A Proof of Theorem 2

Lemma 1 (McDiarmid). Let S and SU) defined as above, F : (2"+9)" — R be any measurable

function for which there exists constant ¢;(i = 1,...,n) such that,
sup |F(S) — F(SW)| < ¢, (7
Se(zmta)",Slezmta
then
Ps[F(S) — Es[F(S)] > ¢] < e 2/Ximel, (8)

Given Lemmal|T] we can upper bound the outer-task gap for S/Q training.

Theorem 2. For any task distribution T and meta-sample S with n tasks, if a meta-algorithm A has
uniform stability 3 w.r.t. a loss function | bounded by M, then the following statement holds with
probability of at least 1 — § for any § € (0,1):

R(A(S),7) < R(A(S),S) + e(n, 8), )

where € = 283 + (4nf + M)/ 200

Proof. Let F(S) = R(A(S),7) — R(A(S),S) and F(S®) = R(A(S®), 7) — R(A(S®),8®),
We have

[F(S) = F(SY)| < [R(A(S),7) = R(A(SY),7)| + [R(A(S),S) — R(A(S™),8W)[. (10)
The first term in (T0) can be written as
[R(A(S),7) = R(A(SY),7)| < [R(A(S),7) — R(A(SY), 7)| + [R(A(S®, ) — R(A(SY),7)|.

We can upper bound the first term in (I0) by studying the variation when a sample set .S; of training
task D; is deleted,

IR(A(S),7) = R(A(SY), 7)|
<EprEgirmpmEges opa| L(A(S)(S'), S) — L(A(S\))(8'), §%%)]

< sup L(A(S)(S™),5) — L(A(SV)(5"),5")| < 5.
,DNT,St/PND'n"StSNDq

Similarly, we have [R(A(S®), 7) — R(A(S\),7)| < B. So the first term in is upper bounded
by 2. The second factor in can be guaranteed likewise as follows,

IR(A(S),S) — R(A(S?),80),
S% D IL(AS)(S{). 51°) = L(A(SD)(S{"), )]
I#i
+ %@(A(S)(Sfr), St*) — LIA(S®)(8)m), i)

<28 + % (11)

Hence, |F(S) — F(S®)] satisfies the condition of Lemmawith ¢i = 48+ . Tt remains to bound

Es[F(S)] = Es[R(A(S),7)] — Es[R(A(S),S)]. The first term can be written as follows,
ES[R(A(S). 7)) = Es,s;s- LIA(S)(SI"). 51,

Similarly, the second term is,

Es[R(A(S),8)] ~Es(- > L(A(S)(S!), 51

=Es[L(A(S)(5I"), S%)]

7

=Es sy s [L(A(SD)(S]'T), 7).
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Hence, Es[F(S)] is upper bounded by 24,

Es[R(A(S),7)] — Es[R(A(S),S)]
g o s [L(A(S)(SI7), S15%) — L(A(SY)()"), 51%)] < 2. (1)
Plugging the inequality in Lemmal[I} we obtain
Ps[R(A(S),7) — R(A(S),S) > 2 + ¢] < 72/ Zin (455507, (13)
Finally, setting the right side of to 6, the following result holds with probability of 1 — 4,

R(A(S),7) < R(A(S),S) + 28 + (4nB + M) w

B Proof of Theorem

For simplicity, we denote the training error of each task by f(w, S). The following Lemma and
Lemma [3]are proposed in [20] to prove Theorem [3]

Lemma 2 ([20]). Denote by Gy ¢ the gradient update rule with a loss function f and step size . If f
is a-smooth, then Gy ¢ is (1 + a()-expansive, i.e., Yv,w € W, |G(v) — G(w)|| < (14 aC)|jv — w].
If f is n-Lipschitz continuous, then Gy is ((n)-bounded, i.e., |[v — Gy ¢(v)]| < (n.

Based on Lemma 2] the following Lemma [3] states that given two arbitrary sequences of updates:
G1,...,Grand Gy, ..., GY., if they have the same initialization: wy = wy, the gap between their
outputs at each step ¢: 6y = ||w; — w;|| can be bounded.

Lemma 3 ([20]). Fix any arbitrary sequences of updates G1, . ..,Gr and G', ..., G/ Let wy and
wy, be the outputs of the step t and define 0y = ||wy — wyl|. Assume wo = w(, we have
(14 a)dy G = G, is (1 + al)-expansive
Op41 < d¢ + 2¢n Gy and G, are {n-bounded,
Gy is (1 + af)-expansive

With Lemma 3] we can obtain the upper bound of J3.

