A Proof of Lemma 5.1

Lemma (Lemma 5.1). Let G : R* — R” be a d—layered neural network with ReLU activations.

Let A € R™*™ be a matrix with i.i.d rows satisfying Assumption 1. If m = Q) (1_172 kdlog n) , then

with probability 1 — e=(™) | A satisfies

1

—[AG(21) - AG(2)[” 2 V*IG(21) - G(2)]”
forall z1, 29 € RE.

Proof. The proof is based on Proposition A.1 and Proposition A.2, which will be introduced as
follows. Proposition A.1 shows that the set Sg = {G(21) — G(22) : 21, 2o € R*} lies in the range
of e@(kdlogn) different 2k —dimensional subspaces.

Proposition A.2 guarantees the result for a single subspace with probability 1 — e™™. Since m =

Q(kdlogn), the proof follows from a union bound over the e©(*?1°27) subspaces in Proposition A.1.
O

Proposition A.1. If G : R¥ — R" is a d—layered neural network with ReLU activations, then the
set S = {G(z1) — G(22) : 21,22 € R¥} lies in the union of O (n%d) different 2k—dimensional
subspaces.

Proof of Proposition (A.1). From Lemma 8.3 in [15], the set {G(2) : z € R¥} lies in the union of
O(n"*?) different k—dimensional subspaces.

This implies that the set
{G(21) — G(22) : 21,2 € R¥}

2kd) different 2k—dimensional subspaces.

lies in the union of M = O(n
O

Proposition A.2. Consider a single 2k—dimensional subspace given by S1 = {Wz : W €
Rk WTW = I,z € R?*}. Let A € R™*™ be a matrix with i.i.d rows drawn from a

distribution satisfying Assumption (1). If m = O( 30_2,’;2 ), with probability 1 — e~ UM A satisfies
4

1
—J|Av]* 2 72l Yo € Si.

Proof. The proof follows Theorem 14.12 in [87], with non-trivial modifications for our setting.

We want to show that for all vectors v € Sy,

1
— |l Av][® = ([l

For u, 7 € R, define the truncated quadratic function

u? ifful <71
T = - 7
or(u) { 72 otherwise. ™
By construction, ¢, ((a;, v)) < {(a;,v)>.
This implies that
1 1\ ol® =,
EHA’UHQ = E ;<a’i7v>2 = m Zl<aia m>2 (8)
1= 1=
> WP 5~ (G, o) ©)
=T & ol



>imy 87 ((ai, 1)) s ¢r(@s o) Zl 1 O+ (@i, 1op))
> HU||2E | o HU”2 [lv]] v
m m m
(10)
Yim ¢+ ((ais o)
2 | &i= lloll
= [[v]1%E |- ((a, )] = Il - ~E [6, (o, 127)] (a1
>wwpaqmﬂ|w?p quTaWH EMW%MH (12)
v 1 .
In Claim A.3 we will show that for 72 = 30 7> We have
1
E[¢r((a, )] 2 (2 + 7).
In Claim A.4 we will show that with overwhelming probability in m,
1
sSup (b‘r Qs s ¢T(< >) < -
viljv]|<1 Z { } 4’
These two results together imply that
1
— [ Av||* = »*|lv]|.
m
with overwhelming probability in m. O

Claim A.3. Assume that the random vector a satisfies Assumption (1) with constant C. Let ¢, be
the thresholded quadratic function defined in Eqn (7). For all v € R", |jv|| < 1, we have

(6. (0] 2 (1- 5 ) ol

Proof.
[0 = E[¢-((a,v))] =E [(a,v)*] — E [¢,({a, v))] (13)
=E [({a,v)* = 7*)1{(a)|27}) (14)
<E [(a,0)*1{|(a,)/>7}] (15)

By the Cauchy-Schwartz inequality,

E [(a,0)*1(j(a,0)27}] < (E [{a,0)"])’

From Assumption (1), we have

Nl
ol

(Pr[Ka, v} = 7]) (16)

(E [(a,v)4])? < C?E [(a,v)?] .

