10 Appendix

For functions f, g : X — R, we define

If = gllsc = sup [f(z) — g(2)] 3)
reEX

10.1 Proof of Theorem 5.1

a® WO pO) Tt suffices to bound || fyr — gw||eo, Where || - ||oo is defined in 3. From now on
we work with this W and we write f, g for fi, gw. Also, let AW, = W, — WT(O), H&‘fl =
]l{(WT(O), x) + b0 > 0}and I, , = ]l{(WT(O) + AW, ) + b0 > 0}. So, we write

Proof. LetW € R¥>*™ |W — W) ||y o, < - that is arbitrarily correlated with the initialization
) m

f(@) =32 a0 (WO + AW, 2) + 50 L,
g(x) = alP(AW,, 2)I)

We prove an elementary anti-concentration property of the Gaussian distribution.
Claim 10.1. Let u ~ N(0, I4) and B ~ N (0, 1), which are independent. For all z € X and t > 0,
Pr{[(u, z) + 5| < t] = O(t).

Proof. We fix z and ¢ and we have that (u, z) + 8 ~ N(0,2). Moreover,

t
1 2
Pr [\z|gt} :/ e Tz < [ 2t
2~N(0,2) V2T e

Forallz € X, r € [m] and ¢t € R, we define
Al ) = 1 { W) + 0] <t

and observe that from Claim 10.1, after scaling by \/m, we have that Pr[A,(z,t) = 1] < O(t/m).

We will prove that for every fixed z € X, with high probability, | f(x) — g(«)]| is small.

Lemma 10.2. For all x € X, with probability at least 1 — exp(—Q(m'/?)),
[f(2) = g(2)] < O(R?/m!/°) “)

Proof. Let A, .= 1{L,, # ]ISUOZ} We bound the size of """ | A, with the following claim.

Claim 10.3. For all x € X ,with probability at least 1 — exp (—Q (m5/6)),

> A, <OR-m"%)
r=1

Proof. We fix an z € X. Since ||z]|2 = 1 and || AW ||2.00 < R/m?/3, we have that

A <1 {\(W,(°>,z> FO)| < ||AWT\|2} < A (z, RJm2/3).
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But, as we mentioned previously, gaussian anti-concentration implies that
Pr [Ar(x, R/m?/3) = 1] < O(R/m/%)
Since for our fixed z, these are [m] independent Bernoulli random variables, standard concentration

implies that with probability at least 1 — exp(—Q(m?>/9)),

Z A, (z, R/m??) < O(Rm®/®).
r=1

The fact that S | A, < 3" A,(z, R/m?/3) finishes the proof of the claim. O

We decompose f, using the following three functions
Definition 10.4. We define f, fo, f3 as follows:

Za (AW, )1,

m

Zaw) (WO, z) + bO)I©)

m

ZGIW )+ bO)(I,., — 1))

Itis easy to see that f(x) = fi(x)+f2(z)+ f3(x). We proceed by showing that | f1 (z)—g(z)], | f2(z)]
and | f3(z)| are all small.

Claim 10.5. With probability at least 1 — exp(—Q(m®/%)),
|f1(z) = g(2)| < O(R?/m"®)

Proof. From the definition of A, we have that |I , — 1) < A,.

|fi(@) = g(@)| = > ar(AW,, ) (Lo — 1))
r=1

Z|ar‘ (AW, z)| - Ar

r=1
R m
< %;AT

< m§/3 s Qe ™~ {:I:m1 75 1. From Claim 10.3, with probability

IA

The last
at least 1 — exp(—Q(m5/%)),

|f1(z) = g(2)| < O(R?/m"°)

Claim 10.6. With probability at least 1 — exp(—Q(m!/3)),
[fa(2)] < O(1/m"/)

Proof. From the definition of f5,

2) = > Vo (W0, z) + 4.

12



By definition of the ReLU function o (-),

Za z) + b)) i WO z) 4 p0))?

