Appendix

A Proofs for Section

We first present several key lemmas.

Lemma A.1 (Karimi et al. [28]). If f(-) is I-smooth and it satisfies PL with constant i, then it also
satisfies error bound (EB) condition with p, i.e.

IVf(@) = plley — ||, Ve,

where x, is the projection of x onto the optimal set, also it satisfies quadratic growth (QG) condition
with p, i.e.

s M
fl@)—f*> §||xp — x|, V.
Conversely, if f(-) is I-smooth and it satisfies EB with constant p, then it satisfies PL with constant
/1.
From the above lemma, we easily derive that [ > u.

Lemma A.2 (Nouiehed et al. [47]). In the minimax problem, when — f(x, -) satisfies PL condition
with constant i for any x and f satisfies Assumption|l} then the function g(x) := max, f(x,y) is
L-smooth with L :== 1+ 1? /s and Vg(z) = V. f(z,y*(x)) for any y*(x) € argmax, f(z,y).

Lemma A.3. In the minimax problem [I| when the objective function f satisfies Assumption 1]
(Lipschitz gradient) and the two-sided PL condition with constant uy and po, then function g(x) :=
max, f(x,y) satisfies the PL condition with p;.

Proof. From Lemmal[A.72]
IVg(@)|I” = Vo f (2, 5" ()]
Since f(-,y) satisfies PL condition with constant 1, we get
IVg@)I* > 2pm[f (@, y" () — min f(2', y" (2))]. (10)

Also,

f(@,y"(2)) < max f(2, y) = min f(2’, y"(z)) < minmax f(2',y) = g". (1D

Y ! x’ Y

Combining equation (I0) and (TT), we obtain,
[Vg(@)|* > 2pu1(9(2) — g").

O

The following lemma states that stochastic gradient descent converges linearly to the neighbourhood
of the optimal set under PL condition. The proof is based on [28]].

Lemma A.4. Consider the optimization problem min,, f(x) = E[F(x;£)], where f is l-smooth and
satisfies PL condition with constant pi. Using the stochastic gradient descent with stepsize T < 1/I,

Tt41 = Ty — TG(xta§t)7
where

E[G(z,€) = Vf(2)] =0,  E[|G(x,§) - Vf(2)|*] <o,

then we have
ir?

E[f(zes) = 7] < (1= pr)ELf () — 7]+ 0.

Proof. By smoothness of f we have

f(@esr) = 7 < flae) + (V@) o1 — o) + %thﬂ —z|* = f*

= fla) ~ TV (), Gl &) + TGl &)~ 1
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Taking expectation of both sides, we get
2
E[f(ze41) = £7] <E[f(2e) = £7] = TE[|V £ (z0) "] + %E[HG(%&)IIZ]
Ir?
=E[f (@) = f7] = B[V (@) ] + BV F(z)]]

Ir2

+ 7IE[||Vf(xf) — G, &)

<E[f(z) - ]~ ZENIVH @l + Too?

2
e

(1= pr)B{f () — 7]+ -o?,

where in the equality we use E[G(z¢, ;)] = V f(«:), in the second inequality we use 7 < 1/, and
we use PL condition in the last inequality. O

Proof for Lemma 2.1l

Proof. e (stationary point) = (saddle point): From the definition of PL condition, if (z*, y*)
is a stationary point,

* * % 1 * %
max f(z*,y) — f(x",y") < 5. IV, f(z"y")|* =0,
v H2

F@* ) = min f(@97) < 5= 99l =0,
somax, f(z*,y) = f(z*,y*) = min, f(z, y*), and therefore f(z*,y*) is a saddle point.
e (saddle point) = (global minimax point): Follow from definitions.
e (global minimax point) = (stationary point): If (z*, y*) is a global minimax point, then

by definition,
y* € argmax f(z*,y*), 2" € argmin g(z),
y T

Then by first order necessary condition, we have,
Vyf(@*,y*) =0,Vg(z") =0,
Further with Lemmal[A22]
Vg(z*) = Vo f(z*,y*) =0

Thus, (z*,y*) is a stationary point.

Proposition 1. The function
f(z,y) = 2% 4+ 3sin® zsin® y — 4% — 10sin’ y,
satisfies the two-sided PL condition with py = 1/16, us = 1/14.

