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Abstract

We present a novel boosting algorithm, called SoftBoost, designed for sets of bi-
nary labeled examples that are not necessarily separable by convex combinations
of base hypotheses. Our algorithm achieves robustnesafyyingthe distribu-

tions on the examples. Our update of the distribution is motivated by minimizing

a relative entropy subject to the capping constraints and constraints edgkes

of the obtained base hypotheses. The capping constraints ingoiff marginin

the dual optimization problem. Our algorithm produces a convex combination of
hypotheses whose soft margin is withiof its maximum. We employ relative en-
tropy projection methods to prove 1‘35\[) iteration bound for our algorithm,
whereN is number of examples.

We compare our algorithm with other approaches including LPBoost, Brown-
Boost, and SmoothBoost. We show that there exist cases where the number of iter-
ations required by LPBoost grows linearly Minstead of the logarithmic growth

for SoftBoost. In simulation studies we show that our algorithm converges about
as fast as LPBoost, faster than BrownBoost, and much faster than SmoothBoost.
In a benchmark comparison we illustrate the competitiveness of our approach.

1 Introduction

Boosting methods have been used with great success in many applications like OCR, text classifi-
cation, natural language processing, drug discovery, and computational biology [13]. For AdaBoost
[7] it was frequently observed that the generalization error of the combined hypotheses kept de-
creasing after the training error had already reached zero [19]. This sparked a series of theoretical
studies trying to understand the underlying principles that govern the behavior of ensemble methods
[19, 1]. It became apparent that some of the power of ensemble methods lies in the fact that they
tend to increase the margin of the training examples. This was consistent with the observation that
AdaBoost works well on low-noise problems, such as digit recognition tasks, but not as well on tasks
with high noise. On such tasks, better generalizaton can be achieved by not enforcing a large margin
onall training points. This experimental observation was supported by the study of [19], where the
generalization error of ensemble methods was bounded by the sum of two terms: the fraction of
training points which have a margin smaller than some valpleis a complexity term that depends

on the base hypothesis class andwhile this worst-case bound can only capture part of what is
going on in practice, it nevertheless suggests that in some cases it pays to allow some points to have
small margin or be misclassified if this leads to a larger overall margin on the remaining points.

To cope with this problem, it was necessary to construct variants of AdaBoost which trade off the
fraction of examples with margin at legstwvith the size of the margip. This was typically done

by preventing the distribution maintained by the algorithm from concentrating too much on the
most difficult examples. This idea is implemented in many algorithms including AdaBoost with
soft margins [15], MadaBoost [Sk-Arc [16, 14], SmoothBoost [21], LPBoost [4], and several
others (see references in [13]). For some of these algorithms, significant improvements were shown
compared to the original AdaBoost algorithm on high noise data.
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In parallel, there has been a significant interest in how tieali combination of hypotheses gener-
ated by AdaBoost is related to the maximum margin solution [1, 19, 4, 18, 17]. It was shown that
AdaBoost generates a combined hypothesis with a large margin, but not necessarily the maximum
hard margin [15, 18]. This observation motivated the development of many Boosting algorithms
that aim to maximize the margin [1, 8, 4, 17, 22, 18]. AdaBbt¢%7] and TotalBoost [22] provable
converge to the maximum hard margin within precisidn 2 In(N/§?) iterations. The other algo-
rithms have worse or no known convergence rates. However, such margin-maximizing algorithms
are of limited interest for a practitioner working with noisy real-world data sets, as overfitting is
even more problematic for such algorithms than for the original AdaBoost algorithm [1, 8].

In this work we combine these two lines of research into a single algorithm, called SoftBoost, that
for the first time implements the soft margin idea in a practical boosting algorithm. SoftBoost
finds in O(In(V)/46?) iterations a linear combination of base hypotheses whose soft margin is at
least the optimum soft margin minds BrownBoost [6] does not always optimize the soft margin.
SmoothBoost and MadaBoost can be related to maximizing the soft margin, but while they have
known iterations bounds in terms of other criteria, it is unknown how quickly they converge to
the maximum soft margin. From a theoretical point of view the optimization problems underlying
SoftBoost as well as LPBoost are appealing, since they directly maximize the margin of a (typically
large)subsebf the training data [16]. This quantity plays a crucial role in the generalization error
bounds [19].

