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1 Appendix 1: Assumptions (A1) - (A4)

For a smooth function g, we write §(z) for its gradient vector at 2. The following conditions are
assumed throughout this paper.

(A1) The set R C R? is a compact d-dimensional manifold with boundary OR.

(A2) The set S = {z € R : n(z) = 1/2} is nonempty. There exists an open subset U of RY
which contains S such that: (1) 7 is continuous on U\Uy with U an open set containing R; (2) the
restriction of the conditional distributions of X, P, and Py, to Uy are absolutely continuous with
respect to Lebesgue measure, with twice continuously differentiable Randon-Nikodym derivatives f;
and fj.

(A3) There exists p > 0 such that [, [|z[|?dP(z) < occ. In addition, for sufficiently small § > 0,
inf,er P(Bs(x))/(aqd?) > Cy > 0, where ag = 7%/?/T(1 + d/2), T(-) is gamma function, and
Cy is a constant independent of 4.

(A4) For all z € S, we have 77(x) # 0, and for all z € S N IR, we have dn(x) # 0, where dn is the
restriction of 7 to OR. ]

2 Appendix 2: Definitions of a(z), By, By, W,, 3 and Wy 3

For a smooth function g: RY — R, denote g; () as its j-th partial derivative at  and g; () the
(4, k)-th element of its Hessian matrix at . Let ¢; g = fv:\lv\|<1 U?dv, f=mfi+(1—m)fo. Define

d

a@) =) cjalng (@) fi(x) +1/2n;;(x) f (=)}

ag (e

j=1

Moreover, define two distribution-related constants

— M d=1(p = /() a(x)? d=1(.
B [ i@ Be= [ g ela v ),
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where Vol?~! is the natural (d — 1)-dimensional volume measure that S inherits as a subset of R

According to Assumptions (A1)-(A4) in Appendix 1, By and Bs are finite with B; > 0 and By > 0,
with equality only when a(z) =0 on S.

In addition, for 8 > 0, we define W), 3 as the set of w,, satisfying:

(w.) S0 w2, <n A

ni —
(w.2) n= 430 aywyi)? < nP, where a; = T — (i —1)1ta;

(w.3) n2/d Y i1 Wni/ Yoiy Qiwng < 1/ logn with ky = [n'=A7;

(w.4) Z?=k2+1 w2, /3" wk, < 1/logn;
(w.5) Z?:1 w?n (Z:‘L:1 w?n‘)g/Q <1/logn.

When 7 in (w.1)—(w.5) is replaced by IV, we can define the set Wy . |

3 Simulations

In this section, we compare various DiNN methods with the oracle ANN and the oracle OWNN
methods respectively, with slightly different emphases. In comparing DiNN(k) (kNN is trained at
each subsample) with the oracle KNN, we aim to verify the main results in Theorem 2 and Theorem
4, namely, the M-DiNN and W-DiNN can approximate or attain the same performance as the oracle
method. In comparing the DiNN methods with optimal local weights and the oracle OWNN method,
we aim to verify the sharpness of upper bound on v in Corollary 1 and 2. This is by showing that
the difference in performance between the DiNN methods and the oracle OWNN deviates when 7 is
greater than the theoretical upper bound identified in these results.

Three simulation settings are considered. Simulation 1 allows a relatively easy classification task,
Simulation 2 examines the bimodal effect, and Simulation 3 combines bimodality with dependence
between variables.

In Simulation 1, N = 27000 and d = 4, 6, 8. The two classes are generated as P; ~ N(04,1;) and

Py~ N (%ld, I;) with the prior class probability 7; = P(Y = 1) = 1/3. Simulation 2 has the same

setting as Simulation 1, except that both classes are bimodal with P; ~ 0.5N (04, 1;)+0.5N (34, 21,)
and Py ~ 0.5N(1.54,14) 4+ 0.5N(4.54,21;). Simulation 3 has the same setting as Simulation 2,
except that P; ~ 0.5N (04, %) + 0.5N(34,2%) and Py ~ 0.5N(1.54, %) + 0.5N(4.54,2%) with
71 = 1/2, where X is the Toeplitz matrix whose j-th entry of the first row is 0.6 1.

Recall s = N7. We let the exponent v = 0.0,0.1...0.8. When comparing the kNN methods, the
number of neighbors K in the oracle K NN is chosen as K = N°7. The number of local neighbors
in M-DiNN(k) and W-DiNN(k) are chosen as k = [(7/2)% (¢t K /5] and k = [K/s] as suggested
by Theorem 2 and Theorem 4 respectively. These & values are truncated at 1, since we cannot have a
fraction of an observation. In comparing with the oracle OWNN method, the m* parameter in OWNN
is tuned using cross-validation. The parameter [ in M-DiNN and W-DiNN for each subsample are
chosen as I* = [(7/2)%(4+4) (m* /s)] and IT = [m*/s] as stated in Corollary 1 and Corollary 2
respectively. For both comparisons, the test set is independently generated with 1000 observations.
We repeat the simulation for 1000 times for each v and d. Here the empirical risk (test error) and the
computation time are calculated for each of the methods.

Figure S1 shows that M-DiNN(k) and W-DiNN(k) require similar computing time, and both are
significantly faster than the oracle method. As the number of subsamples increases, the running time
decreases, which shows the time benefit of the distributed learning framework. The computing time
comparison with the oracle OWNN is omitted since the message is the same.