Proof. 1t is not hard to derive that arg min, f(z,y) = 0,Vy, and argmax, f(z,y) = 0,Vz, i.e.
z*(y) = y*(z) = 0,Vx,y. Therefore, (0,0) is the only saddle point. Then compute the gradients:

V. f(x,y) = 2z + 3sin®(y) sin(2z),
V,f(z,y) = —8y + 3sin’(z) sin(2y) — 10sin(2y).
and
V2 (2,y)| = 12 + 65in*(y) cos(2z)| <8,
) . )
|V§f(x, y)| = | — 8+ 6sin“(x) cos(2y) — 20 cos(2y)| < 28.
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so f(-,y) is Ly-smooth with L; = 8 for any x and f(x,-) is Ly-smooth with Ly = 28 for any y.
Then note that:

Vof (@ y)| _ [Vaf(@,y)l _ |22+ 3sin®(y) sin(2z)] _ 1
|z — z*(y)] || || -2
Vyf (@)l _ [Vyf(@y)l _ | =8y +3sin®(2) sin(2y) — 10sin(2y)| 5
ly —y* ()] | | -

So f(-,y) satisfies EB with ugp1 = 1/2, and -f(z, -) satisfies EB with upps = 2. By Lemma
we have f(-,y) satisfies PL with constant 1 = 1/16 and -f(z, -) satisfies PL with constant
H1 = 1 .

O

B Proofs for Section

Before we step into proofs for Theorem [3.1] [3.2]and [3.3] we first present a contraction theorem for
each iteration.

Theorem B.1. Assume Assumption E| hold and f(x,y) satisfies the two-sided PL condition with

w1 and po. Define ay = Elg(z:) — g*| and by = Elg(xt) — f(zt, ye)]. If we run one iteration of
Algorithm|T|with 7§ = 71 < 1/L (L is specified in Lemma and 75 = 19 < 1/1, then

L+1 l L
a1 + Aber1 < max{ky, ka}(ar + Aby) + A(1 — pata) + 7'12(72 + 5)\72202 + —71202,

2 2
where
ki :=1— 1 [7‘1 + A1 = pome)T1 — AL+ B)(1 — pore) (211 + 1712)], (12)
ko :=1— poro + pj +(1- ung)ﬁﬁ +(1+ l)(1 - ,LLQTQ)ﬁ(2Tl +17d), (13)
Lo A w2 B M2

and A\, B > 0 such that k; < 1.

Proof. Because g is L-smooth by Lemma[A.2] we have
* # L
9(@e+1) — 9" <g(x1) — 9" + (Vg(@1), 241 — 24) + §||$t+1 - CEt||2

L
=g(xy) — g" — 11(Vg(xy), Ga(xe, 44, &) + 5712||Gx(xtvyta§tl)”2-

Taking expectation of both side and use Assumption 3] we get
* * L
Elg(zt1+1) — g7] <E[g(z¢) — g%] = mE[(Vg(x1), Va f (24, y:))] + ET%E[HGI(xtaytugtl)HQ]

<Elg(a:) — ¢') - nE(Vg(er), Vol (o9} + 5 FEVaf o u)|7] + 5o

<E[g(z:) — g°] = nE[(Vg(xs), Vo f (z, y:))] + %E[IIsz(xu ) |I”] + %1202

w T T L
<Elg(w) — 9] - ZEIVg@)| + ZEIVaf(z,u) - Vola)|? + Frio?
(14)

where in the second inequality we use Assumption and in the third inequality we use 7y < 1/L.
Because — f(z441,y) is [-smooth and 111-PL, by Lemma[A.4] when 7 < 1/I we have

Elg(@i41) = f(@i41, ye41)] < (1 = p2m2)Elg(we41) — @41, 91)] + %72202

< (1= jiama)Elg(ar) — F(owe) + F@enye) — F(eeenve) + g(we) — glae)] + Lo

2
15)
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Because of lipschitz continuity of the gradient, we can bound f(z¢,y¢) — f(Zt41, ) as
l
f(xtayt) - f($t+17yt) < _<vzf(xt7yt)7$t+1 - xt> + §||$t+1 - CUt||2

<1 (Vaf(2e,yt), Go(T, Yty &1)) + 7'1 N Ga (e, ye, €)1
Taking expectation of both side and use Assumption[3]
l l
E[f (e, yt) — f(@e41,90)] < (11 + §T1Q)E||me(9€t,yt)||2 + 571202. (16)
Also from (T4) ,
T T L
Blg(renn) — 9a)] <~ ZEIVg(en)|? + DEIVaf(wew) — Vol + g rio®. (A7)
Combining (T3), (I6) and (17),
l
Elg(zes1) = F(@esn, yn)] (U= pom)Blg(we) = fla )] + (1= pam2)(n + 5mEIVa f (20, y0) 1P~
T T
(1= ji22) GBIV () |* + (1~ pama) S EVa f (1,9) — V(o) >+

