Supplementary Material

Additional Notation For a set E, we use [(x € F) to denote the indicator function for event E.
For simplicity, we use I(z > t) to denote the indicator function for the event E = {z : © > t}. For a
random variable Z, we use V(Z) to denote its variance. We use drv(p, ¢) to denote the total variation
distance between distributions p and ¢. For a vector w € R™, we use ||w/||; to denotes its /1 norm,

ie, |lw|l =0 |wl.

A Robust Mean Estimation and Stability

A.1 Robust Mean Estimation from Subset Stability

The theorem statement in [DK19| Theorem 2.7] requires that the input multiset S'is stable. We note
that the arguments straightforwardly go through when S contains a large stable subset S’ C S (see,
e.g., [DKK™ 16, DKK™ 17, [DHLI9]).

For concreteness, we describe a simple pre-processing of the data, that ensures that the data follows
the definition as is: simply throw away points so that the cardinality of the corrupted set matches the
cardinality of the stable subset.

Proposition A.1. Let S be a set such that 35S’ C S such that |S’| > (1 — €)|S| and S" is (Ce, ) for
some C > 0. Let T be an e-corrupted version of S. Let T’ be the multiset obtained by removing en

points of T. Let € = <. Then T" is an €' -corrupted version of a ((C — 1)€' /2, 6) stable set.

Proof. Let T be an e-corrupted version of S. Thatis, T = S U A\ R. We now remove en points
arbitrarily from 7 to obtain the multiset 7" of cardinality (1 — €)n.

Let Sy be any subset of S’ such that |Sz| = |T1| = (1 — €)n. Therefore, T” is at most (2¢)/(1 — €)-
corrupted version of Sy. As S” is (Ce, §) stable and S, is a large subset of S/, Claim [A.2]states that
So is (€2, d) stable where e > 1 — (1 — Ce)/(1 —¢) = (C — 1)€' /2.

Claim A.2. Ifaset S'is (¢, §) stable, then its subset S' of cardinality m > (1—€)n is (1—(1—€)>,6)
stable.

Proof. To show that S is (¢’, 0) stable, it suffices to ensure that ¢’ < e and (1 — €')|S’| > (1 — €)|S5].

Therefore, we require that
1—
1—€)ym>1-—en = elgl—ﬂ.
m

The upper bound is always less than e for m < n. O

A.2 Adapting to Unknown Upper Bound on Covariance

As stated, the stability-based algorithms in [DKK™ 17, [DK19]| assume that the inliers are drawn from
a distribution with unknown bounded covariance ¥ < ¢21, where the parameter o > 0 is known.
Here we note that essentially the same algorithms work even if the parameter o > 0 is unknown. For
this, we establish the following simple modification of standard results, see, e.g., [DK19].

Theorem A.3. Let T C RY be an e-corrupted version of a set S, where S is (Ce, §)-stable with
respect to g and %, where C' > 0 is a sufficiently large constant. There exists a polynomial time
algorithm that given T and € (but not o or §) returns a vector [i so that ||us — fi]| = O(c6).

Proof. The algorithm is very similar to the algorithm from [DK19|] except for the stopping condition.

We define a weight function w : T' — R initialized so that w(z) = 1/|T| forall z € T. We
iteratively do the following:

» Compute p(w) = m > ower w(T).
+ Compute S(w) = 1 ¥y ep w(a)(z — pa(w))(@ — p(w))".

» Compute an approximate largest eigenvector v of X(w).
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s Define g(z) forz € T as g(z) = |v - (z — p(w))[>.

Find the largest ¢ so that 7. ()5 w(z) = €.

.  [glx) ifglz) >t
Define f(z) = {0 otherwise

* Let m be the largest value of f(x) for any « € T with w(x) # 0.
Set w(x) tow(x)(1 — f(x)/m) forallz € T.

We then repeat this loop unless ||w||; < 1 — 2e, in which case we return z(w).

Note that if S is (e, §)-stable with respct to g and o2, then S/ is (e, 8) with respect to ug/o
and 1. We note that if 0 was known, the weighted universal filter algorithm of [DK19] could be
applied to T'/o in order to learn g /o to error O(d). Multiplying the result by o would yield an
approximation to g with error O(od). We note that this algorithm is equivalent to the one provided
above, except that we would stop the loop as soon as % (w) < (1 + O(4?%/¢)) rather than waiting
until ||w||; <1 — 2e.

However, we note that by the analysis in [DK19]| of this algorithm, that at each iteration until it stops,
>_ses w(z) decreases by less than ) .7 g w(x) does. Since the latter cannot decrease by more
than ¢, this means that the algorithm of [DK19]] would stop before ours does. Our algorithm then
continues to remove an additional O(¢) mass from the weight function w (but only this much since f
has support on points of mass only a bit more than €). It is easy to see that these extra removals do
not increase X (w) by more than a factor of 1 4+ O(e). This means that when our algorithm terminates
Y(w)/o < I+ O(8?%/€). Thus, by the weighted version of Lemma 2.4 of [DK19], we have that

s — p(w)ll = ollus /o — pw)/o|| < 003 + \/€(62/€)) = O(a9) .

This completes the proof. O

B Robust Mean Estimation using Median-of-Means Principle

In this section, we again consider distributions with finite covariance matrix >. We now turn our

attention to the proof of Theorem that removes the additional logarithmic factor y/log(r(X)). In
Section we show a result stating that pre-processing on i.i.d. points yields a set that contains
a large stable subset (after rescaling). Then, in Section[B.2] we use a coupling argument to show a
similar result in the strong contamination model.

We recall the median of means principle. Let & € [n].
1. First randomly bucket the data into k disjoint buckets of equal size (if & does not divide n,
remove some samples) and compute their empirical means 21, . . ., 2x.

2. Output (appropriately defined) multivariate median of 2y, .. ., 2.

B.1 Stability of Uncorrupted Data

We first recall the result (with different constants) from Depersin and Lecué [DL19] in a slightly
different notation.

Theorem B.1. [[DLI9 Proposition 1] Let z1,. ..,z be k points in R? obtained by the median-
of-means preprocessing on n i.i.d. data x1,...,x, from a distribution with mean | and co-
variance Y.. Let M be the set of PSD matrices with trace at most 1. Then, there exists a con-
stant ¢ > 0, such that with probability at least 1 — exp(—ck), we have that for all M € M,

[{i € [k] : (20 — )T M(2; — p) > (K||S]|/n)s%}] < %, where 6 = O(\/r(X)/k + 1).

We now state our main result in this section, proved using minimax duality, that Theorem [B.T|implies
stability. We first consider the case of i.i.d. data points, as it conveys the underlying idea clearly.

Theorem B.2. Let x1,...,x, be n i.i.d. random variables from a distribution with mean n and
covariance ¥ < I. For k € [n|, let z1, ...,z be the variables obtained by median-of-means
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preprocessing. Then, with probability 1 — exp(—ck), where c is a positive universal constant, there
exists a set S C [k] and |S1| > 0.95k such that Sy is (0.1, 0)-stable with respect to p and k||3|| /n,

where § = O(y/r(2)/n+1).

Proof. For brevity, let 0 = /k|X||/n. Suppose that the conclusion in Theorem holds with
d = O(/r(X)/k + 1) such that 6 > 1, i.e., for every M € M, for at least 0.99% points (z; —
w) T M(z; — p) < 0262, Using minimax duality, we get that

k

> wilz—p)(z— )"

=1

min
wWEAL,0.01

k
i M (o — Y
pdmin - max ( ;w(z ) (zi — )"

k
= i M (e — SRV
Arjlg/}\c/l wergli%.01< ’ zz:; wl(ZL N)(Zz M) >

< 02(52,
where the last step uses the conclusion of Theorem As 62 > 1, we also get that || Zle wi(z —
w)(zi — )T — oI < 0262, Let w* be the distribution that achieves the minimum in the above
statement. We can also bound the first moment of w* using the bound on the second moment of w*
as follows:

k v
S wiT(z - p) < \/ S w7 (s — )2 < I3 wi i — )z — 17 < Vo3P = o
i=1 1=1 i=1

Given this w* € Ay 0.01, we will now obtain a subset of {z1,..., 21} that satisfies the stability
condition. In particular, Lemma|E.2|shows that we can deterministically round w* such that there
exists a large stable subset of {21, ..., 2} which is (0.1, §) stable with respect to y and 2. O

B.2 Stability Under Strong Contamination Model

We now prove Theorem i.e., stability of a subset after corruption, using Theorem [B.2] The
following result shares the same principle as [DHL19, Lemma B.1]: we add a coupling argument
because the pre-processing step (random bucketing) introduces an additional source of randomness.