The comparison between the risks of the three KNN methods (one oracle and two distributed) are
reported in Figure S2. For smaller v values, the risk curve for W-DiNN(k) overlaps with that of
the oracle kNN, while the curve for M-DiNN(k) has a conceivable gap with both. These verify the
main results in Theorem 2 and Theorem 4. The performance of the M-DiNN(k) method starts to
deviate from the oracle kNN since v = 0.6. As s increases and goes beyond the threshold v = 0.7,
the risk deteriorates more quickly. These may be caused by the finite (or very small) number of
voting neighbors k at each subsample, which means the requirements k = [(7/2)% (YK /s] — oo,
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Figure S1: Computation time (seconds) of M-DiNN(k), W-DiNN(k), and oracle K NN for different
7. Left/middle/right: Simulation 1/2/3, d = 4/6/8.
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Figure S2: Risk of M-DiNN(k), W-DiNN(k), oracle KNN and the Bayes rule for different ~.
Top/middle/bottom: Simulation 1/2/3; left/middle/right: d = 4/6/8. -y = 0.7 is shown as a vertical
line: DiNN methods at or after this line have only 1 nearest neighbor at each subsample which
participates in the prediction.

k = [K/s] — oo suggested by Theorem 2 and Theorem 4 respectively are not satisfied. Specifically,
when v = 0.6,0.7,0.8, the number of voting neighbors &k are no more than 3 in these simulated
examples. We did not tune the parameters and simply set K in the oracle KNN as N7, since the
results in Theorem 2 and Theorem 4 should hold for any reasonable weights (or reasonable choice of
k), not necessarily the optimal one.

On the other hand, since the comparison with the oracle OWNN is meant to verify the sharp upper
bound for v in the optimal weight setting (Corollary 1 and Corollary 2), we carefully tune the weights
in the oracle OWNN method in order to reach the optimality. Figure S3 shows the comparison of
risks for M-DiNN, W-DiNN and oracle OWNN methods. Our focus here is when the two DiNN
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Figure S3: Risk of optimal M-DiNN, W-DiNN, oracle OWNN and the Bayes rule for different ~.
Left/middle/right: Simulation 1/2/3, d = 4. Upper bounds for number of subsamples in optimal
M-DiNN (v = 1/4) and W-DiNN (v = 1/2) are shown as two vertical lines.

methods start to have significantly worse performance than the oracle OWNN, and the answers lie
in the upper bounds in Corollary 1 and Corollary 2. For simplicity, we set d = 4, which leads to an
upper bound of 2/(d + 4) = 0.25 for the M-DiNN method, and an upper bound of 4/(d +4) = 0.5
for the W-DiNN method. These upper bounds are shown as vertical lines in Figure S3. Specifically,
the M-DiNN deteriorates much earlier than W-DiNN with much few machines (subsamples) at
its disposal. The W-DiNN method performs much better than M-DiNN, having almost the same
performance as the OWNN method for v < 0.4. However, even W-DiNN does not perform well
enough for v > 4/(d + 4) = 0.5 when compared to OWNN. These verify the results in Corollary 2
and Corollary 4.

4 Proof of Theorem 1

For the sake of simplicity, we omit w,, in the subscript of such notations as qS and Sr(f L,n. Write

P° —7T1P1 (1—7T1)P0. We have
Regret(92,) = R(oM,) — R(¢")
/R 71 [P(3M, () = 0) — 1{¢"(2) = 0}]dPi ()

~

+ [ a=m)PE @) =1) - 16" @) = 1}]aPo(o)
R
/R [B(3M, (2) = 0) — 1{n(x) < 1/2}]dP°(x)

n,s, Wy

Without loss of generality, we consider the j-th subsample of D: DU) = { (X; @) Y(J )) i=1,...,n}

Given X = z, we define (X((J)),Y((J))) such that || X7) — x| < || X{3) - a:H <..< ||X(n) 2.

Denote the estimated regression function on the j-th subsample as

590 = Sy )

Denote the WNN classifier on the j-th subsample as
¢)(J) - ]I{S(J) > 1/2}

For any j and =, we have }P’(S,(LJ (x) > 1/2) = P(Sn(z) > 1/2), where S, () is a generic local

WNN regression function on any subsample. Hence, e )( ) (j =1,...,s) have i.i.d. Bernoulli
distribution with success probability P(S,,(z) > 1/2). In particular, we have

E{oY) (1)} = P(Su(x) > 1/2),
Var{¢¥) (z)} = P(S.(z) < 1/2)P(S,(z) > 1/2).
Denote the average of the predictions from s subsamples as

SM (z) = 5732509 ().



Therefore,
E{SyL(x)} = P(Sn(x) > 1/2),
Var{S,]LV{S(x)} = s_l]P’(Sn(x) < 1/2)P(Sn(z) > 1/2).

The M-DIiNN classifier is deﬁned as
=1{S}M (z) > 1/2}.
Since P(ATI\L/{S(QS‘) = O) =P(SN, (:v) < 1/2), the regret of M-DiNN becomes

Regret(¢ / {P(S)(z) < 1/2) = 1{n(z) < 1/2} }dP°(x)

In any subsample, denote the boundary S = {z € R : 77( ) =1/2}. Fore > 0,let S = {x € R? :
n(x) = 1/2 and dist(z, S) < €}, where dist(z, S) = inf, es ||z — x0||. We will focus on the set

77(330)
S ={ug+t 70 € S, [t] < €b.
{oo+ by o0 €5 1t <<}

Let ,un( ) = ]E{S (z)}, 02(z) = Var{S,(z)}, and ¢, = n=#/49)_ Denote s2 = > | w?, and

tn n—2/d E i—1 ®iWy;. Samworth [5] showed that, uniformly for w,, € W, g,
SUp pn () = (@) —a@)tn] = olta), (S.1)
1
sup |op(z) — ~si| = o(sh). (S.2)
zeSn 4

Let e,{\fs = agt,, + by 10\%/(; )s,., where ag and b are constants that ag > ﬁ;‘l(%g))”l and by > %, for

any xg € S.

