A Proofs
We first introduce two useful known lemmas, and prove the propositions in their order of appearance.

A.1 Useful lemmas

First, under Assumption 1, we note that the soft C-transforms are uniformly contracting on the
distribution space P(X). This is clarified in the following lemma, extracted from Vialard (2019),
Proposition 19. We refer the reader to the original references for proofs.

Lemma 1. Unser Assumption 1, let k = 1 — exp(—Ldiam(X)). For all & € P(X) and 3 € P(X),
forall f,f',g,9 € C(X),

ITa(f) = Ta(f ) lvae < B = Fllvae 1T5(9) = T, < 5llg = 9'llvar

We will also need a uniform law of large numbers for functions. The following lemma is a conse-
quence of Example 19.7 and Lemma 19.36 of Van der Vaart (2000), and is copied in Lemma B.6 in
Mairal (2013).

Lemma 2. Under Assumption I, let (f;); be an i.i.d sequence in C(X), such that E[fy] = f € C(X).
Then there exists A > 0 such that, for all n > 0,

A
E sup |— i < —.
xegIan ) < 7=

Finally, we need a result on running averages using the sequence (7, ),. The following result stems
from a simple Abel transform of the law of large number, and is established by Mairal (2013), Lemma
B.7.

Lemma 3. Let (1), be a sequence of weights meeting Assumption 2. Let (X;), be an i.i.d sequence
of real-valued random variables with existing first moment E[X,|. We consider the sequence (X;),
defined by Xy = X and

X &2 (1 —n) X1 +me X
Then X; —¢—00 E[X0).

A.2 Proof of Proposition 1

Proof. We use Theorem 1 from Diaconis and Freedman (1999). For this, we simply note that the

space C(X')xC(X) in which the chain z; £ (f;, g¢),» endowed with the metric p((f1, g1), (f2, 92)) =
/1 = f2llvar + llg1 — g2|lvar» is complete and separable (the countable set of polynom1al functions

are dense in this space, for example). We consider the operator Ag = T ﬂ( w(1). 0= (& B) denotes
the random variable that is sampled at each iteration. We have the following recursion:

Tty = Agt (Q?t)

From Lemma 1, for all & € P(X), 3 € P(X), Ay with @ = (&, 3) is contracting, with module
Ko < k < 1. Therefore

/ﬁgd,u(ﬁ) <1, /log kodu() < 0.
0 0
Finally, we note, for all f € C(X)
1T5(Ta(f))lloo < Iflloo +2 max C(z,y),
T,yeX

therefore p(Ag (o), o) < 2||xo|loo + 2 max, yex C(z,y) for all § (&, 3). The regularity condition
of the theorem are therefore met. Each of the induced Markov chains ( fa;, g2¢), and ( fory1, g2e+1),
has a unique stationary distribution. These stationary distributions are the same: the stationary
distribution is independent of the initialisation and both sequences differs only by their initialisation.
Therefore ( f¢, g¢), have a unique stationary distribution (Fi, G ). O
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A.3 Proof of Proposition 2

For presentation purpose, we first show that the “slowed-down” online Sinkhorn algorithm converges
in the absence of noise. We then turn to prove Proposition 2.

A.3.1 Noise-free online Sinkhorn

Proposition 5. We suppose that &; = «, Bt = [ for all t. Then the updates (6) yields a (deterministic)
sequence (fy, g¢ )¢ such that

Lo e £ Ta(@0) + (B, e + Ts(f2)) — W(a, ).

||ft - f*”var + ||gt - g*Hvar — 07 §<

Note that, as we perform simultaneous updates, we only obtain the convergence of f; — f* 4+ A, and
gi — g*, where f* and g* are solutions of (1) and A is a constant depending on initialization.

The “slowed-down” Sinkhorn iterations converge toward an optimal potential couple, up to a constant
factor: this stems from the fact that we apply contractions in the space (C(X), || - ||,,.) with a
contraction factor that decreases sufficiently slowly.