Our new algorithm is most similar to LPBoost because its goal is also to optimize the soft margin.
The most important difference is that we use slightly relaxed constraints and a relative entropy to
the uniform distribution as the objective function. This leads to a distribution on the examples that
is closer to the uniform distribution. An important result of our work is to show that this strategy
may help to increase the convergence speed: We will give examples where LPBoost converges much
more slowly than our algorithm—Ilinear versus logarithmic growttvin

The paper is organized as follows: in Section 2 we introduce the notation and the basic optimization
problem. In Section 3 we discuss LPBoost and give a separable setting Wjigiigerations are
needed by LPBoost to achieve a hard margin within precisionin Section 4 we present our new
SoftBoost algorithm and prove its iteration bound. We provide an experimental comparison of the
algorithms on real and synthetic data in Section 5, and conclude with a discussion in Section 6.

2 Preliminaries

In the boosting setting, we are given a setNoflabeled training example,,, y,), n = 1... N,

where the instances, are in some domaif’ and the labelg,, € +1. Boosting algorithms maintain

a distributiond on the N examples, i.ed lies in theN dimensional probability simple®R” . Intu-

itively, the hard to classify examples receive more weight. In each iteration, the algorithm gives the
current distribution to an oracle (a.k.a. base learning algorithm), which returns a new base hypothe-
sish : X — [—1,1]" with a certain guarantee of performance. This guarantee will be discussed at
the end of this section.

One measure of the performance of a base hypothesish respect to distributionl is its edge,

= 22;1 dnynh(z,). When the range af is 1 instead of the interval [-1,1], then the edge is

just an affine transformation of the weighted eregrof hypothesisi: i.e. ¢, (d) = % — %'yh. A
hypothesis that predicts perfectly has edge 1, a hypothesis that always predicts incorrectly has
edgey = —1, and a random hypothesis has edge 0. The higher the edge, the more useful is the
hypothesis for classifying the training examples. The edge of a set of hypotheses is defined as the
maximum edge of the set.

After a hypothesis is received, the algorithm must update its distribdtiom the examples. Boost-

ing algorithms (for the separable case) commonly update their distribution by placing a constraint
on the edge of most recent hypothesis. Such algorithms are caliesttive[17]. In totally cor-
rectiveupdates, one constrains the distribution to have small edge with resjadicbtohe previous
hypotheses [11, 22]. The update developed in this paper is an adaptation of the totally corrective
update of [22] that handles the inseparable case. The final output of the boosting algorithm is always

a convex combination of base hypothegggz,,) = Zle weht(x,), whereh! is the hypothesis
added at iteration andwy is its coefficient. The margin of a labeled examfig, v,,) is defined as



Pn = Ynfw(zn). The (hard) margin of a set of examples is taken to be the minimum margin of the
set.

It is convenient to define aly-dimensional vectou™ that combines the base hypothesis with
the labelsy,, of the N examples:u" := y,h™(z,). With this notation, the edge of theth
hypothesis becomeb- u! and the margin of the-th example w.r.t. a convex combinatienof the

firstt — 1 hypothesesi§ "' w™ w,,.

For a given set of hypotheséh!, . . ., ht}, the following linear programming problem (1) optimizes
the minimumsoft margin The term “soft” here refers to a relaxation of the margin constraint. We
now allow examples to lie below the margin but penalize them linearly via slack variaplebhe
dual problem (2) minimizes the maximum edge when the distribution is capped ywithwhere
ve{l,...,N}: .
N % .
piw) = max (p— -7 dn) (D) % () =miny - (2)

t st.d-u™ <~,forl1 <m <t
s.t. Z U Wy > p — Yy, forl <n < N,
m=1 "

w e Pl > 0.

By duality, p; (v) = ~;(v). Note that the relationship between capping and the hinge loss has
long been exploited by the SVM community [3, 20] and has also been used before for Boosting in
[16, 14]. In particular, it is known that in (1) is chosen such thaf — v examples have margin at
leastp. This corresponds to active constraints in (2). The cage= 1 is degenerate: there are no
capping constraints in (2) and this is equivalent to the hard margin‘case.

1
depPV, d< -1
14

Assumption on the weak learnerWe assume that for any distributieh < %1 on the examples,
the oracle returns a hypothegiswith edge at leasy, for some fixedg. This means that for the
corresponding: vector,d - u > g. For binary valued features, this is equivalent to the assumption
that the base learner always returns a hypothesis with error até'ne%tg.