We organize our proof in four steps. In Step 1, we decompose the integral over R NS as an integral
along S and an integral in the perpendicular direction; in Step 2, we bound the contribution to regret

M
from R\S¢"; in Step 3, we bound the contribution to regret from S¢»\S+; Step 4 combines the
M
results in previous steps and applies the normal approximation in S to yield the final conclusion.

Step I: For g € S and t € R, denote z{, = xo + t1)(x0)/||7(x0)]|. Denote ¢ = w1 f1 — (1 — 1) fo,
f=mf1+ (1 —m)fo as the Radon-Nikodym derivatives with respect to Lebesgue measure of the
restriction of P° and P to S for large n respectively.

Similar to Samworth [5], we consider a change of variable from z to x. By the theory of integration
on manifolds and Weyl’s tube formula [2], we have, uniformly for w,, € W, g,

/ [B(SM (x) < 1/2) — 1{n(x) < 1/2) }dP*(x)
RmSﬁn

/ W) (P(SM.(2h) < 1/2) — 1{t < 0} VdtdVol' (a0} {1 + o(1))}.
Step 2: Bound the contribution to regret from R\S». We show that,

swp [ B(SY@) < 1/2) ~ 1) < 1/2}}dP (o) = o2 4 £).
R\Sen s

'wnEWn,g

According to [5], for all M > 0, uniformly for w,, € W, g and x € R\S", we have
IP(Sh(z) < 1/2) — 1{n(z) < 1/2}| = O(n~M).

Therefore, for x € R\S" and sufficiently large n, we have

n(wi;ifl/zP(Sn(x) <1/2) —1/2> 1/4, (S.3)
sup P(S,(z) <1/2) —1/2< —1/4. (S.4)
n(z)>1/2



Applying Hoeffding’s inequality to S}, (), along with (S.3) and (S.4), we have

“2(E{SY, ()} — 1/2)°
S (15— 0)? )

[P(S¥, (@) < 1/2) = 1{n(z) < 1/2}] < exp (

—2(P(S,(z) < 1/2) — 1/2)? ) ( s2
1/s

uniformly for w,, € W, g and x € R\S*. This completes Step 2.

+t2),

= exp(

Step 3: Bound the contribution to regret from S»\S <1+, We show that

P )< 1/2
wnseuvgnﬁ//eﬂeﬂ (e eM) { ( /)

n,s’ n,s

—1{t < 0}}dthold_1(xo) =o(s2 /s +12).

For zf, € S \86" s, we have t & (—e By (S.1), (S.2) and Taylor expansion, we have

’I’LS’ ’ﬂS)

12— pnlag)  _ —tlizo)ll — alwo)tn + oftn)

On (xf)) 3”/2 + 0(5")

Since t & (—e),, b)) . |t] > e, = aotn + bo 105%) sn, we have for a sufficiently large n,

12— pnlah) | -log(s)
R e o

If in addition, W| = 0(1), then by Lemma 1, we have

1/2 — pi, (zt I
|<I>( / #t(zo))_1/2|> og(s)7
on(zp) Vs
where ® is the standard normal distribution function.

1/2—pn

Otherwise if o (wE)

(M) < >

M
In summary, for 2, € S \&,

— g (b log(s
|¢(W)—1/2]> \g/%).

(%) | > c19, Where ¢ is a positive constant, then we have, for s large enough,

(S.5)

Let Z; = (wniY(i) — wniE [Y(5)])/on(z) and W = 37 | Z;. Note that E(Z;) = 0, Var(Z;) < oo

and Var(W) = 1. The nonuniform Berry-Esseen Theorem [3] implies that there exists a con
c11 > 0 such that
CllA

Pt
] < gy
where A = Y"1 | F|Z;|® and B = (3, F|Z;|?)'/2. In our case,

’]P’(W <By) - ®

wnz i wnz D/z] 3 = 2|wn’b|3 16 Z@—l U}S 3
A=Y E| < = el
Z Zl (sn/2)% (i, wp,)3/?
= (Zi:1Var(Zi))1/2 = /Var(W) = 1.
Let ¢1o = 16¢11, we have

] ‘]P)<Sn(x6) - ﬂn(xo ) ’ < z 1 w C12

sup  sup .
on () Siiwn )3‘/21+|y\3

TOES tE[—€p,en

stant



1/2—pun(20)

Setting y = on(zh) we have
1/2 — Mn (.’1?6)
sup  sup |P(S,(zf) < 1/2) — & L—20 ‘ (S.6)
xOESte[—emen] ( ( 0) / ) ( O—n(fré) )
< C12n2? | Wi _ 0( 1 )

(i wn)?/? V/s(log(s))?
The last equality holds by (3).
By (S.5) and (S.6), we have, when zf, € S \Seﬁ{b‘,

IP(Sn(zf) < 1/2) —1/2] > log(s)//s. (S.7)

Applying Hoeffding’s inequality to S}, (f), we have

2(E{Sp%(=5)} —1/2)?
> 5-1(1/s = 0)

—exp [ — 25(P(Su(ah) < 1/2) — 1/2)2] < s7296C) = o(s2 /5 + 2),

IP(SM, (xh) < 1/2) _11{t<o}|<exp[

uniformly for w,, € W, 5 and 2, € S\ S+ This completes Step 3.

Step 4: In the end, we will show

/ / P(SM (zh) < 1/2) — 1{t < 0} }dtdVol* " ()

2

= Big; T2 +B2t2—|—0( "+t§).

Applying Taylor expansion, we have, for zy € S,

Y(ah) = P(xo) + ¥(o)T (xh — x0) + o(ah — o) (5.8)
— Uz T 1(xo) o
= Y g oY

|
= [ (zo)lt + o(t),

where the above second equality holds by definition of zf,, and the third equality holds by Lemma 4.
Hence,

// P(SM, (z4) < 1/2) — 1{t < 0} }dtdVol* " (z) (S.9)

n,s

/ / (S <1/2)

~-1{t < 0}}dthold_1(xo){l +o(1)}.

