A Kernel Statistical Test of Independence

Arthur Gretton Kenji Fukumizu Choon Hui Teo
MPI for Biological Cybernetics Inst. of Statistical Mathematics NICTA, ANU
Tlbingen, Germany Tokyo Japan Canberra, Australia
arthur@tuebingen.mpg.de fukumizu@ism.ac.jp choonhui.teo@gmail.com
Le Song Bernhard Scholkopf Alexander J. Smola
NICTA, ANU MPI for Biological Cybernetics NICTA, ANU
and University of Sydney Tlbingen, Germany Canberra, Australia
lesong@it.usyd.edu.au bs@tuebingen.mpg.de alex.smola@gmail.com
Abstract

Although kernel measures of independence have been widely applied in machine
learning (notably in kernel ICA), there is as yet no method to determine whether
they have detected statistically significant dependence. We provide a novel test of
the independence hypothesis for one particular kernel independence measure, the
Hilbert-Schmidt independence criterion (HSIC). The resulting test cogts?),
wherem is the sample size. We demonstrate that this test outperforms established
contingency table and functional correlation-based tests, and that this advantage
is greater for multivariate data. Finally, we show the HSIC test also applies to
text (and to structured data more generally), for which no other independence test
presently exists.

1 Introduction

Kernel independence measures have been widely applied in recent machine learning literature, most
commonly in independent component analysis (ICA) [2, 11], but also in fitting graphical models [1]
and in feature selection [22]. One reason for their success is that these criteria have a zero expected
value if and only if the associated random variables are independent, when the kernels are universal
(in the sense of [23]). There is presently no way to tell whethertheirical estimatesf these
dependence measures indicatgatistically significantiependence, however. In other words, we

are interested in the threshold an empirical kernel dependence estimate must exceed, before we can
dismiss with high probability the hypothesis that the underlying variables are independent.

Statistical tests of independence have been associated with a broad variety of dependence measures.
Classical tests such as Spearmamn’and Kendall'sT are widely applied, however they are not
guaranteed to detect all modes of dependence between the random variables. Contingency table-
based methods, and in particular the power-divergence family of test statistics [17], are the best
known general purpose tests of independence, but are limited to relatively low dimensions, since they
require a partitioning of the space in which each random variable resides. Characteristic function-
based tests [6, 13] have also been proposed, which are more general than kernel density-based tests
[19], although to our knowledge they have been used only to compare univariate random variables.

In this paper we present three main results: first, and most importantly, we show how to test whether
statistically significant dependence is detected by a particular kernel independence measure, the
Hilbert Schmidt independence criterion (HSIC, from [9]). That is, we provide a tagtg) for

sample sizen) and accurate means of obtainingheesholdwhich HSIC will only exceed with

small probability, when the underlying variables are independent. Second, we show the distribution



of our empirical test statistic in the large sample limit candtraightforwardly parameterised in
terms of kernels on the data. Third, we apply our test to structured data (in this case, by establishing
the statistical dependence between a text and its translation). To our knowledge, ours is the first
independence test for structured data.

We begin our presentation in Section 2, with a short overview of cross-covariance operators be-
tween RKHSs and their Hilbert-Schmidt norms: the latter are used to define the Hilbert Schmidt
Independence Criterion (HSIC). In Section 3, we describe how to determine whether the depen-
dence returned via HSIC is statistically significant, by proposing a hypothesis test with HSIC as its
statistic. In particular, we show that this test can be parameterised using a combination of covariance
operator norms and norms of mean elements of the random variables in feature space. Finally, in
Section 4, we give our experimental results, both for testing dependence between random vectors
(which could be used for instance to verify convergence in independent subspace analysis [25]),
and for testing dependence between text and its translation. Software to implement the test may be
downloaded fromuttp : //www.kyb.mpg.de/bs/people/arthur/indep.htm

2 Definitions and description of HSIC
Our problem setting is as follows:

Problem 1 Let P, be a Borel probability measure defined on a domix Y, and letP, and
P, be the respective marglnal distributions @hand Y. Given an i.i.d sampl& := (X,Y) =
{(z1,91),-- -, (xm,ym)} Of sizem drawn independently and identically distributed according to
Py, doesPIy factorise asP, P, (equivalently, we may write I y)?