Theorem B.3. (Formal statement of Theorem|[I.7) Let T be an e-corrupted version of the set S,
where S is a set of n i.i.d. points from a distribution P with mean p and covariance Y. Set
€ = O(e+1og(1l/7)/n) and set k = |€'n]. Let Ty be the set of k points obtained by median-of-
means preprocessing on the set T'. Then, with probability 1 — T, Ty, is 0.01-corruption of a set Sy, such
that there exists a S;, C S, |S),| > 0.95k and S, is (0.1,0) stable with respect to p and k|| X||/n,

where § = O(y/r(2)/n+1).

Proof. For simplicity, assume k divides n and let m = n/k.

Let S = {x1,...,2,} be the multiset of n i.i.d. points in R? from P. We can write T as T' =
{z,..., 2]} such that |{i : ] # z;}| < en.
As the algorithm only gets a multiset, we first order them arbitrarily. Let 7, ..., r/, be any arbitrary

labelling of points and let o1 (-) be the permutation such that r; = @/ (1)~ We now split the points

randomly into buckets by randomly shuffling them. Let o(-) be a uniformly random permutation
of [n] independent of 7' (and 5). Define w; = 1/, ;) = @ ;- Fori € [k], define the bucket
Bj to be the multiset B} := {w(, ), -, Wiy, }. Fori € [k], define 2; to be the mean of the
set Bl,i.e., z; = p p;- Thatis, the input to the stable algorithm would be the multiset T}, where
Tk = {Zi, cen ,Z]/C}

We now couple the corrupted points with the original points. For ¢ and o, define their composition
o' as 0/ (i) := 01(0(i)). Define r; := 2, (;y and w; := 74(;y = Tov (). Importantly, Proposition
below states that w;’s are i.i.d. from P. The analogous bucket for uncorrupted samples is B; :=
{wi—1)ym+1,- -+ Wim }. Fori € [k], define z; := pp, and define Sy to be {21, ..., 2 }. Therefore,
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21, ..., 2, are obtained from the median-of-means processing of i.i.d. data wy, ..., w,, and thus
Theoremholdsﬂ That is, there exists S ,’C C S}, that satisfies the desired properties.

It remains to show that T}, is a corruption of Sy. It is easy to see that | T N S| > k — en > 0.99%,
by choosing ¢’ large enough. That is, for any o and o, T} is at most (0.01)-contamination of the set

Sk. O
Proposition B.4. Let x1, ..., 2, be n i.i.d. points from a distribution P and o1(-) be a permutation,
potentially depending on 1, . . ., x,. Let o(-) be a random permutation independent of x1, . . ., T,
and o1(-). Define the composition permutation be o' (i) := 01(0(i)). Then x,(1y, ..., T (y) are

also i.i.d. from the distribution P.

Proof. First observe that ¢’(+) is a uniform random permutation independent of x1, ..., x,. The
result follows from the following fact:

Fact B.5. Ler x1,...,x, be n iid. points from a distribution P. Let o(-) be a random permutation
independent of x1, ..., Ty, then Ty(1y, - . ., To(n) are also i.i.d. from the distribution P.

C Tools from Concentration and Truncation

Organization. In Section[C.I] we state the concentration results that we will use repeatedly in the
following sections. Section [C.2]contains some well-known results regarding the properties of the
truncated distribution.

C.1 Concentration Results

We first state Talagrand’s concentration inequality for bounded empirical processes.

Theorem C.1. (/[BLMI13| Theorem 12.5] ) Let Y1,...,Y, be independent identically distributed
random vectors. Assume that EY; s = 0,and that Y; s < L for all s € T. Define

2 2
Z=sw) Yoo o' =sup) B,
Then, with probability at least 1 — exp(—t), we have that
Z = O(EZ + o\t + Lt). (8)
See [[BLM 13| Exercise 12.15] for explicit constants.

We will also repeatedly use the following version of Matrix Bernstein inequality [Trol5l Minl7].

Theorem C.2. ([[Trol5 Corollary 7.3.2]) Let S1, . .., Sy be n independent symmetric matrices such
that ES; = 0 and ||S;|| < L a.s. for each index i. Let Z =Y | S; and let V be any PSD matrix

such that Y, | ESpST <X V. Letv = ||V || and r = v(V'). Then, we have that

E||Z|| = O(v/v1ogr + Llogr). 9)
T

In particular, if S; = &x;x;, where & is a Rademacher random variable, and x; is sampled
independently from a distribution with zero mean, covariance %, and bounded support L, i.e.

[lz:|| < L almost surely. Then E| Z|| = O(y/nL||Z||logr(32) + Llogr(X)).

"I (z1,...,2n) are iid., then choosing the buckets B; = {Z(i—1)m,...,Tim} for i € [k] preserves
independence. In particular, any partition of k sets of equal cardinality that does not depend on the values of
(z1,...,zy) suffices. Therefore, Theoremand Theoremhold for this bucketing strategy too.
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C.2 Properties under Truncation

We state some basic results regarding truncation of a distribution in this subsection. These results are
well-known in literature and are included here for completeness (see, e.g., [DKK™ 17, LRVT16]).
Proposition C.3. (Shift in mean by truncation) Let X be sampled from a distribution with mean 0
and covariance 3 < I. Forat > 0, let g(-) be defined as
xz, lfI € [_ta t]a
glx)=qt,  ifx>t,
—t, ifr < -t

Ift > Ce =, then for all v € 841, [Eg(xTv)| < C~'/e

Proof. Let Z = xTv. By Markov’s inequality,

1
P(Z>t) <P(Z%>>C% 1) < ro P C 2.

We get that
[Eg(Z)| = [EZ — 9(Z)| < E|Z — g(Z)| <E|Z[ljz)5, < VeC ™. (10)
O

Proposition C.4. (Shift in mean by truncation under higher moments) Let X be sampled from a

distribution with mean 0 and covariance (1 — 02617%)1 =< ¥ =< I. Moreover, assume that the
distribution has bounded moments, i.e., for a k > 4:

=
Q
o~

Yo e S (E(T X)F) (11)

Note that o5 < 1. Let T}, = ake’%. Then

1. Forall M € M, E(zTMz)* < oF

N

Forall M € M and t > CT¢, Ba" Mal,r .5, < 07 CF e E,

3. Let f(-) be defined as f(x) = min(x, t).
Ccl-3).

(zTMz) — 1| < o2e' =7 (1 +

4. Lett > CTy. Forallv e S, |]E.TT'UI[|ITU‘S)5| < opel "R Ok,

5. Let g(-) be defined as g(x) = sign(xr)min(|z|,t). Fort > CTy and all v € S,
|Eg(xTv)| < 0, CtFel %,

6. E|X|F < dzot

7. P(|X|| > opvde k) < e

Proof. We prove each statement in turn.

1. We use the spectral decomposition of M, to write M = UT AU, where U is a rotation
matrix, A is a non-negative diagonal matrix with diagonal entries \; and trace 1. Observe
that if the random variable X satisfies Equation , then the random variable Z := UX
also satisfies Equation (TT).

