8 Lemma 1 - Ergodic Markov Communication Graph

Lemma 1. Let vy be an initial state where all players only know their current reward. Define S as
the set of all states that are reachable from ~ with positive probability after at least M transitions.
The memory process I (t) is an ergodic Markov Chain on S. For a sufficiently large M and a proper
communication protocol (Definition 4) there exists an €9 > 0 such that P (m cuM (t)) > g for
each n, m, where  is the unique stationary distribution of I (t).

Proof. We emphasize that S is simply the set of “feasible states”, where the values in U, (t) do not
contradict the graph process G (t). The initial state 7 is the natural starting point for our algorithm,
when players still have not learned anything about their peers and have received their own reward
once in the past (so ¢ = 1). Note that -, is a transient state that is not in S. Any state that the
algorithm can encounter from ¢ = M + 1 on, starting from -, is in S by definition. Since the path
starting from ~yp is at least of length M, all the entries of U, (t) are affected and the initial state -y,
is remembered only through the sequence G (t).

I'(t) on S is a Markov chain since G (t) is a Markov chain, and given G (¢), the communication
protocol is independent of G (¢ — i) for i > 1 and is always independent of {U,, (t — i)}"_, for

n=1
i > 1. Old entries from more than M turns ago in {U,, (t)}i:’zl are deterministically deleted.

We next show that T" (¢) on S is an ergodic chain. We argue that from every v; € S there exists a
positive probability path to any v2 € S. This path consists of:

e A path from v; to a state v, for which G (t) = Gy, where Gy is the graph in 7, and
{Un, (t)}rjz[:1 is arbitrary. This path must exist since G (t) is an ergodic Markov chain that
given G (t — 1), does not depend on {U,, (t)}

n=1-

e A path from g, to v2. This path must exist since by definition of S, there exists a path
from 7y, to 2. This path induces a sequence of graphs from Gy to G5 and broadcasting
sets for each transition, that are constrained by G (¢). By repeating the same transitions,
that are also available from v, since G (t) = G, this path leads to vo. This follows since
U, (t) has memory M, so all the remains of -y, are erased and replaced by these of 2. In
fact, the exact same transitions lead to o from any state with G (t) = Go.

This path can be made longer by just adding arbitrary transitions before step 1 above. Hence, there

exists an L such that for all ] > I~/, a path of length [ exists between 7, and 2, so I' (¢) is aperiodic.
We conclude that T' () on S is an ergodic Markov chain by definition.

Now we use the assumption that the graph union J g G is a connected graph, and that the com-
munication protocol is proper. Since UGe G G is connected, there exists a path from any player m to
player n such that each edge [ on this path is in some G; € (J;cg G- Therefore, using the proper-
ness of the communication protocol, there is a positive probability that for any n, m, a message from
player m can reach player n, containing the reward of player m (that is always known to it). In other
words, for every m, n there exists a state 77, € S where m € UM (t) (so (m, M) € U, (t)). This
follows since this state is reachable from 7, by sequentially (but not successively) visiting all the
graphs G1, G, ... , propagating the message from m to n one step at a time. In all other times,
where a non-relevant graph is visited, the time tag of the message 7 just increases while the message
“stays” at the same place. Such a path of graphs exists since G (t) is an ergodic Markov chain. If
M is large enough, this message will reach player n in 7 < M steps, meaning that m € U] (t),
which deterministically implies that m € U2 (t), M — 7 turns later. Hence, {y € S|m € U} (t)}
is non-empty and its stationary probability is positive for each n, m:

AP (melUM (1) = > 7, > 0. (10)
vye{vES | meUM ()}

O
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Figure 3: Communication graph process G (t) for which M = N = 4 is not large enough

8.1 The Memory M

For a constant graph GG, M only needs to be greater than the diameter of G. It is not possible to
optimize the sum of rewards if the samples of one of the reward functions in the sum are always
missing. Hence, an M larger than the diameter is also necessary for any algorithm to converge to an
optimal action profile.

Even for a “well-behaved” Markov chain G (t), requiring that M is larger than the average stationary
diameter is enough. For instance, a well-behaved G (t) changes only a limited number of edges each
step, or changes all of them symmetrically (e.g., an i.i.d. G (¢) sequence). However, one can think
of pathological chains where G (t) changes very fast in an “adversarial way” to try to block certain
messages from n to m from quickly reaching their destination. A simple example is given in Fig. 3,
where Player 1 has to wait for at least 6 turns before a message from Player 4 can arrive. To keep
our results general and simple, we choose to provide the weakest conditions possible on G (t) and
M. The fact that with less connected or less reliable communication graph the convergence time of
Algorithm 1, or any other algorithm, is longer, is of course inevitable.

