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S1 Preliminaries

S1.1 Notation

Let (E,dg) and (F, dr) be two metric spaces. C(E,F) stands for the set of continuous F-valued
functions. If F = R, then we simply note C(E).

We say that f : E — RP is L-Lipschitz if there exists L > 0 such that for any =,y € E, || f(z) —
FW| < Ldg(z,y). Let C,(E,RP) (respectively C.(E,R?)) be the set of bounded continuous
functions from E to R? (respectively the set of compactly supported functions from E to RP). If
p = 1, we simply note Cy,(E) (respectively C.(E)).

For U an open set of R%, n € N* and define C" (U, R?) the set of the n-differentiable RP-valued
functions over U. If p = 1 then we simply note C"(U). Let f € C!(U) we denote by V f its gradient.
More generally, if f € C™(U,RP) with n, p € N*, we denote by D” f(x) the k-th differential of f.
We also denote for any i € {1,...,d} and ¢ € {1,...,k}, 9! f the i-th partial derivative of f of
order . If f € C*(R%,R), we denote by Af its Laplacian. C" (U, RP) is the subset of C" (U, RP)
such that for any f € C?(U,RP) and ¢ € {0,...,n}, D*f has compact support.

Consider (F, d) a metric space. Let &?(F) be the space of probability measures over F equipped
with its Borel o-field B(F). Forany p € Z(F) and f : F — R, we say that f is p-integrable
if [ |f(z)]du(z) < +oc. In this case, we set u[f] = [; f(x)du(x). Let o € P (F). For
any v > 1, define 2,.(F) = {p € Z(F) : [, d(po,p)"dpu(x) < +oo}. If not specified, we
consider a filtered probability space (2, F,P, (F;)i>0) satisfying the usual conditions and any
random variables is defined on this probability space. Let f : (E,£) — (G,G) be a measurable
function. Then for any measure 1 on £ we define its pushforward measure by f, fupu, forany A € G

by fuu(A) = u(f~1(A)).
The set of m x n real matrices is denoted by R”**™. The set of symmetric real matrices of size p is
denoted S, (R).

S1.2 Wasserstein distances

Let (F, d) be a metric space. Let pu1, o € Z(F), where F is equipped with its Borel o-field 5(F).
A probability measure ¢ over B(F)®? is said to be a transference plan between 11 and p if for
any A € B(F), ((A x F) = u1(A) and {(F x A) = p2(A). We denote by A(p1, p2) the set of all
transference plans between pq and po. If pq, o € 2,.(RP), we define the Wasserstein distance
W,.(p1, po) of order r between 1 and po by

W () = int { d(a:,wdc(x,y)}. 1)
¢eA(pr,p2) LJExE

Note that W, is a distance on Z,.(F) by [1, Theorem 6.18]. In addition (£2,.(R?), W) is a complete
separable metric space. For any 11, o € &2, (F) we say that a couple of random variables (X, Y") is
an optimal coupling of (1, ) for W, if it has distribution £ where £ is an optimal transference plan
between p1 and po.

For any T' > 0, the space 63 = C([0,T], #2(R?)) is a complete separable metric space [2,
Theorem 4.19] with the metric Wh 7 given for any (v4).c[0,77 and (p¢)¢ejo,7] bY

War((Vt)eejo,)> (1t )eejo,r)) = sup Wh(ve, pr) -
t€[0,T]

In the case where the measures we consider can be written as sums of Dirac we have the following
proposition.

Proposition S1. Letr > 1, N € N*, {a }2_, € [0, 1Y with S0 a = 1, {pr.a}_, € 2(F)N
and {pp p}n_, € P(F)N. Then, setting v; = Zivd Qg with i € {a,b}, we have

N

W, (Var vo)w <> W (1tk.ar fip) -
k=1



Proof. Consider ( = ng axCr € A(vg, 1) with (j, the optimal transference plan between (i, 4
and piy, p. Then, we have

N

W, (Va, V) §/ d(z,y)"d((z,y) < N Z (Hkas Horep) -

RP xRP k=1

O

As a special case of Proposition S1, we obtain that for any r > 1, {wk,a}szl € FN and {wha}{j:l €
FN,

N N N
N7 8 s N7HY 8u) S N7 d(wha, wip)”
k=1

k=1 k=1

As another special case of Proposition S1, we obtain that for any 1 € 2,.(F) and {wy }2_, € FV

N N
N7 6w, N7 ) S NTUS T W (wp, )"
k=1

k=1
S2 A mean-field modification of Stochastic Gradient Langevin Dynamics

S2.1 Presentation of the modified SGLD and its continuous counterpart

We start by introducing a modified Stochastic Gradient Langevin Dynamics (mSGLD) [3]. In the
mean-field regime, this setting was studied in the case S = 0 in [4]. We recall that the mean-field
h:RP x 2(R?) — RP and € : RP x 2(R%) x X x Y — RP are given for any y € Z(RP), w € R?,
(z,y) € X x Y by

h(w, p) = — y Yalﬁ(u[F(u:v)],y) Vo F(w, x) dn(z,y) = VV(w),

§(w, p,z,y) = —h(w, p) — WLl(p[F (-, 2)],y) Vi F(w, z) = VV (w) .

Let (W{)ken- be i.i.d. p dimensional random variables with distribution 1o and {Z : k,n € N*}
be i.i.d. p dimensional independent Gaussian random variables with zero mean and identity covariance
matrix. Consider the sequence (W,1*V),,cy associated with mSGLD starting from W}V and defined
by the following recursion: foranyn € N, k € {1,..., N},

WEN = WEN £ yNP= (4 70 s (N) ™)~ {R(WEN 0V 4 e(WEN VY X, Y0) )

_ C1v_anl/2
+[2777N" Yn+ Ya,8(N) )]

where n > 0, 8 € [0,1], « € [0,1), v > 0, (X,,Yn)nen is a sequence of i.i.d. input/label
samples distributed according to 7 and 7, 5(N) = v/(1=*) N(F=1)/(=a)  Note that in the case
n = 0, we obtain (3). In addition, (S2) does not exactly correspond to the usual implementation of
SGLD as introduced in [3]. Indeed, to recover this algorithm, we should replace [2nyN”~(n +
Yo.5(N) D727, by 207NP (n + 4a,5(N) 1) 7Y/2Z;,,, in (S2). The scheme presented in
(S2) amounts to consider a temperature which scales as yNA~! with the number of particles. As
emphasized before, this scheme was also considered in [4].