L+1 l
(1 — pom) 5 rio? + 572202. (18)
Combining and (I8), we have for VA > 0

agy1 + Abeg

<ar = |G + A0 = pm) 5 E[Vg(en) |2 + M1 pama)brt

2 A ) }Envxf(xt,yt) Vol + M1 = am) (7 + 572 ) BNV S0P+

L+l l L
A(L = pae) 5 R >\20 +512 2

<= |54 A0 =) 20+ 0 ) (m o+ 572 ) [ BT P+

1 l
A1 — pame)bs + [;1 + A1 - Mm)% + A <1 + 5) (1 — pams) (7'1 + 2712)] E(|Vef (s, y:) — V()| +

L+1 l L
A1 — paT2) 5 7'12 24 )\7'20 —&—57'1202 (19)

where in the second 1nequa11ty we use Young’s Inequality and 8 > 0. Now it suffices to bound
Vlig(z)||?* and ||V f (24, y:) — Vg(x,)||? by a; and b;. With LemmalA.2] we have:

IV f (e, y) = Va(x)|® = Vo f (@, ye) = Vaf (@ y* @) < Ply () —wel? (20)

for any y*(z¢) € arg max, f(z,y). Now we fix y*(z;) to be the projection of y; on the the set
arg max,, f(z¢,y). Because — f(x¢,-) satisfies PL condition with 112, and Lemma [A.T] therefore
indicates it also satisfies quadratic growth condition with o, i.e.

. 2
ly™ () = well® < o) = fe )l 1)
along with (20), we get
212
IV f (e ye) — V(o) < o (@) = f e )l (22)
Because g satisfies PL condition with 111 by Lemma[A3]
IVg(@o)ll* = 2mlg (@) = g7). (23)
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Plug (22) and 23) into (T9), we can get

v+ Moy {1 =g [r 4 ML= poma)m = ML+ B)(1 = pama) (2m + 1) past

)\{1— T +l2i+(1— T)ﬁr 1+ )- T)ﬁ(zr +l72)}b+
H2T2 7S M22N21 3 M22M2 1 1 t
L+1 l L
)\(l—ung)T—’_ 2+ )\720 +§ rio?. (24)
O
Proof of Theorem [3.1]

Proof. In the setting of Theorem 1, 7{ = 71 and 7§ = 7, Vt. By Thoerem We only need to

choose 71, 79, A and 3 to let k1, ko < 1. Here we first choose § = 1 and A = O Then
kl =1- M1 [Tl + )\(1 — /LQTQ)Tl — )\(1 + ﬂ)(]. — ILLQTQ)(QTl + lT12)]
1
<1—p{m = A1 = por)m[(14+ B8)(2+1m) —1]} <1-— SREIGE (25)
where in the last inequality we just plug in 5 and A and use [Ty < 1. Also,
ko =1 — poT: —&-Fj—i—(l— T)ﬁT —i—(l—l—l)(l— T)ﬁ<27' +17)
2 H2T2 7S M22M21 3 M22M2 1 1
?n /J%TQ 1 1
<1- -1 — - —(1- 1+ (1+=)@2+1
< I {7_112 h (1 —pom) |1+ +5 (2+1m)
2
< (26)
H2

where in the last inequality we plug in 5 and A and we use “ — 2 < 18 by our choice of 71. Note that
irim < r L, because (37111) / <h> =Mk <1 Deﬁne P, := a; + 15b;, and by Theorem

m H2

(1 — pom)(L 4 D)7 o242 l7'2 2, Li 2

20 207 2

1
P < <1—27’1,u1) P+

With some simple computation,
(1 — pom)(L +1)7¢ + 173 + 10L7¢ ,
o-.
10p17m

_ 212
_2l231’1dL Z+E_E ]

1
P <(1- 5/1171) Py +

u%rz
1812 — ISZ3

We verify that 71 < 1/L by noting: 71 <

Proof of Theorem

Proof. The first part of Theorem [3.2]is a direct corollary of Theorem [3.1] by setting o = 0. We show
the second part by noting that

o1 = 2il* = 72 | Vaf (@ y)|” s and gers = vell* = 75 (IVo f (epr,w)lI*. @D
Also,
||Vyf(fft+1,yt)||2 §||vyf(xt7yt)”2 HIVyf(@es1,ye) — Vyf(fftayt)HQ
<IVyf(@e,y) = Vi f (e, y (@)l + Pllas — )
<Pllyr — y* (o)1 + Pl — )?