If the distribution of G (t) is known to the designer that tunes the algorithm, then the required value
for M can be computed. If the distribution of G () is unknown, then an adaptive scheme is possible
if the number of players IV is known. In this adaptive scheme, each player holds a local version of
M, denoted M, (t). Once in T} turns, player n increases M,, (t) by one, until it observes that some
reward value of player m was received sometime in the past, for all m. Simultaneously, the players
can run a consensus algorithm on the maximum M, () to converge to a single value of M for all
(which is in fact not necessary). This is summarized in the update rule:

M, (t+1)= maX{Mn (t) + ]l{tmodTozo}]l{am,mgu  Un ()} 108X M, (t )} . (11)

This update rule must converge since a large enough M exists such that with probability 1, eventually

at some random ¢, Ui‘;l Uy, (1) = N for all n. Then, Theorem 1 can be applied with the initial
conditions as given by the state of the system at time ¢ = .

In the special case of a constant G, the diameter of G is bounded by N so we can alwaysuse M = N.
If N is unknown, it can be stochastically estimated using consensus algorithms, or alternatively the
diameter of G can be directly estimated [55].

In terms of storage, it is important to note that the M x N memory table each player keeps is sparse,
since each player receives only O (CZ) reward values each turn, where d is the average degree of

G (t). For example, the diameter of a random Erdds—Rényi graph G (N,p) is O (101;%1\1,\; ) [56],

resulting in space complexity of O (dM) = O (pN 1;(g)(gj\]/\; )) For p = ‘1(}%]\/ with ¢ > 1, for which

G (N, p) is connected with high probability, the space complexity is O (log N ) As a numerical

example, in a large network G of N = 10000 players, average degree d = 100 and diameter 100,
even the most naive implementation that stores floating point numbers requires only 40KB.
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9 Lemma 2 - Gradient Bias and Noise

Lemma 2 (Gradient Bias and Noise). Let 5 (t) = %2 and 1 (t) = 2 for some 8o,10 > 0, such that
AN

0<pg<landp—q > } and define 7 (t) £ Zf;} n (). For any real T, let k (T) denote the
unique value of t such that T (t) < 7 < 7 (t + 1). Define the filtration®

Folt)=0 ({Zn (1= M), X (41— M), a2 (r+ 1) 1 mes rsn) }}721) (12)
Define the gradient bias of player n as
al dnZy (t — M)
Bgn Za 1{m€MM(t)}]E{5(t]\4-)um (t—M) |]:n (t—l)}—

m=1

N
> al () Lymeun 1)y Va, um (X (8= M) (13)

m=1
and the gradient noise of player n as
dnZ,, (t — M)
&g, n ( Z am, (t ]l{meu (t)}wum (t— M)
N
" dnZ, (t — M
- Z A (t) ]l{meu,fyf(t)}E {Mum (t - M) |«7:n (t - 1)} . (14

m=1

Then
L By (®)|| < O (8 (1)), with probability 1.

2. There exists aT > 0 such that for all 1 > 0:

k(JT+7)—1

i > =0.

AP e 2 OG0z n) =0 19
oy

Proof. Define X? (1) £ (1 - M) X, (1) + 20 50 X, (t) = X2, (t) + 6 (t) Z., (1). First note
that, for each m, due to the Lipschitz continuity of V., Um (x) with constant L we have
Vet (X (6) = Va,um (XP )| < 2] x 1) - X" ()] =

[50m0-0] - £

Now recall the definition of F,, (¢) in (12). Then

S a2 () Lpmerso) (E {Wum (X (=) 1 Fult - 1)}

m=1

=0(0@®). (6

1Bg.n ()l =

<

= Ve, tm (X (t — M))) s

E{dw—w (% (- ) |fn<t1>}vmnum<x<tM>> =

5(t— M)

=0(3(t) A7

NI (X5 (t— M)) = Vot (X (1= M) =

€0

2with the understanding that Z,, (t) = X (t) = 0 fort < 0.
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where (a) follows since ‘a;‘1 (t) l{meuy(t)}| < é and (b) follows Lemma C.1 in [31], noting that
Z, (t — M) is independent of F,, (t — 1) so the conditional expectation on JF,, (t — 1) averages
over Z,, (t — M) (which also appears in X, (t — M)). Equality (c) follows from (16). Now note
that & ,, (¢) in (14) is bounded with probability 1, so both E {|£, , (t)|} < oo and E {\fg’n (t)|2} <
oo for all t. Furthermore, &, ,, () is a martingale difference sequence, since &, ., (t) is F, (¢)-
measurable and E {, ,, (t) | F,, (t — 1)} = 0. Therefore

t

Z(t) 2 n(1) &g (1) (18)

T=1

is a martingale adapted to F,, (t). Hence, for every fixed a, Z, (t) £ Z (t) — Z (a) is a martingale
for t > a and Z2 (t) is a submartingale. Using Doob’s inequality (see [57]) on the submartingale
Z2 (t), we obtain for any ;1 > 0, for some constant K > 0 and any a,b > 0

P (max | Za (t)] > u) =P <max \Z(t) - Z(a)]* > ,ﬁ) <

a<t<b a<t<b

2
B[S0 | xEfsr, 20
<
2

7 (a) 1z

where (a) follows since E {|§g,n (t)\Q} =0 (%) and for all t; < ¢

E{&gn (t1) &g (t2)} = E{EA{Ey 0 (t1) Egin (t2) | Fr (t1)}} =
E{&n (L) E{&n (t2) | Fn (t1)}} = 0. (20)