We use the aforementioned observation and apply Jensen’s inequality to get:

d
E(xT M)t = E(ZTAZ)% = E(Y_ \2d)? < Z Ezf <> ok <o
i =1 =1



. Let Z = 2" Mz. From the first part, we have that £-th moment of Z is bounded by o7. By
Markov’s inequality, we get that

2 02 k €

P{Zzt}gP{ZZCTk}glP{Zsz}g —REZ> < —.

€r Caok Cz

We can now apply Holder’s inequality, to get

2_ _2
EZHZZCT,? SO’]%O" 161 k.,

. Asabove, let Z = 7 Mx. It follows that f(x) < z. Therefore, we get that
Ef(z" Mz) < Ea” Mz < 1.
For the lower bound, we get that
Ef(z" Mz) > Bz" Mal,rprp<ore = Ba” Mol — BEx” Mal,ryrpscr

2 2 k
>1 -0k —ole kO T2,
. Let Z = zTv. We note that

P(Z > ) > P(Z > OTy) < P(Z" > C'T}) < - 2h < C7Pe.
ope 1C

We now bound the deviation in mean by truncation:
EZ = EZH|Z|S,§ + EZH|Z‘>t =0
= |[EZl|z|<¢| = [EZI 75|
< (BZF)E(P{Z > t})'~*
= okC'l*kel*%.
. Let Z = 2Tv. We get that

[Eg(Z)| = [EZ — g(Z)| < E|Z — g(2)| < E|Z[lz1zc1, < oxe' FCIF,

. It follows by taking M = é[ in the first part.

. This follows by Markov’s inequality and the previous part.

O

Lemma C.5. Let P be a distribution with mean p and covariance 1. Let X ~ P. For k > 2, let its
k-th central moment be bounded as

forallv e 841 (E"UTX‘]C)% < o%.

For e < 0.5, let E be the event

E=A{IX —ull <T},

where T is such that P(E) > 1 — €. Let Z be the random variable X |E, that is X conditioned on
X € E. Then, we have that

L lu—EZ| < topel "% < 204" F.

2. (1- 30’%61_%)1 < Cov(Z) < 1.

Proof. We prove each statement in turn.
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1. Let Q be the distribution of Z. We will assume that P(E°) > 0, otherwise the results hold
trivially. Let R be the distribution of X conditioned on X € E° and let Y ~ R. Note that
P can be written as the convex combination of () and R.

P=(P(E)Q+ (1 -P(E))R. (12)
Using this decomposition, we can calculate the shift in mean along any direction v € S~

P(EYW'EZ + (1 - PE)ELTY =0 EX =

s VT(EZ ) = ﬁm-ﬂ(x — ) lxge
< ﬁ(ElvT(X — wFy (Bt
1 1-1
< @%6 )

where the first inequality uses Holder’s inequality. Therefore, |[EZ —p|| < ope' ~1/*/(1—¢).

2. We will follow the notations from the previous part. Note that for all v € S¢~1, the mean
minimizes the quadratic loss

E("(Z - EZ))* <E@"(Z - p)>.

Note that for any direction v, we have that E(UTQFZ —u)? < E@I(Y — u)? As
E(vT(X — p))? is the convex combination of E(v?'Z)? and E(vTY)?, and thus larger
than the minimum of these two, we get

E("(Z — u))* = min(E(" (Y — )%, E@T (Z - 1))?)
< P(E)E(W(Z — 1)> + (1~ PE)EWT (Y — p))? = (" (X — ) = 1.
Therefore, we obtain the following upper bound:
Ev?(Z ~EZ)? <E(w'(Z — p))? < 1.
We now turn our attention to lower bound. We first note that
(1 - P(E)EQ” (Y — )2 = EQTX)2I{X € B} < (E(" X)")
Using the definition of P, @ and R, we get

o
—~
~
—~
3
~—
—
|
o
VAN
Q
B
e}
—
|

E(w'(Z - p))* = (E@"(X = w)* = (1= PE)EQ@" (Y - u))?)

> (1- (1-PE)EWT(Y —p)?) > 1 - ofe .
We are now ready to bound the lower bound the deviation from mean:
E("(Z ~EZ))® = E("(Z - p))* — (EZ — u)?
akel_% )2
1—c€
1—2

2
%k F

1—¢

2
>1—ofeF —(

2 2
>1-— 0,361_? >1-— 30,%61_F.

D Bounds on the Number of Points with Large Projections

Organization. This section contains the proofs of Lemma[2.2]and Lemma 3.2]from the main paper.
In Section we prove the results controlling the number of outliers uniformly along all directions
v € 8?1, We then generalize these results to projections along PSD matrices in Section
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D.1 Linear Projections

We state Lemma 1 from Lugosi and Mendelson [LM19b]. We will use this result for distributions
with bounded covariance.

Lemma D.1. ([LMI9b, Lemma 1]) Let x1, . .., x, be n i.i.d. points from a distribution with mean
zero and covariance 3 = I. Let Q2 be defined as follows:

5 [0l 16

e n Ve

Then, for a constant ¢ > 0, with probability at least 1 — exp(—cen),
sup Hz : |’UT.'L‘1‘| > QQH < 0.25€en.
€sd—1

Q2

We state the following straightforward generalization of Lemma D.T]for distributions with bounded
central moments. We give the proof for completeness.

Lemma D.2. Let x1,...,x, be ni.i.d. points from a distribution with mean zero and covariance
> = I. Further assume that for all v € Sd-1.
E@TX)")* < oy (13)

Let Q. be defined as follows:
1 /tr(Z
Qk@< r<>+aw;>,
€ n
Then, there exists a ¢ > 0, such that with probability at least 1 — exp(—cne),

s;lp {i: [zl v] > Qi }| = O(ne). (14)
veSI—1

Proof. We follow the same strategy as in Lugosi and Mendelson [LM19b]. We first set @)y, as follows:
1 /tr(2
QL=C ( it +oke—i) ,
€ n

for a large enough constant C' to be determined later. Consider the function x : R — R defined by

0, ifx < %
(@)= & -1, ifee |9, (15)
1, 1f$ZQk

Therefore, I,7,>q, < x(z]v) < I,74>0, /2 and note that x(-) is a % Lipschitz. We first bound

the number of points violating the upper tail bounds. The random quantity of interest is the following:

Z= swp Y Lz, - (16)

d—
vesSd—1

We first calculate its expectation using the symmetrization principle [LT91, [ BLM13]]. We have that

n
EZ=E sup » Lr,sq,
vesd-ti—, © T

<E sup Zx(x?v)

d—
vesSd=1

<E sup Y (x(zfv) —Ex(z{v))+ sup EY x(z{v)

vesd-1 i vesd-t
n n
<2E sup Z ex(zfv)+ sup E Z x(zFv). (17
vesd—1. vesd-t T
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We bound the second term in Eq. by

EZX(%TU) < EZHwTUIZQkﬂ = nP(zTv > Q1/2) < nP(zTv > Core ¥) = O(ne),
i= i=1
by applying Markov inequality and choosing a large enough constant C' for Q. For the first term in

Eq. (T7), we upper bound x(-) using contraction principle for Rademacher averages and independence
of ;.

E sup Zelxx v)<Q—E sup qu v——EHqu2H<n—\/ntr = O(ne),

vesd-1. veSA—1

where we use the covariance bound on x; and a large enough constant for Q. > (C/e€)+/tr(2)/n.
Therefore, we get that EZ = O(ne). We can bound the wimpy variance, i.e., the quantity o in
Theorem|[C.1] by O(en). By Talagrand’s concentration|C.1] we get that probability 1 — exp(—cne),

Z = O(ne + /nov/cney/ny + cne) = O(ne). (18)
O

[ V)

D.2 Matrix Projections

We will now use the results from the previous section to prove Lemma[2.2]and Lemma[3.2] The proof
follows the ideas from [DL19} Proposition 1].

Lemma D.3. (Formal version of Claim[2.4) Suppose that the event £1 holds, where &, is the following
&= { sup |{i:]zTv] > Qo}| < O.25en}.
veSd-1
Let Q = 8Q¢ and € > 1/n. Then the event £ also holds, where £ is defined as follows:

= { sup [{i:al Mz; > Q*}| < en}.
Mem

Proof. We follow the same proof strategy as Depersin and Lecue [DL19]]. We reproduce the proof
here for completeness.

