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Abstract

In the contextual linear bandit setting, algorithms built on the optimism principle
fail to exploit the structure of the problem and have been shown to be asymptotically
suboptimal. In this paper, we follow recent approaches of deriving asymptotically
optimal algorithms from problem-dependent regret lower bounds and we introduce
a novel algorithm improving over the state-of-the-art along multiple dimensions.
We build on a reformulation of the lower bound, where context distribution and
exploration policy are decoupled, and we obtain an algorithm robust to unbalanced
context distributions. Then, using an incremental primal-dual approach to solve the
Lagrangian relaxation of the lower bound, we obtain a scalable and computationally
efficient algorithm. Finally, we remove forced exploration and build on confidence
intervals of the optimization problem to encourage a minimum level of exploration
that is better adapted to the problem structure. We demonstrate the asymptotic
optimality of our algorithm, while providing both problem-dependent and worst-
case finite-time regret guarantees. Our bounds scale with the logarithm of the
number of arms, thus avoiding the linear dependence common in all related prior
works. Notably, we establish minimax optimality for any learning horizon in the
special case of non-contextual linear bandits. Finally, we verify that our algorithm
obtains better empirical performance than state-of-the-art baselines.

1 Introduction

We study the contextual linear bandit (CLB) setting [e.g., 1], where at each time step ¢ the learner
observes a context X; drawn from a context distribution p, pulls an arm A;, and receives a reward
Y; drawn from a distribution whose expected value is a linear combination between d-dimensional
features ¢(X¢, A;) describing context and arm, and an unknown parameter 6*. The objective of the
learner is to maximize the reward over time, that is to minimize the cumulative regret w.r.t. an optimal
strategy that selects the best arm in each context. This setting formalizes a wide range of problems
such as online recommendation systems, clinical trials, dialogue systems, and many others [2].
Popular algorithmic principles, such as optimism-in-face-of-uncertainty and Thompson sampling
[3]], have been applied to this setting leading to algorithms such as OFUL [4] and LINTS [} 6] with
strong finite-time worst-case regret guarantees. Nonetheless, Lattimore & Szepesvari [[7] recently
showed that these algorithms are not asymptotically optimal (in a problem-dependent sense) as
they fail to adapt to the structure of the problem at hand. In fact, in the CLB setting, the values of
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different arms are tightly connected through the linear assumption and a possibly suboptimal arm
may provide a large amount of information about 6* and thus the optimal arm. Optimistic algorithms
naturally discard suboptimal arms and thus may miss the chance to acquire information about §* and
significantly reduce the regret.

Early attempts to exploit general structures in MAB either adapted UCB-based strategies [8, 9] or
focused on different criteria, such as regret to information ratio [10]. While these approaches succeed
in improving the finite-time performance of optimism-based algorithms, they still do not achieve
asymptotic optimality. An alternative approach to exploit the problem structure was introduced in [[7]
for (non-contextual) linear bandits. Inspired by approaches for regret minimization [[11} |12} [13]] and
best-arm identification [14] in MAB, Lattimore & Szepesvari [7]] proposed to compute an exploration
strategy by solving the (estimated) optimization problem characterizing the asymptotic regret lower
bound for linear bandits. While the resulting algorithm matches the asymptotic logarithmic lower
bound with tight leading constant, it performs rather poorly in practice. Combes et al. [[15] followed a
similar approach and proposed OSSB, an asymptotically optimal algorithm for bandit problems with
general structure (including, e.g., linear, Lipschitz, unimodal). Unfortunately, once instantiated for the
linear bandit case, OSSB suffers from poor empirical performance due to the large dependency on the
number of arms. Recently, Hao et al. [16] introduced OAM, an asymptotically optimal algorithm for
the CLB setting. While OAM effectively exploits the linear structure and outperforms other bandit
algorithms, it suffers from major limitations. From an algorithmic perspective, at each exploration
step, OAM requires solving the optimization problem of the regret lower bound, which can hardly
scale beyond problems with a handful of contexts and arms. Furthermore, OAM implements a
forcing exploration strategy that often leads to long periods of linear regret and introduces a linear
dependence on the number of arms |.A|. Finally, the regret analysis reveals a critical dependence
on the inverse of the smallest probability of a context (i.e., min, p(x)), thus suggesting that OAM
may suffer from poor finite-time performance in problems with unbalanced context distributionsE]
Degenne et al. [[17] recently introduced SPL, which significantly improves over previous algorithms
for MAB problems with general structures. Inspired by algorithms for best-arm identification [[18]],
Degenne et al. reformulate the optimization problem in the lower bound as a saddle-point problem
and show how to leverage online learning methods to avoid recomputing the exploration strategy
from scratch at each step. Furthermore, SPL removes any form of forced exploration by introducing
optimism into the estimated optimization problem. As a result, SPL is computationally efficient and
achieves better empirical performance in problems with general structures.

Contributions. In this paper, we follow similar steps as in [17] and introduce SOLID, a novel
algorithm for the CLB setting. Our main contributions can be summarized as follows.

* We first reformulate the optimization problem associated with the lower bound for contextual
linear bandits [15,[19,116] by introducing an additional constraint to guarantee bounded solutions
and by explicitly decoupling the context distribution and the exploration policy. While we
bound the bias introduced by the constraint, we also illustrate how the resulting exploration
policy is better adapted to unbalanced context distributions.

* Leveraging the Lagrangian dual formulation associated with the constrained lower-bound
optimization problem, we derive SOLID, an efficient primal-dual learning algorithm that
incrementally updates the exploration strategy at each time step. Furthermore, we replace forced
exploration with an optimistic version of the optimization problem by specifically leveraging
the linear structure of the problem. Finally, SOLID does not require any explicit tracking step
and it samples directly from the current exploration strategy.

* We establish the asymptotic optimality of SOLID, while deriving a finite-time problem-
dependent regret bound that scales only with log |.4| and without any dependence on min, p(x).
To this purpose, we introduce a new concentration bound for regularized least-squares that
scales as O(logt + dloglogt), hence removing the dlogt dependence of the bound in [4].
Moreover, we establish a O(|X'|v/dn) worst-case regret bound for any CLB problem with |X|
contexts, d features, and horizon n. Notably, this is implies that SOLID is the first algorithm to
be simultaneously asymptotically optimal and minimax optimal in non-contextual linear bandits.

* We empirically compare to a number of state-of-the-art methods for contextual linear bandits
and show how SOLID is more computationally efficient and often has the smallest regret.

*Interestingly, Hao et al. [16] explicitly mention in their conclusions the importance of properly managing
the context distribution to achieve satisfactory finite-time performance.



A thorough comparison between SOLID and related work is reported in App. [B]

2 Preliminaries

We consider the contextual linear bandit setting. Let X be the set of contexts and .4 be the set of arms
with cardinality |X'| < co and |.A| < oo, respectively. Each context-arm pair is embedded into R?
through a feature map ¢ : X x A — RY. For any reward model 6 € R?, we denote by yi¢(,a) =
#(z,a) "0 the expected reward for each context-arm pair. Let ajj(z) := argmax,¢ 4 pto (7, a) and
py(x) == maxge A po(2, a) denote the optimal arm and its value for context = and parameter 6. We
define the sub-optimality gap of arm a for context = in model 6 as Ag(z, a) := pj(z) — po(z, a).
We assume that every time arm a is selected in context z, a random observation Y = ¢(x,a)"0 + £
is generated, where & ~ N(0, 02) is a Gaussian noise Given two parameters 6,0’ € R?, we define
dy,a(0,0") := 525 (o(x,a) — pgr(x,a))?, which corresponds to the Kullback-Leibler divergence

between the Gaussian reward distributions of the two models in context 2 and arm a.

At each time step ¢ € N, the learner observes a context X; € X drawn i.i.d. from a context
distribution p, it pulls an arm A; € A, and it receives a reward Y; = ¢(X;, A;)T0* + &, where
6* € R? is unknown to the learner. A bandit strategy 7 := {m }4>1 chooses the arm A, to
pull at time ¢ as a measurable function 7;(H;_1, X;) of the current context X; and of the past
history Hy_q := (X1,Y1,...,X;_1,Y;_1). The objective is to define a strategy that minimizes
the expected cumulative regret over n steps, Ef | [Rn(0)] == Eg , Do (uh(Xy) — po( Xy, Ar))],
where Eg o denotes the expectation w.r.t. the randomness of contexts, the noise of the rewards, and
any randomization in the algorithm. We denote by 6* the reward model of the bandit problem at
hand, and without loss of generality we rely on the following regularity assumptions.

Assumption 1. The realizable parameters belong to a compact subset © of R such that |||, < B
for all € ©. The features are bounded, i.e., ||¢(x,a)lls < L forallxz € X,a € A. The context
distribution is supported over the whole context set, i.e., p(x) > pmin > 0 for all x € X. Finally,
w.Lo.g. we assume 0* has a unique optimal arm in each context [see e.g., 15| [16]].

Regularized least-squares estimator. We introduce the regularized least-square estimate of 8* using
t samples as 0 := V;lUt, where V; := 30| 6(Xs, Ag) (X, Ag)T + vI, with v > max{L?, 1}
and I the d X d identity matrix, and U; := 22:1 d(Xs, As)Ys. The estimator 6, satisfies the
following concentration inequality (see App. [J]for the proof and exact formulation).

Theorem 1. Let 6 € (0,1), n > 3, and é\f be a regularized least-square estimator obtained using
t € [n] samples collected using an arbitrary bandit strategy 7 := {m; };>1. Then,

P {Ht € [n]: [0, — 0* ||y, = ﬂrn,é} <,
where ¢y, 5 is of order O(log(1/0) + dloglogn).

For the usual choice § = 1/n, c,,,1/,, is of order O(logn + dloglog n), which illustrates how the
dependency on d is on a lower-order term w.r.t. n (as opposed to the well-known concentration bound
derived in [4]]). This result is the counterpart of [7, Thm. 8] for the concentration on the reward
parameter estimation error instead of the prediction error and we believe it is of independent interest.

3 Lower Bound

We recall the asymptotic lower bound for multi-armed bandit problems with structure from [20, |15}
19]. We say that a bandit strategy 7 is uniformly good if Ef | [Rn] = o(n®) for any @ > 0 and any
contextual linear bandit problem satisfying Asm. [T}

Proposition 1. Let 7 := {m; };+>1 by a uniformly good bandit strategy then,

ET |R,(6*
liminfig’p[ ( )]

minf =S8N 2 00, M

3This assumption can be relaxed by considering sub-Gaussian rewards.



where v*(0*) is the value of the optimization problem

i X : x pf
mfZO Z Z n(z,a)Ag«(z,a) s.t. 0’len®falt Z Z n(x,a)dy q(0%,60") > 1, P)

n(za) zEX a€A zEX a€A

where O,y = {0/ € © | Jx € X, aj.(x) # aj,(x)} is the set of alternative reward parameters
such that the optimal arm changes for at least a context x.

The variables 7(z, a) can be interpreted as the number of pulls allocated to each context-arm pair
so that enough information is obtained to correctly identify the optimal arm in each context while
minimizing the regret. Formulating the lower bound in terms of the solution of (P) is not desirable
for two main reasons. First, (P) is not a well-posed optimization problem since the inferior may not
be attainable, i.e., the optimal solution may allocate an infinite number of pulls to some optimal arms.
Second, (P) removes any dependency on the context distribution p. In fact, the optimal solution n*
of (P) may prescribe to select a context-arm (, a) pair a large number of times, despite = having low
probability of being sampled from p. While this has no impact on the asymptotic performance of
7™ (as soon as pmin > 0), building on n* to design a learning algorithm may lead to poor finite-time
performance. In order to mitigate these issues, we propose a variant of the previous lower bound
obtained by adding a constraint on the cumulative number of pulls in each context and explicitly
decoupling the context distribution p and the exploration policy w(z, a) defining the probability of
selecting arm a in context . Given z € R+, we define the optimization problem

min zIEp[Zw(a:,a)Ag*(a:,a) s.t. inf Ep[Zw(x,a)dw,a(g*ﬁ/) >1/z (P,

we 0'cO
a€A alt a€A

where Q = {w(z,a) >0 |Vz € X : ) . ,w(z,a) = 1} is the probability simplex. We denote by
w? g« the optimal solution of and u*(z, 0*) its associated value (if the problem is unfeasible we
set u*(z,0*) = 400). Inspecting (P.)), we notice that z serves as a global constraint on the number of
samples. In fact, for any w € §2, the associated number of samples 7)(x, a) allocated to a context-arm
pair (z, a) is now zp(z)w(z, a). Since p is a distribution over X and ) w(x, a) = 1 in each context,
the total number of samples sums to z. As a result, admits a minimum and it is more amenable to
designing a learning algorithm based on its Lagrangian relaxation. Furthermore, we notice that z can
be interpreted as defining a more “finite-time” formulation of the lower bound. Finally, we remark
that the total number of samples that can be assigned to a context x is indeed constrained to zp(z).
This constraint crucially makes more context aware and forces the solution w to be more adaptive
to the context distribution. In Sect. 4] we leverage these features to design an incremental algorithm
whose finite-time regret does not depend on py,in, thus improving over previous algorithms [[7, [16],
as supported by the empirical results in Sect.[6] The following lemma provides a characterization
of and its relationship with (P) (see App.|C|for the proof and further discussion).

Lemma 1. Ler 2z(6%) = min{z > 0: is feasible}, Z(6%)

maXgcx Za#ag*(z) % and z*(6*) e Za;&ag* (@) n*(xz,a).  Then ﬁ —
max,eq infoco,, Ep [Yacaw(@,a)dyq(0%,0')] and there exists a constant co > 0 such
that, for any z € (z(6*), +00),

u*(z,07) < v (6") +

2:BLz(6*) |1 ifz <Z(0%)
z — z(6%) min {max { cov2z (0") 2 (f ) } , 1} otherwise

oz

The first result characterizes the range of z for which is feasible. Interestingly, z(6*) < 400 is
the inverse of the sample complexity of the best-arm identification problem [21]] and the associated
solution is the one that maximizes the amount of information gathered about the reward model 6*.
As z increases, w} 5. becomes less aggressive in favoring informative context-arm pairs and more
sensitive to the regret minimization objective. The second result quantifies the bias w.r.t. the optimal
solution of (P.). For z > Z(6*), the error decreases approximately at a rate 1/,/z showing that the
solution of can be made arbitrarily close to v*(6*).

“The infimum over this set can be computed in closed-form when the alternative parameters are allowed to lie
in the whole R? (see App. [K.1). When these parameters are forced to have bounded £5-norm, the infimum has
no closed-form expression, though its computation reduces to a simple convex optimization problem (see [21]).



In designing our learning algorithm, we build on the Lagrangian relaxation of (P.)). For any w € €,
let f(w; 0*) denote the objective function and g(w, z; 8*) denote the KL constraint

flw;0%) = Ep[z w(@, a) o (x,a)], g(w;2,0%) = inf Ep[z w(:c,a)dw,a(ﬁ*,ﬁ’)] - %

0'cO
acA alt a€A

We introduce the Lagrangian relaxation problem

min max {h(w, X 2,0%) = f(w; 0°) + A\g(w; 2, 9*)}, (Py)

A>0 weR
where A € R>¢ is a multiplier. Notice that f(w;6*) is not equal to the objective function of (P)),
since we replaced the gap Ay« by the expected value 119« and we removed the constant multiplicative
factor z in the objective function. The associated problem is thus a concave maximization problem.
While these changes do not affect the optimality of the solution, they do simplify the algorithmic

design. Refer to App. [D]for details about the Lagrangian formulation.

4 Asymptotically Optimal Linear Primal Dual Algorithm

We introduce SOLID (aSymptotic Optimal
Linear prImal Dual), which combines a
primal-dual approach to incrementally com-
pute the solution of an optimistic estimate
of the Lagrangian relaxation within a
scheme that, depending on the accuracy of
the estimate 6, separates exploration steps,
where arms are pulled according to the explo-
ration policy wy, and exploitation steps, where
the greedy arm is selected. The values of the
input parameters for which SOLID enjoys
regret guarantees are reported in Sect. [5] In
the following, we detail the main ingredients
composing the algorithm (see Alg. [I).

Estimation. SOLID stores and updates the

regularized least-square estimate 6; using all
samples observed over time. To account for

the fact that 5,5 may have large norm (i.e.,
|6/l > B and 6, ¢ ©), SOLID explicitly
projects 6, onto ©. Formally, let C; := {0 €
RZ : |16 — @H%t < B;} be the confidence
ellipsoid at time ¢. Then, SOLID computes
0, = argmingegne, |0 — 575”2?,5 This is a
simple convex optimization problem, though

it has no closed-form expressionE] Note that,
on those steps where 60* ¢ C;, © N C; might

be empty, in which case we can set 6; = 6;_1.

Then, SOLID uses 91 instead of 5,5 in all steps
of the algorithm. SOLID also computes an
empirical estimate of the context distribution

as fy(x) = § ooy 1{Xs = a}.

Algorithm 1: SOLID

Input: Multiplier A1, confidence values {f8:}: and
{¢ }+, maximum multiplier Amax, normalization
factors {zx } x>0, phase lengths {pi }r>0, step
sizes ap, o

Set wy I‘XT"A,VO —vI,Uy+ 0,00+ 0,5 «0
Phase index: K71 < 0
fort=1,...,ndo
Receive context X¢ ~ p
Set Kt+1 <— Kt
if inf9’65t71 ||9t—1 — Gll‘%t_l > ﬂt71 then
// EXPLOITATION STEP
Ay < argmax, e 4 g, (Xt a)
At41 4 A, Wig1 — Wy
else
// EXPLORATION STEP
Sample arm: A; ~ we(Xz, -)
Set St < St—l +1
// UPDATE SOLUTION
Compute g¢ € Ohi(we, Ae, 2K, ) (see Eq.
Update policy

¥ x,a
wi(w,a)e ey at (@)

Wt+1(x7 a) < Yalea wt(x,a’)ea‘fét at(wal)
Update multiplier
Aig1 < min{[\e — aj, ge(we, 25, )]+, Amax }
// PHASE STOPPING TEST
if St — STthl = Pk then
Change phase: K¢41 +— K; +1
Reset solution: wyy1 < w1, Apr1 & A1
Pull A; and observe outcome Y;

Update V;, Us, b\t, pe using Xy, A, Y;
Set 0, := argmingcgne, 10 — 0|3,

Accuracy test and tracking. Similar to previous algorithms leveraging asymptotic lower bounds,
we build on the generalized likelihood ratio test [e.g., [18] to verify the accuracy of the estimate

f;. At the beginning of each step ¢, SOLID first computes infy o, | 16;—1 — 0|12 _» Where
;1 ={0 €O |Ixe, a> (x) # ag ()} is the set of alternative models. This quantity
t—1

3The projection is required to carry out the analysis, while we ignore it in our implementation (see App. [K.1).



measures the accuracy of the algorithm, where the infimum over alternative models defines the
problem 6’ that is closest to 6, and yet different in the optimal arm of at least one contextﬁ This
serves as a worst-case scenario for the true 6*, since if * = ' then selecting arms according to
5,5_1 would lead to linear regret. If the accuracy exceeds a threshold 5;_1, then SOLID performs
an exploitation step, where the estimated optimal arm aﬂ;}til (X4) is selected in the current context.