Proof. We write (f, g¢), the sequence of iterates. Given a pair of optimal potentials (f*, g*), we
write u; 2 fi — f*, v £ g — g%, ul 2 To(f;) — g* and v} & T, (g;) — f*. Forallt > 0, we
observe that

max ;41 = — log min exp(—us+1)
= —log (min ((1 — ;) exp(—u;) + neexp(—v/)))
—log ((1 — 1¢) min exp(—u¢) + 7¢ min exp(—vtT))

—(1 — n;) log min exp(—u;) — 1; log min exp(—vy )

NN

(1 — n¢) max u; + n; max vy,

where we have used the algorithm recursion on the second line, min f + g > min f + min g on the
third line and Jensen inequality on the fourth line. Similarly

min w1 = (1 — 7)) min ug + 7; min vtT,
and mirror inequalities hold for v;. Summing the four inequalities, we obtain
A
err1 = [luesllvar + [[vesa flvar
= maxX U] — MiN U1 + MaAX Vg1 — MiN Ve

(1 =) ([|weflvar + [[ve]lvar) + nt(‘|“?||var + ||U;[||vaf)v
(1 = ) (e |var + [vt]lvar) + ner(llee]lvar + [0t ][ var)

where we use the contractivity of the soft-C'-transform, that guarantees that there exists x < 1 such
that ||[v] ||var < &||v¢]lvar and |[u] ||lvar < &| 2t ||var (Peyré and Cuturi, 2019).

<
<

Unrolling the recursion above, we obtain

t
log e; = Zlog(l — (1 — k) +log(eg) = —o0,

s=1

provided that > 7, = co. The proposition follows. O

Proof of Proposition 2. For discrete realizations & and 3, we define the perturbation terms
es() = =Th(97),  1a() = 9" = Ta(f),
so that the updates can be rewritten as
exp(—fir1 + f7) = (L= ne) exp(—fi + 7)) + meexp(=Tp,(9¢) + T, (9") +€5,)
exp(—gi+1 +9°) = (1 —ne) exp(—ge + g%) + neexp(=Ta, (fi) + Ta, (f*) + ta,)-
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We denote uy 2 —f; + f*, v £ —g, + g, ul £ Ty (1) = Ty, (f*). vl 2 Ty, (90) — Ty, (9").
Reusing the same derivations as in the proof of Proposmon 5, we obtain
g1 flvar < (1 = 72) |t |var

+ e log (max exp(eg, (2) — 25, () exp(vf (2) = v/ (1))
< (1= ne) 1wt lvar + 9ell0f llvar + i€ g, llvars

where we have used max, f(z)g(x) < max, f(x)max, f(z) on the second line. Therefore, using
the contractivity of the soft C-transform,

err1 < (1 —p)er + —— 1 H €5, T 1t llvar) ®)

where we set e; = ||t |lvar + ||Ve]lvars T2 = 1¢(1 — k) and & is set to be the biggest contraction
factor over all empirical realizations &, 5; of the distributions « and (5. It is upper bounded by
1 — e~ Ldiam(X) “thanks to Assumption 1 and Lemma 1.

The realizations Bt and &, are sampled according to the same distribution & and B . We define the
sequence 7 to be the running average of the variational norm of the (functional) error term:

+ HL@tHvar)'

ey = (1= 7)re + 17(” 5.

var

We thus have, for all t > 0, e; < ;. Using Lemma 3, the sequence (r); converges towards the scalar
expected value

1
roo £ T Eaplllesll, + leallval > 0. Q)

We now relate r, to the number of samples n using a uniform law of large number result on

parametric functions. We write B = B, to make explicit the dependency of the quantities on the
batch size n.

Using Lemma 2, we bound the quantity

E. £Ep lleg,II,,, E/; HeXP(*Tﬁ(QS))*eXP(*Tgn(QS»HM

=Ey,, . v,~5 sug — Zexp - C(z,Y;))
e

— Ey~plexp(gg(Y)) — C(x,Y)]

—ESUPI*Z%

reX

where we have defined ¢; : @ — exp(¢*(Y;) — C(z,Y;)) and set ¢ to be the expected value of each
;. The compactness of X ensures that the functions are square integrable and uniformly bounded.
Lemma 2 ensures that there exists S(g*) such that

S(9%)

Vi
We now bound E |le5 H _ using the quantity F,. First, we observe that [lvar = 9% < ¢* < 0, and
there exists Cax > 0 such that 0 < C(z,y) < Chax for all z,y € X, thanks to the Assumption 1.

