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Abstract

The problem of multi-class boosting is considered. A new framework, based on
multi-dimensional codewords and predictors is introduced. The optimal set of
codewords is derived, and a margin enforcing loss proposed. The resulting risk is
minimized by gradient descent on a multidimensional functional space. Two algo-
rithms are proposed: 1) CD-MCBoost, based on coordinate descent, updates one
predictor component at atime, 2) GD-MCBoost, based on gradient descent, up-
dates all components jointly. The algorithms differ in the weak learners that they
support but are both shown to be 1) Bayes consistent, 2) margin enforcing, and
3) convergent to the global minimum of the risk. They also reduce to AdaBoost
when there are only two classes. Experiments show that both methods outperform
previous multiclass boosting approaches on a number of datasets.

1 Introduction

Boosting is a popular approach to classifier design in machine learning. It is asimple and effective
procedure to combine many weak learners into a strong classifier. However, most existing boosting
methods were designed primarily for binary classification. In many cases, the extension to M-
ary problems (of M > 2) is not straightforward. Nevertheless, the design of multi-class boosting
algorithms has been investigated since the introduction of AdaBoost in [8].

Two main approaches have been attempted. The first is to reduce the multiclass problem to a col-
lection of binary sub-problems. Methods in this class include the popular “one vs al” approach, or
methods such as “all pairs’, ECOC [4, 1], AdaBoost-M2 [7], AdaBoost-MR [18] and AdaBoost-
MH [18, 9]. The binary reduction can have various problems, including 1) increased complexity, 2)
lack of guarantees of an optimal joint predictor, 3) reliance on data representations, such as adding
one extra dimension that includes class numbers to each data point [18, 9], that may not necessarily
enable effective binary discrimination, or 4) using binary boosting scores that do not represent true
class probabilities [15]. The second approach is to boost an M -ary classifier directly, using multi-
classweak learners, such astrees. Methods of thistype include AdaBoost-M1[7], SAMME[12] and
AdaBoost-Cost [ 16]. These methods require strong weak learners which substantially increase com-
plexity and have high potential for overfitting. Thisis particularly problematic because, although
thereisaunified view of these methods under the game theory interpretation of boosting [16], none
of them has been shown to maximize the multiclass margin. Overal, the problem of optimal and
efficient M -ary boosting is still not as well understood asiits binary counterpart.

In this work, we introduce a new formulation of multi-class boosting, based on 1) an aternative
definition of the margin for M -ary problems, 2) anew loss function, 3) an optimal set of codewords,
and 4) the statistical view of boosting, which leads to a convex optimization problem in a multidi-
mensional functional space. We propose two algorithms to solve this optimization: CD-MCBoost,
whichisafunctional coordinate descent procedure, and GD-M CBoost, which implements functional
gradient descent. The two algorithms differ in terms of the strategy used to update the multidimen-
sional predictor. CD-MCBoost supports any type of weak learners, updating one component of
the predictor per boosting iteration, GD-MCBoost requires multiclass wesk learners but updates all



components simultaneously. Both methods directly optimize the predictor of the multiclass problem
and are shown to be 1) Bayes consistent, 2) margin enforcing, and 3) convergent to the global min-
imum of the classification risk. They also reduce to AdaBoost for binary problems. Experiments
show that they outperform comparable prior methods on a number of datasets.

2 Multiclass boosting

We start by reviewing the fundamental ideas behind the classical use of boosting for the design of
binary classifiers, and then extend these ideas to the multiclass setting.

2.1 Binary classification
A binary classifier, F(x), is a mapping from examples x € X to classlabelsy € {—1,1}. The
optimal classifier, in the minimum probability of error sense, is Bayes decision rule

F(r) = argminge 13 Py x(y]7). )

This can be hard to implement, due to the difficulty of estimating the probabilities Py x (y[z). This
difficulty is avoided by large margin methods, such as boosting, which implement the classifier as

F(z) = sign[f*(z)] @
where f*(z) : X — R isthe continuous valued predictor
J* () = axgmin R(f) )
that minimizes the classification risk
R(f) = Exy{Lly, f(z)]} 4
associated with a loss function L., .]. In practice, the optimal predictor is learned from a sample

D = {(x;,y;)}, of training examples, and (4) is approximated by the empirical risk
R(f)~ ) Llyi. f(x:)]. ©)
=1

Theloss L]., .| issaid to be Bayes consistent if (1) and (2) are equivalent. For large margin methods,
such as boosting, theloss is also afunction of the classification margin y f (z), i.e.