Zk,n ) (S2)

We now present the continuous model associated with this discrete process in the limit v — 0 or
N — 4o00. For N € N*, consider the particle system diffusion (W}V);50 = ({WFVIN )50
starting from W}V defined for any k € {1,..., N} by

AW = (84 1) fRWEN pY )dt + 70,5 (V)28 (WEY, 0V )dBE + \/20dBY
(83)
where {(B¥)i>0 : k€ N*}and {(Bf);>0 : k € N*} are two independent families of independent
p dimensional Brownian motions and v} is the empirical probability distribution of the particles

defined for any ¢ > 0 by utN =N-1 Zszl 8Wk,N. Similarly to Section 2, (S3) is the continuous



counterpart of (S2). Let M € N*. Similarly to (6), we consider the following particle system
diffusion (W} )50 = ({Wf’N}{Cvzl)tZO starting from W}V defined for any k € {1,..., N} by

AW = (141)7 {WE )+ (0,5 (N)/M) 22V 2(WEY 1Y) dBE + /20dB |
(S4)

S2.2 Mean field approximation and propagation of chaos for mSGLD
The following theorems are the extensions of Theorem | and Theorem 2 to (S3) for any 1 > 0. Note
that in the case = 0, Theorem S2 boils down to Theorem 1 and Theorem S3 to Theorem 2.

We start by stating our results in the case 8 € [0, 1). Consider the mean-field SDE starting from a
random variable W} given by

AW? = (t+1)"° {h(wtﬂ AD)dt + ~/2n1§t} . with A" the distribution of W} .  (S5)

Theorem S2. Assume Al. Let (W§)ren be a sequence of i.i.d. RP-valued random variables with
distribution jiy € P2(RP) and set for any N € N*, WyN = {WEN_ | Then, for any m € N* and
T >0, there exists Cp, 7 > 0 such that for any o € [0,1), 8 € [0,1), M € N* and N € N*

E [Supte[o7T] Hth:m,N o th:m,*||2:| < Cm,T {N—(l—B)/(l—a)M—l + N—l} ,

with (WE™N W™ = {(WEN WEYm - (WEN) s the solution of (S4) starting from
WEN and forany k € {1,...,N}, Wf’* is the solution of (S5) starting from Wé” and Brownian
motion (BF);>o.

Proof. The proof is postponed to Section S4.4 O

Consider now the mean-field SDE starting from a random variable W given by
AW} = (t+1)~° {h(Wt*, AD)dt + (/T IS(WEL ) /M)2dB, + \/2nd]§t} ., (S6)

where A} is the distribution of W} and (B;);>¢ and (Bt)tzo are independent p dimensional Brown-
ian motions.

Theorem S3. Let 3 = 1. Assume Al. Let (W§).en be a sequence of RP-valued random variables
with distribution o € P>(RP) and assume that for any N € N*, WiN = (WYY || Then, for
any m € N* and T > 0, there exists Cy, 7 > 0 such that for any o € [0,1), M € N* and N € N*
we have

E [supyefor) WY = W™ 2] < CrN 1

with (W™ N WE™*) = {(WEN WEN Y (WENY s the solution of (S4) starting from
WEN, and forany k € {1,...,N}, Wf’* is the solution of (S6) starting from W§ and Brownian
motions (BY)i>o and (BY);>o.

Proof. The proof is postponed to Section S4.4 O

S3 Technical results

In this section, we derive technical results needed to establish Theorem 1, Theorem 2, Theorem S2
and Theorem S3. In particular, we are interested in the regularity properties of the mean field h
and the diffusion matrix ¥ under A1. We recall that in this setting, for any w € R?, u € Z(RP),
(z,y) € X x Y, we have

h(“’?ﬂ“) = }Nl(whu) - VV(U)) )
with  7(w, ) = —/ %4 </Rp F(¢,x) d,u((),y) VoF(w,z)dr(z,y),

XxY



E(w, o ,y) = —Hw, ) — 10 ( [ Fia) du<c>,y) Vo F(w,) |

S(w, ) = /x AT Hw e dn(ey) . S =) 67)

Note that by A1-(a), we obtain the following estimate used in the proof of the results of this Section:
foranyy,y € R

101€(y, y)| < 10:1€(0,y)[ + ¥(y) [y| < 2¥(y) max(1,]y]) . (S8)
In addition, note that under A 1-(c), there exists K > 0 such that for any w € R?
V2V (w) ||+ [D*V(w)|| <k,  [[VV(w)| <K+ [Jw]]) . (S9)

Let G : R? x X x Y — R given for any (z,y) € X x Y and w € R? by
G(w,z,y) = {@%(2) + V() } F(w, ) . (S10)

We now state our main regularity/boundedness proposition.
Proposition S4. Assume Al. Then, there exists L > 0 such that the following hold.

(a) Forany py, pe € P(RP) and wi, ws € RP we have

||h(w1,u1) - h(wz, Hz)H
1/2
SL{||W1w2II+</>( Yllul[G(w,y)]ﬂz[G(~,m,y)}I2dﬂ(w,y)> } (s11)

In addition, we have for any u € 2 (RP) and w € RP, ||h(w, )| < L(1+ |Jw]|) and ||h(w, i1)|| < L.

(b) Forany py,pe € Z(RP), wi,wy € RP and i,j € {1,...,p} we have

[Si,j (w1, 1) — Si j(we, p2)|
1/2
<L{||w1—w2||+(/x Yllm[G(',x,y)]—uz[G('»%y)}IQdW(fvay)> } (s12)

In addition, we have for any p € Z(RP), w € RP and i,j € {1,...,p}, [S;j(w, p)| <L

(c) Forany € Z(RP) and w € RP, fXxY (1€ (w, u,x,y)”2 dr(z,y) < p?L2

Proof. (a) First, we sh~ow that (S11) holds. Note that by the triangle inequality and (S7), we only

need to consider h < h and h < V. The case h < V is straightforward using (S9). We now deal
with the first case. For any wy, we € RP and pq, o € & (RP), consider the decomposition,

1A(wi, 1) = h(wa, p2)|| < h(wy, pr) = B(wa, 1) || + [[7(wa, p1) — h(wa, p2)|| -

In what follows, we bound separately the two terms in the right-hand side. Using A1-(a), A1-(b),
(S7) and (S8) we have for any wy,ws € RP and puy € P (RP)