On the other hand, if the test fails, the algorithm moves to an exploration step, where an arm A; is
sampled according to the estimated exploration policy w; (X%, -). While this approach is considerably
simpler than standard tracking strategies (e.g., selecting the arm with the largest gap between the
policy wy and the number of pulls), in Sect. [5| we show that sampling from w, achieves the same level
of tracking efficiency.

Optimistic primal-dual subgradient descent. At each step ¢, we define an estimated optimistic
version of the Lagrangian relaxation as

fiw) =Y hea@) Y wiwa) (5, , (@.@) + VA6l ). @
zeEX acA
gr(w.2)i= i Y (@) Y wiwa) (dx,awtfl,e )+ VAl @)l ) -2, 0
9’E®t,1m€X acA o t—1 4
hi(w, A, 2) = fi(w) + Age(w, 2), “

where ~y; is a suitable parameter defining the size of the confidence interval.

Notice that we do not use optimism on the context distribution, which is simply replaced by its
empirical estimate. Therefore, h; is not necessarily optimistic with respect to the original Lagrangian
function h. Nonetheless, we prove in Sect. [5] that this level of optimism is sufficient to induce enough
exploration to have accurate estimates of 6*. This is in contrast with the popular forced exploration
strategy [e.g.[7,[15 19} 116], which prescribes a minimum fraction of pulls € such that at any step ¢,
any of the arms with less than €S, pulls is selected, where S; is the number of exploration rounds so

far. While this strategy is sufficient to guarantee a minimum level of accuracy for §t and to obtain
asymptotic regret optimality, in practice it is highly inefficient as it requires selecting all arms in each
context regardless of their value or amount of information.

At each step ¢, SOLID updates the estimates of the optimal exploration policy w; and the Lagrangian
multiplier A\;. In particular, given the sub-gradient ¢; of hy(wy, At, 2k, ), SOLID updates w; and A,
by performing one step of projected sub-gradient descent with suitable learning rates aj;, and O‘}\Q'
In the update of w;, we perform the projection onto the simplex {2 using an entropic metric, while the
multiplier is clipped in [0, Apax]. While this is a rather standard primal-dual approach to solve the

Lagrangian relaxation (P,), the interplay between estimates 6;, p;, the optimism used in h;, and the
overall regret performance of the algorithm is at the core of the analysis in Sect.[3]

This approach significantly reduces the computational complexity compared to [15} [16], which
require solving problem[P|at each exploratory step. In Sect.[6] we show that the incremental nature of
SOLID allows it to scale to problems with much larger context-arm spaces. Furthermore, we leverage
the convergence rate guarantees of the primal-dual gradient descent to show that the incremental
nature of SOLID does not compromise the asymptotic optimality of the algorithm (see Sect. [5).

The z parameter. While the primal-dual algorithm is guaranteed to converge to the solution of
for any fix z, it may be difficult to properly tune z to control the error w.r.t. (P). SOLID leverages the
fact that the error scales as 1/+/z (Lem.|1|for z sufficiently large) and it increases z over time. Given
as input two non-decreasing sequences {p }x and {zj }, at each phase k, SOLID uses 2, in the
computation of the subgradient of h; and in the definition of f; and g;. After p; explorative steps, it
resets the policy w; and the multiplier A; and transitions to phase k + 1. Since py, = S1,,, 1 — ST, -1
is the number of explorative steps of phase k starting at time T}, the actual number of steps during k
may vary. Notice that at the end of each phase only the optimization variables are reset, while the

learning variables (i.e., 5,5 V¢, and py) use all the samples collected through phases.

81n practice, it is more efficient to take the infimum only over problems with different optimal arm in the last
observed context X;. This is indeed what we do in our experiments and all our theoretical results follow using
this alternative definition with only minor changes.



5 Regret Analysis

Before reporting the main theoretical result of the paper, we introduce the following assumption.
Assumption 2. The maximum multiplier used by SOLID is such that Ayax > 2BLz(0%).

While an assumption on the maximum multiplier is rather standard for the analysis of primal-dual
projected subgradient [e.g., 22, 23], we conjecture that it may be actually relaxed in our case by
replacing the fixed A\« by an increasing sequence as done for {z } .

Theorem 2. Consider a contextual linear bandit problem with contexts X, arms A, reward parameter
0%, features bounded by L, zero-mean Gaussian noise with variance o2 and context distribution p
satisfying Asm. I} If SOLID is run with confidence values ;1 = ¢y, 1/, and v, = Cn,1/52, Where
Cn,s is defined as in Thm. |} learning rates ag = of = 1//pk and increasing sequences zj, = zpek
and py, = z,€%F, for some zy > 1, then it is asymptotically optimal with the same constant as in the
lower bound of Prop.[I} Furthermore, for any finite n the regret of SOLID is bounded as

Cn,1/n 1 3
EZ ,[Rn(6")] < v*(9) 524" + Ciog(loglog ) (logm)  + Ceonst, (5)
where Cloy = linzo(v*(ﬁ*),\X\,LQ,B2,\/&1/02) and Ceonst = U*(Q*)% +

linso(L, B, 20(2(0") /)%, (5(0) /0))[]

The first result shows that SOLID run with an exponential schedule for z is asymptotic optimal,
while the second one provides a bound on the finite-time regret. We can identify three main
components in the finite-time regret. 1) The first term scales with the logarithmic term c,, 1/, =
O(logn + dloglogn) and a leading constant v*(6*), which is optimal as shown in Prop.|l| In most
cases, this is the dominant term of the regret. 2) Lower-order terms in o(logn). Notably, a regret
of order /logn is due to the incremental nature of SOLID and it is directly inherited from the
convergence rate of the primal-dual algorithm we use to optimize (P.). The larger term (log n)3/ 4
that we obtain in the final regret is actually due to the schedule of {z; } and {py, }. While it is possible
to design a different phase schedule to reduce the exponent towards 1/2, this would negatively impact
the constant regret term. 3) The constant regret Co,¢t is due to the exploitation steps, burn-in phase
and the initial value zy. The regret due to 2, takes into account the regime when is unfeasible
(zr < z(0*)) or when zj is too small to assess the rate at which u*(zy,0*) approaches v*(6*)
(z < Z(0%)), see Lem. [I| Notably, the regret due to the initial value z, vanishes when zy > Z(6*). A
more aggressive schedule for z;, reaching Z(6*) in few phases would reduce the initial regret at the
cost of a larger exponent in the sub-logarithmic terms.

The sub-logarithmic terms in the regret have only logarithmic dependency on the number of arms.
This is better than existing algorithms based on exploration strategies built from lower bounds.
OSSB [15] indeed depends on |.A| directly in the main O(logn) regret terms. While the regret
analysis of OAM is asymptotic, it is possible to identify several lower-order terms depending linearly
on |A|. In fact, OAM as well as OSSB require forced exploration on each context-arm pair, which
inevitably translates into regret. In this sense, the dependency on |.A| is hard-coded into the algorithm
and cannot be improved by a better analysis. SPL depends linearly on |.A4| in the explore/exploit
threshold (the equivalent of our ;) and in other lower-order terms due to the analysis of the tracking
rule. On the other hand, SOLID never requires all arms to be repeatedly pulled and we were able
to remove the linear dependence on |.A| through a refined analysis of the sampling procedure (see
App. [E). This is inline with the experimental results where we did not notice any explicit linear
dependence on |A|.

The constant regret term depends on the context distribution through z(6*) (Lem. . Nonetheless,
this dependency disappears whenever zy is a fraction Z(0*). This is in striking contrast with OAM,
whose analysis includes several terms depending on the inverse of the context probability pp,in. This
confirms that SOLID is able to better adapt to the distribution generating the contexts. While the
phase schedule of Thm. 2]leads to an asymptotically-optimal algorithm and sublinear-regret in finite
time, it may be possible to find a different schedule having the same asymptotic performance and
better finite-time guarantees, although this may depend on the horizon n. Refer to App.[G.3|for a
regret bound highlighting the explicit dependence on the sequences {zj} and {py}.

"lin(-) denotes any function with linear or sublinear dependence on the inputs (ignoring logarithmic terms).
For example, lin>o(z,y?) € {ao + a1z + azy + azy® + asxy® : a; > 0}.
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Figure 1: Toy problem with 2 contexts and (left) p(x1) = .5, (center) p(x1) = .9, (right) p(z1) = .99.

As shown in [16]], when the features of the optimal arms span R¢, the asymptotic lower bound vanishes
(i.e., v*(0*) = 0). In this case, selecting optimal arms is already informative enough to correctly
estimate 6* and no explicit exploration is needed and SOLID, like OAM, has sub-logarithmic regret.

Worst-case analysis. The constant terms in Thm. |2 are due to a naive bound which assumes linear
regret in those phases where z, is small (e.g., when the optimization problem is infeasible). While
this simplifies the analysis for asymptotic optimality, we verify that SOLID always suffers sub-linear
regret, regardless of the values of zj. For the following result, we do not require Asm.[2]to hold.

Theorem 3 (Worst-case regret bound). Let z, be arbitrary, p, = e"* for some constant r > 1, and
the other parameters be the same as in Thm.[2] Then, for any n the regret of SOLID is bounded as

o2

Am XBL 2 T>\2- >\rn XBL
BE, [R0(0°)) < 3820 (44 2270 ) o 200mx iy 0 (14 222575 ) loglo)

where Cyqry, = lin>o(|X], Vi, B, L).

Notably, this bound removes the dependencies on z(6*) and Z(6*), while its derivation is agnostic to
the values of zj. Interestingly, we could set A2 = 0 and the algorithm would completely ignore the
KL constraint, thus focusing only on the objective function. This is reflected in the worst-case bound
since all terms with a dependence on o2 or a quadratic dependence on BL disappear. The key result
is that the objective function alone, thanks to optimism, is sufficient for proving sub-linear regret but
not for proving asymptotic optimality. More precisely, the resulting bound is O(|X|v/nd), which
matches the minimax optimal rate apart from the dependence on | X'|. The latter could be reduced

to 1/|X| by a better analysis. It remains an open question how to design an asymptotically optimal
algorithm for the contextual case whose regret does not scale with | X|.

6 Numerical Simulations

We compare SOLID to LinUCB, LinTS, and OAM. For SOLID, we set 3; = o%(log(t) +
dloglog(n)) and v; = 02 (log(S;) + dloglog(n)) (i.e., we remove all numerical constants) and we
use the exponential schedule for phases defined in Thm. 2| For OAM, we use the same [3; for the
explore/exploit test and we try different values for the forced-exploration parameter e. LinUCB uses
the confidence intervals from Thm. 2 in [4] with the log-determinant of the design matrix, and LinTS
is as defined in [5] but without the extra-sampling factor v/d used to prove its frequentist regret. All
plots are the results of 100 runs with 95% Student’s t confidence intervals. See App. [K] for additional
details and results on a real dataset.

Toy contextual linear bandit with structure. We start with a CLB problem with |X'| = 2 and
|A|,d = 3. Let z; (a;) be the i-th context (arm). We have ¢(z1,a1) = [1,0,0], ¢(x1,a2) = [0, 1,0],
(b(l‘l, a3) = [1 — f, 26, 0], (b(xg, (11) = [0, 0.67 0.8], (b(l‘g, ag) = [0, 0, 1], (b(xg, 0,3) = [0, 6/10, 1-—
€] and 6* = [1,0, 1]. We consider a balanced context distribution p(x;) = p(x2) = 0.5. Thisis a
two-context counterpart of the example presented by [7]] to show the asymptotic sub-optimality of
optimism-based strategies. The intuition is that, for £ small, an optimistic strategy pulls as in x; and
a; in zo only a few times since their gap is quite large, and suffers high regret (inversely proportional
to &) to figure out which of the remaining arms is optimal. On the other hand, an asymptotically
optimal strategy allocates more pulls to “bad" arms as they bring information to identify 8*, which in
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Figure 2: Randomly generated bandit problems with d = 8,|X| = 4, and |A| = 4, 8, 16, 32.

turns avoids a regret scaling with £. This indeed translates into the empirical performance reported in
Fig. [T} (left), where SOLID effectively exploits the structure of the problem and significantly reduces
the regret compared to LinTS and LinUCB. Actually, not only the regret is smaller but the “trend” is
better. In fact, the regret curves of LinUCB and LinTS have a larger slope than SOLID’s, suggesting
that the gap may increase further with n, thus confirming the theoretical finding that the asymptotic
performance of SOLID is better. OAM has a similar behavior, but the actual performance is worse
than SOLID and it seems to be very sensitive to the forced exploration parameter, where the best
performance is obtained for € = 0.0, which is not theoretically justified.

We also study the influence of the context distribution. We first notice that solving (P) leads to an
optimal exploration strategy 1* where the only sub-optimal arm with non-zero pulls is a1 in 2 since it
yields lower regret and similar information than a9 in x;. This means that the lower bound prescribes
a greedy policy in x1, deferring exploration to xo alone. In practice, tracking this optimal allocation
might lead to poor finite-time performance when the context distribution is unbalanced towards x1, in
which case the algorithm would take time proportional to 1/p(x5) before performing any meaningful
exploration. We verify these intuitions empirically by considering the case of p(z1) = 0.9 and
p(z1) = 0.99 (middle and right plots in Fig. [1| respectively). SOLID is consistently better than
all other algorithms, showing that its performance is not negatively affected by p,in. On the other
hand, OAM is more severely affected by the context distribution. In particular, its performance with
e = 0 significantly decreases when increasing p(z1) and the algorithm reduces to an almost greedy
strategy, thus suffering linear regret in some problems. In this specific case, forcing exploration
leads to slightly better finite-time performance since the algorithm pulls the informative arm a5 in 7,
which is however not prescribed by the lower bound.

Random problems. We evaluate the impact of the number of actions |.4| in randomly generated
structured problems with d = 8 and |X| = 4. We run each algorithm for n = 50000 steps. For
OAM, we set forced-exploration € = 0.01 and solve (P) every 100 rounds to speed-up execution as
computation becomes prohibitive. The plots in Fig. [2|show the regret over time for |A| = 4, 8, 16, 32.
This test confirms the advantage of SOLID over the other methods. Interestingly, the regret of
SOLID does not seem to significantly increase as a function of |.A|, thus supporting its theoretical
analysis. On the other hand, the regret of OAM scales poorly with |.A| since forced exploration pulls
all arms in a round robin fashion.

7 Conclusion

We introduced SOLID, a novel asymptotically-optimal algorithm for contextual linear bandits with
finite-time regret and computational complexity improving over similar methods and better empirical
performance w.r.t. state-of-the-art algorithms in our experiments. The main open question is whether
SOLID is minimax optimal for contextual problems with |X’| > 1. In future work, our method could
be extended to continuous contexts, which would probably require a reformulation of the lower bound
and the adoption of parametrized policies. Furthermore, it would be interesting to study finite-time
lower bounds, especially for problems in which bounded regret is achievable [9, [24] 25]]. Finally, we
could use algorithmic ideas similar to SOLID to go beyond the realizable linear bandit setting.



Broader Impact

This work is mainly a theoretical contribution. We believe it does not present any foreseeable societal
consequence.
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A Notation and Definitions

We provide this table for easy reference. Notation will also be defined as it is introduced.

Table 1: Symbols

0*

X

A

0_2

B

L

p

pe(x) =1 Yooy T{Xs = a}

ﬂe(xva

Dg(x,a) = maxaea po(r,a’) — po(z,a)

5 (x) == argmax, ¢ 4 po(z, a)

15 (x) = maxaea po(x,a)

dy,a(0,0") := ﬁ(ug(m,a) — por (z,@))?
Ous:={0" €0 Tz € X, aj«(x) # ap(x)}
01 ={0 €O |Irec i, agtil(x) # ap (z)}
v*(6%)

*

n

u*(z,0%)

W} o

2(0*) :=min{z > 0: is feasible}

h(w, A; 2,0%) := f(w; 0%) + Ag(w; 2, 6%)
f(w; 07)

fe(w)

9(w; 2,0%)

gt(wv Z)

By =1 {infycs, , 01— 01, < B}
Ne(z,a):=>"'_ 1{X; =2, A =a}
NE(z,a) : 2221 1{X: ==x,A: = a, E:}
Sp= 3 L{E}

ﬁtfl ‘= Cn1/n

I
By

Yt = Cni1/s2

K. e{0,1,...}

Ty

Tw:={ten]: K=k}
TE ={teTh: E}

{Pk}kzo

ap,af

K‘« = ZZ=1 ¢(XS7 AS)¢(XS, AS)T
Vt = V; —+ I/I

Up = Yoy 9(Xs, Ad)Ya

é\t = V;lUt

0, = argmingeenc, [16 — 0:11%,
Cim {0 € RY: [0 - 0112, < i)
Gy

M, = Z?:l L{E:, =G}

M = Bpere 161}

The true reward parameter

Finite set of contexts

Finite set of arms

Variance of the Gaussian reward noise
Maximum l2-norm of realizable reward parameters
Maximum [/2-norm of the features
Context distribution

Estimated context distribution

Mean reward of context x and arm a

Gap of context x and arm a

Optimal arm of context x

Optimal reward value of context

KL divergence between 6 and 6’ at z, a
Set of alternative reward models
Estimated set of alternative reward models

Optimal value of the optimization problem (P}
Optimal solution of the optimization problem (P)
Optimal value of the optimization problem (Pz)
Optimal solution of the optimization problem
Feasibility threshold of

Lagrangian relaxation of (PZ))

Objective function

Estimated (optimistic) objective function (see Eq. l
Constraint function

Estimated (optimistic) constraint (see Eq.