From Chebyshev’s inequality and Assumption (1), we have

Smewﬂy§<mM@wmjé_wmwmﬂ,(m

[N

(Pr[[(a, v)| = 7])

74 T 72

Substituting the above two inequalities into eq. (16), we get
C*E [(a,v)?]?
E [{a,0)*{jam2r)] € ——5——

_ Gl _ CH)?
- L

(18)

19)

I
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Substituting into Eqn (13),

4 v 2
ell? — B[ ((a,vp)] < SO

which completes the proof. O

Claim A.4. For an orthonormal matrix U € R"*?k let S := {v:v = Uz, ||v| = 1}. Let ¢, be the
Sfunction defined in Proposition A.2. For m = ) (7’2]€) , we have

(20)
-

m

sup | 3" b, (i, ) — E [67 ((a,0))]

m
veS i—1

|

<

with probability 1 — e~ Um)

Proof. Define

=sup |—
veS

Z@ ({ai, v E[¢T(<a,v>>}‘.

We will first show that

| =

for large enough m. Then we use Talagrand’s inequality [83] to show that
1
Pr [Zm >E[Z,]+ 8] < e_Q(m)7

using which we can conclude that Z,,, < 3 L with probability 1 — e=(™),

By the symmetrization inequality, we have

E4[Zp] <2E. lbup

m
§ €z¢7— A5, U

where {¢;}7, are i.i.d Bernoulli =1 random variables.

Since ¢, is a Lipschitz function with Lipschitz constant 27, we can apply the Ledoux-Talagrand
contraction inequality [56] (refer to Appendix G for the sake of completeness) to get

1 m
2Ee, sup | — €z¢‘r A5, U
<8TE su L i (a; 21)
T e - iy U
o A veg m i=1
L 7
=87E, 4o |sup s Av|| . (22)
veS
Since S := {v: v = Uz, ||v|| = 1}, we have
1
8TE. 4 {sup eTAv} (23)
veS
8T o
=87E. 4 | sup |—e AUz 24)
zi||zll=1] T
81
ngQA [II€" AU ] (25)
87’
<—1/Bea [T AU|3] (26)

18



The third line follows from the Cauchy-Schwartz inequality, and the fourth line follows from Jensen’s
inequality.

Notice that
E. [||e" AU||3] = trace(AUUT AT) = trace(UT AT AU)

Since UTU = I, we have

Eea [le" AU|3] = E4 [trace(UT AT AU)| 27)

= ZEaitrace(UTaiaiTU) (28)
i=1

= Z trace(UT I,,U) = m trace(Iay,) = 2km. (29)
i=1

Putting this together, and choosing m = Q(72k), we have
2k

1
Pr [Zm >E[Z,] + 8] < e~%m),

‘We now need to show that

By construction, ¢, ({a;,v)) < 72 forallv € S.

In order to apply Talagrand’s inequality, we need to bound

0? = supE [ (¢r ((a,v)) — El¢, ((a,v))’] -

veS

We can bound this by

var(6, ((a, ) < E [62((a, )] (30)
<R ¢, ((a,v))] < 72 31

Applying Talagrand’s inequality, we have

Cgmt2
Setting ¢ = %, m = Q(72k) we get
1 1
Pr[Z,, > 1] <Pr|Z,>E[Z,]+ 8} < 016_07272 = ¢~ Um),
This concludes the proof. O

B Proof of Lemma 5.2

Lemma B.1. Let M denote the number of batches. Then with probability 1 — e=*M) | the objective
in Equation (2) satisfies

min max medianfp. (z) — £p.(2') < 402. 32
2z€RF z’eRF 1<j<M BJ( ) B’( )_ (32)

Proof. By setting z < z*, for all 2’ € R¥, for any j € [M], we have

1
£, (%) = g, (') < U5, (") = 7 1nm, I (33)
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Since the noise is i.i.d. and has variance o2, we have E [(, (2*)] = E1||ng, ||> = o2

For batch j € [M], define the indicator random variable

Y; =1{lp, (") > 40°}.