Adding a new constraint can only increase the vajfie’) of the minimization problem (2) and
thereforey; (v) is non-decreasing in It is natural to define*(v) as the value of (2) w.r.t. the entire
hypothesis set from which the oracle can choose. Clegtly) approaches*(v) from below.
Also, the guaranteg of the oracle can be at most () because for the optimal distributiett that
realizesy*(v), all hypotheses have edge at mpst). For computational reasonsmight however
be lower thany*(v) and in that case the optimum soft margin we can achieye is

3 LPBoost

In iterationt, the LPBoost algorithm [4] sends its current distributin ! to the oracle and receives
a hypothesig! that satisfiesl’ ' -u* > ¢. It then updates its distribution & by solving the linear
programming problem (1) based on thieypotheses received so far.

The goal of the boosting algorithms is to produce a convex combinati@hhyfpotheses such that
vr(v) > g — 6. The simplest way to achieve this is to break when this condition is satisfied.
Although the guarantegis typically not known, it is upper bounded By = min; <, <; d'~! - u?

and therefore LPBoost uses the more stringent stopping critefiofn > 7; — 4.

To our knowledge, there is no known iteration bound for LPBoost even though it provably converges
to thej-optimal solution of the optimization problem after it has seen all hypotheses [4, 10]. Empir-
ically, the convergence speed depends on the linear programming optimizer, e.g. simplex or interior
point solver [22]. For the first time, we are able to establish a lower bound showing that, independent
of the optimizer, LPBoost can requif V) iterations:

Theorem 1 There exists a case where LPBoost requilé® iterations to achieve a hard margin

that is withiné = .99 of the optimum hard margin.
Proof. Assume we are in the hard margin case<{ 1). The counterexample haé examples and

% + 1 base hypothesis. Afte%i iterations, the optimal valug®(1) for the chosen hypotheses will

'Please note that [20] have previously used the parametéth a slightly different meaning, namely/ N
in our notation. We use an unnormalized versiow afenoting anumberof examples instead of a fraction.



Algorithm 1 LPBoost with accuracy paramand capping parameter

1. Input: S = ((x1,v1),...,(xN,yn)), @ccuracy d, capping parameter v € [1, NJ.
2. Initialize: d° to the uniform distribution and 7, to 1.
3. Dofort=1,...

(a) Send d*~! to oracle and obtain hypothesis h?.

Set u!, = h(z,)y, and 7, = min{7;_1,d*"! - u'}.

(Assume d'~! - u* > ¢, where edge guarantee g is unknown.)
(b) Update the distribution to any d that solves the LP problem

1
(dt,'yt*):argmin v st d-um <y, foril<m<t:dePV,d< ;1.
Y

(c) If v >75; —dthenset T =t and break.?

4. Output: fy(z) = Zﬁzl wp, h™(x), where the coefficients w,,, maximize the soft
margin over the hypothesis set {h', ..., hT} using the LP problem (1).
2Whenyg is known, then one can break already whgiiv) > g — 6.

still be close to—1, whereas after the last hypothesis is added, this value is at|€asterec is a
precision parameter that is an arbitrary small number.

Figure 1 shows the casen\t 1 2 3 4 5
whereN = 8 andT = 5, 1 +1 —1+ 5e —1+47e —1+9¢ —1+e
but it is trivial to generalize 2 +1 —1+ 5e —1+7e —1+9  —1l+e
th|s examp'e to any evely. 3 +1 —1+ b5e —1+7e —14 9¢ —1+e€
There are 8 examples/rows 4 +1 —1+408e 147 —14+9% —l+te
and the five columns are the > | ~112¢ +1 —l4T7e —l49e Al-e
. . . 6 —1 4+ 3¢ —1 + 4e +1 —1 4+ 9¢ +1—¢
u”’s of the five available base 143 145 146 11 Tl
hypotheses. The examples 8 14 3¢ 145 147 148 11—
are separable because if wemy T 11 2c 114 116 118  >¢/2

put half of the weight on the , .
first and last hypothesis, then Figure 1: Theu' vectors that are hard for LPBoost (for= 1).

the margins of all examples are at leg&.

We assume that in each iteration the oracle will return the remaining hypothesis with maximum
edge. This will result in LPBoost choosing the hypotheses in order, and there will never be any ties.
The initial distributiond® is uniform. At the end of iteration (1 < ¢ < N/2), the distributiond?

will focus all its weight on examplé&//2 + ¢, and the optimum mixture of the columns will put all

of its weight on theth hypothesis that was just received. In other words the value will be the bolded
entries in Figure 11 + 2¢t at the end of iterationh = 1,..., N/2. After N/2 iterations the value

~; (1) of the underlying LP problem will still be close tel, because can be made arbitrary small.