Exploration round

Total number of visits to (z, a)

Number of visits to (x, a) in exploration rounds
Total number of exploration rounds

Theoretical threshold for the exploitation test in
SOLID

Theoretical value for the confidence intervals in
SOLID

Phase index at time ¢

Time at which phase k£ starts

Time steps in phase k

Exploration rounds in phase k

Total number of exploration rounds in each phase
Step sizes

Design matrix

Regularized design matrix (v > 1)

Sum of reward-weighted features

Regularized least-squares estimate

Projected least-squares estimates

Confidence ellipsoid at time ¢

Good event (see App. E)

Number of exploration rounds without good event

Number of exploration rounds in phase k£ without
good event
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Feature/Algorithm OSSB OAM SPL SOLID

Setting general MAB linear general MAB linear contextual
contextual
Objective fun. constrained constrained saddle (ratio) saddle (Lagrangian)
Opt. variables counts counts rates policies
Asympt. optimality order-opt opt opt opt
Finite-time bound v X v v
Explore/exploit tracking test glrt glrt glrt
Tracking direct direct cumulative sampling
Optimization exact exact incr. and best-response incr.
Exp. level forcing forcing unstruct. optimism optimism
Parameters forcing, test ~ forcing, test gaps clip, test, conf. Amax, test, conf. values,
values phases
Table 2: Comparison of structured bandit algorithms. OSSB [15], OAM [16], SPL [17] and SOLID

(this paper).

B Comparison to Related Work

In Table[2] we compare several bandit algorithms along several dimensions:

Setting refers to whether the algorithm is designed for general multi-armed bandit (non-
contextual) structured problems or it is for the linear contextual case.

Objective function refers to the optimization problem solved by the algorithm. It can be
either the original constrained optimization in (P) or a saddle point problem (either obtained
by taking the ratio of objective and constraints or the Lagrangian relaxation in (P.)).

Optimization variables refers to the variables that are optimized by the algorithm: counts is
the 7 variables in (P)), rates is the ratio fraction of regret, policies is the w variables in (P).

Asymptotic optimality is either order optimal when only a logarithmic rate is proved with
non-optimal constants, or optimal, in which case the leading constant is v*(6) as in Prop.

Finite-time bound is whether finite-time guarantees are reported.

Explore/exploit refers to the separation between exploration and exploitation steps and
whether it is based on a tracking performance test or on the generalized likelihood ratio test
(GLRT)f]

Tracking refers to how arms are selected during the exploration phase.

Optimization refers to whether the optimization problem is solved exactly at each step
or using an incremental method. SPL combines an incremental method using an exact
computation of a best response solution.

Exploration level refers to the technique used during exploration steps to guarantee a
minimum level of exploration. The first option is forcing all arms to satisfy a hard threshold
of minimal pulls. The second option is to include a form of optimism in the optimization
problem.

Parameters list the major parameters in the definition of the algorithm. This is often
difficult since some algorithms directly pick theoretical values for some input parameters,
while others may provide specific values only during the analysis. OSSB requires tuning
the forcing parameter and the parameter used in the exploration/exploitation test. OAM
has a forcing parameter and needs to properly tune the GLRT. SPL requires clipping the
gap estimates from below, tuning the GLRT, and designing suitable confidence intervals
for optimism. SOLID requires an upper bound for the multiplier, tuning of the GLRT,
confidence intervals, and phases to tune the normalization factor z.

The major insights from this comparison can be summarized as follows:

8Notice that none of the algorithms implement the exact form of the GLRT, but slight variations that provide
equivalent guarantees.
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* Comparison SOLID/OAM: This is the more direct comparison, since both algorithms are
designed for contextual linear (see Sect. [6|for the empirical comparison). SOLID improves
over OAM in almost all dimensions. On the theoretical side, we provide explicit finite-time
regret bounds showing that SOLID successfully adapts to the context distribution, while
the performance of OAM is significantly affected by py,i,. Furthermore, in many lower-
order regret terms in the analysis of OAM the cardinality of the arm space appears linearly,
while the regret of SOLID only depends on log(|.A|). On the algorithmic side, SOLID
leverages a primal-dual gradient descent that greatly improves the computational complexity
compared to the exact solution of the constrained optimization problem done in OAM at
each exploration step. Furthermore, replacing the forcing strategy with an optimistic version
of the optimization problem allows SOLID to better adapt to the problem and avoid pulling
highly suboptimal/non-informative arms.

* Comparison SOLID/SPL: The comparison is more on the algorithmic and theoretical
properties rather than the actual algorithms, since they are designed for different settingsﬂ
While both algorithms replace the constrained problem in the lower bound by a saddle
point problem, SPL takes the ratio between constraints and regret, while in SOLID we
take a more straightforward Lagrangian relaxation. As a result, in SOLID we rely on a
rather standard primal-dual gradient approach to optimize (P)), while SPL relies on online
learning algorithms for the solution of the saddle-point problem. Finally, both algorithms
replace forcing by an optimistic version of the optimization problem. Nonetheless, SPL
uses separate confidence intervals for each arm that ignore the structure of the problem,
while SOLID relies on confidence intervals build specifically for the linear case. Finally,
the regret bound of SPL, similarly to the one of OAM, depends linearly on |.A| in several
lower-order terms, even when instantiated for linear structures. SOLID, on the other hand,
has only log(|.A|) dependence.

C Lower Bound

C.1 Proof of Lem.[T]

Feasibility of (P_)). We start from the first result in Lem. [T} which states the minimal value of z for
which is feasible. Clearly, the maximal value that the left-hand side of the KL constraint can
assume is

max inf E,
WEN €O,

Z w(z,a)dy o (0%, 9/)] )

acA

which can also be interpreted as the solution to the associated pure-exploration (or best-arm identifi-
cation) problem [e.g.,[18]]. Therefore,

2(0*) :=min{z > 0: is feasible}

=minq 2z >0:max inf E,
weQ €O,y

Zw(x,a)dw,a(e*,a')] > i}

acA
1
maxycqinfoco,, E, [ZaeAw(x,a)dm,a(O*,H’)] '

This proves the first statement in Lem. [T}

“While the general structured bandit problem does contain the linear case, it is unclear how it can manage
the contextual linear case.
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Connection between (P) and (P.). In order to prove the second result, let us rewrite in the
following more convenient form:

minimize Z p(x) Z n(x,a)Ag«(z, a)

n(z,a)>0

zEX acA
subject to G'iergau p(x) Z n(z,a)dy.q(0%,6) > 1, P.)
reX acA

Zn(:ma) =z Vredk.
acA

Note that is obtained from in the main paper by performing the change of variables
n(z,a) = zw ,a), hence the two problems are equivalent. Recall that v*(6*) is the optimal value
of (P) and u*(z 0*) is the optimal value of (P} and (P;) (if there exists one). We are interested in
bounding the deviation between u *(z,0%) and v*(6*) as a function of z.

Let us first define the following set of confusing models:

Ouit == {0 € Ouyy : V& € X, i () = por (z,0%)},

where, for the sake of readability, we abbreviate a} = aj. (z). These models are indistinguishable
from 6* by pulling only optimal arms. The following proposition, which was proved in [17]], connects

models in the alternative set ©,;; with the confusing ones in O .

Pr0p0~siti0n 2 ([I7Z0). There exists a constant ce > 0 such that, for all ' € Oy, there exists
0" € Oy such that,

VeeX,ae A |IU/9' ((E,(l) — Mo ('Tv a)| < C@|M§* (l’) — Mo (.’IJ, a’g* (,’E))|
We now prove the bound on u*(z, #) reported in Lem.

Proof of Lem.[I] We start from the Lagrangian version of .

u*(z,0) = min { Z p(x) Z n(x,a)Ag«(z,a) + X*(z,0%) <1 — infa p(x) Z n(x, a)dg,q (0%, 0’)) } ,

n>0
zeX acA reX acA

subject to Y ., 1(x,a) = z for each context x € X'. Here \*(z,6*) is the optimal value of the
Lagrange multiplier for the same problem. We distinguish two cases.

Case 1: z < max ey ﬁ Yazas, (o)1 (@, a). Let

n*(z,a)/p(x) : *
7( ) maxg,e x ﬁ Za¢a5* (" (z,a) ifa 7& Ay« (l‘)
nx,a) ==z Daar, ()N (@,a)/p(x)
1-— z 9*( ) 0 otherwise

maXeex 5ipy 2artay, ()1 (:0)

where 7* is the optimal solution of (P). Since ) 7j(z, a) = z, we have that u*(z, 6*) is less or equal
to the value of the Lagrangian for n = 7, i.e.,

u*(z,0%) < v (0%) + X (2,6%) (1 — infa p(x) Z 7(z, a)dy o (6%, 9’)) ,

zeX acA
where we used the fact that

Z p(x) Z N(z,a)Ag+(z,a) = i c Z Z (z,a)Agp« (2, a)

zEX acA MaXeex 30y Za#“é (z) ' ( weX a#a}, (x)

<! =0+ (0%)

since Ag+ (2, aj. (x)) = 0. Since the KL divergence d, ,(0*, ¢’) is lower-bounded by zero, in case 1
we have

W (2,0%) < vt (0%) + A (2, 0%).
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Case 2: z > MAXpeX 5y Doarar, (2) 1 (¥, 0)-  Let
8*

(@, a) = n*(z,a)/p(x) if a # aj. (x)
’ 2= Yatas, () 1 (@,0)/p(x)  otherwise
where, as before, n* is the optimal solution of (P). Since z > Z@éaé*(m) n*(z,a)/p(x) for any

x € X, 7 is well defined. Since 7 also sums to z for each context, we have that u*(z, 0) is less or
equal to the value of the Lagrangian for n = 7, i.e.,

* * < * * * * _ : — * / .
u*(z,0%) < v (0%) + A\*(2,0%) (1 O’ggau reXp(x)%n(x,a)dw,a(H ,0 ))

We first lower bound the infimum on the right hand side. We have
inf p(z) Z Nz, a)dy q(0%,0") = min{ inf Z p(z) Z n(x,a)dy.q(0%,6),

0'€0,
" rex ac€A 0'€Oae ey a€A

IN
Oalt

inf Z p(z) Z Nz, a)dy q(0%,6") }

0’ €0a1t\Oart zeX acA

Iealt\éalt
(6)
By definition of 77 and n*, the infimum over the set of confusing models can be written as
I~1t: inf Z Z (x,a)dy o(0%,0") = inf ZZU (z,a)d; o(6%,6') > 1, (7)
0'€Curt sy oA '€Outt yex atar

where the equality holds since the KLs are zero in the optimal arms, which are the only arms where
the values of 77 differ from those of n*, and the inequality holds since 7* is feasible. Regarding the
infimum over the non-confusing models,

I@alt\éa“ = inf Zp(x)ﬁ(m,a )dz.azx (07,0 —|—Z Z (@, a)dyq(0%,60") | . (8)

0/ €041t \Oale TEX z€EX aFal

(%) (i7)

We partition the set of non-confusing models in two subsets:

6L = {# € Ou\ Bu : Y € X, 1. (@) — o (a1, 0 (@) < e |, ©)
6% = {0 € 0w\ Bt s Fo € X, 1 (@) — i (2, 5. ()] = . . (10)

The value of €, will be specified later. We have, for 6" € ®a1ta

inf p(x) Zﬁ(z,a)dL o(0%,0 g 1nf Z Z n*(z,a)d; q(0,6") (11)

0rcot) 9co!

alt tEX acA dlt TEX aFal
* 2
> egrg(l) I (dmw 0") — ;mm,a) —ue//(x,an) (12)
alt TEX aFalk
©
> 1- pesurgl > > @)y (z,a) — por(z,a)| (13)
'€0,); zEX atal
@ @ X X . "
- gelsug SN wt (@ a) |upe (@) — po(x, b)) (14)
€0 1c rEX aFal 2.
(e) Co€y "
> 1= ) n'(wa), (15)

rEX a#al
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where (a) uses the fact that (i) > 0 and the definition of 7, (b) uses the Lipschitz property of the KL
divergence between Gaussians, (c) uses the fact that 7 is feasible for confusing models (see Eq. ,

(d) uses Prop. [2[and (e) uses the definition of o4 alt Regarding the second set of alternative models,

inf(z) p(z) Z (@, a)dy,q(6%,6") (16)
0'€O,) zex acA

¢ N .

> i Y pe) 2= D ' (@a)/p(x) | deey(0%,0) (17)
0'€0.) pex aFaj, (z)

) N 1 N .

D it S (- Y w@a)/e@) | == (e (x,a%) — por(x,a2))’ (18)

0cd® 20
alt x€X u;éag* (x) >e2

202 = > . (19)

TEX aFfaj, ()
where (f) uses the fact that (7) > 0 and the definition of 77, (¢) uses the definition of KL for Gaussian
distributions and (k) uses the definition of 0% Let 2 “(0%) =2 sex 2artar, (o) M (@, a). Putting
!

alt -
together the results so far, we have

* (* 2
inf 3 p@) S 7, a)d, 0 (6%,6) > min {1, 1 w & (z - z*(e*))} . (20)

o 202
reX acA

Setting €, = 1/2%2,

inf p(x) Z Nz, a)dy,q(0%,60") > max {min {1 - c@\f\z/;(ﬂ*) ,1— z*(j*) } ,0} ,

0'cO
A ex acA

Therefore, in case 2 we have

u*(z,0%) < v*(0") + A*(z,6") min {max { co V2 (0%) 2(0") } , 1} :

oz oz

Bounding \*(z,60*). Finally, we show that the optimal multiplier A*(z,0%) is bounded (regardless
of which case z falls into). Let = zw, where w = w7 ,. is the pure-exploration solution obtained

solving problem (P_)) with z(#*). Recall from the first statement of Lem. [T} [1] that

it 3 @) 3 sl a)dea0.0) =

zeX acA

Thus, 7 is strictly feasible for problem (P.) and has constraint value

inf p(z) Z n(x, a)dy o (0%,0") = o

0O TEX acA 7(0*)

z

>1 (22)

since z > z(0*) by assumption. Using the Slater’s condition (see e.g., Lem. 3 in [22]),

Zg;eX p(l‘) ZaeA A9* (‘Ta a) (ﬂ(gjv CL) - 772 (‘Ta a))
g com S P(0) Saen 1l e a (07, 0) —

> e ZAW (v,0) (w0~ (@a)/z) @4

0 < M (z,0%) < (23)

z(0%) TEX aed Y N
z zz(0%)
z2(0%) — :CEX aE.A Cl0SBL]
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C.2 Discussion About Problem

In this section we provide more intuition about the effect of explicitly adding the context distribution
in the formulation of the lower bound. As mentioned in Sect. 3] the infimum in the original problem (P)
may not be attainable, thus making it difficult to solve it and build a learning algorithm around it. A
simple way to address this issue is to introduce a global constraint so that the sum of 7 is constrained
to a parameter z. This leads to the optimization

inf A
n(;,r}z)zo Z Zn(x,a) o+ (z,a)

r€EX ac A

. *x ~
s.t. 0/gé)fa“ Z Z n(x,a)dg q(0%,0) > 1 (P.)

‘r€EX acA

Zn(x,a) =z

Let 775 be the optimal solution of (P.) and u be its associated optimal value. On the other hand, the
problem we propose can be easily rewritten as

wlrg>0 Z Z x,a)Ags(x,a)

TEX a€A

i o (0%.0") >
e, 3 S e ) > )

TEX a€A
Zn(a:,a) =zp(z) VzeX

where the constraint is now on each context and it depends on the context distribution (w(z,a) =

Z(p"”(gﬂ”) ) The crucial difference w.r.t. (P,) is that now the number of samples prescribed by 7 needs

to be “compatible” with the amount of samples that can be collected within 2 steps from each context
x depending on its probability p(x). Let i} be the optimal solution of and v} be its associated
objective value. In order to understand how this difference may translate into a different behavior
when integrated in an actual algorithm, let compare the two solutions 1} and 7} if executed for z
stepsEr] Since neither of them can be “played” (i.e., only one arm can be selected at each step), we
need to define a specific execution strategy to “realize” an allocation 7. For the ease of exposition,
let consider a simple strategy where in each context x, an arm a is pulled at random proportionally
to n(x,a). Let (. (z,a) and . (x, a) the expected number of samples generated in each context-arm
pair (x, a) when sampling from 7% and 7} respectively. Then we have

mismatch o (z, a)

C(wya) = i (s a) =2
CZ( ’ ) nz( ’ )Ea/ ﬁ;‘(x,a’) (26)
C(zya) = zp(x)M =ni(x,a) (27)

=1
2o z(@a)

which reveals how 773 (x, a), which was explicitly optimized under the constraint that the total number
of samples was z, may not really be “realizable” in practice, since it ignores the context distribution
and the number of samples that can be actually generated at each context 2. On the other hand, on
average the desired allocation 7} can always be realized within z steps. Interestingly, the mismatch

ATk s

between 773 (z, a) and CZ( ‘ would no longer guarantee neither the performance u} “promised” by
(P

775 nor the feasibility for (P,) (i.e., Cz(x, a) may not satisfy the KL-information constraint). This
would make considerably more difficult to build a learning algorithm on 7% than on 7}.

As it can be noticed in Eq. [26] the level mismatch is due to the execution strategy used to realize the
allocation 77} (in this case, a simple sampling approach) and better solutions may exist. We could even
consider to directly optimize the execution strategy so as to achieve a mismatch «,(x, a) that induce

!"Notice that the constraint directly implies Yean(@a) =2

""'We recall that, as discussed in Sect. |3 l z introduces a more finite-time flavor into the lower bound, where
pulls should now be allocated so as to satisfy the KL-information constraint within z steps.
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an allocation Zz (z, a) that performs best in terms of regret minimization under the KL-information
constraint. Given the 7} obtained from li we define the optimization problem

a(;fgzo Z Z s (z,a)a(z,a)Ag(x,a)
TEX a€A
s.t. inf Z Z mi(z,a)a(z,a)d, o(0,0") > 1 (P.)

0'€O0,
" 2eX acA

Y (w,a)alz,a) = zp(x)

Interestingly, a simple change of variables reveals that 1} does coincide with () that we originally

introduced (i.e., a*(z,a) = :71—3 gzg minimizes the problem). This illustrates that solving indeed
leads to the optimal allocation compatible with the context distribution and the constraint of z

realizations.

D Lagrangian Formulation

We discuss in more details the Lagrangian formulation presented in Section[3] Consider the following

variant of (P,)):

max EP{Zw(x,a)ﬂg*(x,a)} st.  inf E,,{Zw(:c,a)dx,a(e*,o') >1/z (P,

weN 0'cO
ac€A ale ac€A

This problem differs from (P} since we replaced the action gaps with the means in the objective
function and avoided scaling the latter by 2. Let @, ,. the optimal solution of and @*(z, 0*) be
its associated value (if the problem is unfeasible we set ©*(z, 6*) = +00). Since the feasibility set is
equivalent in (P)) and as we only changed the objective function, the following proposition is
immediate.