By Markov’s inequality, since E[(5, (2*)] = 02, we have

1 M M
Pr[yjzugi:ﬂz Zyj < (34)
j=1
By the Chernoff bound,
M M M M
Pr |y V> 5| <Pr DY = ED V]| < e, (35)
Jj=1 j=1 j=1

The above inequality implies that with probability 1 — e=*(M) for all 2’ € R¥, at least % batches
satisfy

EB]. (Z*) — EBJ. (Z/) < 402,
This gives

i dian({p, (z) — lp, (2')) < 40°. 36
min max median(ts, (2) - £5,(=)) < 4o (30)

C Proof of Lemma 5.3

Lemma (Lemma 5.3). Let G : RF — R™ be a generative model from a d-layer neural network using
ReLU activations. Let A € R™*™ be a matrix with i.i.d rows satisfying Assumption 1. Let the batch
sizeb=0 (C’4), let the number of batches satisfy M = Q(kdlogn), and let v be a constant which

depends on the moment constant C. Then with probability at least 1 — e~ ™) for all 2, z, € RF
there exists a set J C [M] of cardinality at least 0.9M such that

LA, (G(e1) — G 2 22IG(z1) ~ G| V) €

Proof. Proposition A.1 shows that the set Sg = {G(21) — G(z2) : 21, 22 € R¥} lies in the range of
eCkdlogn) different 2k—dimensional subspaces.

Proposition C.1 guarantees the result for a single subspace with probability 1 — e=*(™) Since
M = Q(kdlogn) and the batch size is constant which depends on the moment constant C, the

lemma follows from a union bound over the e®(#¢1°2") subspaces in Proposition A.1. O
Proposition C.1. Consider a single 2k—dimensional subspace given by S = {Wz : W €

R WITW = I,z € R?*}. Let A € R™*™ be a matrix with i.i.d rows drawn from a
distribution satisfying Assumption (1) with constant C. If the batch size b = O(C*) and the number

of batches satisfies M = () (k log %) with probability 1 — e~ *M) forall z € S, there exist a subset
of batches J,, C [M] with |J| > 0.90M such that

1 .

LlAs,al? > 2l V) € I,

where v = © (%) is a constant that depends on the moment constant C.
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Proof. Since the bound we want to prove is homogeneous, it suffices to show it for all vectors in .S
that have unit norm. Let W € R™*2¥ be the orthonormal matrix spanning S, and S; denote the set
of unit norm vectors in its span. That is,

Sy ={Wz:zeR¥ |z = 1,W € RV?* WTW = I, }.

Forafixedx € S;and 0 < ¢t < 1, we have
E [(a,x)ﬂ =E [<a7x>21{<a,x> < tQHxHQ}] E [<a7x>21{<a, £C> > tQ‘lvaQ}] (37)

< 2||z)2 + E [(a,2)1]* (Pr [(a,2)? > t2[|z]?])? (38)
< 8z + C?|lz||? (Pr [(a, ) > 7«‘2||37||2])% (39)
_42)2 4 422
= Pr [<G,$>2 Z t2||.’b||2] Z (1 t ) ”'TH _ (1 t ) _ Cl~ (40)

Ctzllt 1
This is essentially a modified version of the Paley-Zigmund inequality [76].
Consider a batch B;, which has b samples. By the concentration of Bernoulli random variables, with
probability 1 — 2e=4(C1%) we have
bC
> 1 {{a o) 2 #af?} = 22

i€ B,

This implies that if we set b such that 1 — 2e=2(¢1%) = (.975, then with probability 0.975, B; has

€1 samples (a;, ¥) whose magnitude is at least ¢[|z|. This implies that the average square magnitude
over the batch satisfies

1 1
EHABJ-JJH2 =3 Z (a;, x)* > t*|z|?
i€B;

bCl Clt2||$||2
bt R b ol I 41
% 5 (41)
with probability 0.975.