Next, we decompose

// t||¢ o) [{P(SM,(zh) < 1/2) — 1{t < 0} }dtdVol** (z) (S.10)

/[ RLC ||{¢{\/P V5(1/2 ~ P(Su(ah) = 1/2)) ]

n(zh) < 1/2)P(Sn(xf) = 1/2)
— 1{t < 0} }dtdVol® " (zg) + Ri1.



If [1/2 — P(Sn(zf) < 1/2)| < log(s)/v/s, by the uniform Berry-Esseen Theorem [4], there exists a
constant c13 > 0 such that

Vs[Sh P(Sn(xh) > 1/2)] -
‘P(\/P n(2h) < 1/2)P( Sn(@f) 2 1/2) <y) (D(y)’
‘13 ]E‘d) —P(Sn(zf) > 1/ )‘3 8ciz _ (1
VS [P(S,(2h) <1/2)P(Sn ) >1/2)]"° =5 70(\/§>'

V5(1/2-P(Sn (24)>1/2))
VE(Sn(])<1/2)B(Sn(¢§)>1/2)"

V3(1/2 = P(Su(xh) > 1/2)) _ (1
[\/IP’ S (xh) < 1/2)P(Sn(ah) > 1/2)H_O< )

In addition, if [1/2 — P(S, (z}) > 1/2)| > %, applying Hoeffding’s inequality and Lemma 3 ,
we have

we have

Setting y =

‘ (SM (ah) < 1/2) —

IP(SA (zf) < 1/2) — 1{P(Sn(zh) > 1/2) < 1/2}|
) >

1/2))?] < exp(~2llog(s))*) = o 2.

=exp [ — 25(1/2 — P(S,,(xf 7

VE(1/2 - P(Sa(af) >1/2) 7 ot
‘ﬂVP wo<v2(;u@>/)}”M&(”Z””<”ﬂ\
—[21log(s)]?
S2101g( 0( 15)

In this case, we have

o Vs(1/2—P (S< b) > 1/2)) I
\/IP W (x8) < 1/2)P(S,(28) > 1/2)
<|P(SN(xh) < 1/2) — 1{P(S, x0)>1/2)<1/2}y
‘ [ Vs(1/2 —P(Sn (:co)>1/2))
\/IP’ Sn(xh) < 1/2)P(Sn(ah) > 1/2)

(L)

In summary, we have

] (SM(zh) < 1/2) —

|~ 1{B(s. () > 172) < 3}

P(S})(zh) < 1/2) (S.11)

sup sup
ToES te[feﬁfs ,e%‘q]

[ \[(1/2 IP’(S zh) > 1/2 ” _ ( )
VP(Sn(eh) < 1/2)P(S(a}) > 1/2) Vs
Thus, we have

mm<// o [(52 af) < 1/2)

_ofLol2-FG: x0)>1/2)
\/]P’ x3)<1/2 S (xh) > 1/2)

} ‘dthold L(zo)

.8 1
l// Il o) Vol ) = o + 7).
S



Next, we decompose

/ [ t||1/19€0 ] T, Va(1/2 - (s() 3/2)) ] 5.12)

w(h) < 1/2)P(Sn(zh) > 1/2)
— 1{t < 0} }dtdVol*~ 1(m0)

/ / L ) {B2VA(B(S () < 1/2) = 1/2)]

— 1{t < 0} }dtdVol" ! (z0) + Ria.

If |[P(Sn (zf) < 1/2) — 1/2| < log(s)/+/s, along with Lemma 2, we have

V5 (B(Sn(zp) < 1/2) —1/2) }
\/IP’ w(xh) < 1/2)P(Sn(z) > 1/2)
_q)[Q\f( (Sn(zh) <1/2) —1/2)]|

\[‘P( xO <1/2 _1/2|‘\/W_ ‘
sl LV OO s,

Vs 1/4+0(1%l) - Vs

o

IN

In addition, if [P(S, (z}) > 1/2) — 1/2| > @, applying Lemma 3, we have

‘ { V/s|P(Sn(zh) <1/2)f1/2| ”
\/IP W(2h) < 1/2)P(S,(z8) > 1/2)
e [2log<s>]2/2 1
‘ = 210g( ) Vor _O( )
|1 — ®[2V/s|P(Sn(xf) < 1/2) —1/2]]]

| e—Zlog(s)?/2 )
<[t~ (2log(s))| < 2log(s)  V2m :O( )

g‘l—@ 21og(s)

In this case, we have

{ V5 (P(Sa(zh) < 1/2) —1/2) }
\/IP w(zh) < 1/2)P(Sn(x) > 1/2)
— ®[2V/5(P(S (wo)<1/2)—1/2)ﬂ
[ \/>|]P)( n $0)<1/2)_1/2’ }
\/IP’ n(xh) < 1/2)P(Sp(ah) > 1/2)
+h-o [2f|1P>( (wh) < 1/2) = 1/2[]| = o(1/V/5).

<

In summary, we have

V5 (P(Sulah) < 1/2) —1/2) | S5
VP(Sn(ah) < 1/2)P(Su(x) > 1/2)
—®[2V/s(P(Sn(xf) < 1/2) —1/2)]| = O((log(s))?/V/s).

sup sup |<I> [
20ES te[—eM M ]

9



Therefore,

V5(1/2 — B(Su(ah) > 1/2))
Ris| < t x <I>
Rus| // RGENIE WP’ sn<x><1/2> S > 12

[2[( (Sn(zh) < 1/2) — 1/2)]|dtdVol®~* (zo)

// sl VE((Su(ah) < 1/2) - 1/2)
- VP(Suleh) < 1/2)P(Sn(ab) > 1/2)

_<1>[2f( (Sn(ah) < 1/2) — 1/2)] |dtdVol* (ap)
log //_ M”@/’ (z0)||dtdVol?= Y (a0) = o(t? + %Si)

Next, we decompose

//_ t”w 20)[[{2[2V/5 (P (S () < 1/2) —1/2)] (S.14)

—1{t < O}}dthold ! (o)

- / (o st 1)

— 1{t < 0} }dtdVol’~ ! (zo) + Ris.
Applying Lemma 2 and (S.6), we have
sup  sup | ®[2v/s(P(Sn(zh) < 1/2) —1/2)] (S.15)

ToES te[—eM M ]

- @[M(@(i’z(“")) 1))

on(x5)
1/2_:“n(x(t))
o V) <102 o )
1 _
go(ﬁm) = ol (log(s)) 7).