Also, note that for r € [m], (WT(O), x) + b0~ N (0,2/m) and independent. From concentration
of the sum of independent Chi-Square random variables, we have that with probability at least

1 — exp(—Q(m)),

> (WO z) +67) < S (WO, z) +b17)? (5)
r=1 r=1
—0(1) 6)

Now, because of independence, using Hoeffding’s concentration inequality, for some large constant
c>0,
Pr [

<exp |-

- 0 0 (0) c
Zlapg«wr()a@‘f'br ) Z 37

w0, b(O)]

m-1/3

b S o2 (W, ) +0)
and using the previous bound we get that overall, with probability at least 1 — exp(—Q(ml/ ),
|f2(2)| < O(1/m*/®)

Claim 10.7. With probability at least 1 — exp(—Q(m°/%)),
|f3(x)| < O(R?/m"/)

Proof.
fala \—\Zaw (WO, ) + b I,y — 1))
< Z|a(0)|’ WO, z) + b HH ~ 1)
(0) (0) _ 19
= m1/3 ; ‘<WT 71’> + bT‘ )T ]Ia:,r
We use that

I, — Hggz‘ < A, < Az, R/m?3).

Now, remember that A,.(z, R/m?/3) # 0 <= ‘(WT(O),@ + bgo)‘ < R/m?/3, 50

W,z + b0 | [L,y - 10

O Ap(z, R/m*?) < Ay (z, R/m*/?)

< [W©0,2) + 0

m2/3
Thus,

R m
o)l < 57 Ao, Rpm?),
r=1
But, as we previously showed, with probability at least 1 — exp(—Q(m>/)),

i A, (z, R/m*?) < O(Rm®/®).

r=1
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Thus, with probability at least 1 — exp(—Q(m?/6)),

|f3(2)| = O(R?/m"/°).

We are ready to finish the proof of the lemma 4. Aggregating these three claims with a union bound,
we have that for every 2 € X, with probability at least 1 — exp(—Q(m?>/%)) — exp(—Q(m'/3)) =
1 — exp(—Q(m!/3)), we have

|f(@) = g(@)] < |fi(2) = g(@)| + | fo(2)] + [ f3(2)] < O(R?/m'/®) (7
O

What is left to do is to "union bound" over all X. Of course, there is the problem that X is uncountable.
So, we first do a union bound over a very fine-grained net of X and then argue about the change of f
and g when we slightly change the input z.

)O(d)

Let X be a maximal %-net of X. It is well-known that | X} | < (% . From lemma 4, by applying

a union bound over X}, we have that for m > cd®, where c is a large constant, with probability at
least

1 — exp(O(dlogm)) - exp(—Q(m'/%)) = 1 — exp(—Q(m'/?)),
we have

Vo e Xy, |f(z)—g(x)| < O(R?/m*") (8)

The final step is the perturbation analysis. We show the following lemma, that applies for fixed inputs.

Lemma 10.8. For all x € X, with probability at least 1 — exp(—Q(m!/?)), for all v € R?, such
that x +v € X and ||v||2 < L, we have

[f(z +v) — f(z)] < O1/m'? + R/m) 9)
and

lg(z +v) — g(x)| < O(R/m'/?). (10)

With this lemma at hand, we can do a union bound over &) and conclude that with probability at
least 1 — exp(O(dlogm)) exp (—Q (m1/2)) = 1 — exp (—Q (m!/?)) (since m > cd® and cis a
large constant), we have that for all z € X} and v € R?, such that z + v € X and |[v]|; < L, the
perturbation guarantees 9 and 10 hold. Combining this with 8 and applying a union bound, we have
that with probability at least 1 — exp(—Q(m!/?)) — exp (—Q (m!/?)) = 1 — exp(—Q(m!/3)),

If = glloo < O(R?/m*® +-1/m*"® + R/m + R/m"/?) = O(R® /m"/®)

and this concludes the proof of theorem 5.1. O

It remains to prove the Lemma 10.8.
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Let v be a small perturbation of = with the properties stated in the lemma, that can depend arbitrarily
on a©@, W© p©),

Z a®) \‘ WO + AW, v)

r=1

[f(z+v)

1

m
r=

1 m
— > 1w + AW, |
m r=1

1

= i DI + AW |2
r=1

IN

IN

72 ' W) § AW,
4/3 || T ||2 + 4/3 H 7"H2
m4/ m4/ ot

R
Lo, +

r=1

| N

We show the following claim, which concludes the proof of 9.
Claim 10.9. With probability at least 1 — exp(—Q(m)), [|W (|20 < O(1).