Theorem 3. Assume that the loss function | is a-smooth, n-Lipschitz continuous w.r.t. input and
bounded by M > 0. Suppose that a meta-algorithm A is implemented by a SGM after T steps with
step size ¢ < c¢/t, where c is a constant and t < T, then A has randomized uniform stability

1+1/ac, M

< ——_)eetlpaets 14

ps n—1 (207]2) (14)

Proof. Let S and S\ be a meta-sample and the leave-one-out meta-sample. Denote by G, ..., Gp
and G, ..., G%. two arbitrary sequences of updates induced by implementing SGM on S and S\
respectively. Let w; and w; be the outputs of G; and G}, where t € {1,...,T}. Let §; = ||wy — w}]|.

Denote by I € {1,2,...,n} the step index that the meta-algorithm A selects the deleted training
set S; for the first time. For any tq € {1,...,n}, if to < I, we have EA[Gy,] = EA[G], ] and
Ea[d:,] = 0. As S;, is uniformly and randomly selected from the meta-sample, the probability
P(8¢, # 0) = P(I < tg) = . And since f(w, S) is n-Lipschitz continuous, we can obtain

Eallf(wr,S) = f(wy, S)I]
=P (01, # OEA[lf (wr, S) — f(wr, 9)|1de, # 0] + P(6s, = O)Ba[lf(wr, S) — f(wy, S)|[6y, = 0]

t
SEOM + NEA 6767, = 0] (15)

where M is the upper bound of the loss function.
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Based on the fact S\* € S and S\ S\ = S, it can be inferred that SGM selects .S; with probability
% and other meta samples with probability 1 — % Therefore, with probability 1 — %L we have
Ea[G:] = EA[G}]. According to Lemma 3] we get Ea[d:11] < (1 + a¢;)Ea[d¢]. Similarly, with
probability %, we have Ea [0:41] < Ea[d:] + 2(:n. We conclude

1 1 2
Eal0e+110s = 0] < (1= —)(1 + aG)Ea[de]dt, = 0] + ~Ea[6¢0r, = 0] + % (16)
Following the way of manipulating (I6) proposed in [20], we get
toM 22 T
Eallf(wr,S) = flwp, )] < 2=+ —=Tc (). an

n aln—1) ‘ty

Eventually, we can get the upper bound of 5 (14), through minimizing the right-hand side of inequality
(17) w.r.t. to approximately (consider n ~ n — 1). O

C Leave-One-Out Training

C.1 Meta-Algorithms with LOO Episodic Training

As shown in Eq. (6), the generalization bound of meta-algorithms with LOO training relies on both
the stability of meta-algorithms § and the stability of the inner-task algorithm /3. Note that the
stability is algorithm-dependent. We have studied (5 by considering the specific training strategy of
meta-algorithms, but the parameter f relies on the specific inner-task algorithm. Hence, there exists
no general 3 for generic meta-algorithms. If the inner-task algorithm is stable, 3 should depend
on the sample size m and converges to 0 as m — oco. Here, take the prototypical networks as an
example, whose inner-task algorithm is a metric-based classification algorithm, we show that its

stability parameter 3 < O(1/m) as follows.

Stability of Inner-Task Algorithm. If the loss function I(w, z) is convex, the stability parameter

£ can be derived straightforwardly [29]. However, for non-convex loss functions such as the cross-
entropy loss used in [31]], there is no known general result of the stability parameter, to our best

knowledge. In this section, we derive the stability /5 for the cross-entropy loss of prototypical
networks.

Prototypical networks find the prototype (mean vector) of each class first and then classifying the
query into the nearest prototype’s class in the embedding space. The loss function of prototypical
networks is defined as

efd((bw (I)vcy)

Zle de(qu (I) -,Ck) ’

l(w, z) = —log (18)
where z = (z,y) is a query. The prototype of class k is denoted by ¢ = + >yt Puw(Ti),
which is the mean vector of the embedded support samples belonging to class k. Note that ¢, =
5 =y Pw(@i) for LOO loss.

In practice, we randomly select K classes and N samples in each class as the support set S!” of a
training task D; for K-way N-shot learning. However, the data generating process (i.i.d.) cannot
guarantee that the support set exactly contains K classes and N samples per class. Hence, we study
the hypothesis stability (Definition|5) w.r.t. the expectation of the training set S*".