Hence,
Rl < [ [ A; [l @0l @ [2v3(B(Sa(eh) < 1/2) —1/2)]

—~ @[m/;(@(W) ~1/2) ’dthold’l(xo)

~o((og(s))) | / ool as) = o(s /s + )
Next, we decompose

/[ ) {#[2va(® (1/2 “"gx))—m)] (S.16)

— 1{t < 0} }dtdVol® " (o)

1/2 n
L et
—6 n 0

— 1{t < 0} }dtdVol® " (z¢) + Ria.

10



If | 1/?7;?;6(;:6) | < lo\g/(;s)

applying Lemma 1 and Lemma 2, we have, for large s,
1/2 W(@h) 1/2 — pn(f)

[ [2v/5(a( (u b)) 1/2)] - <—¢mT:an(;g))

VAo () 1 g (L)

“o(vs(*, “"”:0>) o(v 1°g )=o)

In addition, if | / 2 e (I o> o \g}) applying mean value theorem, there exists o € (0, = 2=) such
that, for large s

¢<Wi;z;g§fé>\>—1/2>@<1°3<;>>—@<o>

= 10?/(;) \/% exp(—x2/2) > lo\g/(gs) \/% exp ( - (log(s) )2/2> > log(s).

In this case, applying Lemma 3, we have for large s

1/2 - ,un(xé)
— Q| — - 7TlO S
L0 e ) <1~ 2R

1 o [V/2/7 log(s))2 /2 1
= 0(

=Vamoals) | Ve Vi
1- @[2\/§(<1><‘ 1/2%(’;%;:“6) ) - 1/2)} <1-®((1/2)log(s))

1 e—1(1/2)log(s)]?/2 1
s )
(1/2)log(s) 27 Vs

[2\[( (1/2 fin (2 )) 1/2)}_ ( 1/2 - Nn( 6) )

) and

Therefore,

on(p)
- Q[Q\/g@)(’l/z uz(mé)b _1/2)] _@(‘1/2—#

< - @W(@(?/({i{i%@ )-12)]
o e |
In summary, we have,
e o) s
() ()

Therefore,

Rl < [ [ ol |e[2va(e(2 b)) )]

n(25)
—@(\}%)‘dtd%ld L(20)

7 // |t|||w (z0)||dtdVol®™Y (zq) = o(t2 + 15 2y,

11



Next, we decompose

/ / t||¢ zo)|[{® (\}/272“” TO))) — 1{t < 0} }dtdVol’*(z0)  (S.18)
—eM s)op (xh

//_6 Hlo(z ||{q>< 2t]|n( x2/|(2s)sn(mo)tn)

—1{t < 0} }dtdVol’~ ! (z¢) + Ris.

—a(zo)tn

TaGro)s.y- According to (5.1) and (55.2), for a sufficiently small

€ € (0,inf, es ||1(z0)]]) and a large n, for all w,, € W, 5, o € S and r € [—€,/5n, €n/Sn),
Samworth [5] showed that

12— i)

ray— — [~ 2l0(@o) || (r — Tzo)]‘ < E(|r] + tn/sn)-
Un(xo )

Denote r = t/s,, and r,, =

To adapt this to our setting, we need to scale some terms properly. Let r™ = r,/2s/m, s%s =

sn/m/(2s) and r}! = ry (/25 /7 = 25%, we have, when r € [—e, /s) e, /s)!.],

M M

LR Mf;’i))[2||ﬁ<xo><eriV£>]!

V7 /(28)on(zg
— VB it - )]
< \/23/7re (|| + tn/sn) :€2(|7“M|+tn/8%5).

In addition, when || < et,, /sM

n,s?

M M

!@Q% (<ng:§)>) = (= 2l [~ 2| <1
T/(28)0n (T

and when et,, /), < [rM] < e, /s)

n,s?

1/2 — Hn(ﬂﬂgM %) . M M
P —ro— ) — (= 2lln(zo)[|(r" = r2y))
| (\/w/@s)an(xo “>> 0 |
< E(rM + tn/s) )b lo) [P = r2lD),

where ¢ is the density function of standard normal distribution.
M M

TLS’

Therefore, after substituting t = r we have

M

o 1/2 — pin () 2t||1(0)|| — 2a(w0)tn
/ lGala( St (G
(e M 2 e /sM, o 1/2_Mn(ngsf‘fs)
93, | ] oo wW{fﬂ(wgﬂ%))
= (= 2fi(z) |~ r20))|dr
<[t (52102 [ oM

IrM|<etn/s}

76

00 2
e [ b2t 17— ] = o2 + 2.

— 00

The inequality above leads to R15 = o(s2 /s + t2).

12



Combining (S.9), (S.10), (S 12) (S.14), (S.16) and (S.18), we have

// P(SA (zh) < 1/2) — 1{t < 0} }dtdVol® ' (zg)  (S.19)

-/ / , ftl{e(= 2”3’2/”(2;)2‘1@0) )

—1{t < 0} }dtdVol** (z) + o(%” +12).