Proposition 3. The following properties hold:
1. Both and (P.)) are feasible for z > z(0*);
2. Wl gu =W -
3. ur(z,0%) = z (u* —w(z,0%)) where p* = E, [} (x)];

Due to the equivalence demonstrated in Prop. [3] in the remaining we shall occasionally write w} to
denote both w7 4. and W7, 4..

We recall the Lagrangian relaxation problem of Sec. For any w € €, let f(w;0*) denote the
objective function and g(w, z; 8*) denote the KL constraint

f(w;0*) =E, [ Z w(x, a)pg«(z, a)} , g(w;z,0") = inf E, [ Z w(z, a)dy q (6%, 9’)] I

acA €O L lcA z
The Lagrangian relaxation problem of (P_) i
i h(w, A 2, 0%) = f(w:07) + Ag(w; 2, 0% } p
minmax {h(w, hi2,0%) = (3 6") + Ag(w:2,07) (Py)

where A € R>( is a multiplier. We denote by A*(z, 6*) the optimal multiplier for problem (Py)). We
note that f is linear in w, while g is concave since it is an infimum of affine functions. Hence, the
maximization in (P,) is a non-smooth concave optimization problem.

2In the main text we actually state that is the Lagrangian relaxation of instead of (P.). This is
motivated by the fact that and have the same optimal solution (see Prop. [3), though different optimal
objective values.

20



Strong duality. We now verify that strong duality holds for the Lagrangian formulation (with
respect to 1| when z > z(6*). This is immediate from the existence of a Slater point, as shown in
the following proposition.

Proposition 4 (Slater Condition). For any z > z(0*), there exists a strictly feasible solution w, i.e.,
g(w; z,0%) > 0.

Proof. This is a direct consequence of the fact that

1 1
. E : * pl _ +
glgs%{e'ggm Ep aeAw(w,a)dw7a(6 | = 2(07) s 28)
See Lem. [T|and App.[C| O

Thus, the optimal solution of is (A\*(z,0%),w?).

Boundedness of the optimal multipliers. We recall the following basic result.
Lemma 2 (Lemma 3 of [22]]). For any z > z(0*), if w, is a Slater point for (P.),
f(wZ;0%) — f(w2;6%)

A (z.0%) <
0 < == Gam0m

Using Lemma[2] we can prove the following result which will be very useful for the regret analysis.
Lemma 3. For any z > 2z(0%),

A(z,0%) < 2BLz(6%). (29)

Proof. From Prop. ] w (the solution of the associated pure-exploration problem) is a Slater point for
problem (P.). Then, by Lemma[2]

* * f(w;;e*) _f(g7 9*)
Y(@f) < g(w;z,0%)

Let kl(w) denote the expected KL of w, so that g(w; z,0*) = kl(w) — 1/z. Then,
flwsi0%) ~ f@6?) _ fwi6) _ BL

. 30
M@ — 1/ = K - 1/z = K@) -1/ G0
Furthermore, since kl(w) = 1/2(6%),
BL *
M2 07) < BP0 opraom),
z— z(0%)
where the last inequality holds for z > 2z(6*). This concludes the proof. O

E Action Sampling

SOLID does not use standard tracking approaches for action selection (e.g., cuamulative tracking [14}
18] or direct tracking [[15}[16]) but a sampling strategy. Despite being simpler and more practical than
tracking, we show that sampling from w; enjoys nice theoretical guarantees.

In the following lemmas we define the filtration F; as the o-algebra generated by the ¢-step history,
Ht = (Xla A17 Yla ceey Xt> At7 )/%)

Lemmad4. Let {w, };>1 be such that w, € Q and wy is F_1-measurable. Let { X, };>1 be a sequence
of i.i.d. contexts distributed according to p and { Ay }¢>1 be such that Ay ~ wi(Xy, ). Then,

2

ZZZP E;, [NF(2,a) — p(x) Z ws(z,a) >\/52’tlog(S§|X|A|) S%.

t>1 zeX ac A s<t:Eg
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Proof. Let Z; :== 1{X; = x, A; = a} and 75 be a random variable such that the s-th exploration
round occurs at time 75 + 1. Notice that {7'8}321 is a strictly-increasing sequence (i.e., Tg4+1 > Ts) of
stopping times w.r.t. {F; };>1. Furthermore, define

W = Zr 11 — p(x)wr,+1(7,a)

and let G, := F, . Using Lem. 10 in [26], we have that {W, G, },>1 is a martingale difference

sequence. Therefore, by Azuma’s inequality
S
s 2
P >4/ zlog < p <4
{ =1 2 . 5} -

Let a; := /2t log (52| X||.A|) and rewrite NZ (z,a) = = Zg. Fix any t > 1. Then,
3 108 (9 t s<t:E, y

S8 B Y (2 pla)es(e.a))| > a
t=1

s<t:Fg

Z (ZT«;+1 - p(x)w7i+1(x7 a))

i=1

<Z]1{

s>1

szn{

s>1

>a7-s+1,7's+1<t}

5 log <32|X||A>}.

i=1

In the last inequality, we used the fact that a1 = v/slogs. Taking expectations and applying
Azuma’s inequality with § = SRTA] X” A

2

s
< — = .
< A & 5~ TAA

ZIP E:, Z (Zs — p(z)ws(z,a))| > a

s<t:Eg

The results holds for all ¢, and the proof is concluded by summing over contexts and arms. O

Lemma 5. Let {w;}i>1 be such that wy € Q and wy is Fy_1-measurable. Let {X;};>1 be a
sequence of i.i.d. contexts distributed according to p and {A;}1>1 be such that Ay ~ wi(Xy,-)

Let {@}}1>1,icim] be a sequence of functions ¢} : X x A — [—b,b] such that p}(x,a) is F;_1-
measurable for all i € [m)]. Then,

2

sz:ﬂ" E;, Z (QOS(XS,A Z Zws z,a)pl(x a)) >b %log(me) g%.

t>1 i=1 s<t:E, TEX a€A

Proof. The proof follows the same steps as the one of Lemma Fix i € [m]. Let Z; := pi(Xy, Ay)
and 7, be a random variable such that the s-th exploration round occurs at time 75, + 1. Notice
that {7 }s>1 is a strictly-increasing sequence (i.e., 7,41 > 7,) of stopping times w.r.t. {F;}i>1.
Furthermore, define

Wi Zoo = 3 p@hona(e.0)sh, o (@.0)

r€EX ac A

and let G, := F; . Using Lem. 10 in [26]], we have that {Ws, Gs}s>1 is a martingale difference
sequence (with differences bounded by b). Therefore, by Azuma’s inequality

: s 2
. — — < .
P{i_l f >b\/210g6}_5
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Let a; := by/ % g (mS?) and fix some ¢ > 1. Then,
t
Z]l £, (Zs — Z Z x)ws(z,a gps(x a)) > ay
=1

s<t:E, TEX acA

<
< Z]l (erﬂ Z Z T)wr, 41(x a)goT 1(z, a)) > ar 41, Ts +1 <1t
s>1 7j=1 rzeX ac A
< Z]l W;| > log(msz)
s>1 j=1

In the last inequality, we used the fact that a,, 11 = b/ log(ms?). Taking expectations and applying

Azuma’s inequality with § = pregn

t 2 2
;IP’ Ey, Z (Z—ZZ wsxagos(xa> > a SZW:%

s<t:Eg r€X ac A s>1

The results holds for all ¢ and the proof follows by summing over all i € [m]. O

Discussion. Lemmald]provides an analogous result to those obtained by tracking strategies, where
the empirical pull counts are shown close to the sequence of conditional probabilities computed by the
optimizer. Despite being simpler, our sampling rule achieves similar efficiency as existing tracking
rules. In particular, our bound scales with log |.A|, a factor that appears in the tightest known analysis
of cumulative tracking [[17]. The factor /5 log S; is not typically found in tracking strategies for
MABs. However, we note that such dependency would naturally appear when generalizing these
strategies to the contextual case.

Lemma 5 extends Lemma ] to bound the deviation between expectations of measurable functions
under the sequence of conditional probabilities and the same functions evaluated at the observed
contexts/arms. This result will be very useful in the regret analysis to avoid undesirable linear
dependencies on the number of arms.
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F High-Probability Events

In this section, we report the high-probability events used through the paper. Refer to App. [.T] for
concentration inequalities.

Let @, , := ¢(x,a)d(x,a)T. We define the following events:

true regret close to objective values

GA = { Z <A9* (Xs, Ag) — Z p(x) Zws(x,a)Ag*(x,a)> < 2LB+/S¢log S ¢,
s<t:Eg

reX acA
(31)

true confidence intervals close to expected confidence intervals

Gy ::{ ) <|¢<XS,AS>||V§111—Zp@c)Zws<x,a>||¢<x,a>||vgzll> < T /51085, y

s<t:Eg TEX acA

(32)

true design matrix close to expected design matrix

GY = { > (@XS,AS =Y pla) Zws(:aa)q)w,a) < L*\/S;log (dS;) ¢ , (33)

s<t:E, zEX acA

oo

well-estimated context distribution

log(]X|S7) 2
Tt

Gy :=(Vx € X: |pi_1(x) — p(z)] < 2max
25,

. (34)

well-estimated parameters

! = {1 = 0"y, <V} (35)
Furthermore, we define Gy = {G2,G?¢,G4, G, G} as the “good” event and let M, =

2221 1 {Es, -G} be the number of exploration rounds in which the good event does not hold. This

can be bounded in expectation as follows.

Lemma 6. Ler M; = 22:1 1{Es,~G,} be the number of exploration rounds in which the good
event does not hold, then

32

E[M]< -

Proof. Using the definition of G4 together with the union bound,

t t t ¢
B[] = 3 P{E -G} < 3P {E0 G2} + 3P{EGE) + 3P (.. G)
s=1 s=1 s—1 p—

t t
+) P{E, -G} +> P{E,~G’}.
s=1 s=1

The first and second term can be bounded by Lemmaby noticing that Ay« (z,a) < 2L B and that
lo(x, a) ||‘7_11 is J,_1-measurable and upper-bounded by £ at all time steps. Thus,

t t 2
S P{E, G2} + Y P{E,-G?} < 2%
s=1 s=1

Similarly, the third term can be bounded by Lemma 5| by taking a union bound over all elements of
@, , (for a total of d? elements) and noting that each term is bounded by L?2. Thus,

t 2
s:lP{E&ﬁGS} S 3 ’
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The fourth term is

log(|X|S2) 2
Z}P’{ESﬁG"}<ZZP Eq, |ps—1(x) — p(z)| > 2max %g

rzeX s>1
_ log(|¥]$?) 2
< D0 DB B s (a) = pulo)] + () — pl)] > 2max | [ ZE5 S
rzeX s>1

<ZZP{ B, |ps-1(z) — } DD PS By, |ps(x) — p(a)] > %

reX s>1 reX s>1

7.‘_2
<.
3

Here we used the fact that the absolute dlfference between two consecutive empirical means with
samples bounded by 1 cannot be larger than 2 <. We also used Lemma to bound the second term.
Finally, the fifth term can be directly bounded by Lemma 8}

2

ZIP’{EmﬁGg} < %

s=1

Combining the five bounds concludes the proof. O

G Regret Proof

We start decomposing the regret based on whether E, holds or not:

R, = ZAG* (Xt; At)]l {ﬁEt} + Z Ag+ (Xt7 At)]l {Et} — R%Xploit + Rixplore.

t=1 t=1

Throughout the proof, as stated in the main theorem, we use 3;—1 := ¢,,,1/, and ¢ == ¢, 1/ 52-

G.1 Outline
An outline of our proof is as follows.

Step 1. (App. [G.2) Using the confidence set derived in App. [J] we show that the regret suffered
when the algorithm enters the exploitation step is finite;

Step 2. (App. [G.3.1)) Using the properties of our action sampling strategy, we reduce the regret
incurred during exploration rounds to the sum of objective values of the policies computed
incrementally by primal-dual gradient ascent;

Step 3. (App. [G.3.2) By combining standard tools from convex optimization with the properties
of our confidence intervals, we relate the sum of objective values at each phase to the
corresponding optimal value and constraint violations;

Step 4. (App. We relate the sum of constraints to the exploitation test used by SOLID. In
particular, using the fact that the algorithm is not in the exploitation step, we show that the
sum of constraints cannot be larger than O(log n);

Step 5. (App. We combine the results obtained in the previous steps to show a first bound
on the expected regret suffered during the exploration rounds. Our bound has the optimal
dependency on v*(6*) log n but scales with the expected number E [K,] of phases executed
by the algorithm;

Step 6. (App. [G.3.5) By relating the upper bound on the sum of constraints computed at Step 3 and
a lower bound on the same quantity, we obtain an upper bound on K, as a function of the
chosen sequences py, 2k;

Step 7. (App.[G.3.6) We derive the final result by combining the bound on K, of Step 5 using the
exponential schedule for py, z;, with the partial regret bound of Step 4.
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G.2 Regret during Exploitation

We show that the regret suffered when exploitation occurs is finite. Let 8,1 := ¢, 1/, Where ¢, s
was defined in Thm. (1} Then F; := 1 {||§t,1 "% <ec 1/n} is the event under which the
t—1 ’

true model belongs to the confidence set, which holds with probability at least 1 — 1/n by the same
theorem. We leverage this to decompose the regret during exploitation as:

RZXPIOit = Z Ags (X4, AL {—Ey, Fy } + Z Ags (X, AL {—Ey, ~Fi} .
t—1 =1

The expectation of the second term is bounded by

<2LBY P{~F,} <2LB,
——

t=1

> 1{-F}

t=1

ZAg*(Xt,At) 1{-E;,~F}| <2LB-E
~—_———

t=1

<2LB <i/n

where we bounded P {~F;} < 1 by using Thm. With 4 = 1/n. Regarding the first term, we have
two possible cases. If ag (X¢) = aj. (Xy), then the algorithm suffers no regret since by definition
t—1

it pulls the empirically optimal arm (which is the optimal arm in this case). If a% (Xt) # aj. (Xy),
t—1

then it must be that §* € ©,_1, that is, the true model is in the set of alternative models for the current
context. Under —F}, this implies that

16r1 = 0*12 > 161 —0*%, > inf (01— 0|2 > i1 =cnaym

”V’ 1 9'€0,_,

where the first inequality is due to the fact that the good event F; holds and Cor. [I] This is a
contradiction with respect to F;. Therefore, =F; and F}; cannot hold at the same time and the
algorithm suffers no regret. Combining these results, we conclude

E [RZP] < 2LB.
G.3 Regret under Exploration

The key challenge is to bound the regret during the exploration rounds. We proceed by following the
steps outlined in App. [G.1]

G.3.1 From Regret to Objective Values

We decompose the regret incurred during exploration as

Rixplore = Z Ag* (Xt, At)]l {Et} S Z Ag* (Xt7 At>1 {Eta Gt} + 2LB Z 1 {Et, ﬁGt} .

t=1 t=1 t=1

=M,

Refer to App. [Ffor the definition of G;. The second term is M,,, the number of exploration rounds in
which the good event does not hold, and can be bounded in expectation by using Lem.[6] The first
one can be bounded by using the good event. Suppose, without loss of generality, that £, and G,
hold (if they do not, the following reasoning can be repeated for the last time step at which these
events hold). Then, using G2 (see App. E]),

D> Mg (X, AI{E, Gl = ) A (X, Ar)

t=1 t<n:E}
Z Z p(x) Z wi(z,a) A (x,a) + 2LB+/ Sy log Sp,.
t<n:E; x€X acA

Using the definition of phase, we can rewrite the first summation as

Ky,
Z Z Zwt:caAg*xa ZZZ Zwtl‘a)Ag*(l’(l)
t<n:E; x€X acA k=0teTF z€X acA
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Recall that K is the (random) phase index at time ¢, while 7,F is the set of exploration rounds in

phase k. See App. [A]for a summary of notation. Let k := min{k € N|z, > 2z(6*)}. We split the
sum into phases before and after k. For those before, we have

ZZ Z Zwtxa)Ag*(gc a)<2LBZ\TE|<2LBZpk,

k<&te7’E zeX acA k<k k<k

which yields at most finite regret since {py } is increasing. Let us now fix a phase & > k and bound
the regret during its exploration rounds (7,). Note that the optimization problem in each phase
k > k is feasible (see App. D). We have

Z Z p(z) Z wi(z, a) A (z,a)

teT,FaeX acA
Z Z Zwt z,a)Ag«(z,a) + Z Z Zwt z,a)(pps (x) — g+ (z, a))
teTF:G, x€X acA teTE:=Gy v€X acEA
Z Z Zwt z,a)Ag~(x,a) + My 1™ — Z Z Zwt x,a) g~ (z, a).
teTE Gy TEX acA teTF:~Gy z€EX acA

Here we defined p* := > p(x)pj. (x) and M, . as the number of exploration rounds during
phase k where the good event does not hold. The last term can be bounded by M,, ;. BL. Regarding
the remaining two,

Z Z Zwt z,a)Ag«(z,a) + M, pp*

tETE G, zeX a€A
= (pk — My i)™ + My o pt™ — Z Z Z wi(@, a) o+ (x, a)
tGTE Gy xeX acA
“pt Y Y@ @) Y e )= Y peale) Y il ae (.0
teT,P:Gy x€X acA teT,F:Gy x€X acA
(@) (©)
Term (a) can be bounded by

(@<LB Y 3 lpa(@) — pla).

tETkE:Gt zeEX

Cn,k’
The second term ¢, ,, will be bounded shortly over all phases by means of Lemma We now

provide a lower bound to term (b). The first step is to relate this to the objective function optimized
by the algorithm. Using the definition of GG; and Lem.