Suppose that £; holds but the desired event £ does not hold. Let M be such that |{i : xlTM €x; >
Q?}| > en. Let G be the Gaussian vector in R? independent of 1, . . . , z,, with distribution N (0, M).
We will work conditionally on z1, ..., z, in the remaining of the proof. Let Z be the following
random variable

n
Z=7 lpraps2so;
1=1

We have that 7 G ~ N(0, 27 Mz;). For i such that 27 Mz; > Q2, we have that
5
P(l2T G|* > 25Q3) > 2P(g > g) > 0.528,

where g is a standard Gaussian random variable. Therefore,

EZ =Y P(lz] G > 25QF) > en(0.528) > 0.528.
i=1
Note that Z a is sum of independent indicator random variables. A Chernoff bound (see, e.g.,
[Ver18| Section 2.3]) states that, with probability at least 1 — (1/2/e)E4 > 0.05, we have that

zZ > EZ > 0.25ne. However, by Gaussian concentration (see, e.g., [BLM13]]) we have that with
probablhty at least 0.9999: ||G|| < 5. Taking a union bound, we get that both of the events happen
simultaneously with non-zero probability. Therefore, with non-zero probability Ju : |ju|| < 5 and

n
Z ]I|177'T“|2225Qc2) > (0.25ne.

=1
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That is, Jv : ||v|| < 1, and

n n

D urppsgz >026ne = Y T, 50, > 0.25n¢,
i=1 i=1
which is a contradiction to £;. This completes the proof. O

We are now ready to prove Lemma[2.2and 3.2}

Proof. (Proof of Lemma [2.2) Without loss of generality, we can assume en = §2(1). The result now
follows from Lemma|[D.1} due to Lugosi and Mendelson [LM19b, Lemma 1], and Lemma[D.3] [

Proof. (Proof of Lemma [3.2)) Without loss of generality, we can assume en = Q(1). The result now
follows from Lemma [D.2] which might require a change of variables, and Lemma[D.3] O

D.3 Truncation with Domain Constraint

Lemma D.4. Letw € A, . for some € < 1/2. Suppose that the following event £ holds:
&= { sup [{i: (x; — )" M(z; —p) > Q*} < en}.
MeM

For a unit vector v, let S, € [n] be the following multiset: S, = {x; : z; € S, |xTv| < Q}. Fora
unit vector v, let W) be the following distribution:

. ()

~(v) . ( H{xz € Sv}) —(v) . W

w,; ' :=min | w;, ——=—— | , w\Y = — . (19)
S| [ @)1

Let g(-) be defined as in Eq. (6). Then, for all unit vectors v, o) e Ay, 4¢.w- Moreover, the following
inequalities hold:

n

> o (i )

i=1

ZieSu UT(CCZ' - :u)
S|

<4e@ + < 5eQ +

Dies 90 (xi — )
(1—e)n '

Proof. On the event £, we have that |S,| > (1 — €)n for all v € S?~!. In order to show that
W) € A, 4e.w, it suffices to show that for all v, Egv) < w;/(1 — 4¢). By the definition of Egv), it
is sufficient to show that ||@(*)||; > 1 — 4e. Let ug and ug, denote the uniform distributions on
the multi-sets S and S, respectively. Let dry(p, ¢) denote the total variation distance between the
distributions p and ¢. First note that

< n € - 2e
“1l—€¢ 1—€¢ 1—c¢
We now use the alternative characterization of total variation distance (see, e.g., [Tsy08, Lemma
2.17):

drv(w,ug,) < drv(w,us) + drv(us, us, ) < Ae. (20)

drv(p,q) = (1/2) Z lpi —qil =1— Zmin(pia%‘)'
i=1 i=1

Observe that (") = min(w, ug, ); combining this observation with Eq. (20}, we get the following
lower bound on @) |;:

@™ ||y =1 — dry(w, ug,) > 1 — 4e.

This concludes that w(*) € Ap, 4¢,0- We now focus our attention on the second result in the theorem

statement. The first inequality follows from the fact that both distributions w(*) and ug, have total
variation distance less than 4e, and supported on [—Q, Q]. The second inequality follows from the
fact that (i) |.S,,| > (1 — €)n, (ii) g(-) is identity on S,,, and bounded by @ outside [—Q, @], and (iii)
at most e-fraction of the points are outside .S,,. This completes the proof. O
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E Stability for Distributions with Bounded Covariance

Organization. Section[E.T|contains the proof of the sufficient conditions for stability under bounded
covariance assumption (Claim 2.T)). Section[E.2]contains the arguments for deterministic rounding.
Sections and [E.4]contain the detailed proofs of the concentration results ommitted from the main
text. We then combine the results from these sections to give the proof of Theorem [I.4]in Section [E.5]

E.1 Sufficient Conditions for Stability

The following claim simplifies the stability condition for the bounded covariance case.

Claim E.1. (Claim Let S be a set such that ||us — p|| < 06, and |5 — o%I|| < 0262 /e
Jor some 0 < e < 0. Ler € < 0.5. Then S is (¢',4") stable with respect to p and o*, where

§ = 2\/g+25\/e’/e.

Proof. Let € < 0.5. Without loss of generality, we can assume that o = 1. For S’ C S : |S'| >
(1=€)lS,

va va ! (1+5—2)—1
\S’\ 1—6’ €

/
\S | &5

As & > /¢, the lower bound on eigenvalues of fs/ is trivially satisfied. We now bound the deviation
in mean. Observe that the uniform distribution on S’ can be obtained by conditioning the uniform
distribution on S on an event E, such that P(F) > 1 — ¢'. Using this observation in conjunction with
Holder’s inequality gives us that for any v, the shift in mean is at most

T €
|S,|Z 2 |S|Z” x| <20/1+ f<2f+25\[<5’. 1)

ies’ ies’
O

E.2 Deterministic Rounding of the Weight Function

The next lemma states that it suffices to find a distribution w € A,, . for stability.

Lemma E.2. Fore < % let w* € A, ¢ be such that for € < 6, we have
Ll — pl] < 06,
2. |8y — 2| < %62 /e.
Then there exists a subset S1 C S such that
1181 > (1 —2¢)[S].
2. Syis (€,0") stable with respect to y and o2, where §' = O(6 + /e +/¢).

Proof. Without loss of generality, we will assume that 2 = 1. We will use Claim [E. 1|to prove this
result by first showing that there exists a S’ C [n] with bounded covariance and good sample mean.

Without loss of generality, we will assume that en is an integer and ;o = 0. We will also assume that

(1_%)”zwlngz---zwnZO.Foranyk:e[n],wehavethat
1_Zwl_ 1_ —&—k‘wk (22)
1(1—e)n—(n—k) k—en
— > — = . 23
e (1 — e)nk @3)
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Setting k = 2en, we have that

S 2en _ 1
Yk onl—e)  2(1—em

(24)

We now have a lower bound on w; for all ¢ < (1 — 2¢)n. Now let S; be the set of the n — & points
with the largest w;. In particular, for each i € Sy, w; > ﬁ We have that,

1
2 |51 =2 g™

i€S51 1€851

1
<D goagull -9’ (Using Eq. (24))

<91+ —). (25)

Let the uniform distribution on S; be w1 and the uniform distribution on S be u. We now calculate
the total variation distance between w and ()

dTv(w,u(l)) <drv(w,u) + dTV(u,u(l)) <€+ 2e=3e. (26)
Therefore, there exist distributions p(*), p(2), p3) such that
w=(1- 3e)p(1) + 3ep?, up = (1— 3e)p(1) + 3ep®.

This decomposition follows from an alternate characterization of total variation distance(see, e.g.,
[Tsy08, Lemma 2.1]). We first note that

362])2 xv <szxv <1—|— 362;03)3:11 <Zu <9(1+6:>.