We reasoned already that the value for/§}i2 + 1 hypotheses will be positive. So dfis small
enough, then afteV /2 iterations LPBoost is still at least .99 away from the optimal solution]

Although the example set used in the above proof is linearly separable, we can modify it explicitly
to argue that capping the distribution on examples will not help in the sense that “soft” LPBoost
with v > 1 can still have linear iteration bounds. To negate the effect of capping, simply pad out

the problem by duplicating all of the rowstimes. There will now beV = Nv examples, and after

% = Qﬂu iterations, the value of the game is still close-td. This is not a claim that capping has no

value. It remains an important technique for making an algorithm more robust to noise. However, it
is not sufficient to improve the iteration bound of LPBoost from linear growtN ito logarithmic.

Another attempt might be to modify LPBoost so that at each iteration a base hypothesis is chosen
that increases the value of the optimization problem the most. Unfortunately we found $kar
counter examples to this heuristic (not shown). It is also easy to see that the algorithms related to
the below SoftBoost algorithm choose the last hypothesis after first and finish in just two iterations.
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Algorithm 2 SoftBoost with accuracy param.and capping parameter

1 Input: S = ((z1,11),.-.,(xN,yn)), desired accuracy J, and capping parameter
v e [l,N].

2. Initialize: d° to the uniform distribution and 7 to 1.

3. Dofort=1,...

(a) Send d*! to the oracle and obtain hypothesis .
Set u!, = h(z,,)y, and 7, = min{7;_1,d* ! - u'}.
(Assume di~! - u* > ¢, where edge guarantee g is unknown.)

(b) Update?3
1
d' = argmin A(d,d?), s.t.du™ <74, forl <m <t, Zdn =1,d< —~1.
d 1%

(c) If above infeasible or d* contains a zero then T' = ¢ and break.

4. Output: fyw(x) = Zﬁzl w.,h™(x), where the coefficients w,, maximize the soft

margin over the hypothesis set {h?, ..., h'} using the LP problem (1).
3 Wheng is known, replace the upper boufid— 6 by g — 6.

4 SoftBoost

In this section, we present the SoftBoost algorithm, which adds capping to the TotalBoost algorithm
of [22]. SoftBoost takes as input a sequence of examples((x1,y1), ..., (zn,yn)), @an accuracy
parameters, and a capping parameter The algorithm has an oracle available with unknown
guaranteg. Its initial distributiond® is uniform. In each iteratioty the algorithm prompts the oracle

for a new base hypothesis, incorporates it into the constraint set, and updates its distdbutitm

d’ by minimizing the relative entropg(d, d°) := >~ d,, In % subject to linear constraints:

d*! = argming A(d, d°)
st. d-u™ <7, -4, forl <m <t(wherey, = minj<,<; d™ 1 - u™),
Soadn=1,d< 211,

Itis easy to solve this optimization problem with vanilla sequential quadratic programming methods
(see [22] for details). Observe that removing the relative entropy term from the objective, results
in a feasibility problem for linear programming where the edges are upper boundgd-by. If

we remove the relative entropy and minimize the upper bound on the edges, then we arrive at the
optimization problem of LPBoost, and logarithmic growth in the number of examples is no longer
possible. The relative entropy in the objective assures that the probabilities of the examples are
always proportional to their exponentiated negative soft margins (not shown). That is, more weight
is put on the examples with low soft margin, which are the examples that are hard to classify.

4.1 Iteration bounds for SoftBoost

Our iteration bound for SoftBoost is very similar to the bound proven for TotalBoost [22], differing
only in the additional details related to capping.

Theorem 2 SoftBoost terminates after at mdst In(IN/v)] iterations with a convex combination
that is at mos® below the optimum valug

Proof. We begin by observing that if the optimization problem at iteratiaa infeasible, then
vi(v) >4 — 8§ > g — 6. Also if d* contains a zero, then since the objective functigi, d°) is
strictly convex ind and minimized at the interior poid®, there is no optimal solution in the interior
of the simplex. Hencey;(v) =4, — 6 > g — 4.