212 22
S=by + Pllzpgr — | = 7bt + P2V f (e, ye) |12, (28)
M2 H2

where in the second inequality y*(z;) is the projection of y; on the the set arg max, f(x¢,y) and
Vyf(xe,y*(x4)) = 0, in the third inequality we use lipschtiz continuity of gradient, and in the last
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inequality we use quadratic growth condition. Also,
IVaf (e, yo)lI* <IVg@)l® + Ve f (e, ye) — Va(zo)|?
=Vg(ze) = Va@)? + IVaf(xe, 9) = V()|
L2z — a1 + Blly* (20) — el

<—at + 7bt7 (29)
H2

where in the first equality 2* is the projection of z; on the set arg min,, g(z) and Vg(z*) = 0, in
the second inequality y*(x,) is the projection of y; on the the set arg max, f(z,y) and Vg(x;) =
V. f(xt,yt), and in the last inequality we use quadratic growth condition. Therefore with (28) and

)

(2 )2 2 2
lwe = 217+ llye = 5717 <72 VoS (@, y0)lI” + 75 [V f (241,90

212
<14 72TV f (e, ) | + Eébt

<2(1 +7212) 2L o+ 2(1 + 72137312 + 21273 b,

H1 M2
272\, 272 272,272 2.2
<[ﬂ1+2fﬁﬁ;+2M1+@le +%l@]Rﬁ’
2 2;2 272 2;2 2;2 2_2
mec=1—§$.um@a1:F“”i”W-+”mﬂlgl“wﬁ]%gwhwe
|zt — @ell + [Yes1 — el < V2012
Forn > t,
n—1 [e’e)
» V20 ct/?
Tn — Tt Yn — Yt|| = Tiy1 — Ty Yivr1 —Yill = (€3] (SRS 717
[ I+ =M |+ 1] | <V2a1 ) 2 < = e
1=t 1=t

s0 {(x¢,y¢)}+ converges and by first part of this theorem the limit (z*, y*) must be a saddle point.
Thus we have

2a
112 " 1
th -z || + ||yt -y H < (1 7 \/E)Qct = aCtP07

272 2712 272 272 2_2
with o = 2 2(1+r,if1 )TiL n 20(14731 )J;l +201 TQ} /(1 — \/5)2 O
Proof of Theorem 3.3

2t

Proof First note that since 7 < p3/1812, 7§ = 826 _ 1800 1. Similar to the proof of

w3(y+t) Tyl
Theorem by choosing 5 =1 and A = 1/10 in the Theorem we have min{k1, ko} = L p17}.
We prove the theorem by induction. When t = 1, it is naturally satisfied by definition of . We assume
that P, < # Then by Theoremlzfl,

Py < (1 — ;ulﬁ) P+ A1 - uﬂé)%(ﬁ)zaz + é)\(Tﬁ)zaz + é(Tf)QJZ
ot B v [(L +1)p? 1821552 LB? } 52
Y+t g+t [20(y+1)2  20us(y )2 2(y+1)2
y+t—1  gmB-1 (L +1)32 1827532 LB )
o s v w0
<Y
Ty+t+1

where in the second inequality we plug in 7{ and £, in the last inequality we use (y+t+1)(y+t—1) <
(v + t)? and the fact that sum of last two terms in is no greater than 0 by our choice of v. [J
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C Proofs for Section

Proof of Theorem 4.1

Proof. Because the proof is long, we break the proof into three parts for the convenience of under-
standing the intuition behind it.

Part 1.
Consider in one outer loop k. Define a;; = E[g(z¢;) — g%, be,; = Elg(ze;) — f(@e5,Ye,5)],

a; = E[g(#;) — ¢g*] and b, = E[g(&¢) — f (i, 5¢)]. We omit the subscript ¢ for now. We denote the
stochastic gradients as

Ga:(mjayj) = V:Efij ($j7 yj) - vwfzJ (ja ?j) + vwf(jvg)7
Gy(x_ﬂ yj+1) = V’LjfZJ (l’j_i,_l, y]) - vyfij (i‘7 g) + V’ljf(i‘7 g)
Note that these are unbiased stochastic gradients. Similar to the proof of Theorem (replace 02 in
), with 71 < 1/L, we have
1 1 L
aj1 < a;= 5 B[ V(@) [P+ S BIVaf (@), 5;) = V(@) 1"+ 5 Bl Ga s, 95) = Vo f (), )1

(3D
By Lemmal[A.4] with 7, < 1/1,

bjt1 < E[Q(mjﬂ)_f(xﬁrl,yj)]_%]EHvyf(l’jJrlvyj)||2+éT22EHGy<xj+layj)_vyf(ijrlvyj)HQ
(32)
Furthermore, we bound the distance to the T = z( as
Ellzj41 — Z||* = Ellz; — nGa(zj,y;) — T
= Ellz; — &|* + 2E(z; — &, 11 Vo f(25,9;)) + E|Vaf (25, )1 + ENG(25,95) — Vaf (25,95

- T
< (14 mB)Ea; — & + ( " 51) E|Vaf (25, y)I? + 72EICa (25 35) — Ve f @y,
(33)

where in the last inequality we use Young’s inequality to the inner product and /5, > 0 is a constant
which we will determine later. Similarly,