Consider the indicator random variable associated with the complement of the above event. That is,
1 C1t?
Yite) = { lmel? < S}

From (41) we have that E [Y;(z)] < 0.025.

Consider the sum of indicator random variables over M batches. By standard concentrations of
Bernoulli random variables, we have with probabibility 1 — e ~2(M),

M M
> Yi(x) <2E | Vi(z)| <0.05.
j=1 j=1

This implies that there exist a subset of batches J C [M] with |J| > 0.95M such that
C1t?l|®
2

with probability 1 — e~*(™)_ This shows that we have the statement of the proposition for a fixed
vector in 5.

1 )
EHAB]:UHQZ VJEJ7

We now show that this holds true for an e—cover of S;. Let S, denote a minimial e—covering
of Sy. That is, S, is a finite subset of S; such that for all x € S, there exists £ € S, such that
|z — Z|| < e. Since S has dimension 2k and diameter 1, we can find a set S. whose cardinality is at

most (O (1))*".
By a union bound, with probability 1 — e~*(M)|S_|, for all Z € S. there exists a subset of batches
Jz C [M] with |Jz| > 0.95M such that

Ct?
2

1 - .
5||ABJ-$H2 > Vjedds (42)
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Since | 5], < eOklos D) if M = Q (klog 1), the above statement holds with probability 1 —e~?().

We now show that the statement of the proposition is true for all vectors in S;. Since the proposition
statement holds for an e—cover of S;, we now only need to consider the effect of A at a scale of e.

Now consider the set
So={x—Z:2€81,%€8,|z—Z|| <e€}.

Note that this a subset of all vectors in the span of W that have norm at most €. That is, if
Sz ={Wz:2zecR¥* |z|| <},
we have Sy C Ss.

For a vector v € R"™, consider the random variable

2:0) =1 (a:0) 2

VCit
|

Define the random process

vESy TN

1 \/Clt]
v ) s m) = —_ 1 79 = .
(a1, as am) = sup ; [|<a v) o

By the bounded difference inequality, with probability 1 — 2e~¢> 52,

V(ay,az, - am) <E[¥(ar,az, -, am)] + \/(%

Since S2 C S3, we can bound the expectation of ¥ by

E[W(as, - s am)] <EUS£;§1 [|(ai,v>| . \2/\671;} )
<Ef:a§;mt5‘%/2'f @
=y 3 2R @
<eup > avale Tl sy 3 2T o

Since a is isotropic and v has norm at most €, by Jensen’s inequality, we can bound the second term
in the RHS by

Boup 30 2V2E 0] €
vES3 =1 mt\/ Cl ~ t\/ Cl

To bound the first term in the RHS, we use the Gine-Zinn symmetrization inequality [31, 68, 56]

(47)

(@i, v)| = E|{a, v)]] ~ Eilai, v)
E sup 2V/2 < Esup L (48)
VES3 ; mt\/ Cl VES3 i=1 mt\/ Cl
where &;,i € [m] are i.i.d £1 Bernoulli variables.
We can bound this by
- £i<aiav> |: ETAU :|
Esu ————=|=FE¢4 |sup | ——=||, 49)
vesh ; mt/Cy “ s | mt/Cy
ETAW 2
=Eea | sup |———F= (50)
S0 Lizi<e | mtV/Cy
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<

T
Ee 4 {elf AWII] 51)

mi/ Cl
ey/Ee [T AW |2
: 52
mt\/ Cl ( )
e\/Eatrace(AWWT AT)

= " on (53)

:6\/2km55 |k (54)
mt/Cq tV mCy

The third line follows from the Cauchy-Schwartz inequality, and the fourth line follows from Jensen’s
inequality.