E, <

£ exp(—|lg*[[var — Cmax) < exp(—T; (g*))
exp(—||g"[[var — Cmax) < exp(— T (9*)) ]-a

where we have used g* = ||g*||var- Forall z € X,
exp(=Tj (9 exp(=Tj (9%)) — exp(=Ts(g"))
IEB|=|log—|—\1 1+ ; ). a0
n exp(—Tp(g* exp(—Ts(g*))
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We first obtain an upper-bound independent of n with the first equality in (10):
< 119" yar + Crmax- (11

We now use the second expression in (10): for n large enough, F,, < §

lleg, I, < lleg I

E, E,

HfanHm < max(log(1 + T)’ —log(1 — T)) = —log(1 — Ey,), (12)
where we have set E,, £ £x_ On the event Q,, = {E, < 1}, a simple calculation gives — log(1 —
En) < (2log 2)En < 2E,,. Thanks to Markov inequality, ]P’[En > %} < 2E[En}. We then split the
expectation over the event 2,,, and use inequalities (12) and (11) on each conditional expectation:

~ 1
Bl =P |2 < 3 E s,

var

~ 1
En, < 2} 13)

- 1 ~ 1
PE —|E 4 E -
" [ ">2} beﬁ"kar ”>2}
20019 s + Cinan) S (")
X \/’E
< 4eXp(||g*||var + Cmax)s(g*) é A(g*)
h NG Vn

The constants S depends on the complexity of estimating the functional z — j exp(g*(y) —
C(z,y))dB(y) with samples from /5. A parallel result holds for Es,, |4, ||y, Therefore, there
exists A(f*), A(g*) > 0 such that ro, < w. Asforallt > 0, e; < 7t —i—s00 Too» the
proposition follows, writing A = A(f*) + A(g*).

The constant A is larger than exp(Ciax) When Chax — 00; Hence it behaves at least like exp(%)
when ¢ — 0.

Note that we have used twice a corollary of the law of large numbers: once when averaging over ¢
with ¢ — oo (Eq. (9)), and once when averaging over n with n finite (Eq. (13)). ]

A.4 Proof of Proposition 3
In the proof of Proposition 2 and in particular Eq. (8), the term that prevents the convergence of e; is
77t(||€/§t” + HL@tHvar)7

which is not summable in general. We can control this term by increasing the size of &; and Bt with
time, at a sufficient rate: this is what Assumption 3 ensures.

var

Proof. From Eq. (8), for all £ > 0, we have
0<err < (I —e)ee +mellleg |+ lleae llvar)- (14

Taking the expectation and using the uniform law of large number (13),

var

A
Eery1 < (1= (1= w)np)Eey + np——— (15)
n(t)
= (1 = (1= r)n:)Eer + Anpw,
where we have used the definition of n(¢) from Assumption 3 in the last line.

The proof follows from a simple asymptotic analysis of the sequence (Ee;),, following recursion
(15). For all t > 0,
Eet+1 — Eet = —(1 — Ii)’l]tEet + Antwt < Antwt (16)
Therefore, from Assumption 3, (Ee;; — Ee;), is summable and Ee; —;_,oc £ > 0. Let’s assume
£ > 0. Summing (16) over ¢, we obtain
t—1 t—1

Ee; < Eeq — (1 - KJ) ZUS]ES + Aznsws o0 —00,
s=1 s=1

which leads to a contradiction. Therefore Ee; —;_,oc 0. As e; > 0 for all ¢ > 0, this implies that
€t —t—o00 0 almost surely. O
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A.5 Proof of Proposition 4

Proof. The proof of Proposition 3 allows us to derive non-asymptotic rates for potential estimations
using the online Sinkhorn algorithm. Let us set 7, = t%, n(t) = [Bt?*] in (14), so that Assumption 3
is met. [-] denotes the ceiling function. We are left to study the recursion (15):