U1 [F (- 2)], y) Vo F(wr, x) dr(z, y)
XxXY

- alamF(nx)],y)vwF(wQ,x)dw(x,wH
XxY

VoCwn, 1) — Fwa, )] < \

< / LG [F (7)) y)| @ (@)dn(z, ) [wr — ws]
XxY

< / U(y)®(x) (L + [ [F (- 2)]]) dr(, ) o — ws]
XxY

< 2/)( y \I/(y)‘1>2(x)d7r(x,y) lwy —wall . (S13)



Using Al-(a), Al-(b), (S7) and the Cauchy-Schwarz inequality, we also have for any w; € RP and
w1, po € P(RP

)
171, w1) — h(pa,w1)||
| O P00V w1,2) = Ol P )], )V P, )} i, y>H

S ’

< / 0 [F (- 2], y) — D182 [F (-, )], )] IV F (w1, 2)|| dee(z, )
XxY

< / W(y) ([ [F (- 2)] — pa[F (-, 2)]|| ()dn(z, y)
XxY

([, rowe ) ( [l - el (~7x>12dw<x>)1/2. (514)

Combining (S10), (S13), (S14), the fact that for any a,b > 0, 2ab < a? + b2 and A1-(d), we obtain
that there exists Ly > 0 such that for any p1, o € Z(RP) and wy, wy € R? we have

(wr, ) = h(ws, ) |

1/2
<L {Ilwl —wal + </X y [pa G 2, y)] uz[G(',x,y)HIQdﬂ(x,y)> } -

In addition, using A1-(b) and (S8), we have for any w € R?, y € #(RP),x € Xandy € Y
0 (pIF (-, 2)), )] [V F(w, 2)|| < U(y)@(x)(1+ @(x)) < 20(y) () . (S15)
Therefore, combining this result and (S7), we get that for any w € RP and p € &(RP)
.l < [ 20w Ednt.y).
XxY

Using the fact that for any a,b > 0, 2ab < a® + b2 and A 1-(d), there exists Ly > 0 such that for any
w € RP and p € Z(RP), )
[h(w, p)|| < Lo (S16)

(b) Second, we first show that there exists Ls > 0 such that for any p € Z(RP), w € RP and
i,7€{1,...,p} [Si(w,u)] <L.Leti,j€ {1,...,p}. Wehave for any w € RP and px € Z(RP)

1Si,j(w, )| < [IS(w, w)|| < Tr'/? (S(w, u)) - (S17)

Similarly to (S15), using (S7), (S16), the fact that for any a,b > 0, (a + b)? < 2(a® + b?) and the
Cauchy-Schwarz inequality, we get for any w € R? and € Z2(RP)

Tr (S(w, p)) < / .| dn(a ) < 2 / 13+ 20200 () dn(y) - (S18)

Combining (S17), (S18) and A 1-(d), there exists Lg > 0 such that for any w € R? and p € Z2(RP),
maxi<; j<p ‘SL](U) ,u)| < L3.
We now show that (S12) holds. For any wi, ws € R, p11, o € Z(RP) define ¢, : [0,1] = S,(R)
for any t € [0, 1] by

ps(t) = B(twy + (1 — t)wa, tuy + (1 —t)pa) - (S19)
For ease of notation, the dependency of ¢y with respect to wy, we € RP and py, o € P (RP) is omit-

ted. In what follows, we show that for any w1, ws € RP, uq, us € P(RP), px € C3([0,1],S,(R))
and that there exists Ly > 0 such that for any ¢ € [0, 1]

1/2) 2
()] < Ls {w1 —waf + (/)(xv [ [G( 2, y)] = uz[G(um»y)]|2d7T($7y)> } ,

which will conclude the proof of (S12) upon using a straightforward adaptation of [5, Lemma 3.2.3,
Theorem 5.2.3]. We conclude the proof of Proposition S4 upon letting L. = max(Ly, Lo, L3, Ly).



For any t € [0,1], let py = p1 + t(u2 — p1) € P(RP) and wy, = wy + t(wz — w1) € RP and for
any (z,y) € X x Y define

f(t’xvy) = al‘g(ﬂt[F('ﬂx)]vy)vwF(wt’x) )

f(t2.9) = e n) = [t g)dn(ey) ~ ft,2,0)
XxY

The rest of the proof consists in showing that y; is twice differentiable with dominated derivatives

using the Lebesgue convergence theorem.

By (S7), (S15) and (S16), we get that for any w1, wq € RP, uq, pus € LP(RP), (z,y) € X x Y and
te€[0,1]

(S20)

162, 2, 9) | < 20(y)®>(2), [t 2,y)|| < Lo+ 20 (y)@*(x) . (S21)
Using (S20), A1-(a) and A1-(b), we have that for any (x,y) € X x Y, f(-, z,y) € C*([0, 1], RP) and
for any wy,wy € RP, py, pe € P(RP), (z,y) € X x Yandt € [0,1]
Of(t,x,y) = O (e [F (-, )], y) Vo F (wr, ) (pa[F (-, )] = p[F (-, x)])
+ Ol [F (-, 2)], y) Vi, F(we, @) (w2 —wi) . (S22)
Using Al1-(a), Al-(b), (S10) and (S8), we get that for any (z,y) € X x Y and ¢ € [0, 1]
100t )| < 3T ()2(2) (s — wrll + s [F )] — gl )l (523)
Similarly, using (S22), Al-(a) and Al-(b), we have that for any (z,y) € X x Y, {(,z,y) €
C?([0, 1], RP) and for any wy,ws € RP, iy, o € P (RP), (z,y) € X x Y and t € [0,1]
O28(t,.9) = O} P ()] )V F(wr, ) (12l F )] — [P (- )
+ 200 (1 [F (-, )], y) Vi, F (wy, @) (w — wi) (p2[F (-, 2)] = pu [F (-, 2)))
+ (e [F (-, 2)], y) Dy, F(wy, ) (wo — wi)®2 .
Using Al-(a), Al-(b) and (S8) and that for any a,b > 0, 2ab < a? + b, we get that for any
(z,y) € Xx Yandt € [0,1]
036t 2, )| < 50 ()@ (@) (lwe = wil]® + lu[FC,a)] = el FC)]P) - (524)

Combining (S20), (S23), (S24), A1-(d) and the dominated convergence theorem, we get that for
any (z,y) € X x Y, f(,x,y) € C2([0,1],RP). In addition, using (S20), (S21), (S23), (S24), the
Cauchy-Schwarz inequality and the fact that for any a,b > 0, 2ab < a? + b?, there exists C' > 0,
such that for any wy, wy € R?, g, po € Z(RP), (z,y) € Xx Yandt € [0,1]