We begin with a description of our kernel dependence criterion, leaving to the following section the
guestion of whether this dependence is significant. This presentation is largely a review of material
from[9, 11, 22], the main difference being that we establish links to the characteristic function-based
independence criteria in [6, 13]. L8tbe an RKHS, with the continuous feature mappirig) € F

from eachz € X, such that the inner product between the features is given by the kernel function
k(z,z") := (¢(x), p(x’)). Likewise, letG be a second RKHS op with kerneli(-,-) and feature
map(y). Following [7], the cross-covariance operatoy, : § — F is defined such that for all
feFandg € G,

(f:Cayg)y = Eaoy ([f(z) = Eo(f(2))] [9(y) — Ey(9(w)]) -

The cross-covariance operator itself can then be written

Cuy = Euy[(d(2) — pra) ® (Y (y) — py)]; )

wherep, := E,¢(z), 1y, := Eyé(y), andg is the tensor product [9, Eq. 6]: this is a generalisation

of the cross-covariance matrix between random vectors. Whand§ are universal reproducing
kernel Hilbert spaces (that is, dense in the space of bounded continuous functions [23]) on the
compact domain¥ andy, then the largest singular value of this operat6t,, ||, is zero if and only

if z 1L y [11, Theorem 6]: the operator therefore induces an independence criterion, and can be used
to solve Problem 1. The maximum singular value gives a criterion similar to that originally proposed
in [18], but with more restrictive function classes (rather than functions of bounded variance). Rather
than the maximum singular value, we may use the squared Hilbert-Schmidt norm (the sum of the
squared singular values), which has a population expression

HSIC(P,y, F,G) = Eyaryy [k(, )y, y")] + Egar [k(x, xl)}Eyy’ 1y, y")]
— 2B,y [Ey [k(z, 2 )Ey [l(y, y')]] ©

(assuming the expectations exist), whetalenotes an independent copy0f9, Lemma 1]: we
call this the Hilbert-Schmidt independence criterion (HSIC).

We now address the problem of estimatH§IC(P,, ¥, 5) on the basis of the samplg. An
unbiased estimator of (2) is a sum of three U-statistics [21, 22],

Z kzglzg (m) Z kijlqr - Z kljllqv (3)

(i,5)€iz (4.4,q,m) €] % (i, q)Eiy

HSIC(Z

)



where(m),, := (m"f“n), the index set’* denotes the set alttuples drawn without replacement from
the se{1,...,m}, ki; := k(z;, x;), andl;; := l(y;,y;). For the purpose of testing independence,
however, we will find it easier to use an alternative, biased empirical estimate [9, Definition 2],

obtained by replacing the U-statistics with V-statistics

1 — 1 — S 1
Hﬂ@@pﬁﬁzymwgﬁéj%M—%ﬁzywm:%ﬂ%wﬁum,(m
1,7 1,7,9,T ,7,9
where the summation indices now denoteratliples drawn with replacement frofd, ..., m} (r

being the number of indices below the sui)is thermn x m matrix with entriesc;;, H = I-L1117,
and1 is anm x 1 vector of ones (the cost of computing this statisti©ign?)). When a Gaussian

kernelk;; := exp (—0*2 llx; — xsz) is used (or a kernel deriving from [6, Eqg. 4.10]), the latter

statistic is equivalent to the characteristic function-based statistic [6, Eq. 4.11] afid trstatistic

of [13, p. 54]: details are reproduced in [10] for comparison. Our setting allows for more general
kernels, however, such as kernels on strings (as in our experiments in Section 4) and graphs (see
[20] for further details of kernels on structures): this is not possible under the characteristic function
framework, which is restricted to Euclidean spade$ ifi the case of [6, 13]). As pointed out in [6,
Section 5], the statistic in (4) can also be linked to the original quadratic test of Rosenblatt [19] given
an appropriate kernel choice; the main differences being that characteristic function-based tests (and
RKHS-based tests) are not restricted to using kernel densities, nor should they reduce their kernel
width with increasing sample size. Another related test described in [4] is based on the functional
canonical correlation betweeh and g, rather than the covariance: in this sense the test statistic
resembles those in [2]. The approach in [4] differs with both the present work and [2], however,
in that the function space$ and G are represented by finite sets of basis functions (specifically
B-spline kernels) when computing the empirical test statistic.