Al — k) AN
0
el /Btatb
Following the derivations of Moulines and Bach (2011, Theorem 2), we have the following bias-
variance decomposed upper-bound, provided that 0 < a < 1 anda + b > 1. For all ¢ > 0,
AS S(1—k) 4_ 2AS
exp(— T ——.
@i vE P B0

Let us now relate the iteration number ¢ to the number of seen sample N. By definition

Si+1 = Eeppr < (1—

5 < (0p + (17)

t t
nt:Zn(s)gBZs%—i—tgt—l—
s=1

s=1

(t + 1)2b+1 -1

< ot 2b+1.
2b+1 (2t)

Therefore, when we have seen N samples, the iteration number is superior to ¢(N'), and the expected
error 0y is of the order of d,(x, with

1

t(N) = (N/2)=FT, (18)
We write 6 = d;(n). Replacing (18) in (17) yields
AN A1 = k) 1—a) 24\
Op < (g + ——— —————=(n/2)2+ | + —. 19
% (a+b1)\/§)exp< 7 /) VB(1 - k)(n/2) 7 1)

We note that b and a should be as close to 0 as possible to reduce the bias term, while a should be
as close to 1 and b as close to 0 as possible to reduce the variance term. Of course, b should remain
larger than 1 — a to ensure convergence.

To obtain the best asymptotical rates (the error is always dominated by the variance term), we set
a=1—1,b= 2, with ¢ 2Z 0. This yields

AN )\(1 — H) L 2AMN
0n < (4 exp | —————(n/2)* i
DAL p( 7 (/2 >+\/§(1_H)(n/z)w
= O(n_ﬁ)

This rate is as close to the rate O(%) as desired. We may then perform a last soft C-transform
(using the n; seen samples) over the estimated f;(,,), g¢(n) to Obtain a estimated solution of the dual
optimisation problem (2). The Sinkhorn potentials can therefore be estimated with fast rates. Note
that the upper bound explodes when &€ — 0, as Cpyax — 00, hence A — oo, and (1 — k) — 0. O

Estimating the Sinkhorn distance. The Sinkhorn distance requires to estimate the integral
Wia9) = [ F(aia(o) + [ " (1)4500).
z Yy

At iteration t(n), with empirical realization &; and Bi, containing n samples, we use the estimator
1 — 1 —
W(a, B) = o Z Jem) (23) + - th(n) (i),
i=1 i=1

We can bound the estimation error W (a, 8) — W(a, 8)| = O(ﬁ), dominated by the integral

evaluation noise. We thus recover a new estimator of the Sinkhorn distance with the same sample
complexity as the batch Sinkhorn estimator (Genevay, Chizat, et al., 2019). Our estimator enjoys an
original rate for estimating the potentials in || « ||yar-
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Algorithm 2 Fully-corrective online Sinkhorn

Input: Distribution o and 3, learning weights (1), and batch-sizes (n(t)),. Set p; 1 = ¢;1 =0
fori € (0,n4]
fort=0,...,T —1do
Sample (Il) (ng,mer1] ™ & (yj)(nt,nt+1] ~ ﬂ
Evaluate (f:(2:))i=(0.n41]> (96(Yi))i=(0.n41) USING (¢i,ts it Tis Yi)i=(0,m,] 10 (7)-
(0,1 4] 141 108 24+ @@ Omen  Plrcnesal 14108 £+ (Fie( @) (ne g
Returns: fr : (¢i.1,Yi)(0ny] a0 g7 : (Pi7) %) (0,n1]

Algorithm 3 Online Sinkhorn potentials in the discrete setting

Input: Distribution « € AN and 8 € AN, z € R"*4, y € R"* 4, learning weights (1),
Setp=q¢=—c0 e R".
fort=1,...,7T do

q < q+log(l —n), p < p+log(l—mn).
Sample J; C [1, N], I; C [1, N] of size n(¢).
fori € J; do

gi + log (eXp q:) + exp (log(ne) — log % Y7 exp(p; — C(x;, yz-)))
fori € I; do
p; < log (exp qi) + exp (log(nt) log X i Z _,exp(g; — C(J;i,yj))).
Returns fr : (¢, y)

and g7 : (p, @)

B Online Sinkhorn variants

B.1 Fully-corrective scheme

We report the fully-corrective online Sinkhorn algorithm in Algorithm 2. This algorithm also enjoys

almost sure convergence, provided that the following assumption is met.