- ~ T2
Elly;+1-9I1* < (1+Tzﬂz)Elyj—yll2+<T§ + ﬂ2> E[IVy f(@j41, yp) IPHT3EGy (@541, 1) =V f (@11, )17,

(34
where in the last inequality we use Young’s inequality to the inner product and 2 > 0 is a constant.
We are going to construct a potential function

Rj = a; + Abj + ¢jllz; — &)* + dylly; — 9l (35)
and we will determine A, ¢; and d; later. Combine , and ,

T T L
Ry <a; — DENVg()I? + LEIV.f(,05) — Vola)I? + S 7EICa (. u5) — Vo (s, )P+

AT
NElg(zs11) — (2560, 3)] ~ 2BV 00,3+
- Al
ciuallezin =l + (d5 + 5 ) FEIGy wy1n.0) = Vol oo, ) P+
i (1 Elly; — 9% +dj1 (72 + = ) BV, f (2541, 95| 36
a1 B Bl = 01+ dos (7 2 ) BNV, (6)

Then we bound the variance of the stochastic gradients,
EGy(xj41,Y;) — Vyf @1, y) 1> = EIVy fi, (@51, 45) — Vo fi, (.9) + Vy f(&,9) — Vyf (@541, 95|

< E[|Vyfi, (@js1.y5) — Vo fi, @ 9)° < PE|xj1 — & + PE|ly; — 7l
(37)
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where in the first inequality we use B[V f; (211, y5) = Vy fi, (Z,9)] = Vy f(xj51,95) =V f(Z,9).
Similarly,

E|Ge(z;,y;) — Ve (@5, y)|I” < PElz; — 2 + PE|ly; — 9] (38)
Plugging (37) into (36),
T T L
Rir <a; — EIVg(a,) P + TEIV.(2;,55) ~ Vola) I + SrECaly, 1) — Tl (og,5) P+
AT
AE[g(zj41) — f(2j41,95)] — 2E||Vyf(%+1,ya)\| +

Al -
[Cj+1 + (dj+1 + 2) 12722} Ellzj41 — 7|+

diialt ) + (5 + 5 ) P8 Bl =7+ o (72 + 2 ) EIV )P
(39)
Then we plug in (33) and rearrange,
Rj1 <

T V) T T
= FEIaa)P + e+ (da+ 5 ) 23] (724 3 ) BIVas sl + BEIVA(as00) - Vol
)\7’2 2 T2 2
AE[g(zj41) — f(2j41,95)] — - ~d| Tt s E(Vy f(zj1,9:) 7+
ALY 15 o ~ 112 ALY o 12

1+ | djrr + 5 ) 73 (1 +71B1)E|z; — Z[|° + |djr1 (1 + 72B82) + | djt1 +5 )1 75 | Elly; — g11°+

L AL 9 9

5 tert (divn + 5 ) Uns | TEIGa(z),y5) = Va f (), 95)]1% (40)

Consider the second line. Using PL condition ||V, f (241, y;)]|* > 2ualg(xj+1) — f(zj4+1,y;)] and
assuming A > d,; 41 (72 + 1/82), which we will justify later by our choices of d; 1 and 32, we have

. [ A T |
the second line S)\ 1— To 2 + §dj+1 <7'22 + 622) 125 E[g($j+1) — f(.’EjJrl,yj)]

- \ i :
<AL —Top2 + §dj+1 (722 + 522) H2 {bj +E(f(z,y5) — flzje1,95)) + (a1 — aj)}

[ A T i l

AL —Topn + Sdjpy (75 + 2 142 {bj + (7 + =78 ) EVaf (2, y))]2+
L 2 B2 1 2

l T1

571215”@9@(933'73/;‘) — Vo f(x,y,* - *EHVQ(%‘)HQ*'

T1 L

S EIVa f(2),5) = Vo(@))l* + 5 EGalxj, y5) - me(ffj»yj)||2}7
where in the last inequality we use (3T) and (T6). Now we plug this into Rj 1,
Rt <

Al l
& = 2RIV )+ { [+ (00 + 3 ) 22| (7242 ) #x6 (o 42 SRt

5 L+ ANV (2,45) = Vglag)I? + AGh;+

Al . Al .
event (v 5 ) o3| (1 BRIy — 17 + a1 ra) + (g + 5 ) 202 | Bl — a1+

L+l}

L Al
[2 +cjp1 + (dj+1 + 2) 5+ X T E|Ga(zj,y5) — Vaf (x5, ;)7 (41)

where we define ( = 1 — Tapus + 5dj41 (7'22 + E—;) po and ¢ = 1 — ¢. With ||V, f(z,9;)]]* <
2[Vg(z)|I* + 2IVg(x;) — Vaf (j,5;)], we have
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Rj1 <