IN

Since m = MY, from the above inequality and Eqn (47) we can now bound EW as

k €
Jr

€
Ce < Z
E[\Ij(ala 7am)} ~ 3 MbCl t\/CTl

(55)

Substituting the above inequality into the bounded difference inequality, we have with probability at
least 1 — 6*9(52),

€ k € )
v ) y Ty Um 5 n 56
(a1, a2 an) S 5 Ve, T e T Vi (56)

Setting M = Q(k),6 = O ( %) ,e=0 (%\/Cl), we can reduce the terms in the above inequality

to
€ k 1
N\ ime: <0<b3)7 (57)
€ 1
ve=(s) o
3 o O <1) (59)
VMb ~ b))’

Since b > 1, the sum of these three terms is dominated by O (%) From this, we can conclude that
for small enough ¢, §, with probability 1 — 679(%),
0.05

\I}(alaaaa"' 7am) S T (60)
m
tvC
= sup » 1 {|<ai,v)| > 1} < 0.05M. (61)
vES3 i=1 2\/§
This allows us to control the effect of A at a scale of e. It says that there at most 0.05M{ samples on

which vectors with magnitude at most € have a magnitude greater than t;\% after interacting with A.

This implies that there at least 0.95M batches in which all samples are well behaved.

Since we have control over an e—cover of S; as well as vectors at a scale of € in S7, we can now
prove our result for all vectors in 5.

For any = € Sy, let & € S, be the point in the e—cover which is closest to =. For a batch B}, we can
express || Ap; x| as

1 1

—||Ap,z|| > —

sl > -

From (42), there exists a subset of batches Jz C [M] with |Jz| > 0.95M such that

1 - VCit
A, > Y
Vb V2

| Ap, i - %HABJ. (z - 7). ©2)

Vje s (63)
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From (61), there exists a subset of batches J,_; C [M] with |J,_z| > 0.95M such that for all
j E Ja:—f?,

a5,z — &)| < ﬁtViij (64)
1 . VOt
= %HABJ(JJ—’I)H < ok (65)
1 . VOt
= —alldp, (o - D) 2 - YL (66)

From the bounds on ||Ap, || and the bound on || Ap, (x — &||, we can conclude that for all 2 € S}
there exist a subset of batches J, = J; N J,_z; with cardinality at least 0.9M such that

1 VCit
—|lAg,z| > Y=L Ve J,. (67)
Vb 2v/2
This completes the proof, with v = % = % O

D Proof of Lemma 5.4

Lemma (Lemma 5.4). Consider the setting of Lemma 5.3 with measurements satisfying y =
AG(z*) + 1. For any t > 0 and noise variance o*, let the batch size b and number of batches M

satisfy b = @(‘Z—j) and M = Q(kdlogn). Then with probability at least 1 — e~ *"™) | for all z € R*
there exists a set J C [M] of cardinality at least 0.9M such that

L, A5, (G(z) ~ G| < HG(z) ~ G| ) € 7.

Proof. Proposition A.1 shows that the set Sg = {G(21) — G(22) : 21, 22 € R¥} lies in the range
of eO(kdlogn) different 2k —dimensional subspaces. This trivially implies that for a fixed z* € R,
the set {G(z) — G(z*) : z € R¥} also lies in the range of e©(*¢1°8™) different 2k—dimensional
subspaces.

Proposition D.1 guarantees the result for a single subspace with probability 1 — e~2(*)_ Since
M = Q(kdlogn) and the batch size is constant which depends on the noise variance o2 and t2, the
lemma follows from a union bound over the e? (#4192 ") subspaces. O

Proposition D.1. Consider a single 2k—dimensional subspace given by S = {Wz : W €
R WTW = I,z € R?*}. Let A € R™*™ be a matrix with i.i.d rows drawn from a

distribution satisfying Assumption (1) with constant C. If the batch size b = © (‘;—;) and the number
of batches satisfies M = ) (k log %), with probability 1 — e=*M) _for all x € S, there exist a subset
of batches J, C [M] with |J,| > 0.90M such that

1 .
L1, Ap,al < tal) V) € J.