Proof. From concentration of sum of independent Chi-Square random variables, we have that for all
r, with probability at least 1 — exp(—Q(m?2/d)), [|[W”||2 < O(1). Since m > d, a union bound

over all r finishes the proof of the claim. O

We now argue about g.

lg(z + U) —g(z)|

r=1
< %ZIaqﬁO)IHAWTHz + > 10 (AW, )] [ {0, 2 4 v) + b0 > 0} = 1{WD), z) +
r=1 r=1
<— o RZ]M WO x4+ 0) + b >0} — 1{W O, z) + b >o}]

< O(1) and in this case,
Z’]l{ WO 2+ 0) +0© >0} — 1{WO, 2) + 5 > o}‘ <3 A, (2,0(1/m))
r=1

From Claim 10.1, we have that A,.(, O(1/m)) = 1 with probability at most O (— —1>). Since z is
fixed, these are m independent Bernoulli random variables and from standard concentration, with
probability at least 1 — exp(—Q(y/m)),

S A (@, 0(1/m)) < O(Vm).

r=1

This finishes the proof of 10.
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10.2 Proof of Theorem 5.2

Proof. We will give the values of 1" and 7, later in the proof. For simplicity, we use the following
shorthand notations to denote various distances.

Dyax = maxie[r) ||W(t) - W(O)”?,OO
Dy = [|[W* = WO o

By condition, we know Dy~ = O (ﬁ)

Even though in Algorithm 1 the parameters W are updated using the gradients of the real net, in this
proof we consider the pseudo-net as the object being optimized. Thus we need to relate the real net
gradients to the pseudo-net gradients. For ease of presentation, we define the following convenient
notations for the two notions of gradients:

real net gradient V) := Vy, L(f(W 1)), S1))
pseudo-net gradient V() := Vy, £(g(W®), §®)

We write both gradients as matrices in R?*™ In fact, by Lemma 10.10, we know that they are coupled
with high probability, as long as W (*) stays close to initialization (i.e., Dyax < m~15/2%).

”§(t) _ v(t)”z’1 <0 (nm13/24>

Remark. We assume for now Dy < m15/24

T,n and m to make sure this is indeed the case.

is true and in the end we will set proper values for

Using the fact that the loss is 1-Lipschitz, we bound the gradient size:

1 < 1
(t) L / ) . OMNIFS o
1Vill2 < la.| <n E o (<WT- ;i) + by )lesz) < /3 (11)

i=1

Due to the linearity of g with respect to W, the loss L(g(WV), S) is convex in W. For two matrices
A, B with the same dimensions, we write their inner product as (A4, B, :) = tr(AT B).

LgW®),50) — £(g(W*),5D)
(VO WO — ) 4 (V0 —v® o)
(V(t)7 w® _ W*) + ||§(t) _ V(t)HzJHW(t) — W* 2,00

i=a(t) =p®

IN

IN

We deal with a® and b(*) terms separately. As for the former, we use the standard online gradient
descent proof technique:

WD — w5 = (W =gV — W% = (W = W5 =200 + 97| VO3
So, by rearranging we get

WO — W3 — WD — w3
2n

o < TV} +

and then sum over ¢,

T T
WO — W12, — |[WTHD — =2 m'/? _ mD?
Z (t)<ﬂz v®)2 I F N w
o + T +
=1 T2 t=1 | I 2n -2 2n

where we used the fact |[W* — W12, <m . |[W* — WO ||y o, =mD?%,. as well as || VP |2, <
S VI < mthe.
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For the B(t) ’s, we first invoke Lemma 10.10 and then apply triangle inequality:

B0 < 0 (nm¥/2) WO W30 < O (nm!¥/*) (Dyas + Div-)

Furthermore we can bound the size of Dy, using the bound on gradients, i.e. HVS") |2 < m~1/3
using inequality 11.