Finally, after substituting t = /7 /(2s)us, /2 in (S.19), we have, up to o(s2 /s + t2) difference,

_z, wllia 20)Ju — —22UT)
Regret (31 =g [ [ wlieo)l @~ it~ 22

—1{u< 0}}dudV01d Hxo)
2a(xo)ty,

// i) Fzo) (@~ i)~ ZE28) (820

-1{u< O}}dudVold_l(xo)

=B 52 + Byt2. (8.21)

2s
(S.20) holds by Lemma 4, and (S.21) can be calculated by applying Lemma 5. This concludes the
proof of Theorem 1. [ |

5 Proof of Theorem 3

In this section, we apply similar notations as those in Section 4. For the sake of simplicity, we omit

w,, in the subscript of such notations as ¢n s, and SZV s.w, - We have
Regret(¢),) = / [P(6V () = 0) — 1{n(z) < 1/2}]dP°(x)
R

Denote the average of estimated regression function from s subsamples as
w -1 j
Sn,s(x) =S Zj:lsgj)(x)

We can also write S/ () as

S;/I,ls( )75712_/ 1ZL 1wm (1 Zl 1leYl7

where

1) 4@ (s) 1) 3@ (=)
Yo, Yk =G Yoy Yays o Yoy Yy Y b

wnl Wn1 Wn1 Wnn Wnn Wnn
{U)Nl,’wNQ,. wNN} { S ey S yeeey s s S IEEEE) S }
The W-DiNN classifier is deﬁned as
=1{5Y,(z) > 1/2}.
Since P(¢},(z) = 0) = IE”(SW (:z:) < 1/2) the regret of W-DiNN becomes
Regret( c@i‘fg / {P(SY,(x) < 1/2) — 1{n(z) < 1/2} }dP°(x)

Let pin s (z) = E{S)V,(2)}, 02 ,(x) = Var{S}¥,(x)}. We have

pn,s(2) = B{S),(2)} = E{s '35, S (2)} = pun(@),
o o(x) = Var{ S} (2)} = Var{sT' 325 _ S (@)} = s71op ().

13



Denote €]/, = €,/+/s, % = s /s and t,, s = t,,. We have, uniformly for w,, € W, 3,

sup |pn,s () —n(x) — a(@)tns| = sup |un(z) —n(z) — alz)tn|
TESEn reSEn
= 0o(tn) = o(tn,s),
1, TQL(CIT 1s2
2 lomsle) = gomal = |2

= (n/S) o(s,.5)-

We organize our proof in three steps. In Step I, we decompose the integral over R N S as an
integral along S and an integral in the perpendicular direction; in Step 2, we focus on the complement
set R\S¢"; Step 3 combines the results and applies a normal approximation in S¢* to yield the final
conclusion.

Step I: Similarly to Step I in Section 4, we have
[ {BS@) <112~ 1ale) <1721} @)
RﬂS‘n '
/ Y(ah){P(SV(xh) < 1/2) — 1{t < 0} }dtdVol® ! (z){1 + o(1)},
uniformly for w,, € W, g.
Step 2: Bound the contribution to regret from R\S». We show that

82
sup / [B(SY,(2) < 1/2) — 1{n(z) < 1/2} }dP*(x) = o2 + £2).
R\Sen S

w, €W, g

Samworth [5] showed that, in any subsample, there exists a constant c3o > 0 such that, for a
sufficiently large n,

inf |, (2) — 1/2| > e306, /4.
B i) = 172] 2 e/

Applying Hoeffding’s inequality to SV,

s (T), we have

—2(ftn s () — 1/2)2)
S (W — 0)2
—2(pn(x) — 1/2>2) < exp (_QS(CSOGn/4)2) _ (52

= = o(n +¢2),
exp( s2/s n—B s )

uniformly for w,, € W, g and z € R\S".

IP(SIY, (@) < 1/2) = 1{n(2) < 1/2}] < exp (

Step 3: In the end, we will show
/ () {P(SY,(xh) < 1/2) — 1{t < 0} }dtdVol®~ " (z()
= Bl— + Bot}, +o( +t2)
According to (S.8), we have

/ () {P(SY,(zh) < 1/2) — 1{t < 0} }dtdVol’~ " (z() (S.22)

-/ [ "B I{P(SY ) < 1/2)

—]l{t < 0} }dtdVol ! (z0){1 + o(1)}.

14



Next, we decompose

//_ tl|db (o) [{P(SY, (xh) < 1/2) — L{t < 0} }dtdVol* *(zo)  (S.23)
- ff e nw;f;; i1 anl)

~1{t < 0} }dtdVol*~ ' (z¢) + Rs;.

Let Z, = (wniYi — wniB[Y])/op o(x) and V = S | Z;. Note that E(Z;) = 0, Var(Z;) < oo,
and Var(V') = 1. The nonuniform Berry-Esseen Theorem [3] implies that there exists a constant

c31 > 0, such that
031A

o ‘ <@
V1= B0+ )
where A = ZIN L E|Z)]3 and (ZlN L E|Z1)?)'/2. In the case of W-DiNN,

[P(v < By) -

Ao ZE|leYz leE[Yl]l SZMWNH 1621 1le

() 2, 530

= (lelVar(Zl))1/2 =/ Var(V) = 1.
Denote c3o = 16031, we have

’P(SW( ) M, g(xo)

S y) — ()| (S.24)

sup  sup
TOES tE[—€n,€n]
YL, wl
1=1 WNi €32
3 3°
shs 11yl

[5] showed that, there exists constants ¢33, ¢34 > 0 such that, uniformly for w,, € W, g,

1/2 — t
inf inf /2~ pin(20) ‘ > C34] |
20 €S ca3tn <[t|<epn On (.130 Sn
Hence,
1/2 — 2 t t
inf inf /2= b)) o coalt] _ caalt] (S.25)
T0ES c33tn<|t|<en on.s(zh) Sn/\/S Sn,s
Therefore,

/jwﬂd&mﬂﬁﬂsﬁ&%)<1m)_@<h%%f&2xNﬁ

N o3
. C _qw
S/ [l (o) || ==L 20 Zé_l Mdt
|f|<C33t S

n,s
N .
o o S why G,
c3atn <|t|<en Si,s 1+ C§4|t‘3/si,s
C32 274;1 w3 : / H
< === (21l (o) |t
\/gs’l%, ‘tlf(}ggtn
w3, j t 2
N C32 Zzzé Wi / ||2¢(xog\|| 2| dt — O(ﬁ + ti)-
\/gsn c33tn, <[t|<e€n C34S|t‘ /sn S

The inequality above leads to |R31| = o(s2 /s + t2).