Proof. Since the bound we want to prove is homogeneous, it suffices to show it for all vectors in .S
that have unit norm. Let W € R"*2F be the orthonormal matrix spanning S, and S; denote the set
of unit norm vectors in its span. That is,

Sy ={Wz:zeR¥ |z =1, W e RV?* WTW = I, }.
Consider the set S, which is a minimal e—covering of S;. That is, for every x € 57, there exists
Z € S such that ||Z — z|| <e.
For a fixed z € S, and t > 0, by Chebyshev’s inequality,
Ziij (77?(@1-,:5)2)
b2t2 /4

1 t
Pr [meAngz- > 2] < (68)
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_ bo?|z|

o bt2/4 (69)
o34 1

= < —
bt2 — 40’ 70

. 2
if b > 1697°,

Define the indicator random variable
1 t
Yi(z) =1 {b|77TAB,:33| > 2} -

From Eqn (70) we have

1
E[Y;(#)] < —.
@) <
By concentration of Bernoulli variables, with probability 1 — e~2(M),
M .
> Yi(@) < 2BE[Yi(7)] < o
=1

This implies that for a fixed & € S., with probability 1 — e~2(™) _there exist a subset of batches
Jz C [M] with cardinality 0.95M such that

1 N t ., .
s ApE| < SV € T (71)

. . . 2% . . .
Since the size of S, is at most (O (1))™", we can union bound over all # in S.. Hence, if M =

Q (k log %), then with probability 1 — e () for all & € S., there exist a subset .J; C [M] with
cardinality 0.95M such that

1 t
ZIT;TABjil <3 VijeJ;. (72)

This shows that the multiplier component is well behaved on a large fraction of the batches for an
e—cover of S7. Now we need to extend the argument to all vectors in S.

Now consider the set
So={x—Z:2€81,%€S,||lz—Z|| <e€}.

Note that this a subset of all vectors in the span of W that have norm at most €. That is, if
Sz ={Wz:2zecR* |z|| <e},

we have Sy C S3.

For any v € R", define the random variable

t
Zij(v)=1 {|maiTv > 2} . (73)
Now define the random process
v ( ) : ZW:Z( ) (74)
A1, 4 Qy) = SUPp — (v
! UESQm N

(75)




1 N nial
<E |sup — [ | (76)
vesam P t/2
1 — |niai v| — E|n;a; vl
<E|sup |— C L
vESs m; t/2
1 & Elnalv
+E | sup — _ a7
11653m; t/2

E | sup [[mill2 [(ai, v)]
E|77iaTU| |:U€ 3
E | sup — L < (78)
veSz M —1 t/2 t/2
<% (79)

where we have used the Cauchy Schwartz inequality, followed by the fact that 7 is independent noise
and has variance o2, a is isotropic, and v € S3 has norm at most €.

To bound the term on the left, we use the Gine-Zinn symmetrization inequality [31, 68, 56]

E sup |— ‘nlaz 'U| |777/a2 U| S E sup |— éinlaz v (80)
vES3 m i=1 t/2 vES3 m i=1 t/2
where &;, i € [m] are i.i.d = Bernoulli random variables.

Let &n = (&1m1,&m2, -+ ,&mnMm) denote the the element wise product of the vectors £ =

(&1,&2, -+ ,&m)and n = (m1,7m2,- -+ , Pm ). We can bound the above inequality by

m r
&imi{ai, v) (&n)" Av
E sup | =E¢pa |sup |[——|], 81)
vESy ; mt/Q &m lveSs mt/2
' (én)" AW =
=FE¢pa| sup |——r— (82)
P size | mt/2
[ell(€n)" AW
<E - 83
el sy (83)
ev/Eep,al (En)T AW
< (84)
mt/2
o +/E gtrace(AWWT AT)
= (85)
mt/2
:eax/kagg /E (86)
mt/2 t Vm