!

T
Dy = g [ W = WO Z max [V <

Putting it together with the condition Dy, = O ( ) that we already have, we obtain the following:

T T
D LW ™), 8M) =" L(g(W*), 51
t=1 t=1
T T
< Z o) 4 Zg(t)
t=1 t=1
1/3 5/2¢ , NRTn
<O0(1) <m/77T+ 173 + nTnm5/?* + m1/8>
‘We then have
1 & 1 &
- )y gt *) g(t)y <
T;z:(g(w ),5) T;ag(vv ),50) <0(e)

if we set the hyper-parameters 7', m, n) to be the following:

T =0(e2R?),

s [Rn\24/11 [ p2\24
m > Q ( max n,(T) ,(7) )
n= ml/}:ﬁ = (m—l/SE)

Note the the requirement on m is to satisfy n7nm/* + nlf/Tl’; < O(€), Diax < m~15/24 a5 well as
to meet the condition for invoking Theorem 5.1:

vt € [T7, sup |[fw (z) — gwo (2)] < O(e)

Thus, we get

T

1 1

E L(fww,S™) - T E L(fw~,SPD)<c-e
t:l t=1

where ¢ > 0 is a large constant. Now, observe that £( ), S ) KA(fW(t)) and L(fw-,S®) <
L 4+ (fw~). The proof we presented holds for all € > 0, so by using € in place of ¢, we get the desired
result. H

10.3 Gradient coupling

Lemma 10.10. With probability at least 1 — exp(—Q(m!/?)), for all iterations t that |W® —
W5 o <O (m~1%/24), we have

||§(t) _ V(t)H271 <0 (nm13/24>

Proof. We first prove the following claim.

17



Claim 10.11. With probability probability at least 1 — exp(—Q(m'/3)) over the initialization, for
all subsets {x1,...,x,} C X with n points and any | AW, ||; < m~1%/24,

i 1 {Hi € [n], sgn (<WT§0) + AW, z;) + b£0)> # sgn <<W,§O),33i> + 09 > 0)} <O (nm7/8)

r=1

Proof. We first prove the above result for a fixed set of n points, and then apply a union bound over
all possible such sets. For a fixed set of n points {z1, ..., z,} C X, we define

B.:=1 {Eli € [n], sgn ((Wﬁt),wﬁ + bfno)) # sgn <<W£O)»$i> +b0 > 0)}

and the goal is to bound the size of Y | B,..
We know by Claim 10.1 that for each x; we have

P [J00,20) 4 40 < m=15/4] < 0 (m~1)
With a union bound over the indices i € [n], we have
Pr [31' e [n], (WO, z;) + b0 < m*w/ﬂ <0 (nm71/8>
which implies
Pr(B, = 1] < Pr (3 € ], [(W2, @) +b%)| < m~1%/21] <O (nm~1/*%)

Because z;’s are fixed for now, B,’s are m independent Bernoulli random variables. Standard
concentration implies that with probability at least 1 — exp(—Q(nm™/?))

iBT <0 (nm7/8)

r=1
As a last step, we take a union bound over a %—net over product space ®" X which amplifies the

failure probability negligibly by only exp(O(ndlogm)) compared to exp(—Q(m'/3)) (for large
enough m). O

Now, we are ready to finish the proof of the coupling lemma. Remember that Dy,a = ||[W®) —
W5 «. By Claim 10.11, with probability at least 1 — exp(—Q(m!/?)), all t,

> 1{vl =90} <0 (nm")

r=1

For the indices r’s that ng) #* W), we have

~ 1 &
199 = VOlla < Jar = 37 [L{W0, &) + 000 > 0} = 1L, 2) + b > 0} [z
n
i=1

1 1 _
< —7 2 [ 5 40 = 0} = L{W,20) + 40 > 0}
=1
1
= /3
Thus, we conclude
~ mo_ 1
®) _wy® - &) _v®|., < . 7/8) _ 13/24
190 — vy, ;H% VOllo € —5 - O (nm™*) = O (nm!*/4)
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10.4 Proof of lemma 6.4

Let

i 21
pr(z) ::zZ(l—zQ)ZH . (12)

Lemma 10.12 (Corollary 5.4 in [13]). Ifz € [-1,1] with |z2| > n > 0and k = % (2/€1), then
|sgn(z) — pi(2)| < €1/2. Moreover, py, has degree 2k + 1.