Y Y @) Y wea) (1, (@.0) - A6 a) o )

teT,P:GyzeX acA
£ Y Y@ Y way o Y Y pa) Y wilea)yAalel o)y
teTF:=G, xeX acA N—— teT,F w€X acA
|-|[<LB
> D7 fulwn) = MagkBL =2 37 37 pea (@) 3wl )il o, a)lly,
teT,P teT,P zeX acA
Z fr(we) My, ;BL = 2\/7, ¥, k- (36)
teT,F

In the last step, we used /7, < /7, (which is by definition O(log S,,)) and defined ¥,, ) :=
Dot Qagex Pr—1(®) Yo awi(@, a)|[o(x, a)lly -1 .
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To wrap-up the regret bound we have obtained so far, summing over all phases,

K, K, K,
Rflxplore <2LB Zpk + Zpkﬂ* + LB Z Cn,k — Z Z ft(wt)

k<k k>k k>k k>kteTF
N——
<Cn

K, Kn
+2LB Y My +2LBM,, + 270 Y ¥, 1 +2LB+/S, log S,.

k>k k>k

——— —

<M, %

Here we defined

Goi= Y D (@) — pa)]

t<n:Ey,Gy z€X

DD @) )] wi(x, a)||o(z, a)llg-1 .

t<n:E; x€X acA

(n can be bounded by Lemma|l12{and ¥,, by Lemma Both terms are of order O(1/S,, log S,,).
In order to simplify notation, we keep the specific bounds implicit in the remaining. Therefore, our
partial regret bound is

and

K”L
Rexplore < 2LBZpk + Zpk,u - Z Z ft Wt
k<k k>k k>k teTE
+4LBM,, 4+ 2/7,¥,, + LB(, + 2LB+/ S, log S,,. 37

G.3.2 Bounding the Sum of Objective Values

Our goal here is to lower bound the sum of objective values. As before, fix some phase index k > k
and let A > 0 be arbitrary. By recalling that the optimization process is reset at the beginning of each
phase and using Corollarywith ag = af =1//p and w = w}, (the optimal solution of problem
Pz,

. R4 (A=)
S > Xl dnn) -3 Y aenn) — (logl] + =g 4 B

E E E
teTy teT, teT,

(38)
We recall that by and b,, are the maximum sub-gradients in A and w, respectively. We now lower-
bound the first term on the right-hand side. Since h¢(w}, , A\, 2) = fe(w?,) + Aege(W3, , 21)s
fi(wl,) > —LB, gi(w3,, 2) > —zik, and \; < Apax, this term, evaluated on those steps where
G does not hold, can be lower-bounded by ZteTk‘?:ﬁGt he(WZ, s Aty 2k) = —(LB + Amax/26) M,

For any step ¢ € 77L,E in which G holds, the optimism property (Lemma. ) yields

fwl) = Y (proa(a) = p(@) Y wi, (2, a) - (2, @) +f(w2,)

rzeX a€A
|-I<LB
— LB |pi-1(x) = pl)],
TEX
and
ge(W, , 21) > OIiE%fa” Zpt 1( %wzk T,a)dy q(0%,0) — — £ g(w} )
> . ~ _ * * / *
> b > (e (@) = p(2) 3w (@, 0)dea(07,6) + g(w),)
X acA
.. 2I2B? A
> g(w?,) > lpeoa(x) — p(a))|
reX

28



Combining these two and using A\; < Apax,

Z he(wZ, s Aty 21) > Z (f(w;‘k)-f—)\tg(w;k))_LB(l 2LB;)‘maX><nk

tETkE:Gt tE'TkE:Gt

Note that g(w},) > 0 since by assumption w3, is feasible for the optimization problem (P, ).
Furthermore, ZtETE e flwr) = ZteTE flw Zk) ZteTkEﬁGt f(Wl,) > prf(ws,) — LBM, .

|-I<LB
Therefore, we obtain the following lower-bound on the sum of optimal objective values:

2L BAmax
> hi(wl,, Ae zk) > prf (W) — LB (1 + 02> Gk — (2LB + Amax/2%) My
teTE

Plugging this back into (38)),

Z fe(we) > prf(wl,) — A Z Gt (wt, 21) — axy/D

teT,F teTF

Cn k — (2LB + )\max/zk n,ks (39)

2LB
— LB <1_|_ Am&x)

where, for simplicity, we defined a) := (log |A| + “+b* + M) Summing over all phases,

K, K, K, K,
Yo Aw) =D pefwl) =AY Y gilwnz) —ax > Ve

K>k teTE k>k K>k te TP k>k

2L BAmax
o?

_ B <1 n Cr— (2LB + Amax) M, (40)

where we used Zfﬁk M, < M,, Zngk Cnk < Cp,and z; > 1.

G.3.3 Bounding the sum of constraints

Our next step is to upper bound ZkK;"k ZteTkE gt(we, 2), the sum of constraints of the policies

played by the algorithm during feasible phases (those with z; > 2z(6*)). The intuition is that this
term cannot be large (i.e., it cannot be above O(log n)), otherwise the exploitation test would trigger
and we would not be exploring at step n. Using the definition of g;(w, zx) (Eq.[3) and splitting the
sum based on the good event

K,
SN gilwr, 2x,)

k>E teTF
Y it Y @)Y el a0 + 2w, - 3 > o
- e’eét,l ’ 0'2
t<n:E, TEX acA k>k tETE
. ~ ~ 2L232
S Z , H,lf Z pt—l(x) Z Wt (I7 a)dm,a(at—la 0/) + 2 n 2 \/ 'Yn\I’ Z Pr
t<niBn, G, €91 pen acA g >k 22

@

Note that in the first step above we implicitly upper bounded the sum of KLs on the feasible phases
with the sum of KLs over all exploration rounds. We can use the definition of GG; and the optimism
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(Lemma[TT) to upper bound the first sum by

2LB

O< D> i Y pea(n) Y @il a)dea(07,0) + =5 A Tn
t<n:Ey,Ge €01 Sy acA
, . 2I2B?
< Y inf 3 p@) Y wi(@a)dea(0%0) 5= D> Y Ip(@) = proa(a)]
t<niB.G, €O sen acA t<niBy,Gy mEX
@ =Cn

Furthermore, the first term can be upper bounded by replacing each set ©; 1 over which the infimum
is taken by O,;; (if the two sets were different, such term would be zero). Therefore,

@ < Z inf p(l') Z Wt(xa a)dm,a(g*v 9/)

0€O 1
t<niB,Gy . SO pex acA
inf g E g wi(x,a)dy q(0%,6"), 41
9'6@ 1t
t<n:E; x€X acA

where we moved the infimum outside the outer sum and added the remaining steps where G does
not hold. Let ®, , := ¢(z,a)p(x,a)" and V,, o == 3", .5, Px, 4, be the design matrix of the
exploration rounds. Using the definition of d q,

@:i inf (0" —0)" [ Y Y p) Y wir,a)®paE Ve | (0F—0)

202 ¢'c0,
i t<n:E, 2€X acA

A

: 1 * T * 1 * 2
inf § o (07— ) V(07— 0) + 55107 = ¢'II3 ST @)Y wil@, )P0 — Vie

T 0€Ou; | 202
i t<n:E; z€X ac A 9

IN

e’él(l)fa“ Z Z Nf(mva)dw,a(e* ')+ % Z Z p(z) Z wi(2,0)Pr.0 = Vae

zEX a€A t<n:E; xt€X acA 9

2
<, 3 S N0+ 2 S S ) Y et Vi

T reX acA t<n:E; z€X ac A o

Recall that G, holds. Then, by using the definition of G¢ to bound the norm,

2B%L? 2B%L?
inf NE. dyo(0%,0 dSy, log (dSp
o, 2 3 N o 0, 0) 0 S T ()

@

Here we used N,,(x,a) = N,—1(x,a) + 1 {X,, = x, A,, = a} and upper bounded the KL at round
n by its maximum value. Moreover, similarly to Lem. [[T|we can show that

~ 2LB.\/vn
e/é%fa“ S ONE dg,a(On-1,0") + W D> N (xa)lg(s, a)llg-, -

zEX acA zEX a€A

S\I,’Vl
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The upper bound on the second term can be extracted from the proof of Lemma[I3] The first term
can be finally related to the exploitation test:

B, D TN OB )2 B 5N B )
rzEX a€ rxeX ac

1 .
=_—— inf H9n71—9I||%/n71

202 9€6,_;
/112 57171
= 5,2 G,EISf [0y~ 0 I7,_, < 202

where the second-last inequality holds since Vii_1 = Vi,_1, and the last inequality holds since the
algorithm is exploring at step n. By gathering all the results together, we get

K

2 i 2128 232L2
35S e < B S50 2L B v+ 222
k>kteTE B, K>k F

2712
+2B2L (\/dSnlog(dSn)—i—l). (42)
ag

G.3.4 Back to the regret during exploration

So far we have (1) reduced the total regret during exploration to the sum of objective values (Eq. [37),
(2) related this quantity to the optimal values of each phase (Eq. [40), and (3) derived an upper bound
to the total sum of constraints (Eq. 42). We now combine all these results. If we first plug (@0) into

37D,

K, K, Kn En
Rflxplore <2LB Zpk + Zpkﬂ* _ Zpkf(w:k) + )\Z Z gt((Ut,Zk) + ax Z \/pTc

k<k k>k k>k k2kteTF k>k
+ (6LB + Amax) My, + 270 ¥, + LB (2 + QLE(?“) (o +2LB+/S, 1og Sh,.
(43)
Then, plugging into this inequality,

RexPlore<2LBZpk+ZpkM —Zpkf W)+ AL —+a,\z\/>

k<k k>k k>Ek k>k k>k

212B? LBA
+ (A — +6LB+ Amax> M, + ( 6 ) VAnV, +2LB/S, log S,
LB (Ao + A 2AB?L?
+LB <2 1 2LBCma + )> G+ 2y (\/dsn log (dS,) +1) (44)
g o

Let us simplify this expression so that it becomes more readable. First, we note that

K, Ky K,

Zpk,u prkf wi) = Z—zzk(u — Zpk u*(zk, 0%).

k>k k>k k>k k>k
=u*(z,0%)

Taking the expectation of both sides, we obtain

Zpk

[Rexplore] <2LBZpk+E Zpk (21, 0*)

k<k K>k k k>k
Ky
+aE Y Vo +E[O(\/Snlog5n)}.
k>k
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The remaining expectations on the right-hand side are due to the fact that K,, (hence S,,) is still
random. Setting A = v*(6*) and combining the second and fourth terms, we get

K

Pk & * Pk pk * [ Nx
Z Zku (zx,07) Z Z . (u*(zg, 0%) — v*(6%))
k>k k>k *F ksE©

K,
- ¥ i—k(u*(zk,ﬁ*) — 0 (6)) + Z Pl (0 (21, 0%) — v*(6%)),
k>kizp<z(0%) F iz >2(0 “k

where 2(0%) = maxzex D, sar, (2) " (z) was defined in Lem I For k > k, we can use the
8*
perturbation bound (Lem. [I)) on both terms. We obtain,

Pk, & * * [k * Dk
— — < BL _—
S B @) <L) Y T
k>kizp, <z(0%) k>kiz,<z(0*)

and

o Pk < Pk C@\f 1
Z, g(“ (21,0%) —v"(0%)) < BLz(0")2"(0") Z, (07 { }
k>kiz>2(0%) k>k:z>2(0*)

Partial regret bound Plugging these bounds into the expected regret,

Ky
E explore < 9BL BLz(6* pik o* 5
o) <2BL Y porBLa) Y @) e S v
k<k k>k:zp,<z(0*) S——— k>k

11
I I v

K
+ BLz(0)z*(6")E Z zkfpi;w*) max {Z@\/i, 1} +E [O(\/Sn log Sn)} . (45)

Z V4
kizp>2(0%) ko <k

VI

v

The six terms constituting the bound are (from left to right):

I. finite regret suffered in the phases where the optimization problem is infeasible;

II. finite regret suffered in the phases in which we do not know much about the convergence
rate of u*(z,0*) to v*(6*). This term is likely an artefact of the analysis;

III. asymptotically-optimal regret rate;

IV. regret suffered due to the incremental gradient updates and inversely proportional to the step
sizes;

V. regret suffered due to the fact that we solve instead of (P);
VI. other low-order terms mostly due to the concentration bounds.

Note that, since 3,1 = ¢y 1/, and ¢, 1/p — 202 logn as n — 0o,

. v*(0*)Br-1
1 — * 9*
lin_ilip 202logn v (o),

which is the asymptotically-optimal regret rate as prescribed by (P).

G.3.5 Bounding the total number of phases

So far we proved an upper bound on the regret incurred during exploration which depends on the
(random) number of phases. We now upper bound this random variable as a function of z; and py. In
particular, we achieve this by focusing on the constraints only. The intuition is that, if the primal-dual
algorithm works, then the sequence of policies played cannot violate the constraints at each phase
too much. At the same time, these policies cannot satisfy the constraints too much, otherwise the
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exploitation test would trigger and the algorithm would not be exploring at step n. Relating these two
we obtain a bound on k,,.

Recall that, as we assumed before, n is an exploration step in which the good event GG, holds. Using
(@T) and the equations thereafter, we have

elé%falt Z Z Zwt z,a)dy,q(0%,6")

t<n:E; z€X acA
ﬁ 1 BQLQ
< Bl 28 w1 22 (VS Tos S +1)). (46)

where the last two terms are O(y/ Sn log S,,).

We now provide a lower-bound on the same quantity. Fix a phase index k > k. From (39), we have

D (fulwn) + Age(we z1)) = prf(W5,) = axy/Pr — (2LB + Anax) Mo

teT,E
2L B max
- LB (1 + d) Crles (47)
o2

The left-hand side can be upper-bounded by using the optimism property to obtain the true objective
and constraint. Regarding the objective function, we have

Dooflwd) = DY filw)+ Y filw)

teTP teT,F:G, teT,E:—Gy
DD SLIE) PIRETMNEIREED SR SYANED SICRE NI
teT,F:Gy X acA teTF:mG, vEX acA
Z Z pr—1(x) Z wy(x, a),ugtil (z,a) +BLMp 1k + /7 Yn k-
tGTkE:Gt rzeX a€eA

(a)

Regarding the sum over the good events, using Lem. [TT}

Yo D hea(@) Y wilw o (x,0) + 3/ Yk (48)
teTE‘Gt TeEX acA
Z Z wa x,a) g (x,a) +BL Z Z |ps ( )| /1 ¥k (49)
teT,E z€X a€A teT,P:Gy z€X
=f(wt) Cn,k

Therefore,
S felwe) <N Fwe) + BLGuk + 2y Wk + BLM,, .
1T tETE

We can follow the same reasoning to upper bound the sum of constraints. Since the KLs are
upper-bounded by 2B%L? /o2,
2B?L* 2B2L2
Z gi(we, 21) < Z g(we, zx) + TC”’ o \/’Yn‘llnk

E E
teT, teTy,

My, 1.

Combining the bounds on f and g,

BQL2
) My 1o — axy/Dr

S (Flwn) + g 5)) > pref (W) - (3BL e £ A2EE
teT,F

onr (1 L Qs + /\)BL> o ( ABLA

o2

2 e
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Let iy = ﬁ > eTE Wt be the average policy played in phase k. Since f is linear and g is concave,
ZteTkE (f(we) + Ag(we, 2x)) < prf (@ k) + Aprg(©k, 21 ). We now set

A\ = {2)\max if [g(a}t,kn Zk?)]— 7é 0

0 otherwise
where [z]— = min{z, 0}. Therefore,

N _ 4B%[?
Pk (f(a)t,k) - f(wzk) + 2/\max[g(wt,k'7 Zk)}—) (3BL + Amax + Amax——5— > > Mn,k — )0 VPE

maxBL BLAmax
—QBL<1+3)\;)an—( +8)‘a> /*\I;nk.

Lemmatogether with Asm. [2|ensures that, for k& > k, A\*(zx, 0*) < Apax. Thus, we can apply
Theorem 42 of [23] and obtain

, , AB’L*\ Mk Oruu/Pk
pkg<wt,k7 Zk:) > Pk [g(wt,k; Zk)]* > — (3BL + )\max + )\max o2 ) 2\ — — 2\

\ n\pn
_9BL (1 + 3>\maxBL> Cn,k N <2+ 8BL)\max) 8l ,k‘

0-2 2)\max 02 2AInax

Summing both sides over all phases,

K, K
" . . ) 1
> pkg@ek,2k) =D pr <e/é%falt (@) Y @ep(w, a)dya(67,0') zk)

k>k >k weX acA
K7L p
. k
= g inf E g E wi(z,a)dy o(0%,0") — =
0'€Out ’ Zk
k>k teT,F z€X acA

9/é%fa” Z Z Zwt z,a)dy o (0", 0 Z ;Z:

t<n:E; x€X ac A k>k

Therefore,

Ky
AB2L*\ M,
nf Y S o) Y wilea)dol(65,6) =Y 2 <3BL+)\max+/\max — )

0'€Oar, 2, vex acA K>k ok 2Amax
A\max V' PE 3AmaxBL Cn 8BLAmax \ v1n¥Yn
——=— —2BL|(1 —12 .
Combining this with (46)), we obtain the following inequality:
K,
Pk Pt | Orax VPR 2B L
\/ nUn dSy log (dS,,
Z 2z 202 + 2 A max gk t 0g ( )
k>k
4B%12 M,
3BL )\IH'IX AII] X i
< + + Ama o2 ) 2 max
3AmaXBL Cn 8BL)\m3,X \/ ’Y'”/W'TL
2BL (1 2 .
+ ( + o2 ) 2 max + ( + o? 2 A max
Recall that, by definition, S, = ZkK"O pr. Furthermore, by Cauchy-Schwartz inequality,

K” o VIPE <A K, Zk ‘o D Simplifying this a little,

K, K, Ky
Pk anl
ZZS sz O\ KD ok | +O (Zm) log (Zm) . (0)
k>k k=0 k=0 k=0
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G.3.6 Choosing z;, and py,

We choose the exponential schedule z; = zoe® and py, = z,e™*, where r will be specified later. The
left-hand side of (30) is

K, D K,
E l — E erk Z eTKn’
2k

k>k k>k
while the right-hand side is

K, K, Ky

K, Z etr+k | + O (Z e(”l)k) log (Z e(”l)k)
k=0 k=0 k=0

< By + O\ K2elrtHEn |

~ 202 "

For r > 1, the resulting inequality yields K,, < O(% log Br-1), ie., K, < O(% loglogn) by
definition of 3,,_1. Let us recall ({@3):

ﬂnfl

992 +0

Kn
explore * Pk * /% ﬁn—l
E[Rnp ] SQBLZP]C‘FBLé(Q ) Z 72_7%0*)—"-’[} (0 ) 952 —|—a,\E Z\/pk
k<k k>k:zp <z — k>k

I
I I v

K,
+BLz(0)*(0E | > Zk_pz(m)max{ce\/é 1} +E{O(\/Snlog5n)}. (51)

)
T+\/Z z
kizp>z(0*) ko 2k

VI

v
We bound the remaining terms separately.

Term I

2(60%)
S ok =203 eI < el DB 0g(22(9%) 20) = 20(22(0%) /20)" log(22(0%) 20),
k<k k<k

where we used that, from the definition of k and zj, it must be that k& < log(2z(6*)/z0). Thus,
I < 2BLz(22(0%)/20)" " log(22(6%)/ 20).