3 Test description

We now describe a statistical test of independence for two random variables, based on the test
statisticHSIC,(Z). We begin with a more formal introduction to the framework and terminology

of statistical hypothesis testing. Given the i.i.d. san#pléefined earlier, the statistical teSt,2) :

(X x Y)™ — {0,1} is used to distinguish between the null hypothésis : P,, = P, P, and

the alternative hypothesi¥; : P, # P,P,. This is achieved by comparing the test statistic, in

our caselSIC;(Z), with a particular threshold: if the threshold is exceeded, then the test rejects
the null hypothesis (bearing in mind that a zero population HSIC indidigs= P,P,). The
acceptance region of the test is thus defined as any real number below the threshold. Since the test
is based on a finite sample, it is possible that an incorrect answer will be returned: the Type | error
is defined as the probability of rejectifi, based on the observed sample, despitsmdy being
independent. Conversely, the Type Il error is the probability of accefting= P, P, when the
underlying variables are dependent. The levelf a test is an upper bound on the Type | error, and

is a design parameter of the test, used to set the test threshold. A consistent test achieves a level
and a Type Il error of zero, in the large sample limit.

How, then, do we set the threshold of the test giuéh The approach we adopt here is to derive

the asymptotic distribution of the empirical estim&sIC,(Z) of HSIC(P,,, &, §) underH,. We

then use thé — o quantile of this distribution as the test thresh®i@ur presentation in this section

is therefore divided into two parts. First, we obtain the distributioH®IC,(Z) under bott+, and

H;; the latter distribution is also needed to ensure consistency of the test. We shall see, however, that
the null distribution has a complex form, and cannot be evaluated directly. Thus, in the second part
of this section, we describe ways to accurately approximate the: quantile of this distribution.

Asymptotic distribution of HSIC,(Z) We now describe the distribution of the test statistic in (4)
The first theorem holds undef; .

1The U- and V-statistics differ in that the latter allow indices of different sums to be equal.
2An alternative would be to use a large deviation bound, as provided for instance by [9] based on Hoeffding's
inequality. It has been reported in [8], however, that such bounds are generally too loose for hypothesis testing.



Theorem 1 Let
(4,3,4,7)

hijqr - E Z ktultu + ktulmu - 2ktultv; (5)
(t,u,v,w)
where the sum represents all ordered quadruples:, v, w) drawn without replacement from

(i,4,q,7), and assumd (h?) < oo. Under;, HSIC,(Z) converges in distribution ag. — oo
to a Gaussian according to

m? (HSICy(Z) — HSIC(P.y, F, G)) 2 N (0,02) . (6)

The variance ir2 = 16 (El (Ej,q,rhijqr) — HSIC(P,,, 5,5 ) whereE; ,, :=E . ...

Proof We first rewrite (4) as a single V-statistic,

HSICZ) Z h’qu’l"v (7)

4,0,4,7

where we note thdt;;,, defined in (5) does not change with permutation of its indices. The associ-
ated U-statistidISIC,(Z) converges in distribution as (6) with varianeg[21, Theorem 5.5.1(A)]:

see [22]. Since the difference betwd@plC,(Z) andHSIC, (Z) drops ad /m (see [9], or Theorem

3 below),HSIC,(Z) converges asymptotically to the same distribution. |

The second theorem applies unéér

Theorem 2 Under H,, the U-statisticHSIC,(Z) corresponding to the V-statistic in (7) is degen-
erate, meaninds; hijqr = 0. In this caseHSIC,(Z) converges in distribution according to [21,
Section 5.5.2]

mHSIC,(Z Z Az, (8)
wherez; ~ N(0,1) i.i.d., and); are the solutions to the eigenvalue problem

Ay (25) Z/hvzjqrwz(zi)dﬂ,q,m

where the integral is over the distribution of variablgs z,, andz;.

Proof This follows from the discussion of [21, Section 5.5.2], making appropriate allowance for
the fact that we are dealing with a V-statistic (which is why the terms in (8) are not centred: in the
case of a U-statistic, the sum would be over tes(s? — 1)). |

Approximating the 1 — « quantile of the null distribution A hypothesis test usingSIC,(Z2)
could be derived from Theorem 2 above by computingthe «)th quantile of the distribution (8),
where consistency of the test (that is, the convergence to zero of the Type Il errorsforco) is
guaranteed by the decaysas * of the variance oHSIC;(Z) underd(;. The distribution unde#(y

is complex, however: the question then becomes how to accurately approximate its quantiles.