[E(t, 2, 9)]| < C (9 (2) + ¥*(y)) ,
|0uf(t, 2, )| < C (B () + W2 (y)) x(wr, wa, 1, pa, @)
102E(t, 2, )| < C (9% () + U (y)) x* (w1, wa, 11, o, ) (S25)
where
X(wlana:Uflnu‘an) = ||w1 - w2||

1/2
T lnlFCo2)] — walFC )]I+</X Ylm[G(ni’,ﬂ)]uz[G(-,i,ﬂ)]IIQdW(i,ﬂ)) |

Using (S19) and (S7), we have that for any wq, we € R?, 1, us € L (RP), ¢t € [0,1]

pxlt) = / i) i)

Combining this result, (S25) and A1-(d) we get that for any wy,wy € R? and py, pe € P(RP),
o5 € C%([0,1],S,(R)) and, using the Cauchy-Schwarz inequality, there exist C;, C2 > 0 such that
for any wy, wy € R? and pq, p2 € P (RP), t € [0,1] and u € R? with |[u]| = 1, we have

(g = [0 ((ni(ta.)?) detay)



<2 Joitay)Pdrt) +2 [ 08 o) fdry)
XxY XxY

< Cl/ (%(z) + ¥ (y)) x> (w1, wa, z, y)dm (2, y)
XxY

1/2Y 2
< {”wl - wQH + (/X ”:ul[G(ﬂzvyﬂ - /LQ[G(,I’,y)]”QdTF(I,y)) } )

Therefore, we get that for any wy, ws € RP, uq, us € Z(RP), t € [0,1]

o5 (t) sup  (u, w5 (t)u)

H B ueRr, |lul|=1

1/2 2
sc{||w1—w2||+(/x m[Gc,x,y)]—MQ[G«,x,y)anw(a:,y)) } |

Combining this result and a straightforward adaptation of [5, Lemma 3.2.3, Theorem 5.2.3] we obtain
that for any wy, wy € RP, uy, puo € L (RP)

1/2
|Si,j (w1, p1) — Si j(wa, p2)| < Ly {||w1 —wal| + </>< 1[Gy, y)] — uz[G(',!E,y)}de(%y)> } ,

with Ly = v2Cp.
(c) Using (S7), we have for any w € RP and u € Z(RP)

p

/ I€(w, 1, 2, y)||* dr (2, ) =/ Tr (667 (w, 2, y)) dm(z,y) = Y [Si;(w, w))* < pL2 .
XxY XxY

ij=1
O

S4 Quantitative propagation of chaos

S4.1 Existence of strong solutions to the particle SDE

In this section, for two functions A, B : [Jyene {{1,--.. N} x Ry x (RP)? x (2,(RP))?} = R,
the notation A (k, t, w1, wa, p1, pe) S By (k,t, wy,ws, 11, o) stands for the statement that there
exists C > Osuch that forany N €e N*, k € {1,..., N}, t € Ry, w1, ws € RP, g, us € P5(RP),
AN (K, t,wy,we, p, p2) < CBy(k, t, wy,wa, 11, 2), where Ay and By are the restrictions of A
and Bto {1,..., N} x Ry x (RP)? x (25(RP))%

We consider for N € N*, p dimensional particle system (W}?),~ associated with the SDE: for
any k € {1,...,N}

N
WY = by (6 WEN N )dt + on (6 WY ) dBE . o = (1/N) ) Sy , (S26)
k=1
where (BF)ien+ are independent r-dimensional Brownian motions and where (by)nen+ and
(0n)Nen+ are family of measurable functions such that forany N € N*, by : R xRP x P25 (RP) —
RP and oy : Ry x RP x P5(RP) — RP*". We make the following assumption ensuring the exis-

tence and uniqueness of solutions of (S26) for any N € N*. Consider in the sequel a measurable
space (Z, Z) and a probability measure 77 on this space.

B1. There exist a measurable function g : RP x Z — R, My > 0 and py € P2(RP) such that for
any N € N*, the following hold.

(a) For any wi,ws € RP and z € Z we have

lg(wr, 2) = g(ws, 2)|| < C(2) lwr —wall  lg(ws, 2)[] < (=), With/ZCQ(Z)sz(Z) < 400



(b) by € C(Ry x RP x P5(RP),RP) and o € C(Ry x RP x Py(RP), RPXT).
(c) Forany wyi,ws € RP and pq, o € P2(RP)
sup;>o{l|bn (6, w1, 1) — b (8, wa, p2) || + o (8w, 1) — on (E, w2, pa) ||}

gm{wm—wﬂ+(Anmawn—m@uwwdmu0”?,

sup;>o {[1ba (2,0, o) | + [ow (¢,0, po) [} <My .

B2. There exist Mo > 0, k > 0, b € C(Ry X R? x P5(RP),RP) and 0 € C(Ry x RP x
P5(RP), RP*T) such that

sup {”bN(ta wv,u) - b(tawnu)n + ”()-N(tvwnu) - G(L%N)H} < M2N7K .
£>0,wERP, uE Py (RP)

Note that under B1, we have the following estimate which will be used in our next result,

1685 (E, w, )| + [lon (& w, )| S

1/2
Vil + ([ 0+ aiPauo)) ], s2)

Sup{”bN(tv wlnul) - bN(t7w27/u‘2)H + ||GN(t,U)1”U,1) - GN(t,w27[L2)||}
t>0

S llwr — wa|| + Wa(pr, p2) -

Theorem S5. Assume B1. Then for any N € N*, (S26) admits a unique strong solution. If in

addition, there exists m > 1 such that Sup ey« SUPgeq1,... N} E[||[WE™N|2™] < 4o, then for any
T > 0, there exists C > 0 such that

sup sup E
NeN* ke{l1,...,N}

2m
sup HW?NH <C.
te[0,T

Proof. First, we show that for any N € N*, (S26) admits a unique strong solution. Let by : R4 x
(RPN — (RP)N and 6y : Ry x (RP)N — (RPX7)N given, setting v™V'% = (1/N) Z;V:1 dyi N
for any ¢ > 0 and w*V € (RP)V, by