Term I1
. Zoe(r+1)k
D 2y )
k> ki <2(0%) log (22172 ) <h<log (2222
k
_ > 20 erk < 9(5(0%)/20)" log(2(0%)/ 20).
22(0* (0% dek - 5(9*)
(457 shcton(452) S
Thus,

1L < 2BL2(6*)(2(6%)/20)" log(2(6%) /2).

Term IV The total number of exploration rounds is

Ky K
Su=Y pr=20 TR < el IEFD < O((logn) ).
k=0 k=0
Therefore,

Ky
IV <\ [ K0 i < O((loglog n) /% (log n) 3 ).
k=0
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Term V  We consider two cases, based on which of the inner terms is the maximum. In the first
case, we need to bound

i”: Pk o zge(rtDk
iz >2(0%) (Zk - g(9*)) V %k k>log 2(9*)) (Z()ek - 1(9*)) \% Z()ek
> =
K, K
1 n k 2 n
- % VAR T N /2
20 %oy (20" = 2(0%)) ey Z o)
g (52) e roos (2452

Kn+1 r—1/2)k 1 Ent1
/ -1k g — 2 {6(”]
\/7 (9> NED 7“—1/2 log(z(e ))

o 1/2)@ ( DD (3(6) /20)72)

Since K, < O(Lloglogn), this term is O((log n) T%l/g) If the other term is the maximum, then
the same procedure yields a O((logn) = ) dependency. Thus,

r—1/2

V<0O((logn) ).
Term VI We have VI < O((log n)%) as in Term IV.
Final Bound Using r = 2, we obtain the following bound on the expected regret during exploration:
E [RZXPIOTG] < 2BLz(22(0%)/20)% log(22(6%)/ 20)

+2BLz(0*)(2(0%)/20)? log(Z(6%) /20) + v (9*)6

+ O((loglog n)% (logn) %)

which is asymptotically optimal.

H Worst-case Analysis (Proof of Thm. 3)

H.1 Outline

The proof follows a similar argument as the one of Thm. [2]but it is considerably simpler and shorter.
In particular, the main simplifications come from two worst-case arguments. (1) While bounding the
regret during exploration rounds, we use the naive bound S,, < n. This is equivalent to assuming
that SOLID never enters the exploitation step and it allows us to entirely avoid the bound on the
number of phases of App.[G.3.3] (2) We completely ignore the sequence z;, and proceed as if the
optimization problem was infeasible in all phases. This makes the multiplier saturate to A ax
and facilitate the analysis of the resulting Lagrangiaﬂ An outline of the proof, together with the
main differences w.r.t. the one of Thm. [2] is as follows.

1. We decompose the regret suffered during exploitation and exploration rounds. Using the
same steps as in App. |Gl we bound the former by a constant and reduce the latter to the sum
of objective values.

2. Instead of relating to the objective values of the optimal policies w}, at each phase & (as
was done in App.[G.3.2] we reduce our bound to the optimal solution of our bandit problem,
i.e., the policy that only pulls optimal arms. This makes the sum of objective values cancel
since the optimal policy achieves zero regret.

3. Using the results of App.|G.3.3| we show that the sum of constraints is O(log n).
4. We use the naive bound S,, < n to conclude the proof.

1*Recall that the regret of SOLID is not defined in terms of the optimization problem or its Lagrangian,
but only in terms of the rewards of the chosen arms compared to those of the optimal arms. This makes it
possible to obtain good regret guarantees even when solving an infeasible optimization problem.
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H.2 Proof
We start from the same regret decomposition as in App.

=2 80 (X AL {E + 5 Ao (X0, AL (B} = RO 4 Roior,
t=1 t=1

The regret suffered during the exploitation rounds was bounded in App. asE [Rfl"pbit] <2LB.
Regarding the regret suffered during the exploration rounds, we have

szplore = Z Ag* (Xt, At)]]. {Et} S Z Ag* (Xt, At)]l {Et, Gt} + 2LB Z 1 {Et, ﬁGt} .

t=1 t=1 t=1

=M,
(52)

Refer to App. [Ffor the definition of G;. The second term is M,,, the number of exploration rounds in
which the good event does not hold, and can be bounded in expectation by using Lem. [6] The first
one can be bounded by using the good event. Suppose, without loss of generality, that F,, and G,
hold (if they do not, the following reasoning can be repeated for the last time step at which these
events hold). Then, using GtA (see App. [lE‘])

ZAH*(XtaAt)]l {Et7Gt}§ Z AO*(XhAt)

t=1 t<n:E;
< >0 D @) wilw,a)Aps (z,a) + 2LBy/S, 1og Sy (53)
t<n:E; z€X acA

We now proceed using similar steps as in App.[G.3.1] except that we ignore the phases. We decompose
the first term as

Z Z Zwt x,a) Mg (x,a)

t<n:E; z€X acA
= Y Y Y wmasear Y Y o) X wilw o) (o) - e (r,0)
t<n:E;,Gy x€X acA t<n:Ey,~Gy x€X acA
S5 3D S(ED ST IWIERESISR Sl SHED pr e
t<n:E;,Gy z€X acA t<n:E;,~Gi z€X acA

Here we defined

pre= > pla)phe (x). (54)

TeX

The last term can be bounded by M,, BL. Regarding the remaining two,

Z Z Zwt (x,a)Ag«(2,a) + Mu*

t<n:E;,Gy x€X acA
=(Sp — Mp)p* + Mpp* — Z Z Zwt x,a)pgr (x,a)
t<n:E;,G; ze€X acA
=S+ D> Y (@) —p@) Y wilw,a)pe (wa)— > pra(w) > wilw, a)pgs (x,a) .-
t<n:E.;,Gy x€X a€A t<n:E;,G; x€X acA
(a) (b)

Term (a) can be bounded as

@<IB 3 3 Il - o).

t<n:E;,Gy x€X

Cn

37



For the sake of readability, we keep the dependence on (,, explicit. We will bound this term by
Lem.[I2]at the end of the proof. Regarding term (b), using the definition of G and Lem. [I0]

= > Y ha@ Y wiwa) (u, @) - VRl alg-)

t<n:E;,Gy z€X acA

£ D 2@y @l @aE 3, Y pieal@) Y w@a)ville ol

t<n:E;,~G; t€X acA %/—/ t<n:E; x€X acA
|-I<LB
o filw) = M.BL=2 )" Y pia(@) Y wilw,a)yAll(@, a)lp
t<n:E; t<n:E; z€X acA
> Jfelw) = MyBL~ 27, V..
t<n:E;

We recall that /77 < /3 and Uy, == 3y, Sy ot (1) S 12, ) [ (2, 0)] | -1 . As

for ¢,,, we keep the dependence on V,, explicit and defer bounding this term to the end of the proof.
Using the bounds on (a) and (b) and plugging everything back into (33) and then into (52)), we obtain

REPOe < Syt — N7 fylwe) + AMoBL + GuBL + 27,V + 2BL/S, log S, (55)
t<n:E;

We now lower bound the sum of objective values. Here we proceed in a slightly different way with
respect to the proof of the asymptotically optimal regret bound. Instead of relating to the objective
values of the optimal policies w?, at each phase k, we reduce our bound to the optimal solution of
our bandit problem, i.e., the policy that only pulls optimal arms. Let

wp+ (z,a) == {1 if a = aj. (z)

0 otherwise
Recall that 37, 5, fe(wi) = ZkK:"O ZteTkE fi(wy). Fix some phase index k£ > 0 and let A > 0 be
arbitrary. Using Corollarywith a,’z =aof =1//pr and w = wy,,
S flw) = D0 haWhe, Ay ) = A Y gilwr, k) — aay/Pr (57)

teTE teTF teT,F

(56)

where ay 1= (log |A| + W+b* + M) and by and b,, are the maximum sub-gradients in A and

w, respectively. Note that, since we apply Corollary [2]to bound the sum of objective values over the
whole phase, we have S, . = pr. We now lower-bound the first term on the right-hand side. We have

. (d) A
S hewiodez) 2 S flwi) + S Mgrwiem) =S filwhe) — -

teTE teTF teT,? teTE teT?
Sk
< > filwp) u (58)
teT?

where (c) uses the definition of h; and g; (see Eq. [3| and Eq. { (d) uses the positivity of KL
divergences and confidence intervals, and (e) uses Ay < A ax and Sn k= |’Tk |. Let us focus on the
sum of objective values. Since fi(wj.) > —LB, we have ZteTkEﬁGt fi(wj.) > —M,, 1, BL. For

any step t € 77€E in which G holds, the optimism property (see App. and Lem. yields

Yo fwp) = YD peal@) Y wi (@ a)ue (x,a)

teT,P:G, teTF:Gy z€X acA
= Z Z(ﬁt—l(ﬂﬁ) Zwe* z,a)pe+ (2, a) Z f( We*
teT,P:GyzeX acA teT,F: G, —n*
l|<BL
> (Sup = Mus)u* =BL Y Y |pe-a(@) = pla));

teTF:Gy z€X

=Cn,k
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where we used the fact that f(wj.) = p* by definition (56) and (54) and ZtGTkE 1{G:} =
(Z]Sifben 1{E:} — > cq. 1{Et, =G} = Spx — M, k. Plugging this back into (58) and then into

)

* )\max n,
Z fr(we) > (Snp — Mp i)™ — BLG 1 — - A Z 9t (we, 2x) — axy/pe — My 1 BL.
teT,P teT,P
Summing over all phases and recalling that Zngo =5,, Zk o My 1 = M, and Zk oGk =
Cn, We obtain

& AmaxS
maxn,k
> filwr) = (S — M) —BLCn—Z% A glwr 2k, —axzx/ . — M, BL.

t<n:E: k=0 k t<n:Ey

(59)
Using the definition of g; (see Eq.[3),

S glwnz)i= Y inf Zﬁtl(x)zw(:ﬂ,a)(dmya(g“, )+ LB o) )

0'€Or_1

t<n:E t<n:E r€EX acA
> .
o
t<n:k, “Kt
L. . K, S
By the definition of phase, the second term is }, .. i = D10 —2*. The first term can be
— o t - J

bounded using exactly the same steps as in App. '“| We obtain
K
Br—1 “\ Spr  2L°B? 6LB 21°B?
Z gt(wh ZKt) S 20_2 - Z + ) Mn + 0_2 vV ’Yn\:[/n + 0_2 Cn
t<n:E; k=0

2B°L?
+ 5 (Vas,og(as,) +1). (60)

If we now set A\ = Ayax and plug (60) into (59),

Zk g

K K
)\maxBL - )\maxsmk - )\maxsn,k
S Silw) > (S0~ Mo —BL( PoneBLY (G4 gy 3 Ak 55 A
t<n:B, k=0 k=0
=0
)\maxﬁnfl max )\maxB L
- Joaxtct mxz\ﬁ_ Omax LB e (Vasalog(@s,) +1).
We can finally plug this into (33), thus obtaining
K
Mo BL A B 1 n
explore < M. BL max M maxMn
RV < My it +BL(5+ =25 ) (G M) + =50 5= +axmaxk§_%¢p?
[-1< -
6)\maXLB )\maXB L?
+ (2 n > S, 4 Somax 2 L (\/dsn log (dS,,) + 1) +2BL\/S, 10g 5,,.
Let k,, := min{k : p, > n}, then K,, < k,,. Using the exponential schedule p, = €', k,

[Llog n} and

kn+1
= Zos(hon1en _ 2 220 o

K, E?n ‘ En+1 2 r
D Vb <Y it < / e>da = [eﬂ] -
=0 =0 0 T 0 T r T

“Note that the bound on the sum of constraints of App. uses only the properties of the confidence
intervals and of the exploitation test. Thus, it is applicable regardless of the feasibility of the optimization
problems at each phase.
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Taking expectations of both sides of the regret bound above and using S,, < n and E [M,,] < 3“ by
Lem. [6]

3BLx? 2AmaxBL Amax Bn— 2e”
E [Rywor] < 2207 (6+ . ) + 252 L e /9B Ly /nlogn
g

+ (2 + %‘) [VAnTn] + AW (\/rer 1) +BL (5 + A”““‘BL) E [l -

After bounding S,, < n, by Lem. ¥, < O (L|X|v/nlogn + /ndlogn) while, by Lem.
<O (|2€ [v/nlog n) Therefore, recalling that the regret during exploitation rounds was bounded
by 2B L and noting that 2 < 32

AmaxBLY  2¢7\2 AmaxBL
E[R,] < 3BLx* <4+ = >+ ‘ I+ Cogre (1+ >log(n)\/ﬁ,

where Cyqre = lin>o(|X], Vd, B ,L). Here we included M and the components of a)
(except \2,, . which is kept explicit) into the last term above. Th1s concludes the proof.

max

I Auxiliary Results

L1 Concentration Inequalities

Lemma 7 (Concentration of p during exploration). For any context x € X,

2 2
> > P EL pi() — pla)] > log(IA157) L ™ (61)

v
t>1 z€X 25, 3

Proof. The proof follows Lem. B.1 in [27]. Fix some ¢ > 1 and z € X. Then,

t

N log(|X|S?) log(|X|s? -
14 Bulie) - pla)] > [ PEUZ ) <Zn{|pn la)| > %)gt}
t=1 s>1

where 7, is the random time the s-th exploration round occurs. Thus, by taking the expectation of
both sides,

t

N log(|X|S?) log(] X |s2 _
S B B o) - plo)] > | <ZP{|pH o) > ) <
t=1 s>1

Since 7 is a stopping-time upper bounded by ¢ and the number of samples used to compute p,_(z) is
at least s, we can apply Lemma 4.3 of [27]]:

i

N log(|X|S?) slos(xl?) 2 1 w2
Z]P’ Et,|Pt($)—P($)|>\/T <22 mzsjzm
t=1 s>1 s>1

The reasoning above holds for any ¢ and z € X'. Summing over X’ concludes the proof. [

Lemma 8 (Confidence set for exploration). With some abuse of notation, let v, := ¢y, 1,s2. Then,
under the same conditions as in Theoreml])

2

n

~ T
ZP{E“ 10t—1 — 0" |ly7,_, > ﬁ} < &
t=1

Proof. Let {7,}s>1 be a sequence of stopping times with respect to F such that if 7, = ¢, then the
s-th exploration round occurs at time ¢ + 1. Then,

S 1B 01 - 0l > vy < {10 - 0l > VAL <nf. (62)

t=1 s>1
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Since S;, 11 = s, we have v, 11 = ¢, 1/,2. Taking expectations and applying Theorem[],
S {lf. ~ 0y, > I <l <Y 5 -5
Ts Vg 77'54-17 s >~ — 6 .

52
s>1 s>1

1.2 Supporting Lemmas

The following result shows that any projection onto a non-empty convex set using a norm weighted
by a positive definite matrix is a non-expansion. That is, the distance (in the chosen weighted norm)
between the projected vector and any point in the set cannot increase w.r.t. the unprojected vector.
We are not sure about a suitable citation for this result, so we include its proof.

Lemma 9 (Non-expansion of weighted projection). Let § € R¢ be any vector, V. € R? be a
positive definite matrix, and B C R% be a non-empty convex set. Let 0 be the weighted projection of
0 onto B,

6 := argmin ||6 — §||V (63)
9eB

Then, for all 0 € B,
16— 6]y < 18— 6]|v. (64)

Proof. Let f : R — R be defined as f(z) := ||z — 5“%, so that § = argmin, g f(z). Note that f
is a convex function that is differentiable on R?. Therefore, using the first-order optimality conditions
for convex functions (see, e.g., Theorem 2.8 in [28]]), we have § = argmin cz f(«) if and only if

Ve B:(Vf(0),0—86)>0. (65)
Since V f(z) = 2V (z — ),
Vo eB:(V(O—0),0—0)) >0. (66)
Fix any 6 € B. We have
16— 011% = 106 — 0I5 = (16 — 85 + 116 — 0115 +2(0 - )"V (6 —0) > 16 — 0]}
This concludes the proof. O
Corollary 1. Lett € [n] be any time step in which the good event Gy holds. Then,
1611 = 0*[ly, , <1101 —0*[ly, - (67)

Proof. If Gy holds, then 6* € C;_;. Since ||6*||2 < B by definition, the set C;_; N © is non-empty
(it contains 6* itself). Then, the result follows from Lem.[9} O

The following result is immediate from the definition of good event and the non-expansion property
of the projection used to compute 6;.
Lemma 10. Let t € [n] be any time step in which the good event Gy holds. Then,

Ve e X,a€ A |ug  (2,a) = po(z,a)| < \/%H(;S(:c,a)nv:l.

Proof. Fix any z € X and a € A. Then,

g, (@,a) — po- (x,0)| = ¢z, a)T (1 — 0%)] = |¢(z, )TV, * VT (Or—1 — 07)]
(a) ~
< o, a)l g 101 = 0|y,

(b) ~ . ()
< llg(z, a)lly-1 10e-1 = 0*llv,_, < vAllo(z,a)lly-1,

where (a) is from Cauchy-Schwartz inequality, (b) from Cor. |1} and (c) from the definition of G;. [J
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Lemma 11. Let v, := ¢, 1,52 and n > 3. Then, for any time step t in which the good event Gy (see
App. [F) holds,

o) i= 3 pia() Xl (g, 0 0) 4 V6l

reX acA (68)
> j{: Zﬁ-l(lﬁ j{: Uj(a% a)ll9*(35 a)a
TeEX acA
and
gt(w) == inf Zpt 1 z (z, )(dm,a (at—lyel)JF Ve (:z:,a)||V1)
G’E@t 1 aeA t—1
* pf
ze/é%faltzpt ' ; w(z,0)dz.a(6",6).

(69)

Proof. Since p and w are non-negative, the first inequality is trivial by upper bounding the true mean
o+ (, a) for each x, a by using the definition of G¢ and Lemma Let us prove the second one.
Fix any model #’ € ©. By using the definition of KL divergence of Gaussians with fixed variance,
we have that:

(x,a) — pos(x,a))? ~ 2LB
doa0",0) = VOO b0 GOS0+ 2Ry () — o)

2LB

S dw,a(gt—la /)

el oz, @)l

where the first inequality is from |(a — ¢)? — (b —¢)?| = |(a + b — 2c)(a —b)| < 4LB|a — bl and
the second one is once again from the definition of G; and Lemma@[ Therefore,

* /
alé%fmzpt ' ;4 w(@,a)dy.q(0%,0) (70)
~ . 2LB
0Ié%fa”2pt 1 ; w(z,a) (dz,a(etl,enCﬂﬁtnqs(x,a)uvt_ll .