We will now compress py, using Chebyshev polynomials. Recall that the Chebyshev polynomials of
the first kind are defined as Ty(z) = 1,71(2) = z and

Tii1(2) = 2T5(2) — Ti—1(2) (13)
The definition is also extended for negative k as T (z) = Ty (2).

We will use the closed-form formula of T} (2):

/2, -
Ti(z)= Y (22> (22 —1)izF—% (14)

=0

We bound the magnitude of the coefficients of the Chebyshev polynomials via the following proposi-
tion.

Proposition 10.13. The magnitude of the coefficients of T}, (z) is at most 22%.

Proof. From the closed-form formula in 14, we have that

S S Bl

i=0 §=0 i=0 j=0

The monomials that appear in the above polynomial are the z¥~2%, for u = 0,..., |k/2]. The
magnitude of the coefficient of z¥~2“ is at most

S )] S0 S0 ) =

=Uu =

O

Now, let s be a positive integer, Y71, ..., Y, iid £1 random variables and D, := Z;l Y;. Also, let
D > 0. We define

ps,p(2) :==Ey, _ v.[Tp,(2) 1{|Ds| < D}] (15)

A straightforward consequence of the proposition 10.13 is the following corollary.

Corollary 10.14. p; p(z) has degree at most D and its coefficients have magnitude at most 2*P.

We will use the following theorem from [23].
Theorem 10.15 (Theorem 3.3 from [23]). For all positive integers s, D and for all z € [-1,1],

Ips,p(2) — 2°| < 2e~D?/(29) (16)
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Now, we are ready to compress py. Let p(z) := Zf:o z (Hz ﬁ) pip(1 — 22). Also, let

Jj=1 25
D = \/2kIn(4k/er).

From the above theorem, we have that for all z € [—1, 1],

k i . k
- 27 —1 ) )
r(2) —pe(2) = D2 | ] ]Qj (Pip(1—2%) = (1= 2%)")| <Y |pip(1 = 2%) = (1= 2%)]
=0 \j=1 i=0
(17)
k 2
< 2PV <2 (18)
=0

Combining with lemma 10.12, we get that for k = 77—12 In(2/e€1), for all z € [—1,1], |sgn(z) —
pr(2)] < €. Let p(2) = pr(z). We already know that the degree of p.(z) is at most D =

;,\/2 In(2/e;) In (4%) < 310(2/ (1))

n2e

It remains to bound the magnitude of its coefficients. Let p; p(z) = Zf:o a;jz?. From Corol-
lary 10.14, we have that a4, = max; |a;| < 22P. Now,

The magnitude of the coefficient of 2%* is at most (D + 1) - yqz - (5) < (D +1)23P < 24P since
D >1.4.

10.5 Proof of Lemma 6.5

We will first prove that we can approximate the individual components of f* via pseudo-networks
and then we aggregate these to form a large pseudo-network that approximates f*.

Lemma 10.16. Ler i € [n), ¢ : R — R univariate polynomial and e3 € (O, ﬁ) Let m >
cle%QQ(q, €3), for a large constant c,. For all v € [m], U0 ~ N(0, 1), © N(0,1), o ~
um’gf {:l:#} and all these random variables and vectors are independent. With probability at least
1—exp (—Q (\/ﬁ)), there exists a matrix AW € R>*™ with | AW D5 o < O (ml/z)’%)
such that

Ve e X,

m

> o NAWD, 2) LU, 2) + BV > 0} — yiq((zs, )
r=1

< 3es

With this Lemma at hand, we can finish the proof of Lemma 6.5. We apply it for all ¢ € [n], with
q(z) being the polynomial that is given to us by Lemma 6.2. We now that the degree of ¢ is at
most D and the size of its coefficients is at most c5 227 where D = 274 In(48n/€) and c; > 0

is a constant. Using this information about ¢, we can bound its complexities €(¢) and € (g, €3),
defined in 6.1, where €5 will be set after we bound €(q) (since from Lemma 10.16 €5 < 1/&(q)).