Next, we decompose

/[ |4 (o) ||{¢>(w) — 1{t < 0} }dtdVol’~ " (z() (S.26)

n,s(20)

/ / |2 (o) || { ©( 2'5”"(5”231'}\;561(%)%)
— 1{t < 0} }dtdVol® " (z) + Rso.

15



Denote 'V = /s and 1)} = r,,+/s. Similarly to bounding Ry in (S.18), we have

/6 [t]]14)(20) ||\<1>(1/2 /M(x))_q)( 2t|n(x0) || — 2a(x0)t, ),dt

—€n On S(ZCB) Sn/\[
. €n/Sn,s 1/2 — s s
e B e e
—€n/Sn,s 5*1/20-n(x0 n,s)

— @ (= 2[i(ao)| (7 —r¥))|drY
W[, e
r <éln/Sn,s

2

e [ I+ tafse)olliteo) 1Y = i D] = o2 4 £2)

— 00

The inequality above leads to Rzs = o(s2 /s +t2).
By (5.22), (5.23) and (S.26), we have

/ w I{P(SY,(zh) < 1/2) — 1{t < 0} }dtdVol* " (z)

—2t|| (o) || — 2a(z0)tn
[ i o (2
—1{t < 0} }dtdVol** (z) + o(s2 /s + t2).

Finally, after replacing t = us,,/(2y/5) in (S.27), we have, up to o(s? /s + t2) difference,

Regret = // ||1/1 o) ||u{(I>( ll1(0)] (;73}{ )

_ ]l{u < 0}}dudV01d 1(CU())
R izl — 24E0)tn
=5 [ it ol ®( ~ it — 22202
—1{u< 0}}dudVold71($o)
_ Blési + Byt?.

(S.27)

(S.28)

(S.29)

(S.28) holds by Lemma 4, and (S.29) can be calculated by Lemma 5. This completes the proof of

Theorem 3.

6 Proof of Theorem 2 and Theorem 4
From Theorem 1 and Proposition 1, we have, for large n, s,

s n n Q;Whi 2
Regret( nswn) [Blg Zz lwzzi+B2(Zi:1 W) ]{1+0(1)}

= = (=)@, asn,s — 0.

i
Regret(@nwy)  [Bi N, why + Ba( XN, S9s) {1+ 0(1)} 2

The last equality holds by (6) and (7). This completes the proof of Theorem 2.

Similarly, from Theorem 3 and Proposition 1, we have, for large n, s,

Regret(V, » ) [Bil X0 w2, + Bo( X0, ) {1 + o(1)}

= — 1, asn,s — oo.

Regret((gN,wN) [By ZZ 1wN1+BQ(Z£\;1 %)Q]{l‘“}(l)}

The last equality holds by (12) and (13). This completes the proof of Theorem 4.
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7 Proof of Corollary 1

Denote a,, = by, if b, = O(ay), an = by, if b, = o(ay), an < by if an = by, and b, > a,. To find
the optimal value of (4), we write its Lagrangian as

Dlwn) = (3 2505 + A whe + (3w = 1),
i=1 i=1

i=1

where A = (7B1)/(2sB3). Since all the weights are nonnegative, we denote [* = max{i : w}, > 0}.
Setting the derivative of L(w,,) to be 0, we have
-
=2n""%0; Y " awn; + 2\wp; + v = 0. (S.30)
i=1

OL(w,)
Own,

(i) Summing (S.30) from 1 to I*, (ii) multiplying (5.30) by «; and then summing from 1 to I*, (iii)
multiplying (S.30) by w,,; and then summing from 1 to I*, we have

2n*4/d(l*)1+2/d22;1aiwm +2 +vl* = 0,
27174/‘122;1041-10”1-2;;1&? + 2/\22;10¢¢wm + V(l*)1+2/d = 0,
2 YU )+ 22wk v = 0.
Therefore, we have
1 I* 4/d _ I* 2/d ’
why =Ly - (S31)

n * 1* « )
l ijl a? + And/d — (]*)1+4/d
T * 1
ajwn; < (I* 2/‘1, and w2 =< —. S.32
; () ; T (8.32)

Here w?, is decreasing in 4, since «; is increasing in i and 22:1 a? + At/ — (1%)1+4/4 > 0 from
Lemma 6. Next we solve for [*. According to the definition of [*, we only need to find the last { such
that w;; > 0. Using the results from Lemma 6, solving this equation reduces to finding the [* such

that

1+ 20— < bty BB g o)
< (14 2)y,

For large n, s, we have
Y] - [ ) ]

Due to Assumption (w.1) in Section 2, we have I* — oo as n — oco. When v < 2/(d + 4), plugging
[* and (S.37) into (S.31) yields the optimal weight and (10).

Denote H (w,,) as the Hessian matrix of L(w,,). We have

0?L(w,,) 0?L(w,,)
6’&)2 8’[1)"2‘810”]'

ni

>

= 271_4/‘1%2 +2X and = 2n_4/daiaj.