Therefore, we get that

n

|Z(1—36 D; 33 v|<|wa ’U|+‘3€Zp13) Tyl <6+ 3e Zpi(x )2
i=1

i=1
<6+ V3e 3eZpi(xZTv)2 <6+V3e/(1+—)
€
i=1
<0+ V3e+ V35 <36+ 2v/e
We finally get that
| Zugl)ziTﬂ <| Z(l - 3e)p§1)x?v| + | Z3ep§3)x7Tv
i=1 i=1 i=1
<36+ 2Ve+ \/376\/36 sz(»?’) (zTv)?
<36+ 2/e + V2TV e+ 62 < 105 + 10/ Q27)
Therefore using Equations (25) and (27), we have a set S; that satisfies the conditions in Claim [ET]
with 8" = 106 + 104/e. Using Claim we get that Sy is (¢, §’) stable. O

E.3 Controlling the Variance

We provide the details of concentration of the empirical process, related to the variance in Lemma[2.3]
which was ommitted from the main text.
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Lemma E.3. Consider the setting in the proof of Lemman 2.3 Then, with probability 1 — exp(—ne),
R'[n < 82 /e where § = O(\/(tx(X) log r(X)) /n + /e).

Proof. We will apply Talagrand’s concentratlon 1nequahty for the bounded empirical process, see
Theorem- C.1| We first calculate the quantity o2, the wimpy variance, required in Theorembelow

n

2 2T 27 2 2 T 2
o = su V(f(z; Mz;)) < su E(f(x; Mz;))* < su Ef(z; Mz;) <n@Q~,
MeazZ ) MeazZ s e D QRS Mr) < nQ

where we use that f(z) < Q2, f(z) < x, and Ez” Mz < 1. We now focus our attention to ER'.
Let &; be n i.i.d. Rademacher random variables, independent of x4, . .., x,,. We use contraction and
symmetrization properties for Rademacher averages [LT91| [ BLM13] to get

n

ER =E sup Zfa: Maz;) —Ef(2f Mx;) < 2E | sup Z& xl Max;)

MeMm MeMm?
<2E| su i TMz;| < 2F su sl ||| tr 28)
Meg\)/{Zﬁ . IIZS i Nt (M)]| (

€

= 2F|| i&w?” -0 ( ntr(E)Elogr(E) L u®) 10gr(2)> |

where the last step uses the refined version of matrix-Bernstein inequality [Minl7], stated in Theo-
rem|[C.2] with L = O(tx(X) /).

Note that the empirical process R’ is bounded by Q2. By applying Talagrand’s concentration
inequality for bounded empirical processes (Theorem [C.1)), with probability at least 1 — exp(—ne),
we have

R = 0 (ER + v/nQP Ve + Qne)
_r_, (u(z) logr(2) /() logr(2) +Q\/E+6Q2>

n ne ne

%O <tr(2) logr(%) n tr(X) lzgr(z) Ve + Qeve + (GQ)2>

n

(O( tr(E)l;)gr(E) +\£+€Q>>

)

where § = O(y/tr(X) logr(X)/n + e+ eQ) = O(y/tr(X) logr(X) /n + v/€), where we use the
fact that eQ = O(y/e + /tr(X)/n). O

E.4 Controlling the Mean

S N | =
m\w \

We now provide the detailed argument for the concentration of empirical process related to mean in
Lemma2.5] which was ommitted from the main text.

Lemma E.4. Consider the setting in Lemmal2.5] Then, with probability, 1 — exp(—ne), R’ /n =

O(v/tr(X)/n + V/e).

Proof. We will use Talagrand’s concentration inequality for bounded empirical processes, stated in
Theorem [C.1] We first calculate the wimpy variance required for Theorem [C.1]

o2 = sup ZV z ) < sup ZEgv xl)2§ sup n]E(vT:ri)Zgn. (29)

vesd—1. vesd—1. veSd-1
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We also bound the quantity ER’ using symmetrization and contraction [LT91,[BLM13] properties of
Rademacher averages. We have that

n

ER =E sup ng z;) — Eg(vT2;) <2E| sup Zelgv x;)

vesi-17 veSi-17
<2E| sup Zew x;| = 2E|| quzﬂ < 24y/ntr(X
vesSd—1.

where the last step uses that ¢;x; has covariance . By applying Talagrand’s concentration inequality
for bounded empirical processes (Theorem|C.1)), we get that with probability at least 1 — exp(—ne),

R'/n = OER'/n+ vne + Qe) = O(y/tx(X)/n + Ve).

E.5 Proof of the Main statement

Theorem E.5. (Theorem Letxy,...,x, ben iid. points in R? from a distribution with mean
w and covariance Y. Let € = O(log(1/7)/n + €) < c for a sufficiently small positive constant c.
Then, with probability at least 1 — T, there exists a subset 8" C S s.t. |S|" > (1 — €' )n and |S'| is

(C€,0)- = 0(/(x(T)logr(%))/n + VCe).

Proof. Note that we can assume without loss of generality that 4 = 0 and ||X|| = 1, upper bound &
by 6 = O(y/tr(X) log(r(X))/n + V' C¢'); otherwise, apply the following arguments to the random
variable (z; — w)/+/||2]| (the result holds trivially if || X|| = 0).

We first prove a simpler version of the theorem for distributions with bounded support. The reason
we make this assumption is to apply the matrix concentration results in Theorem|C.2]

Base case: Bounded support Assume that ||z; — p|| = O(y/tr(X)/€’) almost surely.

Note that the bounded support assumption allows us to apply Lemma Sete =¢€ c’ for a large
constant ¢’ to be determined later. Let u* € A, ; achieve the minimum in Lemma For this u*,
let w* € A,, 4¢ .+ be the distribution achieving the mlmmum in Lemma@} Note that the probability
of error is at most 2 exp(—2(né)). We can choose € large enough e=¢€/c=0Qog(1/7)/n), so
that the probability of failure is at most 1 — 7. Let 6 = C ¥)logr(X)/n + C/E for a large
enough constant C' to be determined later. We first look at the variance of w* using the guarantee of
u* in Lemma 2.3t

n n 1
Zw:‘xzsz =< Z 1
i=1 i=1

By choosing C' to be a large enough constant, we get that || Y7, w*z;2] — I|| < §? /é. Now, we

look at the mean. Lemma[2.3] states that
tr(2
O<ﬁ+cw§3>§& 31)

Since w* € Ay 464+ and u* € Ay, ¢, we have that w* € A, se. Therefore, we have a w* € A, 5¢
that satisfies the requirements of Lemma[E.2] Applying Lemma[E.2] we get the desired statement for
aset S’ C S. Finally, we can choose the constant ¢’ in the definition of ¢ large enough, so that the set
has cardinality |S’| > (1 — €)n. This completes the proof for the case of bounded support.

n 1
cuizr] 22 uima] < <(CV/r(S)logr(T)/n + CVeE?.  (30)
€ €

=1

General case We first do a simple truncation. For a large enough constant C”, let F be the following

event:
S
E:{XﬂX—MSC’HQ%. (32)
€
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Let @ be the distribution of X conditioned on F. Note that P can be written as a convex combination
of two distributions: () and some distribution R,

P=(1-P(E))Q+P(E°)R. (33)

Let Z ~ Q. By Chebyshev’s inequality, we get that P(E°) < ¢//C"2. Using Lemma|[C.5] we get that
|IEZ — || = O(v/€¢) and Cov(Z) < I. The distribution @ satisfies the assumptions of the base case
analyzed above. Let S be the set {i : z; € E} and let F; be the following event:

By ={|S5| > (1 - €/2)n). (34)

A Chernoff bound implies that given n samples from P, for a ¢ > 0, with probability at least
1 — exp(—cne’ /C"?) > 1 — 7/2 (by choosing C” large enough and ¢’ = Q(log(1/7)/n)), E1 holds.