About €(q), we directly have €(q) < ¢ ¢ ZJD:O(J' + 1)1-75%2617 <ec- QWgﬁD. We set

75 -1
€3 = (c - Co %26[’) . About € (g, €3), we have

20



D .
. il
€(q,€3) < 2 g d <1+ ln(l/eg)/j) 52413
j=0
<o) 1212 (D 4 1)cP VP
v

<D+1)2 7 24D)

:O()124DD+1 \/Dlnc

<200 > (19)

We specify now how we are performing the n applications of the lemma, in terms of the choice of m
and the random variables. Let B := [cl 2 €2(q, €3)]. We use the fact that for large enough constant

c,m>d (%)C/Py >nB. Fori=1,--- ,n— 1 we apply the lemma 10.16 with m = L%J and for
i = n with 771 =m— (n - 1) |2 ]. Also, for the application of the lemma for the i" datapoint,

we use as U'” the VmW, (i 1)L | g @S ﬂr the \Fb(l DLz )4 and as o”) the ag?) DL e

We apply a union bound and we have that with probability at least 1 — nexp(—Q(y/m /n)) =
1 — exp(—Q(y/m/n)), from the n applications of the lemma, we get these ATV () and we construct
AW = [AW(U, e ,AW(”)] € R¥™ and we have that

3 <0 (m22853)) < o (L)) (/00

=] m?/? me/3
and
m n
Ve e X, Za@(AWT,J:) H{WO z) + b >0} — Zyiq(@i,x)) <nes; <e€/3
r=1 =1
where the last inequality is a crude bound, but sufficient for our purposes. [

We proceed with the proof of Lemma 10.16

Proof. We apply Lemma 6.6 using ¢(z) = y;q(z) and €; = e3. Observe that since |y;| < O(1), the
complexities of ¢ and g are the same, up to constants. Thus, we have that there exists a function
h:R? — [-€(q,€3), € (g, €3)] such that

Vr € X, [1{{u, z) + B > 0} h((xs, u), B)] — yiq((zi, 7)) < €3 (20)

E
u~N(0,14),8~N(0,1)
Now, we fix an x € X. From Hoeffding’s inequality, we get that with probability at least 1 —

= (-2 (i)

Zn{ U0, 2) + 8O = 0}h (2, UL0), B0) - E [1{{u 2) + 8 > O} h({i, u), B)]

<e€3
u~N(0,14),8~N(0,1)

2h((x:,UL"),8(7)

m

By setting AW, = —L; eq (where eg = (0,0,...,0,1) € R?) we have that
AW |3 <O (ml/SG(%?’)) and since x4 = 1/2 for all x € X, we have that for every z € X,

with probability at least 1 — exp (fQ (%) ) ,

1{UD z) + 8O > 01 aO(AWD z) — E 1{{u,x) + 8 > 0} h({z;, u), <e
DoMWL 450 2 00aPAW D) = B () + 5 2 0 (). 9] < o

21
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The fact that 21 holds with overwhelming probability, enables us to take a union bound over a
ﬁne -grained net of X'. Let ¢ > 0 be a sufficiently large constant (e.g. 10) and let X} be a maximal

mc -net of X. It is well-known that | X; | < ( ) (d). By applying a union bound over &7 for 21, we
have that for m > ¢, 5 4 ¢2(q, €3)) (c1 is a large constant),
3

Pr l\m € Xy, Y _1{U?, )+ B > 0}a(AWD, z) (22)
r=1
_ uNN(o,IdI)E;ﬁAJN(O,l) [L{{u,z) + 8 > 0} h({xs, u), B)] | > 63‘|
me3
< exp (O(dlogm)) exp (—Q (M)) (23)

B B ﬁle%
eXp( o (wq,es)) ) @4

The final step is to show that with overwhelming probability, for all x € X}, if we perturb z by at
mos %C then the LHS of 21 changes very slightly. Because c can be chosen to be as large
constant as we want, this "stability" requirement is very mild and also straightforward to prove. We
proceed with a formal proof.