Lly, f(2)] = o(y [ (x)) (6)

for some non-negative function ¢(.). This dependence on the margin yf(x) guarantees that the
classifier has good generalization when the training sample is small [19]. Boosting learns the
optimal predictor f*(z) : X — R asthe solution of

ming,y R(f
{ st f((ﬂf))é span(H). 7

where H = {h1(x),...hy(x)} is aset of weak learners h;(x) : X — R, and the optimization is
carried out by gradient descent in the functional space span(H) of linear combinations of h; () [14].

2.2 Multiclass setting

To extend the above formulation to the multiclass setting, we note that the definition of the classifica-
tion labelsas 1 playsasignificant role in the formulation of the binary case. One of the difficulties
of the multiclass extension is that these labels do not have an immediate extension to the multiclass
setting. To address this problem, we return to the classical setting, where the class labels of a M -ary
problem take values in the set {1,..., M }. Each class k is then mapped into a distinct class label
y*, which can be thought of as a codeword that identifies the class.

In the binary case, these codewords are defined as 4! = 1 and y?> = —1. It is possible to derive
an dternative form for the expressions of the margin and classifier F'(x) that depends explicitly on
codewords. For this, we note that (2) can be written as

F(z) = argmaxy* f* () ®)



and the margin can be expressed as

. f ifk=1 l( 1f— 2f) ifk=1 71
yf{ —f ifk=2 { %(32]0_:;1‘” if k=2 *i(ykf*qlzg(ylf) )

Theinteresting property of these formsisthat they are directly extensible to the M -ary classification
case. For this, we assume that the codewords 3* and the predictor f(z) are multi-dimensional, i.e.
y*, f(x) € RY for some dimension d which we will discussin greater detail in the following section.
The margin of f(x) with respect to class k is then defined as

. 1
M(f(@),y*) = 5l< f@),y* > —max < f(2).y' >] (10)
and the classifier as
F(z) = argmax;, < f(z),y" >, (11)
where < .,. > isthe standard dot-product. Note that thisis equivalent to
F(x) = k 12
() argke{Tng}M(f(af%y ) (12)

andthus F'(z) isthe class of largest margin for the predictor f (). Thisdefinitionisclosely related to
previous notions of multiclass margin. For example, it generalizesthat of [11], where the codewords
y* are restricted to the binary vectors in the canonical basis of R?, and is a special case of that in
[1], where the dot products < f(z),y* > are replaced by ageneric function of £, 2, and k. Given a
training sample D = {(x;,y:)},, the optimal predictor f*(x) minimizestherisk

Ru(f) = Exy{Luly, f(2)]} ~ _Z Latlyi, ()]} (13)

where L[., .] isamulticlass loss function. A natural extension of (6) and (9) isaloss of the form

Luly, f(@)] = o(M(f(2),y))- (14)

To avoid the nonlinearity of the max operator in (10), werely on

M
Luly, f()] =) I (15
k=1

which is shown, in Appendix A, to upper bound 1+ e~/ (@):%) 1t follows that the minimization of
the risk of (13) encourages predictors of large margin M(f*(x;),y:),Vi. For M = 2, Ly, f(z)]
reduces to

Loly, f(z)] = 1 4+ e~ ¥/@) (16)
and the risk minimization problem isidentical to that of AdaBoost [8]. In appendices B and C it
isshown that Ry, (f) is convex and Bayes consistent, in the sense that if f*(x) isthe minimizer of
(13), then

< f*(x),y" >=log Py x(y*[a) +¢ Vk 17)
and (11) implements the Bayes decision rule
F(z) = arg manPy‘X(ylﬂx). (18)

2.3 Optimal set of codewords

From (15), the choice of codewords 3" has an impact in the optimal predictor f*(x), which is
determined by the projections < f*(z),y* >. To maximize the margins of (10), the difference
between these projections should be as large as possible. To accomplish thiswe search for the set of
M distinct unit codewords ) = {y*,...,yM} € R? that are as dissimilar as possible

maxg 1y [mingz; ||y —y7||’]
i |l =1 Vk=1.M. (19
y* e R? Yk =1.M.
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Figure 1: Optimal codewordsfor M = 2,3, 4.