For a fixed m > (1 — €//2)n, let 21, . . ., 2, be m i.i.d. draws from the distribution Q). Applying the
theorem statement of the base case for each such m, we get that, except with probability 7/2, there
exists an S’ C [m] C [n] with |S'| > (1 —€'/2)m > (1 — €/ /2)?>n > (1 — €')n, such that | 9’| is

(Ce',0(y/dlogd/n + +/C¢'))-stable.

As mentioned above (event E1), m > (1 — ¢/ /2)n with probability at least 1 — 7/2. We can now
marginalize over m to say that with probability at least 1 — 7, there exists a (C'¢’, §) stable set S” of
cardinality at least (1 — ¢")n.

However, we are still not done. We have the guarantee that S’ is stable with respect to EZ. Using the
triangle inequality and Cauchy-Schwarz, we get that the set is also (C'¢’, ') stable with respect to

as well, where ' = & + |u — EZ|| = 6 + O(\/¢’). This completes the proof. O

F Stability for Distributions with Bounded Central Moments

Organization. In this section, we give the detailed arguments for the proof of Theorem Our
proof strategy closely follows the proof structure of the bounded covariance case. We suggest the
reader to read Section [2]before reading this section.

This section has a similar organization to Appendix [E| We start with a simplified stability condition
in Section Section contains the argument for rounding a good distribution w € A, cto a
subset. Sections[F3]and[F.4] contain the arguments for controlling the second moment matrix from
above and below respectively. Section[F-5|contains the results regarding the concentration results for
controlling the sample mean. Finally, we combine the results of the previous sections in Section [F.6]
to complete the proof of Theorem|I.8]

F.1 Sufficient Conditions for Stability

We will prove the existence of a stable set with high probability using the following claim. This is
analogous to Claim[E.T]in the bounded covariance setting, but we also need a lower bound on the
minimum eigenvalue of X/ for all large subsets S’

Claim F.1. Ler 0 < e < d and e < 0.5. A set S is (e, 70) stable, if it satisfies the following for all
unit vectors v.

L s — pll < 0.
2. ’UTis’U S 1+ g

, we have v Y giv > (1 — ﬁ).

€

3. For all subsets S" C S such that |S’| > (1 —¢€)|S

Proof. Without loss of generality, we will assume that ;1 = 0. We first show the second condition in
the definition of stability. Let S” be any proper subset of S, such that |S’| > (1 — €)|.S|. Note that the
minimum eigenvalue of S’ is lower-bounded by the assumption:
T 1 T, \2 62
IS = Y ) =1-—. (35)

€




We now look at the largest eigenvalue of §":

T <1511
v XgU — ()
- 57 2 W LS g 2 e
2 2 2 2
1 0 1 (i+€)§ﬁ+26§4i.
€ € €

We now need to show that the mean of S’ is also good. In order to do that, we first control the
deviation due to a small set S\ S’.

i€S\S’ €S’
52 S 5
<a+5-Hla-5)
(52 52 262

We first break the deviation in mean into two terms, and control each individually:
CIRE T < 151 WI 1 T
IREIRE W’\SI \Sﬂlﬁ

zeS’ 1€S\S. i€S\S’
We can upper bound the first term by ||us||/(1 —€) < 6/(1 — €). We bound the second term using
the Cauchy-Schwarz inequality and Eq. (36):

S| | 1 IS\ S| 1
15771791 Z (vTz)| < KIRIGN Z ()

WW

ies\s” i€S\ S’
1S\ 5] 1
< T )2
ST\ Ee 2,
VIS\SS] |1 Ve o [262
=X | = (vTz;)? < — +e
|S7] |S] ie%\:S’ 1—€eV €

Overall, we get that

1
\UT,us/| < §(5+\/§5+6) < 50 4 2¢ < 76.

F.2 Randomized Rounding of Weight Function

In this section, we show how to recover a subset from a w € A,, .. Unlike the deterministic rounding
in Section [E.2] we do a randomized rounding in Lemma@]to get a better dependence on e. For the
second condition (62 = O(¢)) in Lemma|F.2]to hold, it is necessary that n = Q(d). If n = O(d), it is
not a problem because, in this regime, the bounded covariance assumption already leads to optimal
error.

Lemma F.2. Let k > 4. Letw € A, , fore < % be a distribution on the set of points S such that

Ll — | <6
2. |8ull—1< % <ry, for some r1 > 1.
3. Let C > 4. For all subsets S': |S’| > (1 — Ce)nand v € S 1: vI'Sgv > 1 —52/(Ce).

4. w; > 0 implies that ||z;|| < rooVdy =V for some ro > 1.
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Then, there exists a subset Sy C [n] such that
1. |S1] > (1 —2€e)n.
2. Sy is (¢/,0") stable, where

€ = (C —2)e, 5'20(5—1—\/%—1—7’2(%6%7
n

Proof. We will use Claim [FI]to prove this result. Without loss of generality, let n = 0. Therefore,
it suffices to find a subset such that both the mean and the largest eigenvalue are controlled. Let
Y; ~ Bernoulli(w;(1 — €)n). We have that } " | EY; = (1 — €)n. Let S be the (random) set:

=

dlogd 1
-+ T‘QO’kG k .

(37)

Sy ={i:Y; =1} (38)
By a Chernoff bound, we have that for some constant ¢’ > 0,
P(|S1] > (1 —2¢)n) < exp(—c'ne). (39)

Let E be the event E = {|S1] > (1 — 2¢)n}. We now bound the mean of the set S;. Consider the
following random variable Z:

Z = Z(YZ — (1 = e)win)x;. (40)
The random variable Z satisfies EZ = 0. Moreover, its covariance can be bounded using the
assumption as follows:

vIY 0 = Zwi(l —e)n(l —w;i(1 —e)n)(vlz;)?

i=1
T 82
(1—¢e)n Zw7zzv (I1—¢e)n (1+?)j2rln.

Therefore, with probability at least 0.8, we have that

1Z]| < 10+/7r1nd
= | ZYimiH < (1-e)n] ZwiXiH + 10y/rind.
i

Let F be the event that F> = {|| Y_ Yiz;|| < (1 — €)no + 10y/r1nd}. This implies that on the event

ENE,,
1—¢ Cs \/E Tld
<—60+1 — <26 —_—. 41
sy Il < 75,0 + 107 =5/ - <26 +30¢/ — @1)

We now focus our attention on upper bounding the eigenvalue. Define the symmetric random matrix,
Zias Z; = Yivizl —w;(1 — e)nxZ . We have that EZ; = 0 and || Z;|| < r2doje'~* almost
surely. We now bound the matrix variance statistic (used in Theorem [C.2)):

v(Z) =

Zwl (1 —e)n(l — wi(1 — e)n) ||| 2zxr

riod
E w;(1 —¢€) 27" ZmiT

rio2nd
2 k }:m%

=1

IN

<(1-e)

Ek

r20knd rirsoind
——.

<(1-¢

Bl <2

ek
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By the matrix concentration (Theorem|[C.2), we get that with probability at least 0.8, we have that

_0 rlrga,%zdlogd N rzakdlogd . 42)

€k Ek

(1 — e)narl

Let E'5 be the event above, which happens with probability at least 0.8. Under the event ' N E3, we

get that
z L-c 1 riryogdlogd radlogd
T T N2 50} 307
Yo < (] o
! Slvil—Qew(x’U) +1—2e \/T ner
< 1—6(1 62)+O r1r§0§c£10gd+r20kd10gd
1—2¢ nez el
1 dlogd dlog d
<1+-0 <€2+(52+ (:Lg rirooget k—|—’l“% 2,1-% 08 )
€

=

1 dlogd dlogd
s+ - <O <5 +riraoe! +1/ o8 +7a0€ n )) “
€

Let ¢ = (C — 2)e. Note that if [S1] > (1 — 2¢)|S], then |S’| > (1 — €')|S1| implies that |S’| >
(1 — Cé€)|S|, which leads to a lower bound on the minimum eigenvalue. This follows from the
following elementary calculations:
15|
5]

>(1—2e)||i}|>(1—2e)(1—(0—2)e)>1—ce. (44)

Using Equations (39), @) and (@3)), we get that there exists a subset S; such that for all v € S%~1
and ' = O(6 + \/W + rlrgakel/Q_l/k\/W + T1T20’]€61_%)Z

1. |S1| > (1 —2€e)n > (1 —€)n.