BN (t7 wl:N) == (bN (t, wk7N7 I/N’w k,N N,w

))ke{l ,,,,, N} Lo (tw' ) = (on (t, 0™, v

Let wi, wi™N € (RP)N. Using B1, Proposition S1 and that for any a,b > 0, (a + b)'/? <
al’/? + b'/2, we have

o (#,wy ™, M) — b (twy ™, V)| S ™ = wp ™+ wh (N )

)

kN kN _ N i\N i\N . .
S i — w4+ (N0 g™ —wy 22 S ot N — wi N

Similarly, we have ||oy (¢, w™, vNw1) — ot wh ™, pNw2)|| < Jlw'N — wiN||. Therefore,
we obtain that for any N € N*, by and oy are Lipschitz-continuous and using [6, Theorem
2.9], we get that there exists a unique strong solution to (S26). Let m > 1 and assume that

SUP N e+ SUPkeq1,... N} E[||[WEN|2m] < 400, we now show that for any 7' > 0, there exists C' > 0
such that

EN 2m
sup sup sup E HWt H <C.
te[0,T] NeN* ge{1,...,N}

Let V,, : R? — R, given for any w € R? by V,,,(w) = 1 + ||w||*™. For any w € R? we have
2m—1 2m—2
[VVin (W) = 2m [Jw]| o [PV @) < 2m(2m — 1) [|w]] :

Combining this result with (S27), the Cauchy-Schwarz inequality and the fact that for any a,b > 0
and ni,ng € N, a™b"2 < g™ 72 4 p™1tn2 we get that

[(V Vi (w), by (t, w, )] + [(V Vi (w), on o8 (E,w, 1)) |



IVVin(w)]|

L+ flwl| + </Rp(1 + ||7Iz||2)du(ﬁ;))1/2
1+ fJul| + (/Rp(l + ||w||2)du(u?)>1/2

+ {1+ IIwH2+/RP(1+ ||1I]|2)dﬂ(u~}):| 2

2

V2V ()|

St + ([ alaltan@) s+ o™+ [ @+ ol
(S28)

Now let 7 = inf{t > 0 : |[[WFY|| > nforsome k € {1,..., N}}. Using It6’s lemma, (S28)
and (S26), we have

E[Va(WEN)] =B [V(WEY )| + B v

t/\‘r,ly
/ (VVi(WEN) by (s, WEN L)) ds]
0

+ (1/2)E

t/\T
/ (VP (WEN) oyoy (s, WEN, §V)>ds]
0
t/\‘rflv N ,
SE [V (WhY )] +E /0 Vi (WEN) 4 (1/3) 3V, (W) b s
j=1

Using Fatou’s lemma, since almost surely 7.¥ — +o00 as n — 400, we get that

Vin (W)

M=

E [Vi(WEY) + (1/N)

J

M=

SE Vi (W5™) + (1/N)

~

t N
V(W) |+ / E Vi (WE) 4 (1/N) 3 Vi (W) | ds
1 0 j=1

J

Using Gronwall’s lemma, we get that for any 7" > 0, there exists C' > 0 such that
LN 2m/]
sup sup sup E HWt H <C.
te[0,T] NeN* ke{1,...,N} J
We now show that there exists C' > 0 such that

sup sup E

NeN* ke{l,...,N} t€[0,T]

2m
sup HWf’NH <(C.

Using Jensen’s inequality, Burkholder-Davis-Gundy’s inequality [7, IV.42], (SZ7) and the fact that
for any (a;);eq1,....ary and 7 > 1 such that a; > 0, (ZM )< M Z _; aj we get for any
m € N*

E | sup HWkNH
te[0,7)
t 2m ¢ om
<E| sup /bN(S,Ws’N,Viv)dS +E | sup / 1/2(5 WHEN LN)4B,
te[o,TT11/o te[0,7]
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+E

(/T Tr(O'NO'}(S,Wf’N, V?))ds) ]
0

5/0 {E [[low (s, WEN w2 |[7] + E [lon (s, WEN w2 L ds

< /OT {1 +E [||W§’N\|2m} +E URP(I + ||w|2m)d,,(§v(w)} } ds

g/OT 1+E[HW§’NHM}+(1/N)§:E“|W§’N||2m] ds
j=1

T
<2 [ vt wEN 2
0
T

<14 sup sup sup E {HW@NHZM] ,
NeN* je{l1,...,N} t€[0,T]

which concludes the proof. O

S4.2 Existence of solutions to the mean-field SDE

The following result is based on [8, Theorem 1.1] showing, under B1 and B2, the existence of strong
solutions and pathwise uniqueness for non-homogeneous McKean-Vlasov SDE with non-constant
covariance matrix:

AW = b(t, Wi, A7)dt + o(t, W, A})dB; , (S29)

where b and o are given in B2 and where for any ¢ > 0, W7 has distribution A} € Z25(RP), (B;):>0
is a r dimensional Brownian motion and W7 has distribution pig € 25 (IRP).

Proposition S6. Assume Bl and B2. Let j1g € &P2(RP). Then, there exists a (Fy)i>o-adapted
continuous process (W7 )y>o which is the unique strong solution of (S29) satisfying for any T > 0,

12
SUP¢elo0,T) E[[WE[I] < +oc.

Proof. Let § > 0 and py € P2(RP). Note that we only need to show that (S29) admits a strong
solution up to § > 0. First, using [6, Theorem 2.9], note that for any (fs1):e[0,5) € ‘521’7 s the SDE,

AW = b(t, Wi', py)dt + o(t, Wi, pr)dBy
admits a unique strong solution, since for any ¢ € [0, §] and wy, w2 € RP
[[b(t wi, pe) = b(t, wa, pe) | + [|0(t, wr, pe) — 0t wa, pe) | <My Jlwy — wal| (S30)
In addition, sup, ¢ o 5 E[[|W# %] < +oc.

In the rest of the proof, the strategy is to adapt the well-known Cauchy-Lipschitz approach using the
Picard fixed point theorem. More precisely, we define below for 6 > 0 small enough, a contractive
mapping ®; : ‘5; s (f; 5 such that the unique fixed point (A});c(o,5) is a weak solution of (S29).