Assumption 4. For allt > 0, the total batch-size ny = % is an integer. The step-size 1, and the
t

batch-size ny grows so that Y wyny < 0o and y ,ny = 00

With full correction, the total number of observed samples n; needs to grow at the same rate as the

single-iteration batch-size n(t) in Assumption 3. For n, = -, a € (1/2, 1], it is sufficient to use a
constant batch-size n(t) = B to meet Assumption 4. We then have the following property

Proposition 6. Under Assumption 1 and 4, the fully-corrective online Sinkhorn algorithm converges
almost surely:
/e = " llvar + 13 = 9" l[var = O

Proof. Using the fully-corrective scheme allows to replace n(t) by n; = Zi:o n(s) in (15). The
proposition is then obtained in the same way as Proposition 4. O

B.2 Online Sinkhorn for discrete distributions

The online Sinkhorn algorithm takes a simpler form with discrete distributions. We derive it in
Algorithm 3. We set « and f3 to have size N and M, respectively. We evaluate the potentials as

logZeXp C(x5,))

—log Z exp(g; — C(z,y,)),
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Table 2: Schedules of batch-sizes and learning rates that ensures online Sinkhorn convergence.

Param. schedule ~ Online Sinkhorn Fully-corrective online Sinkhorn

Batch size n(t) = Bt® 0<b 0<b
1 b
1 b - _Z
Stepsizent:t—a a>1,§ a>2 3 and b<1

a>0 and b2>1

where (p;)sen,n) and (g;j)sep1,a are fixed-size vectors. Note that the computations written in
Algorithm 3 are in log-space,as they should be implemented to prevent numerical overflows. The
sets |I| and |.J| can have varying sizes along the algorithm, which allows for example to speed-up
the initial Sinkhorn iteration (§5.2). In this case, the cost matrix C' = C(z;,;)),; should be
progressively recorded along the algorithm iterations.

B.3 Recapitulation on batch-sizes and learning rates

To provide practical guidance on choosing rates in batch-sizes n(t) and step-sizes 1;, we can

parametrize 7, = tia and n(t) = Bt’ and study what is implied by Assumption 3 and Assumption 4.
We summarize the schedules for which convergence is guarantees in Table 2. Note that in practice, it
is useful to replace ¢ by (1 + r ¢) in these schedules. We set = 0.1 in all experiments.
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Figure 4: Performance of online Sinkhorn for various €.

C Extra numerical experiments

We display and describe the supplementary figures mentionned in the main text, as well as experi-
mental details useful for reproduction.

C.1 Online Sinkhorn and variants

Grids and details for §5.1. We set (1;,n(t)) = (m, 100(1 4 0.1t)"), with (a, b) = (0,2),

(a,b) = (3,1) and (a,b = 1,0) (constant batch-sizes). Batch Sinkhorn algorithms uses
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Figure 5: Performance of fully-corrective online Sinkhorn (O-S) for various €.

N = 100,1000,10000. We train Sinkhorn on ¢ = 5000 iterations, and train online Sinkhorn
long enough to match the number of computations of the large Sinkhorn reference.

All OS convergence curves. To complete Fig. 1, Fig. 4 report the performance of online Sinkhorn
for e € {107*,1073,1072,107!]}. The comparison of performance remains similar to the one
produced in the main text.

Fully-corrective online Sinkhorn. Fig. 5 reports the performance of fully-corrected online
Sinkhorn (FCOS). We observe that the fully-corrective scheme is less noisy than the non-corrected
one. It is less efficient than OS on low-dimensional problems, but faster on the 10 dimensional
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Figure 6: Performance of randomized Sinkhorn (R-S) for various €.

R-S n = 100

R-S n = 1000
Sinkhorn n = 10*
Sinkhorn n = 100
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Sinkhorn n = 100

Sinkhorn n = 1000

R-S n = 100

R-S n = 1000
Sinkhorn n = 10*
Sinkhorn n = 100
Sinkhorn n = 1000
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problem. For GMM-10D, it outperforms the batch Sinkhorn algorithm with N = 100, 1000. Note
that we interrupt FCOS for n; > 20, 000, as our implementation of the C-transform has a quadratic
memory cost in n;—this cost can be reduced to a linear cost with more careful implementation .