2. |lpsy | < 0"

3. vT8g0 <1+ %2

4. For all subsets S’ C Sy : |S'| > (1 —€)|S1], vIT8gv >1— %

We now invoke Claim|F.1]to conclude that S’ is (€', 75’)-stable. O

F.3 Upper Bound on the Second Moment Matrix

As Y = 021, we have that tr(X) = 02d, and r(X) = d. We follow the same strategy as in Section
We first find a subset such that its covariance matrix is bounded. For technical reasons, we do not
assume that the covariance is exactly identity and allow some slack. The argument is similar to
Lemma 2.3] for the bounded covariance. We also impose some additional constraints to simplify the
expression, as those regimes would not hold anyway in the proof.

Lemma F.3. Let x1,...,x, be niid. points in R® from a distribution with mean yi, covariance
Y, and for a k > 4, the k-th central moment is bounded by o,. Further assume that for ¢ < 0.5,

covariance matrix 3 satisfies that (1 — 20’%617%) =< X =2 I. Further assume the following conditions
hold:

1. log(1/7)/n = O(e).
2. ||z — pl| = O(op/de /%) almost surely.
3 oper—t = O(1).
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Then, for a ¢ > 0, with probability 1 — T — exp(—cne): mingea,, .

= 0(\/(dlogd)/n + o'~ + o4\/log(1/7)/n).

Proof. We will assume without loss of generality that i, = 0. We will assume that the event £ in
Lemma (3.2 holds as it only incurs an additional probability of error of exp(—cne). We use the
variational characterization of spectral norm and minimax duality to write the following:

min ||sz$z$ZT|| = min max Zwi<$i$iT,M>
B

WEA, ¢ wEA, . MEM

= max min E wla:?sz
MeMweA, .

n

1

T .
= B 2 = o Ml stz <ap

where the third 1nequahty uses Lemma [3.2] where it chooses the uniform distribution on the set
Sy o= {z; :al Mz; < Q3%}. Let f : Ry — Ry be the following function:

Flz) = {x, ifz < Q3

Q3%, otherwise.
Define the following random variables R and R':

R= sup faT Ma; R = sup faI M) — Ef(xf Ma;).
MGMZ ) JWGMZ ) ~EA )

By Lemma we get that |Ef (27 Mz) — 1| < 207€! ~%, which gives that
IR —n — R| < 2noie
We therefore get that

n

min Hszzz z; || =1 < max

T
WEA, ¢ MeM 4 W( i Mxi)ﬂfb?]%mg@i -1

/}\{/IZ 1—¢€)n TMxi)_

( e)n

2
Tk 4 2e.

Observe that the last two terms in the above expression are small, i.e., 02¢ % + e = O(6%/€). We
next use Lemma in Appendix to conclude that R’ concentrates well. Lemma states that with

probability 1 — 7, R'/n < (1/€)(O(y/dlogd/n + e "% + o41/log(1/7)/n))?. Note that both
of the remaining terms are small compared to Overall, we get that

62
min [|X,| <1+—

WEA,, ¢

Taking a union bound on the event £ and concentration of R’ concludes the result. O

Lemma F.4. Consider the conditions in Lemma Then, with probability 1 — 7, R' /n < 6% /e,
where § = O(y/dlog d/n + o€ =% + a4+/log(1/7)/n).

Proof. (Proof of Lemma[F4) We first calculate the wimpy variance required for Theorem [C.1]

2 2T T
o = su V(f(x; Mx;)) < su E Mx 45)
o VAT < o S BT
<n sup E(zf Mz;)* < noj. (46)
MeM
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We use symmetrization, contraction, and matrix concentration (Theorem |[C.2) to bound ER’ as
follows:

ER' = IEwa:fohﬂ Ef(x] Mz;) < 2E
MeM

sup qux Mz;)

]\46./\/1

< 2E | sup Zex Mzx;

MeM7

< 2E|| Ze zizl ||

=1

_0 U,%ndl;)g(d) N cr,%dlzogd ’

€k €k

where we use Theorem L with v = O(U,%nde’%) and L = O(o 2de*%)

Note that Q = O(ore™* + (1/€)\/d/n. As R’ is bounded by Q2, we can apply Theorem.to
get that with probability at least 1 — 7, R’ /n is bounded as follows:

R opdlogd U,%dlogd log ’% 1 1 d log(1)
_ = O 5 + -k 2
n nek new et 6 n
1 dlogd dlogd log(L d
=-0 og Ukel—% og 2 1-2 ? 4 oe0 g(T) + U,%EGl_% L@
€ n " -

( Using log( ) =0(e).)

1 [dlogd [dlog d g(L)
- (( o otk 4 opes Tk Bl s 04€ + 04 )
€ n

1—

(Using o4e < ope % and opezF = 0(1))

where we use the parameter regime stated in Lemma [F:3] O

F.4 Minimum Eigenvalue of Large Subsets

In this section, we prove that under bounded central moments, the minimum eigenvalue of > g, of
each large enough subset S’, has a lower bound close to 1. Our result is similar in spirit to Koltchinskii
and Mendelson [KM15| Theorem 1.3] that only bounds the eigenvalue of ¥g. The proof of the
following lemma is very similar to the proof of Lemma

Lemma FE.5. Consider the setting in Lemma Then, for a constant ¢ > 0, with probability
1 — 7 — exp(—cne), the following holds:

2

min vISgv>1——,
S8 |>(1—€)n €

1
where § = O(\/ P22 4+ o=+ 4 4y B2

Proof. Without loss of generality, assume that ¢ = 0. We will assume that event £ from Lemma
holds, with an additional probability of error exp(—cne), that is

sup |{z : xlTv > Qk}| < ne.
veSd-1
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Let f be as defined in the proof of Lemma@ For a sequence y1, . .., yn, let y(1), ..., y(n) beits
rearrangement in non-decreasing order. For any unit vector v, we have that

n
min vI'Sgv > min v'S,0= min g w;(zTv)?
S:|S'|>(1—e)n WEA,, WEA, 4 7

i=

(1—e)n

> Y @) /(1 - o)

1

(f((@fv)?) = QRen) /(1 = e)n),

M=

>

=1

where we use that at most en points have projections larger than Q. Thus we get that the minimum
eigenvalue of any large subset is lower bounded by:

WEAp e vESI—T £ vesd—1 4

n n
min  min Z w;(z{v)? > min Z f((zfv)?) = Qfen.
i=1 =1

Let h(-) be the negative of the function f(-). Define the following random variable Z and its
counterpart Z’:

Z = sup Zh((a:iTv)Q), Z':= sup Zh((xiTv)Q)—Eh((xiTU)g)

vesd—1 vesd—1 .

From Lemmal|C.4] it follows that [Eh((z7v)2) + 1| = [Ef((2Tv)?) — 1| = O(o2e!~%). This
immediately gives us that

1Z' — Z —n| = O(no2e' 7).
Therefore, the desired quantity satisfies the following inequalities:

(1—€)n min min sz(x?v)Z > min ) Z f((I?U)2> - Qien
i=1 i

WEA,,c vESI—1 4

=7 —Qien
> 7' +n—0(noe ") — eQlen.