Al
a; — {;1(1—1-)\0 -2 |:Cj+1 + (dj+1 + 2) 127'22} <7'12 + ;) —2X¢ <7'1 + 71) }EHVQ z;)[1+

)\ij + {;1(1 + )\C) + 2 [Cj-i-l + (dj+1 + /\;) l27'22:| ( 24 B) —2X¢ (Tl + = Z ) }E|V f x],y]) Vg(xj)\lz—i—
1

Al -
et (Gt g ) 273 (Lt mB0Blly — 317+ [dya (L) + (5 + 5 ) 3 Bl 1P+

L Al L+1
[2 T e+ (d +1+ ) 13 3 } TPE(Go (25, y5) — Vaf(z,55)]1%. 42)
Then plugging in (22), (23) and (38), we get
Rji1 <

Al
a; — {7'1(1 + )\C) —4 |:Cj+1 + (dj+1 + 2) 2

T1 l
ﬂl) —4X¢ <7'1 + 27'12) },umﬁ-
l T 412 l
2N 2e2 2 L) 2y L2 b
2) Tz} (Tl +51 H2 ¢ ENEE al
Al L Al L+l -
{ [cjﬂ + (dm + 2) z%ﬂ (L+mp) + [2 e+ (dj+1 + 2> U + AC} 1212}153“% -+

bY) L by L+1 _
{ [dj+1(1 + 7232) + <dj+1 + 2) 12722] + {2 +ecji1 + (dﬁl + ) 1?73 >\<2} TfZZ}EHyj — %
(43)

7

7'12 +
1’7 412 A
Abj — {Aw—l(HAC)— [CJ+1+ ( j+1+
H H2

Now we are ready to define sequences {c; }; and {d;};. Let cy = dn = 0, and

Al L Al L+1
¢ = |:Cj+1 + <dj+1 + 2) l27’22] (1 + T151) + |:2 +cj + (dj+1 + 2) l2 2 4 AN —— ] 12l2,

Al L Al L+1
d; = {djﬂ(l + 1282) + (dj+1 + 2) 12722} + [2 +cjp1 + <dj+1 + 2> Pry+ AC] 22

‘We further define

Al !
m} =r(1+X() —4 [ch + (djﬂ + 2) 12722} <T12 + ;) —4XC (n + 2712> : (44)
1
27 412 Y] T 412 I
=y o= 000 =T e (e ) o] (7 5 ) e (e gt)
(45)

Then we can write (@3) as

Rj1 < Rj —mja; — Am3b; (46)

Now we bring back the subscript . Summing the equation from 0 to N — 1,

-1 ~ . -
Ro— R aro+Abro—ar. Ny — b ar + by — a — b
Z .+ by < ON,Y N _ Gto t,0 N’yt,N tLN _ Ot t N:q t+17 @7

where  := min; {m}, m?}, and the first equality is due to cy = dy = 0 and (21,0, Y1.0) = (Z¢,Jt).
Summing ¢t from 0 to T — 1, we get
T-1N-1

agp + /\50 aF + \bF
E E + = ) 4
NT = = @15+ Abtj < NT~ NT~ (“48)

The left hand side is exactly a**' + Ab**1, because (zy,ys) is sampled uniformly from
{5, 90.0) 150 oo -

Part 2.
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It suffices to choose proper 71, 72, N and T" such that NT'y > 1. Driven by the proof, we choose
k k

L Bi=kek¥l, mo==2, fBo=lka.
K21 l

We will choose k1, k2, k3 and k4 later and we let k1, ko, k3, k4 < 1. Plug back to ¢; and d;, we have

k2 kfk3 K} (k2 k
¢ = <1+k1k2+,€}1> Cjt1+ |:k§(l+k1k2)+ o (L—i—l) ( +3) } dji1+

T =

22k
A L A A
511c§(1 + kikz) + ﬁkf + —lkfkg +5 gL+ DE(1 — ksky)

k3 !
< (1 + kyky + ;) Cjt1+ (3k3 +3= k2> djs1 +2X\E3 + (1 + 2>\) Sk, (49)

where in the last inequality we assume k3 + k3 <1

k2 , k2
d; :ch-l‘l_'_ 1+ kaks + k3 + (L+l)

A

Kk
7+ mi) 2+ k k3] djp1+

/\

A L
§lk§ + %kf lk2k:3 (L + DE2(1 — ksky)

k3 3 !
gﬁ—}lcﬁl + <1 + ksky + 2k3 + Hgkf) djy1 + k3 + (1+ 2)\)?/’@%. (50)