Considering (W2"),c[0,5], We obtain the unique strong solution of (529) on [0, d].
Let § > 0. Denote (Af');c(0.5) € Z2(RP)%9) such that for any ¢ € [0, 6], A} is the distribution of
Wf with initial condition W with distribution )\6‘ = po. In addition, using (S1), (S27), (S30), BI,

B2, the Cauchy-Schwarz inequality, the Itd isometry and the fact that for any a, b > 0, 2ab < a? + b2,
there exists C' > 0 such that for any ¢, s € [0, 6] with ¢ > s,

<o(t—s) /:E[Hb(u,wg,uu)ﬂ du+2/:E[Tr(GGT(u,ij,uu))] du

WA, N2 < [[WH - W]

2 2

¢ ¢
<2E /b(u,W{L‘,uu)du +2E /G(U,ij,uu)dBu

<ae—s) [ b0l + 8 [ ]

11



] o0, + 5 W21} du

<4(L+0)(t - s) [M% sup E[[WF] + sup {Ilb(t,07ut)ll2+0(t707m)l2}]
te[0,6] t€[0,4]

<Ot —s){1+ sup E[[WH|*]}.
t€[0,6]

Therefore, (Af')icio,5) € Cys- Let ®5 : G5 — @y 5 given for any (i)icjo.5) € €5 bY

‘I’é((ﬂt)te[o,é]) = (A#)te[o,é]- Let (ﬂl,t)te[o,é]a (H2,t)te[o,6] € %zp,a’ using (S1), (S30), B1, B2,

the Cauchy-Schwarz inequality, the Ito isometry, the fact that for any a,b > 0, 2ab < a? + b2 and
Gronwall’s inequality we have for any ¢ € [0, J]
2]

E[Iwi - W] <28

t
<25 [ B[l W ) — bls, W2z )] ds
0

t
H [ 00 W ) = b W ) s
0

2

t
L oF / (0(s, W p1y.0) — o(s, Wh2_piy )} dB,
0

t
+2 [ B [os, W ) = ofs W, )] ds
0
t
<o) [{E[Iwe W]+ [ ean e |
0 z
t
< 46(1+ 6) /Z C2(2)dmz (=) W (o, o) + AW (1 + 6) / E[Iwe - wee ] ds

< 03501+ D)exp |41+ 015 [ ¢2(:)ra()] WEslo, )
z
Using this result, we obtain that for any (g1,¢)¢c0,5], (K2,¢)¢e(0,5) € C([0, 0], P2(RP)),

W (@511, @o(12)) < sup B[ W — W2 ]
t€0,6]

< 4AMPS(1 + 6) exp [41"[?(1 + 5)5/2 CQ(Z)sz(Z)] Ws 5 (b1, p2) -

Hence, for 6 > 0 small enough, ®; is contractive and since C([0,d], P2(RP)) is a complete
metric space, we get, using Picard fixed point theorem, that there exists a unique (A}):ep0,5] €

C([0,0], P2(RP)) such that, @5(A*) = A*. For this A*, we have that (W?*)te[oﬁ] is a strong
solution to (S29). We have shown that (S29) admits a strong solution for any initial condition
o € P (RP).
We now show that pathwise uniqueness holds for (S29). Let (W%)te[(]yg] and (W?)te[oyg] be two
strong solutions of (S29) such that W§ = W§ = wy € RP. Let, (11,¢)se(0,6) and (12.¢)se0,0]
such that for any ¢ € [0, 6], p1,4 is the distribution of th and py; the one of Wf Since P
admits a unique fixed point, we get that p11 = po. Hence, (W} );c(0,5) and (W7),¢(o 4] are strong
solutions of (S30) with p <— @1 = pe and since pathwise uniqueness holds for (S30), we get that
(th)te[o,a} = (th)te[o,é]~

O

S4.3 Main result

Theorem S7. Assume Bl and B2. For any N € N*, let (W} )~ be a strong solution of (S26)
and for any N € N*and k € {1,...,N}, let (Wf’*)tzo be a strong solution of (S29) with

12



Brownian motion (B¥);>o. Assume that there exists py € P2(RP) such that for any N € N*,
WEN = Wit has distribution p&™. Then forany T > 0, N € N*and k € {1,..., N}

E | sup HW?’N—Wf’*
te[0,T]

2] <3201+ T (1 +/Z<2(z)d7rz(z)) (MENT2 4 MINTY)

X exp [16(1 + T)? (1 + /Z CZ(Z)dﬂ'z(Z)) Mﬂ .

Proof. LetT > 0. Forany N € N*, ¢ > 0, let Vt*’N = (1/N) Z;\Ll dw+i. Using BI, B2, 1td’s
isometry, Doob’s inequality, Jensen’s inequality and the fact that for any a,b > 0, (a + b)?
2(a? 4 b%), we have forany N € N*and k € {1,...,N}

¢ 2
E | sup HWkN VV]H < 2E | sup / (b (s, WEN L) — b(s, WE* XY)) ds
t€[0,7) t€[0,T]
t 2
42 | sup | [ (o5 WAV 0Y) = ofs, WE AD) dBEY
t€[0,7)

T
ng/ E [[[on (s, WEN ) — b(s, W, A0 ] ds
0
2

T
+2E / (on (s, WEN LN) — (s, WE* XY)) dBEY
0

T 2
<2047) [ (B [[ols, WEY,02) — s, WE XD
0
+E [[|ow (s, WEY, wN) — o(s, WE,A0)|*] } ds
T
< 8M3(1 4 T)°N 2% +4(1+T)/ {E [Hb s WEN UNY (s, WE* A2 ]
0

+E [[|o(s, WEN ) — o(s, WE A0 *] | as
<8ME(14+T)>N~2% +-8M3(1+T)

T 2
[ [ NP drze) + B [[ W - wh ] as
0 z
< 8M3(1+T)?°N™2* +16M7(1+T)

X /OT {/Z (IE [HVéV[g(,Z)] - V:xN[g(.’Z)]”ﬂ +E [Hy;,N[g(,’Z)] _ )‘;[g(’z)]HQD dra(2)

+E [[|WEY - wh|*] | as

Then using the Cauchy-Schwarz’s inequality, the fact that { (W ’N)tzo}{qul are exchangeable, i.e.
for any permutationt: {1,...,N} — {1,...,N}, {(Wf’N)tZO},quzl has the same distribution as
{(WFENY MY and {(Wf’*)tzo}ff:l are independent we have

E [ sup HW}CN Wk*

<8ME(1+T)>N™2% +16M3(1 + T)
t€[0,T]

T N
x/o Jb/ZCQ(z)dwz(z)jz:;E [HWgN _Wg,*HQ} +E {HW’;N _W’;,*Hz}

2

+/ZEM}V N 8(WE*.2) = [y, e, 2)AN () d7rz<z>}ds
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T
< 8ME(14+T)2N~2% +16M3(1 +T) (1 + / CQ(z)sz(z)> / E [||W’§*N = W§7*||2} ds
z 0
T
+ 16M3(1 +T)N_1/ /E Mg(W’;* — Jo 8@, 2)dX%( )Hﬂdﬂ'z(z)ds
0 z
T
< 8M2(1+ T)2N 2% 4 16M2(1 + 7)) (1 + / 42(z)dwz(z)> / E [||W’§>N - W’;’*Hz} ds
0

+32M2(1 + T)*N (1+/§ Y7z (2 )

We conclude the proof upon combining this result and Gronwall’s inequality. [

S4.4 Proofs of the main results

In this section we prove Theorem 1, Theorem 2, Theorem S2, Theorem S3. Note that we only need
to show Theorem S2 and Theorem S3, since in the case n = 0, Theorem S2 boils down to Theorem 1
and Theorem S3 to Theorem 2.