Randomized Sinkhorn. Fig. 6 reports the performance of randomized Sinkhorn. In low dimension,
randomized Sinkhorn is a reasonable alternative to batch Sinkhorn, as it often outperforms it on
average, for the same memory complexity (compare purple to orange curve for instance). In high

dimension, batch Sinkhorn tend to perform slightly better.

'Using e.g. https://www.kernel-operations.io/keops/index.html
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C.2 OT between Gaussians

We measure the performance of online Sinkhorn to transport one Gaussian distribution « to another
(. The potentials f*, g* are known exactly for this problem, which allows to have a strong golden
standard. More precisely, adapting the formulae from Janati et al., 2020, assuming o ~ A/ (1, A) and
B ~ N (v, B) and writing I the identity matrix in R, we have

2
C’é(AB—kEZI)l/?, UéB(chgI)-l—I, véA(c+§I)—1—I

Frra o —g(e - ) U@ — ) b (a - v)
1

9y = 5=V -v) +y (v —p)

We compare batch Sinkhorn (N = 100, 1000, 10000) to (non fully-corrected) online Sinkhorn, with
n(t) = B,and n(t) = B(1+0.1¢)"/2, B = 100, and £ € {107%,1073,1072,107'}.

Results. As displayed in Fig. 7, online Sinkhorn outperforms batch Sinkhorn for all tested batch
sizes and all ¢. It is faster and does not converge towards biased potentials. This suggests that the
performance of online Sinkhorn may be underestimated in the previous analyses due to poor potential
reference.

C.3 Illustration of online Sinkhorn potentials on a 2D GMM

The estimate f; is useful to compute the gradient of the Sinkhorn distance W(«, 3) with respect to
the distribution «. This is useful when « is a parametric distribution «y, as it allows to compute
the gradient of the Sinkhorn distance with respect to 6 using backpropagation. For simplicity, let us
assume that o = L 3" | §,.. Then, forall i € [1,n],

IW(a, B) .

T or = Va:(x = f (aaﬁ))(l’i),
so that V. f*(«, 8) provides a displacement field that can be descended to minimize o« — W(«, 3).
Such point of view can be extended to general distributions using the mean-field point of view, see e.g.
Chizat, 2019; Santambrogio, 2015. Estimating V. f*(«, 3) is therefore crucial to train e.g. generator
networks. Both the online Sinkhorn and the batch Sinkhorn algorithm allow to estimate this vector

field, through the plug-in estimator x — V,, ft, easily computed using the form (7) of ft.

Experiment. With 2D GMMs, we estimate a reference vector field V f using Sinkhorn on N =
10, 000 samples and qualitatively compare the estimations provided by online Sinkhorn and batch
Sinkhorn (N = 1, 000), for the same number of computations.

Results. We represent the estimations V, f; in Fig. 8, for 108 computations. We compare them to a
reference displacement field, estimated wityh 1010 computations. We observe that online Sinkhorn
estimates a smoother displacement field than batch Sinkhorn for the same computational budget,
that is closer to the reference displacement field. In particular, it is less noisy in low-mass areas.
This suggest that online Sinkhorn would be a interesting replacement for batch Sinkhorn in training
generative architectures (used by e.g. Genevay, Peyré, et al. (2018)). «y is then defined as the
push-forward of some simple measure with a neural network gy. We leave this direction for future
work.

C.4 Online Sinkhorn as a warmup process

Grids and details for §5.2. We set (1, n(t)) = (m 100(1 + 0.1¢)"), with (a,b) = (0,2),

(a,b) = (3,1) and (a,b = 1,0) (constant batch-sizes). The batch Sinkhorn algorithm that is used for
reference and after warmup uses N = 10000. In the reference algorithm, we precompute the distance
matrix to save computation. In the warmup algorithm, this distance matrix is filled progressively and
then kept in memory to perform C-transforms.
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Figure 7: Performance of online-Sinkhorn to estimate OT between two Gaussians. Online Sinkhorn
systematically outperforms batch Sinkhorn, but in term of speed and correction.