The third line follows from the Cauchy-Schwartz inequality, and the fourth line follows from Jensen’s
inequality, and the fifth line follows from the fact that £7 has i.i.d coordinates that are independent of
A and have variance o2,

From the above inequality and eq. (78), we get

oe |k o€ _ o€
E[¥ cam)] < =y —+ =< = 87
[ (a1’a2’ ) & )]Nt m+t ~ (87)
If we choose € = ¢ ﬁ for a small enough constant c;, then we can bound the expectation as
0.025
E[P(ay,- - ,am)] < — (88)
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By the bounded differences inequality, with probability 1 — e~(5*)

1)
\I/(ala"' 7am)§]E[\Ij(a17"' aam)]—’—ﬁ (89)
Setting 6 = 0.025 %, we get \/% = (3/'% % = 0'%25. This gives
0.025 0.025 0.05
g ey < = ) 90
(ah y @ ) ~ b + b b ( )
From which we conclude that
- t 0.05
= sup Zl {|niaiTv > 2} < bm = 0.05M. 1)
vES!

24=1

Now consider any « € S;. There exists Z € S such that ||Z — x| < €. From eq. (72) there exist a
subset J; C [M] with cardinality 0.95M such that

1 N t., .
g|77£jABj$\ S5 Vi€ds 92)

Similarly, from eq. (91), there exists a subset J,,_z; C [M] with cardinality 0.95M such that for all
7 € J._z, we have
Inial (x — #)| < = Vi€ By, (93)

: (94)

DN &+~ N

1 -
= 2 Inb, Ap, (e~ 8) <

From the triangle inequality and a simple union bound, for all € S, there exists a subset J, =
Jz N J,—z with cardinality 0.9 M such that

1 1 - 1 ~
Ss, Ayl < Sing, A, (v = )| + 3 15, A, 2 (95)
t t
<-+-=t 6
=5 + 2 (96)

This completes the proof.

E Proof of Theorem 5.5

Proof. In Theorem 5.5, we fix the batch size b to be a suitable constant, specified in Lemma 5.3,
Lemma 5.4. Then for e < 0'—517 the number of arbitrarily corrupted samples of A and y are at most
O'T?IbM = 0.01M. This implies that there exist 0.99M batches with uncorrupted samples of A, y.

For the rest of the proof, consider only these uncorrupted batches, and ignore the corrupted batches.

For a batch j, define the following

Q5 7) = 1145, (GE) - G, ©7)
M;(5) = onf, (A5, (G(5) — G(=))). 98)

it is easy to verify that £;(2) — ¢;(2*) = Q;(Z, 2*) — M;(2). The component Q;(Z, z*) is commonly
called the quadratic component, and M, (2) is called the multiplier component.

By Lemma 5.2, the minimum value of the MOM objective is at most 402 with high probability. Since
Z minimizes the objective eq. (2) to within additive 7 of the optimum, it implies that the median batch
satisfies

Q;(z,2") — M;(2) < 40” + 7. (99)
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Using Lemma 5.3, Lemma 5.4 on the 0.99M batches that do not have corruptions, if the batch
size is a large enough constant, we see that there exist 0.78/ batches on which both the following
inequalities hold

PIGE) = GEYI? < Q727 and —o||G(2) - G(2")|| < —My(2). (100)

Putting the above two inequalities together, the median batch satisfies

PIGE) = GEIP - ollG(E) - G(=)|| < 40 + 7.

Solving the quadratic inequality for ||G(Z) — G(z*)]|, we have

IG(Z) = GE)I* S0 + 7. 0

F Experimental Setup

F.1 MNIST dataset

We first compare Algorithm 1 with the baseline ERM [15] for heavy tailed dataset without arbitrary
corruptions on MNIST dataset [55]. We trained a DCGAN [80] to produce 64 x 64 MNIST images,3
We choose the dimension of the latent space as £ = 100, and the model has 5 layers.