To solve this problem,we start by noting that, for d < M, the smallest distance of (19) can be
increased by simply increasing d, since this leads to a larger space. On the other hand, since M
pointsy!, ...yM liein an, at most, M — 1 dimensional subspace of R¢, e.g. any three points belong
to aplane, thereis no benefit in increasing d beyond M — 1. On the contrary, as shown in Appendix
D, if d > M — 1 there exitsavector v € R? with equal projection on all codewords,

<yt v>=<ylv> Vij=1,., M. (20)

Sincethe addition of v to thepredictor f(z) doesnot change the classification rule of (11), thismakes
the optimal predictor underdetermined. To avoid this problem, we set d = M — 1. Inthis case, as
shown in Appendix E, the vertices of a M — 1 dimensional regular simplex® centered at the origin [3]
are solutions of (19). Figure 1 presents the set of optimal codewords when M = 2,3, 4. Note that
in the binary case this set consists of the traditional codewords y; € {+1, —1}. In generdl, thereis
no closed form solution for the vertices of aregular simplex of M vectors. However, these can be
derived from those of aregular ssmplex of M — 1 vectors, and arecursive solution is possible [3].

3 Risk minimization

We have so far defined a proper margin loss function for M-ary classification and identified an
optimal codebook. In this section, we derive two boosting algorithms for the minimization of the
classification risk of (13). These algorithms are both based on the GradientBoost framework [14].
The first is a functional coordinate descent algorithm, which updates a single component of the
predictor per boosting iteration. The second is afunctional gradient descent algorithm that updates
all components simultaneously.

3.1 Coordinate descent

In the first method, each component f;*(x) of the optimal predictor f*(z) = [fy(z),..f1_1(x)], IS
the linear combination of weak learners that solves the optimization problem

{minfl(w)v“-vflvll(l') R([fl(x)vvfM—l(I)]) (21)
s.t fi(z) € span(H) Vj=1.M — 1.

where H = {hi(x),...hp(x)} is a set of weak learners, h;(z) : X — R. These can be

stumps, regression trees, or member of any other suitable model family. We denote by f!(z) =

[fi(x), ..., f4;,_, (x)] the predictor available after ¢ boosting iterations. At iteration ¢ + 1 asingle

component f;(x) of f(z) isupdated with astep in the direction of the scalar functional ¢ that most

decreasesthe risk R[f{, ..., f] + g, ..., fi; ] For this, we consider the functional derivative of

RLf(a:)] aong the direction of the functional g : X — R, at point f(z) = f!(z), with respect to the
4" component f;(x) of f(z)[10],

t 1.
sRIf'sj.g) = 2Ll
€ e=0

(22)

A regular M — 1 dimensional simplex isthe convex hull of M normal vectors which have equal pair-wise
distances.



where 1; € R? is a vector whose j** element is one and the remainder zero, i.e. f! + egl; =
[fls s f; +€g, - fir ). Using therisk of (13), it is shown in Appendix F that

n

—6R[f%55.9) = > glziwl, (23)
=1
with
o1 - ;
—L<ft(zi),ys k T<f (i)
w?:ie 5<f( )y>’;<1j’yi_y >€2<f( )U>. (24)

The direction of greatest risk decrease is the weak learner

n

() = Nw? 2
g;(x) = arg r;le%%;g(xl)w” (25)
and the optimal step size along this direction
of = argmin R[f'(2) + ag} («)1;). (26)

The classifier isthus updated as
=1 @) + ajgi ()1 = [ff o f] + o595 fra] (27)
This procedureis summarized in Algorithm 1-left and denoted CD-MCBoost. It startswith f0(z) =

0 € R? and updates the predictor components sequentially. Note that, since (13) isaconvex function
of f(x), it convergesto the global minimum of therisk.