We thus require a high probability upper bound on Z’. Note that Z’ behaves similarly to R’, defined
in the proof of Lemma[F3] Similar to the proof of Lemma[F4] we get that, with probability at least

1—7,

d_

Note that the remaining terms o2¢' =% = O(52/€) and Q2 = O(o2e™ % t7e = O(62/e). Therefore,
we get the minimum eigenvalue of any large subset is at least
_ 52
min  Apin(Xy) > 1— —,
WEA,, €

» 1
where § = O( %Jrgkel*%ij %)

F.5 Controlling the Mean

Lemmas[F.3|and [E5] give a control on the second moment matrix. We will now further remove O(e)
fraction of points to obtain w such that ||, — p| is small.
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Lemma F.6. Let x1,...,x, be n i.i.d. random variables from a distribution with mean p and
covariance ¥ = I. Further, assume that the x;’s are drawn from a distribution with k-th bounded
central moment o, forak > 4. Letu € A, .. Assume thatlog(1/7)/n = O(€). Then, for a constant
¢ > 0, the following holds with probability 1 — 7 — exp(—cne):

WEAR de,u

min || " wiz; — ull = O(/djn+ opet ™ + \/log(1/7)/n).
=1

Proof. Without loss of generality, let us assume that i = 0. Also, assume that the event £ from
Lemma 3.2]holds, with the additional error of exp(—cne). Let g(-) be the following function:

x, ifx € [_Qkan]
9@) = Q. ife>Qu
—Qk, ifz<—Q.
Let N be the following random variable:

n

Zg(vTaci)

i=1

N = sup Zg(vTxi): sup

vesd—1. 3 veSd—1

)

where we use that ¢(-) is an odd function. We also define the following empirical process, where
each term is centered:

N' = sup Zg(vTﬂfi) —E[g(v" ;)] =

d—
veSd-1 Ty

sup 3 g7 ) — Elg(vT ).

d—
veSI—1 Ty

As Qp = Qope k), Lemmastates that sup, Eg(v7z) = O(ore'~*), and this gives that
IN = N'| = O(noye' %),
We now use duality to write the following:

n n
min Zw-xv = min ma Z T, U
weAI H 7 ¢ l” weAln,e,u vesd§1<i:1 witi, >

n,E,u .
1=
n

= max min (E Wi, V)
VESI—1 WEA, ¢, u o

1
)nN’ < O(eQ) + O(ope~/¥) + 2N,

<5 _—
< EQ/H-‘(I_E

where the last step uses Lemma We now use Lemma to conclude that N’ concentrates.
Recall that €Qy, = O(ope! ™% + \/d/n). Overall, we get that, with probability 1 — 7 — exp(—ne),
there exits a w € A,, . ,,, such that || Y~ w;z;|| = O(y/d/n + oret =% + \/log(1/7)/n). O

Lemma F.7. Consider the setting in Lemma@ Then, with probability, 1 — 7 — exp(—ne),
R [d /log(1 1
7:O< -+ M_ngel_%).
n n n

Proof. We first calculate the wimpy variance required for Theorem [C.1]

n n
o? = sup ZV(g(zZTv)) < sup ZEg(vTxi)Q < sup nE(wTz;)? <n.
vesd-1 i vesi—1 i veSd-1
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We use symmetrization, contraction of Rademacher averages to bound ER’.

ER =FE sup ng z;) — Eg(vTx;)
vesd—1.

sup eig(vT x;)
vESI— 1; ' ’

_QEH elajz|<2 é

n

sup Z e’
By applying Theorem|[C.1] we get that with probability at least 1 — 7,

veSd—1
i’ O(IER’ log(l/T) Lo log(l/T))

—o(/2+ W 3 los(; >+1ﬁlog<1m)
- ofy2 o P e

where the last inequality uses the assumption that w = Ofe). O

< 2E

<2E

F.6 Proof of the Main statement

We now combine the results in the previous lemmas to obtain the stability of a subset with high
probability. Although we prove the following result showing the existence of (2€/, §) stable subset,
this can generalized to existence of (C'e, O(0)) stable subset for a large constant C.

Theorem FE.8. (Theorem Let S = {x1,.. a:n} C R? be n i.i.d. points from a distribution with

mean i and covariance 3 such that (1 — 202 -3 ¥ )I = X < 1. Further assume that for a k > 4, the

log(1/7)
=)

k™ central moment is bounded by o, Let € = O (e + < c for a sufficiently small constant

C.

Then, with probability at least 1 — T, there exists a subset S' C S s.t. |S’| > (1 — €')n and |S'| is
(2¢, 6)-stable with § = O(ce' ™% + % + 044/ %)

Proof. First note that, for the bounded covariance condition, Theorem already gives a guarantee
that, with probability at least 1 — 7,

|72 =l = O(V/(dlogd)n + /e + /log(1/7)/n). @)
Therefore, the guarantee of this theorem statement is tighter only in the following regimes:
log(1/7)/n=0(c),  Oopez"%)=0(1),  dlogd/n = O(e). (48)

For the rest of the proof, we will assume that all three of these conditions hold. Similar to the proof
of Theorem [T.4] we will first prove the statement when the samples are bounded. Without loss of
generality, we will assume p = 0.

Base case: Bounded support In this case, we will assume that ||z;|| = O(ore='/*v/d) almost
surely. We will use Lemma to show that the set is stable. Set € = ¢/ /C’ for a large enough
constant C” to be determined later.

Note that 21, ..., z, satisfy the conditions of Lemmas [F.5] [F.3] and[F.6] In particular, we will use
Lemma [F.5| with C€, where C is large enough. By choosing €’ = Q(log(1/7)/n), we get that, with
probability 1 — 7/3, for any S’ : |S’| > (1 — C€)n and unit vector v,
(T2 2
Liest(VTm)T oy 07 (49)
|57 Ce
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We first look at the variance using the guarantee in Lemma[F3} Let u € A, ¢ be the distribution
achieving the minimum in Lemma By choosing ¢ = Q(log(1/7)/n) , we get that with
probability 1 — 7/3,

n 2
d ui(z]v)? <14 o (50)
— €

We now obtain a guarantee on the mean using Lemma [F.6] For this u, let w € A, 4¢,, be the
distribution achieving the minimum in LemmaE F.6| Then with probability 1 — 7/3,

[ ZwiwiH <. (51)
i=1
Since u € Ay, 4e.0 and w € A, ¢, we have that u € A,, 5c. Moreover,
n 2 2 2
7,2 Uu; 1 1) 1 . 6 46
; < 1+—)<1 <1+—. (2
Zw w0 <Y =) = = 2) ST = (EF 2) <1+ (52)

=1

Therefore, we have that u € A,, 5¢ and satisfies the requirements of Lemma@, where we note that
r1 = O(1) and o = O(1) to get the desired statement. By a union bound, the failure probability
is 7. Finally, we choose C and C’ large enough such that the cardinality of the stable set is at least
(1 —€)nanditis (2¢,0) stable.

General case: Unbounded support We first do a simple truncation. Let F be the following event:
E={X:|X|| < Cope *Vd}. (53)

Let () be the distribution of X conditioned on E. Note that P can be written as convex combination
of two distributions: () and some distribution R,

P=(1-PE))Q+P(E)R. (54)
Let Z ~ Q. Using Lemma we get that |[EZ|| < 204€e!~%/C* and (1 — 3026 =% /CF) <
Cov(Z) =< I. Thus the distribution () satisfies the assumptions of the base case for C' > 2.

Let Sg be the set {X; : X; € E}. A Chernoff bound gives that given n samples from P, with
probability at least 1 — exp(—ne’),

Ey={|Sp| = (1 - €/2)n}. (55)

For a fixed m > (1 — €¢//2)n, let 21, ..., 2,, be m i.i.d. draws from the distribution Q). Applying
the theorem statement for ), as it satisfies the base case above, we get that, with probability at least
1—exp(—cme'), 385" C [m] : |S'| > (1—€/2)m > (1—€¢'/2)*n > (1—€')n, such that S’ is (2€’, §")-
stable. This gives us a set S’ which is stable with respect to EZ. Using triangle inequality, we get that
the set S’ is (e, 8') stable with respect to z as well, where &' = § + || — EZ|| = 6 + O(ope' 7).

We can now marginalize over m to get that with probability except 1 — 2 exp(—cne’), the desired
claim holds. Choosing ¢ = Q(log(1/7)n), we can make probability of failure less than 7. O
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