Proof of Theorem S2. Define for any N € N*, w € RP, iy € P5(RP) and ¢t > 0
(b, 1) = (¢ 4+ 1), 1) 0ty w0, 1) = (1 4+ 1) (s (V)/M)Y2E2 (0, ), V3 1A)
bt w, ) = (64 1)k, ), (b w, 1) = (¢4 1)~(0, V21d)

with h and X given in (S7). Using Proposition S4, we get that B1 holds with M; < L and 7, g(IV) =
A1/ (1=e) N(B=1)/(1=a) 'In addition, using Proposition S4, B2 holds with My <— (y'~*/M)'/?pL and
2k = (1 = B)/(1 — «). We conclude using Theorem S7. O

Proof of Theorem S3. Define forany N € N*, w € RP, uy € Z5(RP) and t > 0

b (t,w, 1) = (t+1)"h(w, p) , on(t,w, 1) = (E+ 1) (Y70 /M)VEEY2 (w, 1), V21d)
with h and ¥ given in (S7). Using Proposition S4, we get that B1 holds with M; <— L. In addition, B2
holds with b = by, 0 = o, My < 0 and k = 0. We conclude using Theorem S7. O
Proof of Proposition 4. We consider only the case 8 = 1, the proof for 8 € [0, 1) following the same
lines. Let M € N*. We have for any N € N* using Proposition S1,

Wo(XN, 65 )2 <E [mh(v™,A%)?]
N
gN*le[WQ(é(wf,Nm, A%) 2} <N- 121&[ W’“N)t>0,(wf’*)t20)} . (S31)
k=1

Let e > 0 and ng such that » — ., 27" < e. Combining (S31), Theorem | and the Cauchy-
Schwarz inequality we get that for any N € N*

Wy(YN, 5x-)2 < 2¢ +2”OZZ1E

no
sup |[WiEN — Wf’*HQ] <274 2N "' Cip
te[0,n]

k=1n=1 n=0
Therefore, for any ¢ > 0 there exists Ny € N* such that for any N € N* with N > N,
Wo(YN, 8x+) < €, which concludes the proof. O

S5 Existence of invariant measure in the one-dimensional case
In this section we prove Proposition 5.
Proof of Proposition 5. Since V is n-strongly convex it admits a unique minimum at wy € R. Using

Al-(c), the fact that V' is n-strongly convex and [9, Theorem 2.1.5, Theorem 2.1.7] there exists M > 0
such that for any w € R we have

n(w —wg)?/2 < V(w) — V(wg) <Mw —wo)?/2 . (S32)
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In addition, using Proposition S4, we have for any p € Z5(R) and w € R,
02 < B(w,p) <L?. (833)

Recall that for any p € P9(R) and w € R, h(w, i) = h(w, p) + V'(w), with h given in (S7). Note
that for any w € [wg, +o0), V/(w) > 0 and for any w € (—o0, wp)], V/(w) < 0. Combining this
result, Proposition S4, (S32) and (S33), there exists m; > 0 and ¢; € R such that for any u € P25 (R)
and w € R, we have distinguishing the case w < wg and w > wy,

/Ow{h/Z}(u?,u)dw > 5212 u| + /w V(@) /S0, p)dis

> 0 L2 jw|—672% sup |V'(@)]|wo +/ V! (0) /S (w, p)dw
QIJE[O,U}()]
> -6 2L% |w|— 672 sup |V'(@)||wo] + (V(w) — V(wg))L™? > mw?® +¢1 . (S34)

wWE[0,wo)

Therefore, we obtain that for any p € 25(R), [, exp[ [, h(, p) /S (W, p)diw]dw < +oo. Define
H: P5(R) — P5(R) such that for any p € 92( ), H (1) is the probability measure with density
pu given for any w € R by

pu(w) o< B~ (wuexp[ /h 1)/ E(, p)di |

where ¥ (w, 1) = 4/ 1= S (w, p) /M. Similarly to (S34), there exist my > 0 and ¢, € R such that
forany p € Z3(R) and w € R

/w h(w, 1) /S (0, @) di < mow? + ¢y . (S35)
0

Combining (S33), (S34) and (S35), there exists m > 0 and ¢ € R such that for any u € 5 (R)
and w € R, p,(w) < ce ™ Using this result, we get that SUD e 2, (®) Jr whp, (w)dw < +o0.
Therefore, using [10, Theorem 2.7] we obtain that H (Z?2(R)) is relatively compact in (Z%2(R), Wh).
We now show that H € C(Z3(R), Z5(R)). Let u € Z5(R) and (n)nen € P2(R)N such
that lim,,_, 4 o ft, = p. Using Proposition S4 and the Lebesgue dominated convergence theorem

we obtain that for any w € R, limy, 400 ppu, (w) = p,(w). Using Scheffé’s lemma we get that
limy, 4 oo Ji |Pp, (W) — pu(w)| dw = 0. Hence, (H (ji) )nen Weakly converges towards H ().

Let (H (ptn,,))ken be a converging sequence in (5 (R), Mh). Therefore, (H (iin, ))ken also weakly
converges and we obtain that limy_, oo Wh(H (i, ), H(p)) = 0. Since {H(u,) : n € N}is
relatively compact and admits a unique limit point we obtain that lim,,_, oo Wh(H (i), H(p)) = 0.

Hence H € C(%:(R), #5(R)). Therefore, since H € C(H5(R), P5(R)) and H(P2(R)) is
relatively compact in &5 (R) Schauder’s theorem [11, Appendix] implies that H admits a fixed point.