One approach, taken by [6], is to use a Monte Carlo resampling technique: the orderingrof the
sample is permuted repeatedly while thatXfis kept fixed, and thé — a quantile is obtained
from the resulting distribution oHSIC,, values. This can be very expensive, however. A second
approach, suggestedin [13, p. 34], is to approximate the null distribution as a two-parameter Gamma
distribution [12, p. 343, p. 359]: this is one of the more straightforward approximations of an infinite
sum ofy? variables (see [12, Chapter 18.8] for further ways to approximate such distributions; in
particular, we wish to avoid using moments of order greater than two, since these can become
expensive to compute). Specifically, we make the approximation

o le~/8 (E(HSICy(Z)))?

mHSICy(Z) ~ ————— where

mvar(HSIC(Z))
3T (a) T Sar(HSIC,(2))

= E(HSIC,(2))

9)



An illustration of the cumulative distribution functionrigure 1: mHSIC, cumulative distribution
(CDF) obtained via the Gamma approximation is givennction Emp under Ho for m = 200,

in Figure 1, along with an empirical CDF obtained bgbtained empirically using000 indepen-
repeated draws dSIC;. We note the Gamma approxident draws ofnHSIC,. The two-parameter
mation is quite accurate, especially in areas of high prdpamma distribution Gamma is fit using
ability (which we use to compute the test quantile). THe= 1'17da”d.ﬁ =83 x 10 dm'(g)T'l;NIth
accuracy of this approximation will be further evaluateggﬁg zn variance computed via Theorems
experimentally in Section 4. '

a1

. . . . O
To obtain the Gamma distribution from our observas
tions, we need empirical estimates B(HSIC,(Z)) and £
var(HSIC;(Z)) under the null hypothesis. Expressiong. °°
for these quantities are given in [13, pp. 26-27], howevgxs 0.4

0.8

these are in terms of the joint and marginal characteris- , o Emp
tic functions, and not in our more general kernel setting | — Gamma
(see also [14, p. 313]). In the following two theorems: % 05 5 2

1
we provide much simpler expressions for both quantities, MHSIC,

in terms of norms of mean elements andy,, and the

covariance operators
GE:E = ET[(¢(T) - /’LT) & (¢($) - /.Lr)]

andC,,, in feature space. The main advantage of our new expressions is that they are computed
entirely in terms of kernels, which makes possible the application of the test to any domains on
which kernels can be defined, and not oRK.

Theorem 3 UnderXH,,
1 1
E(HSIC)(2)) = —TrCouTrCyy = — (14 ol l1ayl* = litall® = s 7). (20)
where the second equality assumigs= [;; = 1. An empirical estimate of this statistic is obtained
by replacing the norms above witf, ||* = (m)y*! Z(i’j)eigl ki;, bearing in mind that this results
in a (generally negligible) bias ab (m 1) in the estimate of .. ||” ||, ||°-

Theorem 4 UnderX,,

2(m —4)(m —5)
(m)a

Denoting by ® the entrywise matrix productA? the entrywise matrix power, ant8 =

((HKH) & (HLH))?, an empirical estimate with negligible bias may be found by replacing the

product of covariance operator norms with (B — diag(B)) 1: this is slightly more efficient than
taking the product of the empirical operator norms (although the scalingmitk unchanged).

var(HSICy(2)) = 1Cazliis Cyy Iz + O(m™2).

Proofs of both theorems may be found in [10], where we also compare with the original characteristic
function-based expressions in [13]. We remark that these parameters, like the original test statistic
in (4), may be computed 0 (m?).

4 Experiments

General tests of statistical independence are most useful for data having complex interactions that
simple correlation does not detect. We investigate two cases where this situation arises: first, we
test vectors iR which have a dependence relation but no correlation, as occurs in independent
subspace analysis; and second, we study the statistical dependence between a text and its translation.

Independence of subspacesOne area where independence tests have been applied is in deter-
mining the convergence of algorithms for independent component analysis (ICA), which involves
separating random variables that have been linearly mixed, using only their mutual independence.
ICA generally entails optimisation over a non-convex function (including when HSIC is itself the
optimisation criterion [9]), and is susceptible to local minima, hence the need for these tests (in fact,
for classical approaches to ICA, tigdobal minimum of the optimisation might not correspond to
independence for certain source distributions). Contingency table-based tests have been applied [15]



in this context, while the test of [13] has been used in [14]Merifying ICA outcomes when the

data are stationary random processes (through using a subset of samples with a sufficiently large

delay between them). Contingency table-based tests may be less useful in the case of independent
subspace analysis (ISA, see e.g. [25] and its bibliography), where higher dimensional independent

random vectors are to be separated. Thus, characteristic function-based tests [6, 13] and kernel

independence measures might work better for this problem.