Definition 5 (Hypothesis stability [5]). An algorithm A has hypothesis stability B w.rt. the loss
Sunction l if the following holds Vj € {1,...,m}:

Egernpm s~ [[I(A(S'), 2) — UA(S" V), )] < 5.
Based on the definition, the following gives the derivation of the stability parameter B.

Lemma 4. Given a metric d(¢.,(x), ¢, (x')) bounded by B, the inner-task algorithm of prototypical
networks with loss function I(w, z) in (18) has the uniform stability § < O(1/m).

14



Proof. Based on Deﬁnition to obtain the hypothesis stability B, we upper bound the expectation
of the variation |I(A(S'"), z) — I(A(S*" V), )| when deleting ¥j € {1,2,...,m} w.rt. S ~ D™
and z ~ D. Given Vj € {1,2,...,m}, denote the class y; of z; as C,, . Considering two cases: (1)
the query z ¢ C,, and (2) the query z € C,,.

Case 1: The variation can be written as | log 5, e~4¢w(@)ex) _ 10%(2?:1,1@;&% e~ Pul)en) 4

—d(¢w(z),C y7))|( ) \J

e where ¢ ] is the prototype of the class C; deleted z;. Denote the bigger term in
( ) as og a and the smaller one as log b. Then (%) can be represented as log ¢ = log(1 + %2) <

azb < _B Using the fact that e~ is 1-Lipschitz continuous, we have a — b < [d(¢w (), ¢y, ) —

(¢w( )s cy] )\ The training set S*" is i.i.d. sampled from D™, assume that the size of the support

\J _ .
— k=1 Zyz:yj»l#j Tj> 8O

the prototype c,; can be seen as a weighted average ¢,, = (z; + (k — 1)c7\1f) To obtain the upper
bound, we consider the worst case under which the deleted sample x; deviates from c\J most. There
are two sub-cases: (1) d(u (@), du(w;)) = 0, d(¢(z),c;]) = B and (2) d(¢w(@), du(z;)) = B,
d(o(z), c,\,f) = 0. For both sub-cases, the upper bound of the distance gap a — b is £ and the
variation () is upper bounded by %.

samples belonging to C,, is x. Then we know ¢,, = 1 > =y y; Lj and ¢y

B
Kre—

Case 2: Similarly with Case 1, the upper bound of the variation is = +

Using the fact that the query z is i.i.d. sampled from D, the probabilities of Case 1, Case 2 are %

and % Then we obtain E, [|I[(A(S'"), 2) — l(A(Str\j)’ A< 1+ B+TBGB)E

=
For the expectation w.r.t. the support set S*” which i 1s also i.i.d. sampled from Dm The size of class

C,, follows a multinomial distribution x ~ B(m + ). The expectation of — +1 can be computed

m m n— m-+1 m—1 _ 1—(1— m+1
as E( Ii+1) ZZ:O l-i-%(l )(p)l(l - p) P= (m+1)p Zl 0 (l-:_l )pl+1(1 - p) P= ((m+p1))p

where p = +. Obviously, we have E(1) < E(- +1) so we get the hypothesis stability parameter
B = 23(K—|—B—|—BeB)l_((K_m1—l_/1K)m+). Omitting the constants B and K, ((K —1)/K)™*1 — 0

as m — oo. Therefore, we obtain the upper bound of O(1/m) for the hypothesis stability A. O

Based on the above results, we obtain Theorem 3]

Theorem 5 (Generalization bound of prototypical networks with the LOO training). Suppose that a
mapping ¢.,(x) is Lipschitz continuous and smooth w.r.t. x, the metric d(¢p, (), ¢, (z')) is bounded
s.t. the LOO loss function is bounded by M and a meta-algorithm A is implemented by episode. For
any task distribution T and meta-sample S consisting of n tasks and m support samples per task, the
Sollowing holds with probability of at least 1 — §, ¥V§ € (0,1):

In(1/6)

o + 8, 19)

Ea[R(A(S),7)] < Ea[Rioo(A(S),S)] + 28 + (4nB + M)
where 3 < O(1/n) and 3 < O(1/m).
Theorem [5]shows the generalization gap converges to 0 as n — oo and m — oo. With LOO training,
the increase of training samples in each task can also improve generalization. However, in few-shot

learning, m is typically very small, so the generalization bound cannot converge as n grows and
hence is less meaningful in this scenario.

D Additional Experiments

Figure [3] presents additional results on the generalization gaps of Bilevel Programming [[19] with
m = {1,5} and ¢ = {1, 15} respectively.
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Figure 3: Generalization gaps of Bilevel Programming [19] on various regression tasks.
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