Based on this generative model, the uncorrupted compressed sensing model P has heavy tailed
measurement matrix and stochastic noise: y = AG(z*) 4+ 1. We consider a Student’s ¢ distribution
(a typical example of heavy tails) — the measurement matrix A is generated from a Student’s ¢
distribution with degrees of freedom 4, and 1 with degrees of freedom 3 with bounded variance o2.
We vary the number of measurement m and obtain the reconstruction error ||G(2) — G(2*)||? for
Algorithm 1 and ERM, where G(z*) is the ground truth image. Each curve in Figure 1a demonstrates
the averaged reconstruction error for 50 trials. In Figure la, Algorithm 1 and ERM both have
decreasing reconstruction error per pixel with increasing number of measurement. In particular,
Algorithm 1 obtains significantly smaller reconstruction error comparing with the baseline ERM.

F.2 CelebA-HQ dataset

We continue the study of empirical performance of our algorithm on real image datasets with higher
quality. We generate high quality RGB images with size 256 x 256 from CelebA-HQ*. Hence the
dimension of each image is 256 x 256 x 3 = 196608. In all of our experiments, we fix the dimension
of the latent space as k = 512, and train a DCGAN on this dataset to obtain a generative model G.

We first compare our algorithm with the baseline ERM [15] for heavy tailed dataset without arbitrary
corruptions, and then deal with the situation of outliers.

Heavy tailed samples. In this experiment, we deal with the uncorrupted compressed sensing model
P, which has heavy tailed measurement matrix and stochastic noise: y = AG(z*) + n. We also
use a Student’s t distribution for A and 7 — the measurement matrix A is generated from a Student’s
t distribution with degrees of freedom 4, and stochastic noise n with degrees of freedom 3 with a
bounded variance.

We obtain the reconstruction error ||G(Z) — G(2*))|| vs. the number of measurement m for our
algorithm and ERM, where z* is the ground truth. In Figure 1b, each curve is an average of 20
trials. For heavy tailed y and A without any corruption, both methods are consistent, and have
decaying reconstruction error with increasing sample size. Our method obtains significantly smaller
reconstruction error, and shows competitive results over the baseline ERM for heavy tailed data set,
even without any arbitrary outliers.

3Code was cloned from the following repository https://github.com/pytorch/examples/tree/
master/dcgan.

*Code was cloned from the following repository: https://github.com/facebookresearch/pytorch_
GAN_zoo.
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F.3 Hyperparameter selection

When using the Adam [52] optimizer, we varied the learning rate over [0.1,0.05,0.01, 0.005] for our
algorithm and baselines. When using the Yellowfin [91] optimizer, we varied our learning rates over
[107%,5-107°,1075,5-1075, 10~°]. We selected the best learning rate based on fresh measurements
that were not used for optimization.

G Background

Theorem G.1 (Ledoux-Talagrand Contraction Inequality). For a compact set T, let x1,- - - , T, be
i.i.d vectors whose real valued components are indexed by T, i.e., ©; = (z; s)seT. Let  : R > R
be a 1-Lipschitz function such that $(0) = 0. Let €1, - - - , €, be independent Rademacher random

variables. Then
m
] < 2E lig)_ ZQ‘%,S ] .

i=1
Theorem G.2 (Talagrand’s Inequality for Bounded Empirical Processes). For a compact set T, let
X1, , Ty be i.i.d vectors whose real valued components are indexed by T, i.e., x; = (i s)seT
Assume that Ex; s = 0 and |z; ] < bforall s € T. Let Z = sup,er ‘% DOy x”| Let
0? = sup . Ex? and v = 2bEZ + o°. Then

m

Z ei(b(xi,S)

i=1

E |sup
seT

2
Pr[Z >EZ +1t] < Cyexp (—C2mt ) .

v+ bt

where C1, Co are absolute constants.
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