We define ¢; = max{c;,d;}. Then combining {#9) and (50), we easily get

4 l
€; < (1 + k1ko + ksky + 3k‘§ + I{?’k%> ejt+1 + 2/\”4}?2) (1 + 2/\) k‘2

As ey = 0, we have
1t kiko + kaky + 3k3 + 5k3)" —
kiko + ksky + 3k% + 5k2

and note that e; > ;41 s0 e; < eq, Vj. Then we want to lower bound . Rearrange (@4),

e < [wkg (142\)— kﬂ ( 1, (51)

1

(5 e+ 3) o0 1) (53 oo
4 (Tf + ;) Cj+1}

1 4 2 | k1 10p2 ks 2 k1
257'1/“ - |:I<L4k3 (k k2> 2] k1 k3 k4 12 dj+1 P ki k l2 Cj+1,

(52)

l
mjl :/1,1{7'1(1 + A — )\TQ/J,Q) — 2)\13’7'22 <T12 + ;) —4X (Tl + 27_12) (1 - 7—2/1'2)_

where in the inequality, we use A = 1/20 and assume that ﬁkg(kl + é) < 10. Rearranging ,

PP (1 21° m 412 !
2 2 2
m; :7'2112—; <A+1_72M2> - — ( 51> 72 <T1+27'1)(1—7’2M2)_
2 2 T2 2 2 2 T2 4 l4 2 2 8[2 l 2 2 2
z 21 b
[A(TQ—FBQ)/Q—F/\ 7'1( +ﬁ2 —|— 7' 1+51 —|— 7'1—|-27'1 TS +
4 12 < 2 T1>
™+ = ¢
Apa V)

Z2T1 ks 80 k1 80
> 1200 k242 — (% d - —
~2min{puy, pa} { ( 3+k‘4)+f<~‘2 < 1+k2)] 2 (
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where in the inequality we use A = 1/20 and assume k; < k3/28 and %k% (/cl + k%) < 1/4. Note

1 21 l
that 5711 = 2;-@21 k1 and 5 mln{m,uz} = Srmm ] k1. Then we have

1 1 4 k 10/,&2 k3 d; 1 4 kjl Cijt1
Vs = )2 | 22 2 4 1 j+1 = 2 M Jj+
" _HS{le L2k3 (k k2> h (k?’ k4)] A Gy e

1 1 80 k‘l kig d‘+1 80 k‘l Cit1
2520 2, — 24 2 J o 2, MG+ L
mj_ﬁ{ﬁ [ (k k2>+ 00<k3 k)] s B (w+) e (55)
Letting ky /ko = k3/ky and k1 = %kg, we have
1 (1 k-
7>K3{56k3—360 (k§+kz> elo} (56)

where we use ¢;j, d; < e, Vj. By plugging in ky = k3/28 and A = 1/20 into , we have
(1 + 2ksky + 4k3)N —

<1 57
€0 = /454//413 +3 57)
Plugging this into (56)), we have
1 [ks (14 2ksks + 42N -1, ,
> = 360 k2 + ks /ka) | . 58
T= {56 ka ks + 3 (kg + ks k) (58)
We choose k4 = k3/2, then
1 [ ks 32 o k2 + kL2
> |2 - ML B .
NTy > l56 360 ((1+2k5/° + k)Y — 1) ) | T (59)

Part 3.
We choose T =1, k3 = B %and N = a(2k§/2 +4k3)~t > %k;3/2, where «, 3 is irrelevant to
n,l, 1, 2. Then since (1 + 214:??:/2 + 4k2)N < e, after plugging in N and k3, we have

NTvy > i [];6 — 360(e” 1)(21@3)} %k;m > % [516 — 2% 360(e® — 1)} a2 (60)
Therefore, for choosing o small enough and 8 small enough, we have N7~ > 2. Now it remains
to verify several assumptions we made in the proof. The first is Z—i + k3 < 1. Since Z—i + k2 =

ké/ 4 k2, this assumption easily holds when 3 < 1/4. The second assumption we want to verify is
%k% (k1 + k—é) < 1/4. Note that

1, 1 1, ks 1., _1/2

So this assumption can also be easily satisfied when 3 is small. The last assumption we need to verify
isA>dj (TQ + é) Because d; 1 < eg and 1|

1 <l(1+2k3k4+4k§)N—1 k3+1

B2) ky/ks +3 I k4l
k2 + ky/?

k51/2+3

djt1 (Tz + =

< (14 2ksky +4Kk3)N — 1) (

S 2((3& - 1)k3
So this assumption holds when « and 3 are small.