3.2 Gradient descent

Alternatively, (13) can be minimized by learning alinear combination of multiclass weak learners.
In this case, the optimization problem is

s.t f(x) € span(H),
where H = {hy(x),..., h,(x)} is aset of multiclass weak learners, h;(z) : X — RM~1 such as
decision trees. Note that to fit tree classifiersin this definition their output (usually a class number)
should be translated into a class codeword. As before, let f(z) € RM~1 be the predictor available
after ¢ boosting iterations. At iteration ¢ + 1 astep is given along the direction g(z) € H of largest
decrease of the risk R[f(«)]. For this, we consider the directional functional derivative of R[f(z)]
aong the direction of the functional g : X — RM~1, at point f(x) = f*(x).

OR[f! + eg]

SR[f; = . 29
RIf';gl e |, (29)
As shown in Appendix G,
—6R[f%59] = D <glw),wi > (30)
=1
where w; € RM—1
1 M
e 2 A CTO RIS ko a <)y >
wg = e Y ;(yZ y"le v, 3D
The direction of greatest risk decrease is the weak learner
g*(x) = argmaﬁz < g(xi)awi >, (32)
9eH i
and the optimal step size along this direction
o = arg mi]% R[f'(z) + ag*(z))]. (33)
[e3S

Thepredictor isupdatedto £ (z) = f(z)+a*g*(z). Thisprocedureissummarisedin Algorithm
1-right, and denoted GD-MCBoost. Since (13) is convey, it convergesto the global minimum of the
risk.



Algorithm 1 CD-M CBoost and GD-M CBoost

Input: Number of classes M, set of codewords ) = {y',...,y™}, number of iterations N and
dataset S = {(z1,41), ..., (T, yn) }, Where z; are examplesand y; € ) are their class codewords.
Initialization: sett = 0,and f* =0 € RM~!

CD-MCBoost GD-MCBoost
whilet < N do
forj=1toM —1do )
Compute w? with (24) whilet < N'do
Find ¢* (2), o* using (25) and (26) Compute w; with (31)
U datéftﬂ(;:) i)+ ot (2) Find g*(z), o* using (32) and (33)
peate s [\ =i 795 ¢ Update f*+!(z) = f'(z) + a*g* ()
Update f, (z) = fi(z) Vk#j t=t+1
t=t+1 end while
end for
end while

Output: decisionrule: F(x) = argmaxy < fV(z),y* >

4 Comparison to previous methods

Multi-dimensional predictors and codewords have been used implicitly, [7, 18, 16, 6], or explicitly,
[12, 9], in dl previous multiclass boosting methods.

“one vs all”, “all pairs’ and “ECOC” [1]: as shown in [1], these methods can be interpreted

as assigning a codeword y* to each class, where y* € {+1,0,—1} and{ = M for “one vs al”,
l= W for “al pairs’ and [ isvariablefor “ECOC”, depending on the error correction code. In
all these methods, binary classifiers arelearned independently for each of the codeword components.
This does not guarantee an optimal joint predictor. These methods are similar to CD-MCBoost in the
sense that the predictor components are updated individually at each boosting iteration. However,
in CD-MCBoost, the codewords are not restricted to {+1,0, —1} and the predictor components are
learned jointly.

AdaBoost-MH [18, 9]: This method converts the M -ary classification problem into a binary one,
learned from a M timeslarger training set, where each example x is augmented with afeature y that
identifiesaclass. Examples such that  belongsto classy receive binary label 1, whilethe remaining
receive the label —1 [9]. In thisway, the binary classifier learns if the multiclass label y is correct

for z or not. AdaBoost-MH usesweak learnersh, : X x {1,..., M} — R and the decision rule
F(z) = hi(z, j 34
() argje{rlr}g?fM}zt: o) (34)

where ¢ is the iteration number. This is equivalent to the decision rule of (11) if f(z) isan M-
dimensional predictor with j** component f;(z) = 3_, hi(z, ), and the label codewords are de-
fined asy’ = 1;. This method is comparable to CD-MCBoost in the sense that it does not require
multiclass weak learners. However, there are no guarantees that the weak learners in common use
are able to discriminate the complex classes of the augmented binary problem.