‘We now upper bound the infimum over models in the alternative set. Note that such set can be fully
specified once we assign an optimal arm to each context. Let {a; } < and define

O({as}tzex) ={0 €0|Fz € X : a} (z) # a,}.
Note that ©4;; = O({aj.(x)}zcx). Then,

ot Zpt (@)Y w(@,a)dy.a(0-1,0) (71)
o acA

< max inf Dr—1(x w(z,a)dy o(O4—1,0 72

T {astacx 9’6@({am}xex)zpt i )anA (7, a)da o (611, ) 72

< inf Zpt 1 Z (x,a)dxva(fﬁvt_l,ﬁl). (73)

0'€0,_ 1, acA

To see the last inequality, note that for all {am}ze x which do not contain only the optimal arms of

Gt 1 Gee., {az}ocx # {a~ ( )}zex), we have 9t 1 €0({as}recx I and therefore the infimum

is zero. Thus, the maximum must be attained by {a>  (2)}sex, whichyields O({as (2)}sex) =
t—1 t—1

@t_l. This concludes the proof. O
Lemma 12. For all time steps t,

SN penil@) - pla)] < 4% (\/Stlog(lxst?)ﬂogstﬂ). (74)

s<t:E,,Gs z€EX

'SRecall that, by definition, 51_1 € 0.
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Proof. Using the definition of G,

[log(]X|S2) 2
E E < |X E m AL L A
|p3 1 )| | | 2 ax 2S€ 75

s<t:Ey,Gs z€X s<t:E,,G.s

RE
<2|x —_— -
| |Zm ( 2s " s

log( X|S2
< 2lx|y = | Z\[ 4\X|Zf
< 4] (x/st log(|[S?) + log S: + 1) ,
where the last inequality holds since

m 1 m
Z\/;<1+/ e Ve =14 2247 = 2¢/m — 1 < 2ym
t=1 1

and >, 1 <logm + 1. O
Lemma 13. Let t be such that both E; and G occur and suppose v > 1. Define

Do D her@) Y wlwa)|é(e )y

s<t:Es; z€X acA
Then,

AL|X| ML L v+ S L2/d
v, < 7 (\/Stlog(X|St2)+logSt+1>+ ﬁ += StlogSt.—i—\/ZdStlog;.

Proof. We start by noticing that, for all x,a and s > 0,

l¢(z, a)F-1 = é(z,a)"V.I1(x,0) < omax(V,13) | 6(x, a)|l3 <
s—1 —_———

<L

L? L?
— = < —,
min(‘/sfl) v
and thus ||¢(x, a)H‘—/:l1 < L/\/v. Here 0max () and opmin(-) denote the maximum and minimum
eigenvalue of a matrix, respectively. Splitting the steps where the good event does and does not hold,

V= > > hea@ Y wmallé@a)lpa + Y > pea@) D wil@, @)@ a)g

s<t:E,,Gs xEX acA s<t:E;,~G; zeX acA
A ML
< D D (@ = p@) Y wl@ ol a)llg, + =
s<t:E;,Gs r€X acA
Y Y@ Y e a)é@a)y
s<t:E;,Gs z€X acA
L . ML
< NG S0 lbea(x) = plz)] + N + Y D )] ws(z, a)||¢(z, )|y
s<t:E,,Gy zEX s<t:E,,Gs zEX acA '
4L\X M, L
< 2 (Vsiogaish +rogsi+1) + V24 S Y ) ¥ el allétealy
v Vo s<iiE.,G.aex acA

where in the first and second inequality we bounded the expected feature-norms by their maximum
value and added/subtracted the first term with the true context distribution. In the last step we applied
Lemma[I2] We now focus exclusively on the third term. Using the fact that the good event holds at
time ¢,

Y Yo Y el < Y Y o) Y ww ol

s<t:E;,Gs z€X acA s<t:Es; x€X acA
< D0 e(Xe, Ay + Silog S;.
s<t:Eg
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Finally, let V., := ngt: B, H(Xs, Ag)p(Xs, As)T + vI denote the regularized design matrix
computed using only the exploration rounds. Then, we have V; = V, ; (since sum of rank-one
matrices), which implies V,! < V., P ! and thus ||¢(z, a)||V L < lo(x, a)HV 1. Here = denotes

the Loewner ordering, i.e., for two symmetric matrices A, B We have A = B (A = B)if A— Bis
positive semi-definite (positive definite). Therefore,

Y 8(Xs, Ay < (X5, As)llg— St 2 16X AR -

e,s—1

s<t:Eg s<t:Eg s<t:Eg

(b) (d) 2
\/QSt log % < \/2d5t log M’
vd v

where in (a) we equivalently rewritten the first term as a sum over exploration rounds, (b) is from
Cauchy-Schwartz inequality, in (c) we used Lemma 11 of [4]], and in (d) we used the determinant-trace
inequality (Lemma 10 of [4]) to bound the determinant of V, ; by (v + S; L?/ d) The final statement
follows by combining the previous bounds. O

1.3 Online Convex Optimization

Here we recall some basic results from online convex optimization. See [e.g.,[29] for detailed proofs
and discussion of these results.

Lemma 14 (Recursion bound for subgradient descent). Let sup, 1.z, |g¢(we, zi)|* < ba. For any
phase k > 0,t € T,P, and \ € R, the incremental updates to the Lagrange multiplier {)\t}te'TkE of
Algorithm ] satisfy

/\b2

()\ )2+ gkst

Y gelwez) (A —A) <

s<t:seTP

2a

k‘y

Proof. Recall that the optimization process is reset at the beginning of each phase. Let 7 1, be a
random variable indicating the time at which the s-th exploration round of phase k occurs. Note that
A7, = A1. Inorder to simplify the exposition, and with some abuse of notation, let A; = A, , and
gs = 9r. . (Wr, ., 2). By definition of the update rule, for each s > 1,

(Aot = ) = (min{[As = 03galy, Amax} = A)? = min{[As — 020:] 1+ = X Amax — A}
< (As = ajgs = A)? = (A = A)* + (aigs)® + 200(A = Ay)gs.
Dividing by 2042 and rearranging,
(As = V)2 = A1 = A)? gﬁgz

+

Ao — N)gs < .
( )g 200 5 I

Summing over all s up to S; and noting that the first sum on the right-hand side is telescopic,

St 1 1 ad S
As —N)gs < —~(A = N2 = —(\ —A)24 £ 2,
;( )g = 20(2( 1 ) 20{2( Si+1 ) + 2 ;gs

The proof is concluded by upper-bounding the second term by zero and mapping the exploration
counter s back to time steps. O

Lemma 15. [Recursion bound for Online Mirror Descent (OMD)] Let w, be the uniform distribution
over actions for each context and sup;s 1. g, ||Gt||cc < b For any phase k > 0, t € TE, and w € Q,
the OMD updates of Algorithm|] satisfy

1 wb2
Z hs(ws, As, 21) — Z ho(w, s, 24) > _log|A| k2wSt
k

sgt:seTkE s<t: SETE

Proof. We can follow the same steps as before, mapping time steps to exploration counters and then
applying the standard recursion bound for OMD [e.g., 29]]. O
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Corollary 2. [Recursion bound for primal-dual algorithm] For any phase k > 0, t € 7;.E, w e Q,
and A € R, under the same conditions as in Lemma [E]and

log |[A]  agb}

Z fs(ws) Z Z hs(wa )\57 Zk) - A Z gs(wsa Zk) - 7 ?St,k
sSt:sGTkE sSt:sETkE sSt:SGTkE k
1 arb?
——(A=\)? = EAG,
20[2( 1) t,k

Proof. The proof is straightforward by expanding > ;. eTE hs(ws, s, 2k) =
Zs<t:se7—kE (fs(ws) + Asgs(ws, z)) and combining Lemma with Lemma O

J Confidence Set for Regularized Least-Squares (Proof of Thm. [1)

The following theorem is the extended version of Thm. |1} It provides a refined confidence set for the
parameters estimated by regularized least-squares.

Theorem 4 (Confidence set over parameters). Let 6 € (0,1) and n > 3. Then,
P{Ht € n]: |6 — 0"y, > ‘rm} <4,

e Ym o 1
where | /Cp, 5 = ﬁ, [Fono Yn =1+ oz and
Tgn

VEn,s =BJv+ > +2937,.

202 log <27L 2:;&{72 )

2(1+1 1

+ ot 10g (20 1081/ ) loz(m)
(logn)? )

Finally, we set Y, := dlog (g + 2log n\/@ +dlog <2 + 4dlog (4'ynd(log n)?y/ ”tlﬁzn) log n)

V2’U2 X
and X, := 16dL2(v+L?n)(logn)*~2*
Asymptotic dependence It is important to note that lim,,_, 2;3110/g"n =1.

J.1  Proof of Thm.[]

The proof can be summarized in three main steps:

1. We reduce the problem of bounding ||¢Z)\t — 0*[]37, to one in which we need to bound

(é\f — 9*)TV2/21} for any v € Cy, where C; C R4 is a (finite) €;-cover of the d-dimensional
Euclidean unit ball. We build this cover in such a way that all its elements have norm
bounded from below by a strictly positive constant and from above.

2. We extend Theorem 8 of [7] to bound (ét — 9*)TV: /21) uniformly over all v € Cy, instead
of the prediction errors (6; — 8*)7 ¢(x, a) uniformly over all contexts/arms. This requires

a second ez-cover (we shall call it C) of the set {7;1/211 :t € [n],v € C1}. The result is

reported in Lemma|16]

3. The resulting bound is of order O(log(1/§) +dlog(1/e1)), which requires tuning €1 = 7~

to cancel the bias of the first cover asymptotically without compromising the size of the
cover itself.

Step 1. We start from the fact that
(B — )"V (6 — 6)
16: = 0* |,

= (0, — 0"V, %2, (75)

16 — 0% |ly7, =
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V26, —0%)

where z;, = T is such that ||z¢]|2 = 1. To handle the fact that z; is random, we build a
t— Vt
linear (e; > 0)-cover of the space Z = {z € R% : ||z|| < 1}, which includes z; forallt = 1,...,n
Letey > 0, {e1,ea,...,eq} be the canonical basis of R, and define
~ d 1
C = {Zaiei ta; € {:te’l(Z —|—j) :j:O,l,...,j}WG [d]},
i=1
where j = Li, — ﬂ . For any vector z € Z, we can find a vector in 51 with at most €} error on
1

each component of z, which leads to min s lo = z||2 < 6’1\/8 [see e.g.,[30, Chap. 27]. Setting

¢y = €1/V/d gives an €;-cover of the unit ball in £3-norm. The only problem with this cover is that
it contains vectors with norm bigger than 1 and scaling with d which may lead to an undesirable
dependency later on. However, we can safely remove the vectors with large norm without affecting
the desired accuracy of the cover. Without loss of generality, select z € Z in the positive orthant (i.e.,
z; > 0, for any ¢ € [d]) such that we make an error of €} on each component (i.e., the worst-case) and
let w = z + €}. Then

d d
lwll3 = (2 +€)* = |25 +d(€1)* + 26, Yz <1+ +2a=(1+ea)
=1 1 i=1
R =
<zl <vd

Hence vectors with norm at most (1 + €; ) actually suffice and thus we can set C; = C; \ {v € C; :
[[v]]2 > (1 + €1)}. Then we upper bound the size of this cover as

d
3 - 5 2\Y (5 2vd
Cl§01—2d(1+j)d§(2+6,> _<2+ f) |
1 1

To recap, our cover C; has the following properties:
.VzeZ={2€R?:|z]a <1}, WEC : |z —v|2< e
d
5 2vVd
2 |al < (5 +24)

3. Vo el ||v]l2 € Umax =14 €1

4. Vv € Cy,i € [d] : |vi] > Umin := 2% (this follows from the discretization used in C; and it

implies that ||v]|2 > vminVd = &

Step 2. We use an extension of Thm. 8 of [7] to bound the prediction error at vectors in the cover
C, after applying the linear transformation V: /2.

Lemma 16. Let C C R? be a finite set such that, for any v € C, ||[v]l2 < Vmax < 00 and
|vi| > Vmin > 0, Vi € [d]. Suppose that n > 2. Then, for any § € (0, 1),
P{Et <n,weCl: (é\t — 9*)T7t1/2v > ,mn,5||v||2} <4,

where

202 log <+ 2%2 )
2(1 +1 )l
Vs =BVv+ + \/2027% log < L+ log(n/ ) og(n))> + 293

(logn)? 4
and Y, = log(|C]) + dlog <2+4dlog <2d10gnm W) logn> and xn, =
l/2'U2-
ILZ (T L2n)(log n)202, 72

The specific shape of the bound is obtained by exploiting the properties of the cover C; derived in the

first step, where vpmax = 1 + €1 and vy, = ;ﬁ.

'®Consider the vector with all components equal to 1, whose norm is v/d.
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Step 3. We finally tune ¢; to obtain the final bound. With probability at least 1 — §, we have that

~ a) ~ —1/2 () ~ —1/2
16, — 0y, & 6, — 0%V, %2 < max(6; - )TV,
_ ; D T2, i\ TrL/2
—rzr}eaécir)rélcri{(ﬁt )V, (z—wv)+ (0 )"V, }
(© .
< max min {||9t 0%y Ilz — vlls + ,Wnﬁnvng}

ZEZ v

(d) ~
< 61||9t — Q*HV +(1+ 61)\/%3»@’5,

where (a) follows from Eq.[75] (b) from the fact that z; € Z, (c) holds with probability at least 1 — &
by Lem. [16|and (d) by propertles I 1|and [3] I of the cover C;. The statement of the theorem follows by
setting €] = —

Tozn and rearranging.

J.2 Proof of Lem.[16]
The proof follows similar steps as in [[7, Thm. 8].

Proof. Take any v € C; and t € [n]. Then,

(a)

¢ T
0 — 077,20 (VS g(X, AVY, —6*) 7%

1/2

t T
2 < ; H(Xs, Ay) AS)T0*+§S)0*> v,

—~
o
=

—~

c

~

T
V, Vit + 7, Z¢> X,, AL, —0*) v, %
s=1
__ T __ Lo
© (vt V,6* 70*) V%04 30TV R0, A6, (76)

s=1

—~
=

@ (i)
where (a) is from the definition of §t, (b) since Y, = ¢(X,, A)T0* + &, with & ~ N(0,02), (c)
from the definition of V;, and (d) after rearranging. Let us bound (i). Since 0* =V, 1Vt0*, we have

(i) =TV, 2 (v, = V)0 =~ TV, o,

where we used V; = vI + V;. Therefore,

—1/2

- / * I/ * *
()] < vV 0 < vlollo|Vy T8 |2 = vifv]l2]l0

71
)
Vt

where the second inequality is by Cauchy-Schwartz inequality. Since V, > vI, ng»”‘ﬁ1 <
ﬁ”e*uz < %. This yields

()] < BVV|v]l2.

. . —=—1/2 . . .
Let us consider the second term. Since V, / is random, we proceed using the same covering
argument as in the proof in [[7, Thm. 8]. Let e > 0 (whose value will be specified later). Recall that
our input is a finite set of d-dimensional vectors C; such that ||v]|2 < Vmax < 00 and |v;]| > Vmin > 0

hold for all v € C; and i € [d]. Note that the latter condition implies ||v|l2 > vpinV/d. Our

. . . —-1/2 . . .
goal is to build an ez-covering set of {V, Poite [n],v € C1}. Since this set is random, we
build a deterministic one that contains the former almost surely and cover it instead. Note that, for
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any t € [n], 7;1/2 is such that (1) 7;1/2

——1/2
Omin (Vt )

——1/2 ——1/2
= 0. 7,2 = 0max(7, %) < L. and (3)
> = L2 . Let D denote the set of d x d matrices with these properties, that is,

1 1
D:=<DeR™ .Dw0,|D|s < ——,min(D >}.
{ \Plle = 5 ominD) 2 o

Then, V, 1z € D forall t € [n] and our initial set to be covered is almost surely contained into
B :={Dv: D € D,v € C;}. Furthermore, vpyin V+L2 < o)l < “wex for all b € B. We shall

now cover B. Let {e1, ..., eq} be the canonical basis of R< and, for all v € C; we introduce a cover
with geometric scale as

d 62‘|U||2(1+62)j
Coypi= E ae;|Vield]:a; € :l:—:'zO,l,...,i' s
’ {i_l | : { NoES e J}}

2
log [ “Ymax ,/v+L=n -
g(ezvmin V= eallvll2(1+¢2)’

1 YUmax (1 :
Tog(1F2) is such that =T > N2 (i.e., the maximum absolute

where j :=
value of each element in ). Then, our cover is Cy = UUEC1 C~27v. Let us analyze some its properties.

First its size is
lo Umax v+L3n
g €2Vmin dv

log(1 + €2)

d

ICal < |Ca| | 2+ (77)

Then, we can show the following covering property in [,-norm.

Proposition 5. Forall v € Cy, t € [n), there exists W, € Cs such that

< € max{‘ {7;1/211]1

Vie[d}:HVt_l/Qv—mi]_ \/1/”3—”72271}

K2

S ——1/2 . . L
Proof. For simplicity, denote b := V, / v. By definition, we have b € B (i.e., the deterministic set

that we actually covered). We shall build a vector w € Cy which has the desired property. Take any

component b;, with ¢ € [d], then
(D If 5] < \;LUTQ, then we can set w; = %sign(bi) and we have

eal|vl|2

Vv + L2n

) If |b;| > %, by the geometrical cover, we can find a point w; such that 1 < ‘\Z)ll‘ <1+ eés.