In our experiments, we tested the independence of random vectors, as a way of verifying the so-
lutions of independent subspace analysis. We assumed for ease of presentation that our subspaces
have respective dimensieh, = d, = d, but this is not required. The data were constructed as
follows. First, we generateah samples of two univariate random variables, each drawn at random
from the ICA benchmark densities in [11, Table 3]: these include super-Gaussian, sub-Gaussian,
multimodal, and unimodal distributions. Second, we mixed these random variables using a rota-
tion matrix parameterised by an andlevarying from0 to 7/4 (a zero angle means the data are
independent, while dependence becomes easier to detect as the angle increasesde the two

plots in Figure 2, top left). Third, we appendéd- 1 dimensional Gaussian noise of zero mean

and unit standard deviation to each of the mixtures. Finally, we multiplied each resulting vector
by an independent randoghdimensional orthogonal matrix, to obtain vectors dependent across all
observed dimensions. We emphasise that classical approaches (such as Speasmidarsdall’s

7) are completely unable to find this dependence, since the variables are uncorrelated; nor can we
recover the subspace in which the variables are dependent using PCA, since this subspace has the
same second order properties as the noise. We investigated sample siz&28, 512, 1024, 2048,

andd = 1,2, 4.

We compared two different methods for computingthe . quantile of the HSIC null distribution:
repeated random permutation of thesample ordering as in [6HSICp, where we used00 per-
mutations; and Gamma approximatitt§ICg as in [13], based on (9). We used a Gaussian kernel,
with kernel size set to the median distance between points in input space. We also compared with
two alternative tests, the first based on a discretisation of the variables, and the second on functional
canonical correlation. The discretisation based test was a power-divergence contingency table test
from [17] (PD), which consisted in partitioning the space, counting the number of samples falling
in each partition, and comparing this with the number of samples that would be expected under the
null hypothesis (the test we used, described in [15], is more refined than this short description would
suggest). Rather than a uniform space partitioning, we divided our space into roughly equiprobable
bins as in [15], using a Gessaman partition for higher dimensions [5, Figure 21.4] (Ku and Fine did
not specify a space partitioning strategy for higher dimensions, since they dealt only with univariate
random variables). All remaining parameters were set according to [15]. The functional correlation-
based testfCorr) is described in [4]: the main differences with respect to our test are that it uses
the spectrum of the functional correlation operator, rather than the covariance operator; and that it
approximates the RKHS$ and G by finite sets of basis functions. Parameter settings were as in
[4, Table 1], with the second order B-spline kernel and a twofold dyadic partitioning. Note that
fCorr applies only in the univariate case. Results are plotted in Figure 2 (average over 500 repeti-
tions). They-intercept on these plots corresponds to the acceptance réfg afindependence, or

1 — (Type I error), and should be close to the design parametdr-efa = 0.95. Elsewhere, the

plots indicate acceptance &, where the underlying variables are dependent, i.e. the Type Il error.

As expected, we observe that dependence becomes easier to détéat@ases from O ta /4,
whenm increases, and whehdecreases. ThED andfCorr tests perform poorly atn = 128,
but approach the performance of HSIC-based tests for increasi@thoughPD remains slightly
worse tharHSICatm = 512 andd = 1, while fCorr becomes slightly worse again thexd). PD
also scales very badly witth and never rejects the null hypothesis whiles 4, even form = 2048.
Although HSIC-based tests are unreliable for sriathey generally do well a8 approaches /4
(besidesn = 128, d = 2). We also emphasise thidSICpandHSICgperform identically, although
HSICpis far more costly (by a factor of around 100, given the number of permutations used).