Proof of Theorem [4.2]
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Proof. We start from Part 3 of the proof of Theorem We now choose k3 = Bn~2/3, N =
a(2k3? 4+ 4k2)=1, and T = k3n~'/3 then
1[1
NTy> o = =2 360(e® —1)| a8~ 1/2 61)
Therefore, for choosing o small enough and  small enough, we have NTy > 2. Note that when
k3n~1/3 < 1, we choose T' = 1 and the complexity is therefore O(n). Other assumptions can be
easily verified by the same way as in the proof of Theorem[4.1] O

D AGDA for minimax problems under one-sided PL condition

We are here to show that if — f(x,-) satisfies PL condition with constant p and f(-,y) may be
nonconvex (referred to as PL. game by Nouiehed et al. [47]), AGDA as presented in Algorithm E]
can find e-stationary point of g(z) := max,, f(z,y) within O(e~2) iterations. Note that GDmax has
complexity O(e~21og(1/€)) on minimax problems under the one-sided PL condition [47]; SGDA
has complexity O(e~2) on nonconvex-strongly-concave minimax problems [31]]. Here we define
condition number x = 4 and L is still defined the same as before. The proof is based on our previous
analysis and Lin et al. [31]].

Definition 3. x is e-stationary point of a differential function f if E||V f(2)| < e.

Algorithm 3 AGDA
1: Input: (xo, o), step sizes 71 > 0,745 > 0
2: forallt=0,1,2,....,7 — 1do
30 @g1 2 — TV o (T, ye)
4 Y1 <y + V(i1 Ye)
5
6

: end for
: choose (2T, y') uniformly from {(z:, y:)}7_,

Theorem D.1. Suppose Assumption|l|holds and — f(x, -) satisfies PL condition with constant i for

any x. If we run Algorithmwith T = ﬁ and 1o = %, then
8
E[|Vg(=")|? < m[loﬁlao + K21b], (62)

where ag = g(x9) — g* and by = g(x0) — f(x0,Yo)-

Proof. For convenience, we still define b; = g(x:) — f(x+,y:). Since it can be easily verified that

71 <1/L,by and (22), we have
T 12
9(x141) < glae) — éllvfi(xt)ll2 + ibt« (63)
By (18], we have

l
bip1 <(1 — poame)by + (1 — poto) <7'1 + 27'12> 1V f (e, ye) IP—

T T
(1 = 12m2) 19| + (1 = pa72) 21|V (w1, 1) — V()|

l
<= pmh 200 o) (4 g7 ) = (1= par) 2| 1 ¥atan) P+

[2(1 — 2T2) (7'1 + ;7'12> +(1- /lsz)T;} I\Vaf(ze,ye) — Vg(xzt)H2

2 3
S(l — ,UQTQ) |:1 + (5’7’1 + 2lT12) ;L2:| by + (1 — ,u27'2) |:2’7'1 + ZT12:| va(xt)HQ’ (64)

where in the second inequality we use Young’s inequality, and in third inequality we use (22)). We
write
b1 = aby + Bl Vg(ar)|® (65)
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with

12 3
= (1 — pam) [1 + (571 + 2177) M} , B =(1— pate) [27'1 + 1712} .
2
Then
t—1
by <a'bo+BY ol Vg(a)|?, > 1
k=0
Plugging into (63)), we have
T 7112 7' 12
9(we1) < glae) — 5 | Vol + 1—2 alby + — B Z CURIVg(@)lP, t> 1. (66)
Telescoping and rearranging,
12 nl*p I 12
Z 1992~ 22 3575 a1 Vg I < g(w0)—g(or11) +—boza <apr—1E
H2 i =0 (1 —a) °
(67)
Considering the left hand side of @I)
T t—1
D> o IVglan)l? = Z Z o TR Vg () |* < Z*HW ()l (©8)
t=1 k=0 k=0 t=k+1
and therefore,
2 ﬁ T t—1 T 24
1
Z IVl = 2SS at Hvgtanf 2 3 {5 —@}nnwm)n?
t=0 k=0 t=0
(69)
We note that 3 = (1 — pa72) [371 + I72] < 571 because /7 < 1 by our choice of 7. Also,
o 12 712 1
1—a=pom — (1 — usm) (57’1 + 217’1) /7 > pgme —7(1— ,UQTQ)E > — 5 (70)
where in the last inequality we use pom> = 1/k and (1 — pe72) - = (1 — 1/k)/(20K) < 1/(20%).
Plugging into (IE_g[)
e 5 T t-1 T
1 1
Z IVg(a)* ~ Z S C ] = D Vg, (71)
t=0 t=1 k=0 t=0
Combining with (67), we have
1 4 2 8
Vg(@)|? < bo| < 10K71 *1b 72
T+1Z|| g(x)|” < T+ )n [ 0+M2(1—Oé) o} < T—i—l[ K-lag + k7lbo),  (72)
where in the inequality we use 1 — a > 1/(2k) again.
O
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