP prior fd.

5.1 Particle Filter

In this model the prior ovely is not conjugate to the likelihood, so we are forced to explicitly
represenl in our particle filter state, as outlined in Eqns. 3 and 4. However, we can define a more
efficient algorithm than the basic particle filter due to the tractability of some integrals. This is why
we call this model a “semi-conjugate” model.

The basic particle filter defined in Section 3 requires drawing the new rows fbm the prior

when we generate new columns2f This can be problematic since the chance of producing an
assignment of values ¥ that has high probability under the likelihood can be quite low, in effect
wasting many particles. However, if we can analytically marginalize out the new rows ofe

can avoid sampling those values from the prior and instead sample them from the posterior, in



Algorithm 3 Particle filter for Infinite Binary Matrix Factorization

1: initialize L particles[Z\”, Y{”], ¢ =1,...,L
2:fori=1,...,Ndo
3: foré=1,...,Ldo
sampl&é” from ZE“D using Algorithm 1
calculatew, using Egns. 5 and 8
end for
normalize particle weights
resample particles according to weight CDF
fort=1,...,Ldo
10: sampley () from P(Y(?|Z{") y {7 x (1)
11:  end for
12: end for

B - s - N - -

Figure 4: Infinite binary matrix factorization results. Oretleft is ground truth, the causal graph
representation of andZZ”. The middle and right are particle filtering results; a single random
particleZ and E[ZZ"'] from a 500 and 10000 particle run middle and right respectively.

CNoTOR

effect saving many of the potentially wasted particles. If we¥ét”) denote the rows oX that
correspond to the firstcolumns ofZ andY () denote the rows (potentially more than 1)Yfthat
are introduced to match the new columns appearirgfh then we can write

P(z(l:i) , Y(lz) |X(lz)) — P(Y(z) |Z(1:i)7 Y(l:i—l), X(lz))P(Z(lz) , Y(l:i—l) |X(lz)) (9)
where
P(z(ll) , Y(l:ifl) |X(1z)) x P(x(z) |Z(1:'L')7 Y(l:i71)7 X(l:ifl))P(Z(lzi) , Y(l:ifl) |X(1:i71)).
, . (10)
Thus, we can wuse the particle filter to estimate?(Z(%), Yt |x (1)
(vs. P(Z™9) 'y (1:) X (1:))) provided that we can find a way to compuéX (V) |Z (1) "y (1:i-1))
and sample from the distributiaR(Y () |Z(19) 'y (1:i=1) X (119)) to complete our particles.

The procedure described in the previous paragraph is possible in this model because, while our prior
onY is not conjugate to the likelihood, it is still possible to compEE () |Z(19) Y (1:i=1)) The

entries ofX () are independent givedi':¥) and'Y (1)), Since the entries in each columnyf? will
influence only a single entry iK (9, this independence is maintained when we sunoit. So we

can derive an analytic solution (X (V|Z(1:) Y 1:i=1y = [T, P(x;,4|Z*%), Y*#~1)) where

Pz =1Z"D, YETD) =1 — (1 —€)(1— N7 (1 — Ap) (11)

with K% being the number of new columnsZ?, andn = z, For a detailed

LK Y g g
derivation see [2]. This gives us the likelihood we need for reweighting par#élgs andy (1:i—1),

The posterior distribution ofY (V) is straightforward to compute by combining the likelihood in
Eqn. 8 with the prioP(Y). The particle filtering algorithm for this model is given in Algorithm 3.

5.2 Experiments

We compared the particle filter in Algorithm 3 with Gibbs sampling on a dataset generated from the
model described above, using the same Gibbs sampling algorithm and data generation procedure
as developed in [2]. We took'; = 4 and N = 6, running the IBP multiple times with = 3

until a matrixZ of correct dimensionalityd x 4) was produced. This matrix is shown in Fig. 4 as a
bipartite graph, where the observed variables are shadécd. 250 random matrixY was generated

with p = 0.1. The observed matriX was then sampled from Egn. 8 with parameters- .9

ande = .01. Comparison of the particle filter and Gibbs sampling was done using the procedure
outlined in Section 4.2, producing similar results: the particle filter gave a better approximation to
the posterior distribution in less time, as shown in Fig. 5.
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Figure 5. Performance results for particle filter vs. Gibbmgling posterior estimation for the
infinite binary matrix factorization model. Each point is an average over 10 runs with a particular
number of particles or sweeps of the samgter [1, 2,5, 10, 20, 50, 100, 200, 500, 1000] from left
to right, and error bars indicate the standard deviation of the error.

6 Conclusion

In this paper we have introduced patrticle filter posterior estimation for non-parametric Bayesian
matrix factorization models based on the Indian buffet process. This approach is applicable to any
Bayesian matrix factorization model with a sparse recursively decomposable prior. We have applied
this approach with two different models, one with a conjugate prior and one with a non-conjugate
prior, finding significant computational savings over Gibbs sampling for each. However, more work
needs to be done to explore the strengths and weakneses of these algorithms. In particular, simple
sequential importance resampling is known to break down when applied to datasets with many
observations, although we are optimistic that methods for addressing this problem that have been
developed for Dirichlet process mixture models (e.g., [5]) will also be applicable in this setting.
By exploring the strengths and weaknesses of different methods for approximate inference in these
models, we hope to come closer to our ultimate goal of making nonparametric Bayesian matrix
factorization into a tool that can be applied on the scale of real world problems.
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