Dependence and independence between textn this section, we demonstrate inde-
pendence testing on text. Our data are taken from the Canadian Hansard corpus
(http: //www.isi.edu/natural — language/download/hansard/). These consist of the of-

ficial records of the 36th Canadian parliament, in English and French. We used debate transcripts
on the three topics of Agriculture, Fisheries, and Immigration, due to the relatively large volume of
data in these categories. Our goal was to test whether there exists a statistical dependence between
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Figure 2:Top left plots: Example dataset fat = 1, m = 200, and rotation angle® = 7 /8 (left) andf = = /4
(right). In this case, both sources are mixtures of two Gaussians (s@)rice[11, Table 3]). We remark that
the random variables appear “more dependent” as the @nglereases, although their correlation is always
zero. Remaining plots: Rate of acceptance 6f, for the PD, fCorr, HSICp andHSICgtests. “Samp” is the

numberm of samples, and “dim” is the dimensiahof x andy.

English text and its French translation. Our dependent data consisted of a set of paragraph-long
(5 line) English extracts and their French translations. For our independent data, the English para-

graphs were matched to random French paragraphs on the same topic: for instance, an English
paragraph on fisheries would always be matched with a French paragraph on fisheries. This was
designed to prevent a simple vocabulary check from being used to tell when text was mismatched.

We also ignored lines shorter than five words long, since these were not always part of the text (e.g.

identification of the person speaking). We usedikspectrum kernel of [16], computed according

to the method of [24]. We sét = 10 for both languages, where this was chosen by cross validating

on an SVM classifier for Fisheries vs National Defense, separately for each language (performance
was not especially sensitive to choicekoft = 5 also worked well). We compared this kernel with

a simple kernel between bags of words [3, pp. 186—189]. Results are in Table 1.

Our results demonstrate the excellent performance oHBECptest on this task: even for small
sample sizesHSICpwith a spectral kernel always achieves zero Type |l error, and a Type | error
close to the design valu8.05). We further observe famn = 10 thatHSICpwith the spectral kernel
always has better Type Il error than the bag-of words kernel. This suggests that a kernel with a more
sophisticated encoding of text structure induces a more sensitive test, although for larger sample
sizes, the advantage vanishes. H&Cgtest does less well on this data, always acceptiggor

m = 10, and returning a Type | error of zero, rather than the design value of 5%, wherb0. It
appears that this is due to a very low variance estimate returned by the Theorem 4 expression, which
could be caused by the high diagonal dominance of kernels on strings. Thus, while the test threshold
for HSICgat m = 50 still fell between the dependent and independent valué§sa€,, this was

not the result of an accurate modelling of the null distribution. We would therefore recommend the
permutation approach for this problem. Finally, we also tried testing with 2-line extracts and 10-line
extracts, which yielded similar results.

5 Conclusion

We have introduced a test of whether significant statistical dependence is obtained by a kernel depen-
dence measure, the Hilbert-Schmidt independence criterion (HSIC). Our tesO¢osts for sam-

ple sizem. In our experiments, HSIC-based tests always outperformed the contingency table [17]
and functional correlation [4] approaches, for both univariate random variables and higher dimen-
sional vectors which were dependent but uncorrelated. We would therefore recommend HSIC-based
tests for checking the convergence of independent component analysis and independent subspace
analysis. Finally, our test also applies on structured domains, being able to detect the dependence



Table 1: Independence tests for cross-language dependetemtioh. Topics are in the first column, where the
total number ob-line extracts for each dataset is in parentheses. BOW(10) denotes a bag of words kernel and
m = 10 sample size, Spec(50) iskaspectrum kernel witm = 50. The first entry in each cell is the null
acceptance rate of the test un@ég (i.e. 1 — (Type I error); should be nead.95); the second entry is the null
acceptance rate undef; (the Type Il error, small is better). Each entry is an average over 300 repetitions.

Topic BOW(10) Spec(10) BOW(50) Spec(50)
HSICg | ASICp | ASICg | ASICp | ASICg | ASICp | ASICg | ASICp
Agriculture 1.00, | 094, | 1.00, |095 | 100, |0.93, | 1.00, | 0.95
(555) 099 | 018 [100 [000 |000 |000 |000 | 0.00
Fisheries 100, | 094, | 1.00, | 094, | 100, |093, | 1.00, | 0.95,
(408) 100 | 020 100 |000 |000 |000 |000 | 000
Immigration | 1.00, | 0.96, | 1.00, | 091, | 0.99, | 0.94, | 1.00, | 0.95,
(289) 100 | 009 |100 [000 [000 |000 |O000 | 000

of passages of text and their translation.Another appticagiong these lines might be in testing
dependence between data of completely different types, such as images and captions.
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