LetC, be the convex subset of probability vectdrs P satisfyingd < 11 andmax,_, d-u’ <
~: — d. Notice thatC, is the N dimensional probability simplex where the components are capped
to % The distributiond?~! at iterationt — 1 is the projection ofl® onto the closed convex sét_;.
Because adding a new hypothesis in iteratigasults in an additional constraint afid < 7,1,



we haveC; C C;_q. If t < T — 1, then our termination condition assures that at iteratienl

the setC,_; has a feasible solution in the interior of the simplex. Ald8 lies in the interior and

d’ € C; C C;_,. These preconditions assure that at iteratien1, the projectiord*~! of d° onto

C:_1, exists and the Generalized Pythagorean Theorem for Bregman divergences [2, 9] is applicable:

A(d!,d%) — A(dI71,d%) > A(d!,diY). ©)

By Pinsker’s inequalityA(d?, d'~1) > w, and by Holder’s inequality,|d’~! —d?||; >

[[di=1 — dY|i|[ul]|ee > APt ul —d-ul. Alsod!~! - u > 7, by the definition ofy;, and the
constraints on the optimization problem assure éfatu’ < 7, — 6 and thusd*~' - u* — d* - u? >
3t — (J:—6) = 6. We conclude thah (d?,d 1) > ‘52—2 at iterationsl throughZ"—1. By summing (3)
over the firstl’ — 1 iterations, we obtain

2
A(d”,d%) — A(d°,d°%) > (T — 1)%.
Since the left side is at mo&ti(N/v), the bound of the theorem follows. O

Whenv = 1, then capping is vacuous and the algorithm and its iteration bound coincides with the
bound for TotalBoost. Note that the upper boun@V/v) on the relative entropy decreases with
Whenv = N, then the distribution stays df’ and the iteration bound is zero.

5 Experiments

In a first study, we use experiments on synthetic data to illustrate the general behavior of the con-
sidered algorithm$. We generated a synthetic data set by starting with a random matrix of 2000
rows and 100 columns, where each entry was chosen uniforrflyih For the first 1000 rows, we
addedl /2 to the first 10 columns and rescaled such that the entries in those columns were again in
[0, 1]. The rows of this matrix are our examples and the columns and their negation are the base hy-
potheses, giving us a total of 200 of them. The first 1000 examples were lapekud the rest-1.

This results in a well separable dataset. To illustrate how the algorithms deal with the inseparable
case, we flipped the sign of a randants of the data set. We then chose a random 500 examples as
our training set and the rest as our test set. In every boosting iteration we chose the base hypothesis
which has the largest edge with respect to the current distribution on the examples.

We have trained LPBoost and SoftBoost for different values ahd recorded the generalization
error (cf. Figure 29 = 10~3). We should expect that for small(e.g.v/N < 10%) the data is

not easily separable, even when allowingrong predictions. Hence the algorithm may mistakenly
concentrate on the random directions for discriminationy I large enough, most incorrectly
labeled examples are likely to be identified as margin errorsx{ 0) and the performance should
stabilize. In Figure 2 we observe this expected behavior and also that forldingeclassification
performance decays again. The generalization performances of LPBoost and SoftBoost are very
similar, which is expected as they both attempt to maximize the soft-margin.

Using the same data set, we analysed the convergence speed of several algorithms: LPBoost, Soft-
Boost, BrownBoost, and SmoothBoost. We chése 10~2 andrv = 200.2 For every iteration

we record all margins and compute the soft margin objective (1) for optimally chosad ’s.

Figure 3 plots this value against the number of iterations for the four algorithms. SmoothBoost
takes dramatically longer to converge to the maximum soft margin than the other other three algo-
rithms. In our experiments it nearly converges to the maximum soft margin objective, even though
no theoretical evidence is known for this observed convergence. Among the three remaining algo-
rithms, LPBoost and SoftBoost converge in roughly the same number of iterations, but SoftBoost
has a slower start. BrownBoost terminates in fewer iterations than the other algorithms but does not
maximize the soft margif.This is not surprising as there is no theoretical reason to expect such a
result.

20ur code is available 4tt t ps: / / sour cef or ge. net / proj ect s/ nboost

3Smaller choices of lead to an even slower convergence of SmoothBoost.

“SmoothBoost has two parameters: a guaraptee the edge of the base learner and the target margin
0. We chosegy = v*(v) (computed with LPBoost) and = 2%2/2 as proposed in [21]. Brownboost's one
parameterg = 0.35, was chosen via cross-validation.
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Finally, we present a small comparison on ten benchmark data sets derived from the UCI benchmark
repository as previously used in [15]. We analyze the performance of AdaBoost, LPBoost, Soft-
Boost, BrownBoost [6] and AdaBoq@ég [15] using RBF networks as base learning algorithm.