We evaluated OS and fully-corrective OS, and found that fully-corrective was less efficient (due to
its higher cost in the early iterations). We evaluated sampling with and without replacement in the
warmup phase, and found sampling without replacement to be more efficient.

All warmup convergence curves.

To complete Fig. 3, we report convergence curves for different

¢ in Fig. 9. We find that speed-up increased with € and both the 2D and 3D problems, but remains

limited for the 10D problem.
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Sinkhorn N=1000, 103 computations

Sinkhorn N=10000, 10! computations
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Reg. OT displacement field
on empirical samples

Figure 8: Displacement field as defined by the potentials estimated by online-Sinkhorn and Sinkhorn
on a 2D GMM. With the same computational budget, online Sinkhorn finds smoother displacement
fields than Sinkhorn. Those are closer to the true reference displacement field (we use Sinkhorn on
N = 10000 to estimate this reference). o and 3 log-likelihood level-lines are displayed in red and

blue, while the arrows are proportional to V, f; (z)da(z).
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Figure 9: Performance of online-Sinkhorn as warmup for various €.

D Stochastic mirror descent interpretation

The online Sinkhorn can be understood as a stochastic mirror descent algorithm for a non-convex
problem. This equivalence is obtained by applying a change of variable in (1), defining

pEaexp(f) and v = Bexp(g). (20)
The dual problem (2) rewrites as a minimisation problem over positive measures on X and ):
min  KL(alu) + KL(B|v) + (p@v, e) -1, 1)

() EMF(X)2

where the function KL : P(X) x M*(X) £ («, log g—z> is the Kullback-Leibler divergence between

« and u. This objective is block convex in yu, v, but not jointly convex. As we now detail, this
problem can be solved using a stochastic mirror descent (Beck and Teboulle, 2003), applied here
over the Banach space of Radon measures on X', equipped with the total variation norm.

Mirror maps and gradient. For this, we define the (convex) distance generating function
MH(X)? = R:

w(p,v) = KL(afu) + KL(B[v).
The gradient of this function and of its Fenchel conjugate w* : C(X)? — R yields two mirror maps.
For all (u,v) € M (X)2, (0,¢) € C(X)%,0< 0,0 <0,



The gradient V F'(u, v) of the objective I’ appearing in (21) is a continuous function

V() =g+ [ SFw)es(-C.p)s)

da

and similarly for V, F.

Stochastic mirror descent. To define stochastic mirror descent iterations, we may replace inte-
gration over (3 is by an integration over a sampled measure B This in turn defines an unbiased
gradient estimate VF of VF, which has bounded second order moments. This absence of bias is
crucial to prove convergence of SMD with high probability. Using the mirror maps and the stochastic
estimation of the gradient, one has the following equivalence result, whose proofs stems from direct
computations.

Proposition 7. The stochastic mirror descent iterations

(ﬂt, Vt) = Vw* (VW(Nt, Vt) - ntﬁF(ﬂh Vt))

are equal to the updates (6) under the change of variable (20).

Interpretation. It is important to realize that u; and 4 do not need to be stored in memory. Instead,
their associated potentials f; and g; are parametrized as (7). In particular, x; and v, remain absolutely
continuous with respect to « and 3 respectively, so that the Kullbach-Leibler divergence terms are
always finite. Note that the mirror descent we consider operates in an infinite-dimensional space, as
in Hsieh et al. (2018).

Finally, we mention that when computing exact gradients (in the absence of noise) and when using
constant step-size of 1, = 1, the algorithm matches exactly Sinkhorn iterations with simultaneous
updates of the dual variables. This provides a novel interpretation on the Sinkhorn algorithm, that
differs from the usual Bregman projection (Benamou et al., 2015), and the related understanding of
Sinkhorn as a constant step-size mirror descent on the primal objective (Mishchenko, 2019) and on a
semi-dual formulation (Léger, 2019).

Note that one can not directly apply the proofs of convergence of mirror descent to our problem, as
the lack of convexity of problem (21) prevents their use.
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