AdaBoost-M1 [7] and AdaBoost-Cost [16]: These methods use multiclass weak learners h; :
X — {1,2,..M} and aclassification rule of the form

F(x) = arg je{rlr}éan} Z latht(x), (35)
tlhe(z)=3

where ¢ is the boosting iteration and «; the coefficient of weak learner h.(x). Thisis equivalent
to the decision rule of (11) if f(z) is an M-dimensional predictor with j** component f;(x) =
2 tihe (2)—; @the(2) and label codewordsy’ = 1;. These methods are comparable to GD-MCBoost,
in the sense that they update the predictor components simultaneously. However, they have not been
shown to be Bayes consistent, and it is not clear that they can be interpreted as maximizing the
multiclass margin.
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Figure 2: Classifier predictions of CD-MCBoost, on the test set, after ¢ = 0, 10, 100 boosting iterations.

SAMME [12]: This method explicitly uses M -dimensional predictors with codewords

M1 -1 -1 -1 -1 -1
J = J = 1 M
U v il v £y AREE v Rl v I (36)
and decision rule -
F(z) = (). 7
() arg {rg};?fjv[}fj () (37)

Since, as discussed in Section 2.3, the optimal detector is not unique when the predictor is M-
dimensional, this agorithm includes the additional constraint ZjM: 1 fi(x) = 0 and solves a con-
strained optimization problem [12, 9]. It is comparable to GD-MCBoost in the sense that it up-
dates the predictor components simultaneously, but uses the loss function Lsaaare[y®, f(z)] =

e~ ar<v".J(=)> Using (36), the minimization of this lossis equivalent to maximizing

M (f(x).y") =< f(2)," >= fu(@) = 57— D fi®)
J;ﬁk
which is not a proper margin since M’(f(x),y*) > 0 does not imply correct classification i.e.

fu(x) > fi(x) Vj # k. Hence, SAMME does not guarantee a large margin solution for the
multiclass problem.

(38)

When compared to all these methods, MCBoost has the advantage of combining 1) a Bayes consis-
tent and margin enforcing loss function, 2) an optimal set of codewords, 3) the ability to boost any
type of weak learner, 4) guaranteed convergence to the global minimum of (21), for CD-MCBoost, or
(28), for GD-MCBoost, and 5) equivalence to the classical AdaBoost algorithm for binary problems.
It is worth emphasizing that MCBoost can boost any type of weak |earners of non-zero directional
derivative, i.e. non-zero (23) for CD-MCBoost and (30) for GD-MCBoost. This is independent
of the type of weak learner output, and unlike previous multiclass boosting approaches, which can
only boost weak learners of specific output types. Note that, athough the weak learner selection
criteria of previous approaches can have interesting interpretations, e.g. based on weighted error
rates [16], these only hold for specific weak learners. Finally, MCBoost extends the definition of
margin and loss function to multi-dimensional predictors. The derivation of Section 2 can easily be
generalized to the design of other multiclass boosting algorithms by the use of 1) alternative ¢(v)
functionsin (14) (e.g. those of thelogistic [9] or Tangent [13] lossesfor increased outlier robustness,
asymmetric losses for cost-sensitive classification, etc.), and 2) alternative optimization approaches
(e.g. Newton's method [9, 17]).

5 Evaluation
A number of experiments were conducted to evaluate the MCBoost algorithms?,

5.1 Synthetic data

We start with a synthetic example, for which the optimal decision ruleisknown. Thisisathree class
problem, with two-dimensional Gaussian classes of means [1, 2], [—1, 0], [2, —1] and covariances of

2Codes for CD-MCBoost and GD-MCBoost are available from [2].