The data comes in 100 predefined splits into training and test sets. For each of the splits we use
5-fold cross-validation to select the optimal regularization parameter for each of the algorithms.
This leads to 100 estimates of the generalization error for each method and data set. The means
and standard deviations are given in Tabfe As before, the generalization performances of Soft-
Boost and LPBoost are very similar. However, the soft margin algorithms outperform AdaBoost on
most data sets. The genaralization error of BrownBoost lies between that of AdaBoost and Soft-
Boost. AdaBoost., performs as well as SoftBoost, but there are no iteration bounds known for this
algorithm.

Even though SoftBoost and LPBoost often have similar generalization error on natural datasets, the
number of iterations needed by both algorithms can be radically different (see Theorem 1). Also, in
[22] there are some artificial data sets where TotalBoost (i.e. SoftBoosiwithl) outperformed
LPBoosti.t.0. generalization error.

AdaBoost LPBoost SoftBoost BrownBoost AdaBoost reg
Banana 133 £ 0.7 111 £+ 06 111 £+ 051|129 + 07 11.3 £ 06
B.Cancer | 32.1 + 3.8 278 + 43 280 £ 45302 + 39 27.3 £+ 43
Diabetes | 279 + 15 244 + 17 244 + 17| 272 + 16 245 + 17
German | 269 + 19 |246 + 21 247 + 211|248 £+ 19 250 + 22
Heart 201 £+ 27 184 + 30 182 +£ 27 |200 + 28 176 + 3.0
Ringnorm | 1.9 + 0.3 19 + 02 18 £ 02| 19 £+ 02 1.7 + 02
F.Solar 36.1 + 15 357 4+ 16 355 + 14361 + 14 344 4+ 17
Thyroid 44 + 19 49 + 19 49 + 19 46 + 21 49 + 20
Titanic 228 + 10 | 228 £+ 10 230 + 081|228 + 08 227 + 10
Waveform | 10.5 + 0.4 102 £+ 05 98 4+ 05104 + 04 104 + 07

Table 1: Generalization error estimates and standard deviations for ten UCI benchmark data sets. SoftBoost
and LPBoost outperform AdaBoost and BrownBoost on most data sets.

6 Conclusion

We prove by counterexample that LPBoost cannot have(@n NV) iteration bound. This counterex-
ample may seem similar to the proof that the Simplex algorithm for LP can take exponentially more
steps than interior point methods. However this similarity is only superficial. First, our iteration
bound does not depend on the LP solver used within LPBoost. This is because in the construction,
the interim solutions are always unique and thus all LP solvers will produce the same solution. Sec-
ond, the iteration bound essentially says that column generation methods (of which LPBoost is a
canonical example) should not solve the current subproblem at iteradioiimally. Instead a good
algorithm shouldoosen the constraints and spread the weighta regularization such as the rela-

tive entropy. These two tricks used by the SoftBoost algorithm make it possible to obtain iteration

The data is fronht t p: / / t heoval . cnp. uea. ac. uk/ ~gcc/ mat | ab/ i ndex. sht m . The RBF
networks were obtained from the authors of [15], including the hyper-parameter settings for each data set.

®Note that [15] contains a similar benchmark comparison. It is based on a different model selection setup
leading to underestimates of the generalization error. Presumably due to slight differences in the RBF hyper-
parameters settings, our results for AdaBoost often deviate by 1-2%.



bounds that grow logarithmic ifv. The iteration bound for our algorithm is a straightforward ex-
tension of a bound given in [22] that is based on Bregman projection methods. By using a different
divergence in SoftBoost, such as the sum of binary relative entropies, the algorithm morphs into a
“soft” version of LogitBoost (see discussion in [22]) which has essentially the same iteration bound
as SoftBoost. We think that the use of Bregman projections illustrates the generality of the meth-
ods. Although the proofs seem trivial in hindsight, simple logarithmic iteration bounds for boosting
algorithms that maximize the soft margin have eluded many researchers (including the authors) for
a long time. Note that duality methods typically can be used in place of Bregman projections. For
example in [12], a number of iteration bounds for boosting algorithms are proven with both methods.

On a more technical level, we show that LPBoost may reqdiife2 examples to ged9 close to the
maximum hard margin. We believe that similar methods can be used to shdw(fliat) examples
may be needed to gétclose. However the real challenge is to prove that LPBoost may require
Q(N/§?) examples to gef close.
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