Let u € Z5(R) be a fixed point of H. We now show that 4 is an invariant probability distribution
for (8). Let (W}');>0 such that W/ has distribution x and strong solution to the following SDE

AW = h(t, p)dt + Y= D(WH 1)dB, . (S36)

An invariant distribution for (S36) is given by H(u), see [12]. Hence, since p = H(u), for any
t > 0, W/ has distribution z and (W}");>¢ is a strong solution to (8). Therefore, y is an invariant
probability measure for (8) which concludes the proof. O

S6 Links with gradient flow approach
Case 8 € [0,1) We now focus on the mean-field distribution A*. Note that the trajectories of

(WF*),5¢ for any k € N* are deterministic conditionally to W™ Using It6’s formula, we obtain
that for any function f € C?(IRP) with compact support and ¢ > 0

f@ax; () = | f)dua / /Rpsﬂ B, A, V £ (@) AN (@) . (S37)

RP
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Therefore, if for any ¢ > 0, A} admits a density p} such that (p}):>o € C'(R; x RP,R) we obtain
that (p;):>o satisfies the following evolution equation for any ¢ > 0 and w € R”

i (w) = —(t+1)~"div(h(-, p) ;) (w) |

with for any w € RP and € Z(RP) with density p, h(w, u) = h(w,p). In the case a = 0,
it is well-known, see [13, 4, 14], that (p}):>o is a Wasserstein gradient flow for the functional
x* . P5(RP) — R given for any p € F5(RP)

= [ e[ Fwpaaiy) i), ($38)
XxY RP
where 25 (RP) is the set of probability density satisfying [, [|@0||*p(w)dw < +oc.

Case § =1 Focusing on (A});>0, we no longer obtain that (A} );>o is a gradient flow for (S38).
Indeed, using It6’s formula, we have the following evolution equation for any f € C2(RP) and ¢ > 0

[ r@axi@) = [ p)du@ / /Rpsﬂ Wi, A2), V£ ()X ()

o ~ NK\T2 £/ -
+/0 /Rp(erl) Tr(S(w, ALV f(w))dw . (S39)

We higlight that the additional term in (S39) from (S37) corresponds to some entropic regularization
of the risk #Z*. Indeed, if for any w € R? and p € Z(RP), 3 = S1d then, in the case a = 0, we
obtain that (p}):>o is a gradient flow for p — U*(p) + BEnt(p), where Ent : Ky — R is given for
any p € Kq by

Eut(p) = — | plo) og(p(e)de

This second regime emphasizes that large stepsizes act as an implicit regularization procedure for
SGD.

S7 Additional Experiments

In this section we present additional experiments illustrating the convergence results of the empirical
measures. Contrary to the main document we illustrate our results with histograms of the weights of
the first and second layers of the network, with a large number of different values of the parameters
a, B and N.

Setting. In order to perform the following experiments we implemented a two-layer fully connected
neural network on PyTorch. The input layer has the size of the input data, i.e., Njppu = 28 x 28
units in the case of the MNIST dataset [15] and Ny = 32 X 32 X 3 in the case of the CIFAR-10
dataset [16]. We use a varying number of N units in the hidden layer and the output layer has 10
units corresponding to the 10 possible labels of the classification tasks. We use a ReL.U activation
function and the cross-entropy loss.

The linear layers’ weights are initialized with PyTorch default initialization function which is a

uniform initialization between —1 /Nliﬁt and 1 /Nllnﬁt In all our experiments, if not specified, we

consider an initialization W™ with distribution 5™ where 1 is the uniform distribution on
[—0.04,0.04].

In order to train the network we use SGD as described in Section 2 with an initial learning rate of
vN?. In the case where o > 0 we decrease this stepsize at each iteration to have a learning rate of
YNB(n + va,5(N)~1)~. All experiments on the MNIST dataset are run for a finite time horizon
T = 100 and the ones on the CIFAR-10 dataset are run for 7" = 10000. The average runtime of the
experiments for N = 50000 on the MNIST dataset is one day and the experiments on the CIFAR-10
dataset run during two days. The experiments were run on a cluster of 24 CPUs with 126Go of RAM.

All the histograms represented below correspond to the first coordinate of the weights’ vector.
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Experiments. Figure S1 shows that the empirical distributions of the weights converge as the
number of hidden units /V goes to infinity. Those figures illustrate also the fact that we obtain two
different limiting distributions one for 5 < 1 (represented on the 3 first figures) and one for 5 =1
(on the last figure). The results presented on Figure S2 illustrate the same fact, one the second layer.
This means that the results we stated in Section 3 are also true for the weights of the second layer,

thanks to the procedure described for example in [13].
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Figure S1: Convergence of the weights of the first layer as N — +oo for « = 0 and M = 100. The
first line corresponds to 5 = 0.25, the second to 5 = 0.5, the third to § = 0.75 and the last line to

B =1.0.
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Figure S2: Convergence of the weights of the first layer as N — +oo for o = 0 and M = 100. The
first line corresponds to 8 = 0.25, the second to $ = 0.5, the third to § = 0.75 and the last line to
8 =1.0.

On Figure S3 and Figure S4 we show the results of the exact same experiments but this time using
decreasing stepsizes and a parameter o = 0.25. Once again our experiments illustrate the convergence
of the empirical distributions to some limiting distribution, and we can also identify two regimes.
Note that the limiting distribution satisfying (S37) or (S39) (depending on the value of j3), it depends
on the parameter .. Therefore the limiting distribution obtained in the case where @ = 0.25 is
different from the one obtained when o = 0. This is particularly visible in the case where 5 = 1 (as
shown in green on Figure S3 and Figure S4).
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Figure S3: Convergence of the weights of the first layer as N — +oo for o = 0.25 and M = 100.
The first line corresponds to 8 = 0.5, the second to 3 = 0.75 and the last line to 5 = 1.0.
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Figure S4: Convergence of the weights of the first layer as N — +oo for o = 0.25 and M = 100.
The first line corresponds to 8 = 0.5, the second to 3 = 0.75 and the last line to 5 = 1.0.

We now study the role of the batch size M on the convergence toward the mean-field regime.
Figure S5 illustrates the convergence of the empirical measures in the case where 5 < 1 (here
B = 0.75) of the weights of the hidden layer of the neural network, for a fixed number of neurons
N = 10000 for different batch sizes M. We indeed observe convergence with M.
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Figure S5: Convergence of the weights as M — oo
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