Too see this, suppose, without loss of generality, that b; is positive. Note that, since b; lies in the

e2llvllz vmax

lw; — by < fw;| =

range | NS ARG | which is covered geometrically, there exists a real value 0 < k < j such that
b; = \;%(1 + €2)*. Then, if we set w; = %(1 + €5)*1, we can easily verify the desired

property. This implies
lwi = bi| < ws] — [bs] < €abil,

where the left-hand side is from the reverse triangle inequality. The statement follows by combining
the two cases. O

An immediate consequence of Propositionis that, for all v € Cy, ¢ € [n], there exists W, ; € C~2

. . _ —-1/2 .
which can be written as w, ; = V, / v + (, where ¢ € R is a vector of errors such that |¢;| <

€2 max{‘ [7;1/21)L , &} forall i € [d].

v+L2n
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Note that, by definition, Co contains vectors with norm that scales in Vd (e.g., the vector with
all components larger or equal to vy,ax/+/v, Which has norm vpyax+/d/v belongs to Cz). These
vectors will create an undesirable dependency on d later on, and so we need to perform some
pruning before proceeding. Take any b € B and suppose that b = Dv forv € C; and D € D. Let

IT:={ield:|b < %} be the set of components 4 such that |b;| is below the starting point

of our geometrical grid Cs ,, and Z¢ = [d] \ Z. From the proof of Proposition I we know that the
eallvlls

vector w € Cy that is the closest to b is such that |w;| < Jog+ fori € Tand |w;|/]b:] < 1+ eo for
3 € Z¢. Therefore,

v des||v
fully = 3 o+ 3 ol < 22 ey 37 e < SEIE g

2 2
€T i€L¢ +1L i€Z° v+1L
] ] 1 \/Ee v vIIlaX
This implies that ||w]|2 % + (1 + €2)]|b]|2. Recall that ||b]j2 < e and lv]l2 < Vmax-
Thus, ||wlls < %‘ +(1+ Q)”"‘ﬁ < ”\“}" (1 +e(l1+ \[)) This condition holds for all

“useful" vectors in our cover (i.e., those that are the closest to some of the vectors we need to cover).
Therefore, we can safely set Co = {w €Cy: |wlz < VoA (1 +e(l+ \/E))} as our final cover.
Note that Proposition [3]still holds for C, since we removed only vectors that cannot be the closest
to any of the points to be covered. In the following, we set wy,ay 1= Lmax (1 +e(l1+ Vd )) as the

Nz
maximum norm of any vector in Cs.

Let us now go back to bounding term (ii) in Eq. Letw, ; := argmin, ¢, Vt_l/Qv — wH be
1

. Lo ——1/2 .
the vector in our cover Cs which is the closest to V, / v uniformly over all components. Then,

t
um:Zﬂﬁ”%wwma:C””)Eﬁxw4

s=1

——1/2 _\T 7 — _
= (Vt v — wv,t) Wt + ’IU,thWt S HVt UV — Wyt

v ||Wt||vf—1 +@vT,tWta
. AR ,

(a) (b) ()

where we defined W, := Zt

_, 0(Xs, Ag)¢s. We start from (a). Using the error-decomposition
property from Proposition we can write

——1/2 _
‘Vt UV — Wyt

‘V = |I¢|ly;, for some vector
¢ € R? with [(;] < e max{|[7t_1/2v]i|, llollz }for all i € [d]. Since this implies |(;| <

Vv+L2n
——1/2 v
€ (HVt 1 v + \/Mﬁ) we have

1/2 e2([v[|2 ) ellvfoavd |12 D
Kl £ e[V + T ally, < e vl + 222 [V S el + el

where in (d) we used the triangle inequality (1, denotes the d-dimensional vector of ones), in (e) we
used || 143, < HVUQH /2H
by Vv + L?n. Therefore, we conclude,

|14|l5, and in (f) we upper bounded the maximum eigenvalue of HV

——1/2 _
= HV UV — Wyt

< e+ Vil

Term (b) can be bounded by Lemma[17} For any ¢’ € (0, 1), with probability at least 1 — &',

4 tL2
(b) = [Willp-r < %m%(5W)

Term (c) can be bounded by Lemma 20] (whose bound holds uniformly over all elements in Cy).
Recall that ||wl||s < wWmax for all w € Cy. For any x > 0 and ¢’ € (0, 1), with probability at least
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1-4¢,

medx |CQ|
o~ )

(c) := EﬂtWt < \/202%1 max {X, |lw.

Note that, by definition of Ca,

_ 201,112 2 2 2
> O'min(Vt)HEv,t”% > vdes||v]| > vd 62Umm_ Hence,

Ve v+L2n = v+L2n
setting x <= X, == 7mll,+62;;‘;‘;“,
1 2 L2 /
o, =1+ Bl IIG) g ogur 7)) os(n)
max logfyn
where the last inequality is from log(1 + loén) > 210g for n > 2. This yields
_ 1 4 log(w2 . L2n/x",) lo C
(o) < \/202%“%”; 1og(< Bt 0) 08 (1) 2').
Let us now bound ||, HQVt We have
1/2 |2 ——1/2 |2 —1/2 ——172 \T—
(=S _meiv / ‘V :vayt—vt /U\V +H / ] +2(wv,t—vt ) 7,
2 _ ——1/2
< |[@or =V 0|+ 0l + 2 [ =7 ol
t t

< (@ (1 + VAPl + 13 + 2601+ VAl = (14 (1 4+ V) o],

. . . . _ —-1/2
where in the last inequality we used the previous bound on (a) = va,t -V, / v’

v,
Putting (a), (b), and (c) together we obtain the following bound on (ii):

+7LL2
(i) = o7V, W, < ullaea(1 + V) 202d10g< 5,d”>

+ |vll2 <1+62(1+\/a)) \/202% log ((1+1og< maxLig/Xu)lOg( ))|c2|>-

1/'()2
If we now set €5 <

1
2dlogn’ (v+L?n)(logn)?

2 2
Wmax = Umﬁ <1 + 62(1 + \/g)) < vmﬁ’)/ns X'lr: > 4L2(V+L27Vl)8$ignn)zvz 5 = Xn. Thus,

maX’Y'Vl
1+ nL2
202 log ((Sﬁ‘“

(logm)?

(id) < [|v]l

) .\ %M log <<1 *log(0/ ) log<n>>) 422108 [0l

Furthermore, using (77)), the log-size of the cover Cs is

Vmax v+L2n
log <2dlognvmm \ >

log(l + 2dlogn)

max [V + L2
< log(|C1]) + dlog (2 + 4dlog <2dlognz . VZ}/”) logn>

To conclude the proof, we notice that the derivation above holds uniformly for all v € C; and ¢ €
with probability at least 1 — 26" since we applied both Lemma (for term (b) in (ii)) and Lemma
(for term (c) in (ii)). Thus, the statement follows by setting § = 24’.

T, = log|Ca| < log(|C1]) +dlog | 2+
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J.3 Auxiliary Results

Lemma 17. [Lemma 9 of [4)]] Let T be a stopping time with respect to filtration {F;}2, and
Wy = 22:1 O (X, As)&s. Then, for any § € (0, 1), with probability at least 1 — §’,

1 _\1/2,,—d/2 1 TL2
Wellg=r < \/20210g (th(VT)(SV) < 202d10g( +6d” )

The following result is a specialization of Lemma 2.6 of [31] or Lemma 4.2 of [32].

Lemma 18. Let n € N and {Y;}}_, be a sequence of sub-Gaussian random variables adapted to
filtration F such that E [Y;|F;_1] = 0 and
¢2o?

VCER:E [N Foy| <e 2,
where o7 := Var[Y;|F;_1]. Then, forall ¢ > 0,v > 0,

2

t t
P{HtSn:ZYs >€ Y o Sv} <e .
s=1 s=1

Proof. The result follows straightforwardly from Lemma 2.6 of [31] or Lemma 4.2 of [32] after
optimizing for (. O

Lemma 19 (Lemma 14 of [7]). Letn € N and € > 0. Let {Y;}}, be a sequence of Gaussian
random variables adapted to filtration F such that E [Y;|Fi_1] = 0 and Var[Y:|F;_1] < b for some
b > 0. Then

s=1

t
Ly
P{Htgn:ZYSz 27, P, log g"}gd,

where P; = max{e, ZZ=1 Var[V|Fiz1]}h, vn =1+ h)g%’ andl'y . =1+ %.

Proof. The proof uses the same peeling argument as in [7]] but follows different steps.

Let 7 < n be a stopping time with respect to F whose value will be specified later. Define

T, = 2221 Var[Y;|F;—1] as the sum of predictable variances and f(v) := \/2% max{v, €} log %
Let us define a sequence of scalars v_1, vg, . . . Uk, , which will be used to discretize the predictable
variances, with v_; = 0, vy to be specified later, v; = y,v;_; for j > 1, and k,, such that v, > nb
(which implies v, > Y,,). Note that the theorem holds trivially when T, = 0, so we consider the
case where this variable is positive. We have

T a kn T
P{ZYSZJC(TT)}(S) ]P){ZYSZf(TT),TTE(/Uj—17’Uj]}
s=1

7=0 s=1

(¢) En _f(vj71)2

kn T
ZP{ZY; > f(vj-1), T < vj} SN e

=0 s=1 =0
where (a) uses a union bound, (b) holds since f is non-decreasing, and (c) is from Lemma Using
the definition of {v;};>_1,

—
IN=

kn __f(uj,l)? nelog & kr _2—yn max{vj/’yn,g}logé% i,
Yool =e w4 Y e < (5)56 + knd.
J=0 j=1
Since vi, = y¥7vg, we have that k,, = [%-‘ suffices to have vy, > nb. Setting vy < Yne,
” 1 b/e) —1 n 1 b
P ZYS > f(’rr) S 5/ (1 + ’7 Og(n /6) Og(fy )—‘> S 6/ <1 + Og(n /6)> — 5/Fb75-
—~ log(7n) log(vn)

The result follows by setting ¢ < 6'T'y,  and 7 < min {t <n: 22:1 Y, > /27, P log Fg‘ } O
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The following result can be derived using a similar argument as in the proof of Lemma 15 of [7].

Lemma 20. Let C C {w € RY : ||w|| < b} be a finite set of vectors in R with norm bounded by
b > 0 and Wy as defined in Lemma|l7} Then, for all e > 0 and 6 € (0,1),

T |C
P {Ht <nweC:w'Ww,> \/QUQ'yn max{e, Hw||2V }og (Zﬂﬁ;H)} <4,

where vy, and T2 2 . are those defined in Lemmal[l9|

Proof. Fix w € C. Note that

t
— Z wT¢(Xsa As)gs
g
s=1
is a sum of Gaussian random variables adapted to F such that

Var |:U}T¢(‘XS’AS>€S|]-‘ 1:| — MV&I[&SLFSfl] < ||w||2||¢(YS7AS)H2 < b2L2.
—

o o2
=02
Furthermore,
t
> (W'Y, Ay)) Zw BV, As) (Yo, A)Tw = [[wlf, < [|wl3,
s=1 s=1

where the last inequality is from V; < V. Therefore, using Lemma with probability at least
1-4¢,

2
wT W < \/202% max{e, [lw]|2; }Hog %.

The result follows after taking a union bound over all elements in C. O

K Additional Experiments

K.1 Implementation Details

In our implementation of SOLID, we ignore the projection of the parameters computed by regularized
least squares onto ©. Moreover, we remove the restriction that the alternative parameters should lie
in ©. That is, we use

Oui = {0 €R¥ | Iz € X, a}. () # a}y ()}, (78)

and similarly for ©,. In this case, for linear bandits with Gaussian noise, the infimum over alternative
models in the constraint of (P) can be computed in closed form as

AG* ('raa)Q
, 9t a) = 3. @I,
(79

* _ * _ o2 —
o, 00 10~
;éag*

where V;, = >°  n(z,a)¢(x,a)d(z, a)T and ¢}. (v) = ¢(z,a}. (x)). The same closed-form can
be used for the infimum in the constraint (3). Regarding the exploitation test, we restrict the set of
alternative reward parameters to those with “incompatible” optimal arm in the last observed context.
That is, we use the test

inf (01— 0%, > B, (80)
0'€Oy_1

where ©,_; = {#' € R? | aA (Xt) # ay, (X¢)}. Once again, the infimum can be computed in
closed form as before (W1th0ut the minimum over contexts).
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K.2 Experiment Configurations

We provide the detailed configurations of the experiments reported in the main paper. We use the
same confidence intervals in all experiments. For SOLID, we set 3; = o2(log(t) + dloglog(n)) and
vt = 02(log(S;) + dloglog(n)) as prescribed by Thm. [1] (without numerical constants). For OAM,
we use the same [3; for the exploitation test. For LinUCB, we use the confidence set of [4] without
numerical constants. Similarly, we implement LinTS as defined in [5] but without the extra-sampling
factor v/d used to prove its frequentist regret. All plots are the results of 100 runs with 95% Student’s
t confidence intervals.

In both experiments, for SOLID we set a, = 1, ay = 0.5, and we normalize the gradients by
context in [y-norm. We do not reset the optimizer at the beginning of each phase. We use the
theoretical exponential schedule for zj, and py, as defined in Thm. 2] We set zg = 1, Ay = 0 for the
first experiment and zy = |.4], Ay = 50 for the second one. The reward noise is 0 = 0.5 in the first
experiment and o = 1 in the second one.

Generation of Random Problems We adopt the following procedure in order to generate the
random bandit models for the second experiment. We first randomly sample a sparse | X||.A| X d
feature matrix and a sparse vector §* with entries uniformly distributed in [0, 1]. We then compute
the resulting optimal arms for each context and check whether they span R?. If they do, we discard
the generated features/parameter and repeat the previous procedure. Otherwise we keep the bandit
problem. Discarding problems where the features of the optimal arms span R¢ is done in order to
avoid easy bandit problems in which exploration is not necessary (see [16]1T_71

K.3 Parameter Analysis

We provide an empirical study of how different choices for the relevant parameters of SOLID affect
the algorithm’s performance in the toy problem of Sec. [6] We note that the purpose of this section is
to build some intuition on how SOLID behaves with different parameters rather than assessing which
configurations are globally better.

We use the two-context toy problem of Sec. E]with ¢ = 0.1 and 02 = 1. We study the effect of the
following parameters, with corresponding default values.

e 2z (default 30): the initial normalization factor;
e )1 (default 0): the initial multiplier;

e a“ (default 0.1): learning rate for w. We keep it fixed instead of decreasing with the phase
length as suggested by the theory;

o o (default 0.5): learning rate for A\. We keep it fixed as for a*;

o 2, pr (default z;, = zpe®, pr, = 2z,e2¥): the schedule for the phase length. We use the
one for which we derive regret guarantees by default but we also experiment with other
schedules. By default we do not reset the optimizer at the beginning of each phase.

We vary each parameter in a suitable range while keeping all the others fixed to their default values.
The results are described in the following paragraphs.

Changing 2y As mentioned in the main paper, the initial value of the parameter z controls both the
feasibility of the optimization problem and the trade-off between minimizing regret and gathering
information about the optimal arms when ¢ is small. While a small value of 2z, might lead SOLID
to collect a large amount of information, this might bring high finite regret as derived in the regret
bound. Fig. [B{left) confirms this claim, where the value zy = 1 suffers high initial regret but the
resulting curve has a better slope.

Changing \; Though the initial multiplier has no particular impact on the regret bound, in practice
it induces a behavior similar to zg, where larger values lead SOLID to collect more information about
6* in the very first learning steps (see Fig. [3[right)).

7Problems that can be solved by a greedy strategy would not reveal any interesting empirical difference
between SOLID and the other baselines.
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Figure 3: The effect of changing zy (left) and A\; (right).
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Figure 4: The effect of changing o* (left) and a? (right).

Changing the step sizes Fig. [4| shows the effect of varying o and o*. In this particular case,
o seems to have no remarkable effect on SOLID’s performance. On the other hand, the algorithm
is quite sensible to the choice of o, with very small values performing poorly since the policy is
updated rarely and remains close to uniform for a long time. More aggressive step sizes seem to yield
the best performance.

Phase schedule We test different schedules for z; and p with respect to the one prescribed by
the theory. We have z, = zpe¥, pr = ze?* (exp-exp), 2z, = 20(1 + k),pr = 2zxe’ (lin-exp),
2 = 20(1+ k), pr = 21(1+ k)2 (lin-pol), and 25, = 2(1+ k), pr = 2, (1 + k) (lin-lin). Fig. left)
shows the result (here we set zg = 1 to better highlight the contribution of the different schedules).
The exponential schedules are as expected more conservative since the algorithm spends more time
optimizing with small values of z (i.e., seeks more information). The linear and polynomial schedules
behave, on the other hand, more greedily and suffer less regret, though the resulting curve has larger
slope.

We also test the effect of resetting the optimizer (middle and right plots in Fig. [5). We see that
resetting the optimizer does not significantly affect the algorithm’s performance both in case z =1
and z = 30. This is likely due to the fact that phases are long (thanks to the exponential schedule)
and that the algorithm spends many steps in the exploit phase, where no optimization is performed.

Tracking We compare the sampling strategy adopted by SOLID with the popular direct and
cumulative tracking rules. Interestingly, Fig. [f[left) shows that sampling from w constitutes a nice
trade-off between cumulative tracking and the more aggressive direct tracking. Note that, while our
theoretical results can be easily derived for cumulative tracking, we do not know whether the same
can be done for direct tracking.
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Figure 5: Different phase schedules (left) and effect of resetting the optimizer (middle and right
plots).
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Figure 6: Different tracking strategies (left) and comparison with the exploitation test used in OAM.

Exploitation test We note that the test performed by SOLID in order to decide whether to explore
or exploit is slightly different from the one adopted in OAM. In fact, the closed-form of the infimum
over the alternative set (Eq. [79) leads to terms of the form A@ (r,0)?/||(x,a) — ¢(x)* ||2V_1 while

OAM uses A (z, a)?/||é(x,a) HQV[“ We verify empirically (Fig. |§Fright)) that the two tests lead to

very similar performance.

K.4 Real Dataset

We report additional results on real data. We use the Jester Dataset [33]] which consists of joke ratings
in a continuous range from —10 to 10 for a total of 100 jokes and 73421 users. We select a subset of
40 jokes and 19181 users rating all these 40 jokes.

We build a linear contextual problem as follows. We first extract separate 36-dimensional user
(context) and joke (arm) features via a low-rank matrix factorization. Then, we concatenate these
user and joke features (thus obtaining vectors with 72 entries) and fit a 64 x 64 neural-network with
ReL.U non-linearities to predict the ratings of a random subset of 75% of the users, using these feature
vectors as inputs. We obtain R? ~ 0.95 on the remaining 25% users. Finally, we take the features
extracted in the last layer of the network as the features for our bandit problem and the parameters
of the same layer as §*. Rewards in our bandit problem are generated from this linear model by
perturbing the prediction with A/(0,0.5?) noise. We thus obtain a problem with d = 65 (the 64
hidden neurons plus the bias term), 40 arms (the jokes), and a total of 19181 users.

We run the algorithms for 2 - 10° steps, with each run randomizing a subset of 1% of the total
users (hence |X'| = 191) and using all 40 arms. For SOLID, we use the same parameters as in the
experiment with random models. Due to the computational bottleneck demonstrated in the previous
experiments, we could not run OAM on this problem. The results are shown in Figure [7]and confirm
that SOLID achieves superior performance than the other baselines.
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Figure 7: Experiment on a real dataset (Jester).
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