We will show the stability property for afixed € X and then we will do a union bound. Let v € R?
such that 33 + v € X and ||v|]|]2 < =<. This v can be arbitrarily correlated with the randomness

{U,EO), Br , go) }f.“zl. We will show the following claim
Claim 10.17. For all x € Xy, with probability at least 1 — exp(—Q(v/m)),

m

Z UD x4 v) 4+ 89 > 0} (AWD & 4+ v) —

U© z) + 8O > 0}a AW, z)

i Ms;

( »

D2 =

and

[1{(u,  +v) + B = 0} h({xi, u), B)]

E
u~N(0,1a),8~N(0,1)

_ K [1{(u,2) + 8 > 0} h((as, u), B)] |
“o(“42)

u~N(0,14),8~N(0,1)
With this claim at hand we can finish the proof of the Lemma 10.16. Indeed, combining 20, 22 and
~ 2
the above claim, we have that with probability at least 1 — exp (—Q (%)) — exp(—Q(Vm)),

Ve e X,
/HL (q ) )
20‘ L) T{UO, 2) + B0 > 0} — yiq((wi, )| < O (3) + 2
vm
since m > ¢; :2932((1, e3) for a large constant ¢1, we are done. 0
3

It remains to prove the Claim 10.17.

Proof. We start with bounding D;. Observe that from the way we constructed AW (), we have
that for j < d — 1, AW() 0. At the same time, vg = 0, so <AW,§1)7U> = 0. Using that

[AW @D |y o <O ( 1/3%) and |a(0)| = —75. we get that
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m

0 <¢<qu>> > [ 1O, @+ ) + 8O 2 0} - (OO, 2) + B0 > 0}
r=1

Dy

IA

m

o (Q (qf:”)> i]l {sen((U),x +v) + BO) £ sgn((U®, 2) + B |

<
m r=1
oS (s s )

where ¢y can be chosen to be as large as we want (but still a constant) as long as we choose the
constant ¢, that appears at the construction of the net, to be sufficiently large. We prove the following
claim, whose proof is almost identical to the proof of Claim 10.18, but we provide it for completeness.

Claim 10.18. With probability at least 1 — exp(—Q(i)), for all v € [m], U2 < O(Vm).

Proof. From concentration of sum of independent Chi- Square random variables, we have that for all

r, with probability at least 1 — exp(—Q(m?/d)), ||U7 ||2 < O(m). Since m > d, a union bound
over all r finishes the proof of the claim. O

Thus, by appropriately choosing co, we get that with probability at least 1 — exp(—Q(m)),

D <O (c(‘f;’)> ill {<U£°),:v> + 8] < \/1%}

r=1
Now, 1 {|< ), x) + + 59 | < } are  independent Bernoulli random variables and because of
Claim 10.1, the corresponding probability is at most O ( m) Thus, from Chernoff bounds we get
that with probability at least 1 — exp(—Q(v/m)), Eil 1 {|< O 2y + 89| < ﬁ} < O(Vm).
By applying a union bound, we get that with probability at least 1 —exp(—Q(v'm)) —exp(—Q(m)) =

1= exp(~Q(vm)), Dy < 0 (£42))
We proceed with bounding Ds. Slnce |h(-)] < €(q,€3), we have

< > — >
Dr<elge) B (1w to) + 82 0}~ 1{ua) +6 2 0}

<¢(qe) E [ﬂ{|<u,x>+ﬁ|< b4 1l > 2V }}

u~N(0,14),8~N(0,1)

where ¢y is the same constant as  before. But, same as be-
fore, Pry n(0,14),6~N(0,1) [|<u, z)+ Bl < = < O(=) and
Prun(o,10,5-n01) |[ull2 > 2V < exp(~Q(m)). So, Dy < 0 (£422). O
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