For any nonzero vector X+ = (21, ...,x3-)T, we have

r* r
XL H(wy) Xy =2n~44 Z aZz? 42\ Z a? + 2n~4d Z Q05 T;T

=1 i=1 i#j

r* r
:2n*4/d( Z Oél'l’i)Z + 2 Z £E12 > 0.
i=1 i=1

17



Therefore, H(w,,) is positive definite, and this verifies that the above optimal value achieves the
global minimum.

Next, we analyze the case of v > 2/(d + 4). By Cauchy-Schwarz inequality, we have
I ~ * o 3/21/2
(Cimr i) (i Wni) Z(Ei:lwn{ w,/?)?
=(Cimwhi)® 2 (Til,why) ™V
The above inequality, along with condition (3), suggests that I* > s. Asy > 2/(d + 4), we have
I* = 5 = N?/(d+4) and n = O(N(4+2)/(d+4)) " Applying (S.32), we have, as n, s — oo,

(30 S8 o (e - N4,
=1

Samworth [5] showed that
Regret(dn,wy, ) = N4/, (S.33)
Therefore, we have, as n, s — oo,
" 7 Qi Whg 2
Regret(¢nM,S7wn) - Bigg Z?:l wy; + B ( Zi;1 2/ )
Regret(QAﬁN’w}«v) N—4/(d+4)
}BQ(E?:l et )
=T N-4/(d+4)
This completes the proof of Corollary 1. ]

8 Proof of Corollary 2

To find the optimal value of (11), we write its Lagrangian as

Llwn) = (30 50)" +0 3wl 4 v(3 wai = 1)
i=1 i=1

i=1
where 0 = (B1)/(sB2).
Similar to Section 7, replacing I* by [T in the optimization, we have

1 Al 4/d_l1' 2/dz’
ot (1Y — (1) a

Sl . S.34
e 2?:1 a2 + gn4/d — (It)1+4/d (5.34)

For large n, s, we have
dld+4) 7t a4 dd+4)yataf By \ata 4
L 9 ek Sl A S el S ) 21
= 2(d+2) p | = [{ 2(d+2) J (5B2> nt].
Due to Assumption (w.1) in Section 2, we have [T — co as n — co. When y < 4/(d + 4), plugging
I and (S.37) into (S.34) yields the optimal weight and (15).

When v > 4/(d + 4), we have s = N*/(¢+4) and n = O(N¥/(@+4)), Similary to (S.32), we have,
asn, s — 0o,

5 (1) e,
n n

=1

The last inequality holds by IT — 0o as n — oo. Therefore, along with (S.33), we have, as n, s — oo,

) N\ 2
Regret(ayl‘{s,wn) - By % Z?:l w?w + B ( Z?:l OZ;};T )

~

" —4/(d+4)
Regret(¢n,ws, ) N
2
Ba( X1, %)
N VICEZ VI
This completes the proof of Corollary 2. ]
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9 Lemmas

In this section, we provide some lemmas.

e Lemma I-Lemma 5 are used for proving Theorem 1.

* Lemma 6 is used for proving Corollary 1.
Lemma 1 When z is close to 0 enough, we have

1
O(z)—1/2= Ex +O(x%),

where ®(z) is the standard normal distribution function.
Proof of Lemma 1: When z is close to 0 enough, by Taylor expansion of ®(z) at 0, we have
1
®(x) = @(0)+ ¥ (0)x+ ;"(0)2* + O(2"(0)z%)

11 X
= —4+—= ).l
2+mm+0(a‘)

Lemma 2 For constant a > 0, we have
[®(azy) — ®(axs)| < (a/2)|x1 — 22, (S.35)

where ®(x) is the standard normal distribution function.

Proof of Lemma 2: If 1 = x4, (5.35) holds obviously.

If 21 < z2, by mean value theorem, there exists o € (x1,x2) such that

1
(I)(axl) — (I)(ag;Q) = \/T?ef(aa:op/al(xl N 562).
Therefore,

(axg)?

2

®(azy) — Blazs)| = \/%eXp (-

Similary, we can derive (S.35) when 1 > 5. [ |

>a|x1 —xo| < (a/2)|z1 — 2]

Lemma 3 [1] For all x > 0, we have

1 efa:2/2

> 1 2
1—®(x) = et Pgt < = .
(z) /w V2 T x 27

Proof of Lemma 3:

o0 o0 — 2
/ Le—tz/th < / Eie—tzﬂdt - le™ / n
T V2T z L

2 T /27

Lemma 4 Forxzg € S, we have

2 (wo)llin(wo) | = I (zo)|| and 4(z0)Tii(x0) = in(wo) 14 (wo)ll-

Proof of Lemma 4: By n =P(Y = 1|X =xz) = ijm)]@o, we have

_ m=m)(fifo — frfo)
(mifi + (1 —m)fo)2
For 2 € 8, m1 fi(w0) = (1 — m1) fo(wo) = 5 (o), we have

m1(1 = 1) (f1(w0) fo(xo) — f1(w0) fo(xo))

o) = 1 1 (20) + (1 — 1) olzo) 2
_12(mfi(wo) = (1 —m)folz0)) _ (o)
f (o) 2f(zo)
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Therefore,
2f (o) (o)l =l|¢(wo)|| and
(o) i (wo) =2F (wo)i(xo) (o) = (o))

Lemma 5 [6] For any distribution function G, constant a, and constant b > 0, we have

/_Z {G(~bu—a) —1{u <0} }du = —%{a—&- /_Z tdG(t)},
/00 u{G(—bu —a) — 1{u < 0} }du

— b%{%cﬁ +%/OO t2dG (t) +a/oo tdG(t)}.m

— 00 — 00

Lemma 6 [6] Given oy = i'12/4 — (i — 1)1*2/4 we have

2 2
L+ 2= DT <a; < 1+ )it

k 2
o (d+2)% 1144 1
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