Table 1: Accuracy of multiclass boosting methods, using decision stumps, on six UCI data sets

method landsat letter pendigit | optdigit | shuttle isolet
One Vs All 84.80% | 50.92% | 86.56% | 89.93% | 87.11% | 88.97%
AdaBoost-MH [18] | 47.70% | 15.73% | 24.41% | 73.62% | 79.16% | 66.71%
CD-MCBoost 85.70% | 49.60% | 89.51% | 92.82% | 88.01% | 91.02%

Table 2: Accuracy of multiclass boosting methods, using trees of max depth 2, on six UCI data sets

method landsat letter pendigit | optdigit | shuttle isolet
AdaBoost-M1[7] 72.85% - - — 96.45% —
AdaBoost-SAMME[12] | 79.80% | 45.65% | 83.82% | 87.53% | 99.70% | 61.00%
AdaBoost-Cost [16] 83.95% | 42.00% | 80.53% | 86.20% | 99.55% | 63.69%
GD-MCBoost 86.65% | 59.65% | 92.94% | 92.32% | 99.73% | 84.28%

[1,0.5;0.5,2],[1,0.3;0.3,1],[.4,0.1; 0.1, 0.8] respectively. Training and test sets of 1,000 examples
each were randomly sampled and the Bayes rule computed in closed form [5]. The associated Bayes
error rate was 11.67% in the training and 11.13% in the test set. A classifier was learned with
CD-MCBoost and decision stumps.

Figure 2) shows predictions® of f*(x) on the test set, for ¢t = 0,10, 100. Note that f°(z;) = [0, 0]
for al examples x;. However, as the iterations proceed, CD-MCBoost produces predictions that are
more aligned with the true class codewords, shown as dashed lines, while maximizing the distance
between examples of different classes (by increasing their distance to the origin). In this context,
“alignment of f(z) with y*” impliesthat < f(x),y* >>< f(z),y’ >,Vj # k. Thiscombination
of alignment and distance maximization results in higher margins, leading to more accurate and
robust classification. The test error rate after 100 iterations of boosting was 11.30%, and very close
to the Bayes error rate of 11.13%.

5.2 CD-MCBoost

We next conducted a number of experiments to evaluate the performance of CD-MCBoost on the
six UCI datasets of Table 1. Among the methods identified as comparable in the previous section,
we implemented “one vs all” and AdaBoost-MH [18]. In &l cases, decision stumps were used
as weak learners, and we used the training/test set decomposition specified for each dataset. The
“one vs al” detectors were trained with 20 iterations. The remaining methods were then allowed
to include the same number of wesk learners in their final decision rules. Table 1 presents the
resulting classification accuracies. CD-MCBoost produced the most accurate classifier in four of
the five datasets, and was a close second in the remaining one. “One vs all” achieved the next best
performance, with AdaBoost-MH producing the worst classifiers.

5.3 GD-MCBoost

Finally, the performance of GD-MCBoost was compared to AdaBoost-M 1 [7], AdaBoost-Cost [16]
and AdaBoost-SAMME [12]. The experiments were based on the UCI datasets of the previous sec-
tion, but the weak learners were now trees of depth 2. These were built with a greedy procedure
S0 as to 1) minimize the weighted error rate of AdaBoost-M1 [7] and AdaBoost-SAMME[12], 2)
minimize the classification cost of AdaBoost-Cost [16], or 3) maximize (32) for GD-MCBoost. Ta-
ble 2 presents the classification accuracy of each method, for 50 training iterations. GD-MCBoost
achieved the best accuracy on all datasets, reaching substantially larger classification rate than al
other methods in the most difficult datasets, e.g. from a previous best of 63.69% to 84.28% in
isolet, 45.65% to 59.65% in letter, and 83.82% t0 92.94% in pendigit. Among the remaining meth-
ods, AdaBoost-SAMME achieved the next best performance, although this was close to that of
AdaBoost-Cost. AdaBoost-M1 had the worst results, and was not able to boost the weak learners
used in this experiment for four of the six datasets. It should be noted that the results of Tables 1 and
2 are not directly comparable, since the classifiers are based on different types of weak learners and
have different complexities.

3We emphasize the fact that these are plots of £*(z) € R?, not z € R?.
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