Let T > 0. Now we add together terms in (19) where in the j-th term we choose a = k (jT')—1,b =
% (jT + T) — 1. Double counting to bound the possible overlaps, we obtain for any & > 0

- K(GTH7)-1 2KE{T2, %4}

> <
E P Orgnrang E n(t) & @) Zp) < u2 (a) @D
§=0 t=r(5T)

where (a) follows since p — ¢ > 3 s0 > 7, gz—gg < oo. We conclude from the Borel-Cantelli
Lemma [57] that for every p > 0

k(GT+71)—1
lim P &g n (t)] > =0. 22
jlim P | sup max > 1W&a®|zu| =0 (22)
t=k(jT)
O
10 Lemma 3 - Communication Bias and Noise
Lemma 3 (Communication Bias and Noise). Let § (t) = f—g and 1 (t) = 5 for some 69,10 > 0,

such that 0 < p,q < 1 and p > 3%, Define 7 (t) £ Z:;i 1 (i). For any real T, let k (T) denote
the unique value of t such that T (5 <7 < 71(t+1). Let 7 be the stationary distribution of T (t)
(Definition 5) for a large enough M, and define, for each n and m,

£ Z ™ (23)
ye{veS |meuM(t)}

n
Trm

which is the stationary probability that m € UM (t). Define the communication bias of player n by

N N
]l m M
Ben (1) = D Limeraps (ry@in (6) Ve, (X (¢ = M)) = 3 —CEOLG, (X (= M)
m=1 m=1 m

(24)
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and the communication noise of player n by

N
]1 M
SPIOEDY (“"ff’“” - 1) Ve tim (X (1 = M)). 25)
m=1 m

Then

1. Be.n (t) is bounded and converges to zero with probability 1.

2. There exists T' > 0 such that for all ;1 > 0:

k(GT+7)—1
lim P Ne D>l =o0. 26
Jlm P | sup max, t_%ﬂ n(t)éen (t)| > p (26)

Proof. Let e > 0. We start from the communication bias, which satisfies

N
1 meuM(t
1Ben () = || 32 (an,()n{meum} {W”> Vautin (X (t=M))|| <
m=1 a
N
ey - ==
m=1 GO — Tm
N
— max {p}! 60} LN
max{pm (t), E()}Trn © mz: —Pn ()< do€o0 @7)

where (a) uses the Lipschitz continuity of u,, (x) with constant L, s0 ||V g, um (X (t — M))|| < L.
In (b) we used |]l{m€u£yf(t)}| < 1. Inequality (c) follows from p}?, (7) > £ and the assumption that
G (t) is an ergodic Markov chain for which the union of the support is a connected graph. Therefore,
we know from Lemma 1 that for a large enough M, there must exist an o > 0 such that 7], > d
for each n,m. Since 7]}, > &9 > o, then replacing pl*, (t) by ¢ as the estimator in case that
plt, (t) < €p can only improve the estimation, i.e.,

|7 — max {p;, (¢), €0} < |y, — pp, (£)]- (28)

Inequality (27) shows that /3., (t) is bounded with probability 1. We now proceed to show that
Be,n (t) converges to zero with probability 1. Let 0 < ¢ < §y. By applying the tail bound for
Markov chains from [54] with A = -5 < 1 and the function f (7 (t)) = 1,0 (4)}, We obtain

for some constants Cy, C' > 0

t
Z ]l{mEZ/lM(T ) ﬂ—:rbzt)

=1

P(lpm (t) —mn| 2 €) = (

2
> Aﬂ—:rbzt < &67 727r'E;LnTTnt < g
Vo (a) t2
(29)
where T, is the mixing time of I" (¢) with accuracy é and ~yp is the initial state of I (¢). Inequality
(a) follows for a sufficiently large ¢. Hence

o0

= C
STP(pp () —mnl =) <Y 2 < o0 (30)

Using (30), we conclude from the Borel Cantelli Lemma (see [57]) that, for every € > 0, the
probability that [p?, (¢) — mj;,| > ¢ infinitely often is zero, which shows that |p}}, (t) — 7, | — 0 with
probability 1 as ¢ — oo. From (27) this also shows that 8. ,, () converges to zero with probability
L.
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. _ t _ ]l{meu}y(r)}
Next we analyze the noise &, ,, (t). Define S (t) = > .1 &c.n (7). Let by, (1) = 32— — 1.

m

We want to show that 1 (¢) .S (¢) — 0 with probability 1 as ¢ — co. For that purpose we write

t N
In(t)S Z Z bn,m Vo, tm (X (1= M))| <
=1 m=1

i) it N

Nty Yo D bam (1) Ve, un (X (1= M))|| <
i=1 ||r=14(i—1)[tr] m=1
Al it

nt)y > anm Ve, tum (X (i [t"] = M))
i=1 ||T=14(i—1)[t"] m=1

A
Al ift"]

+n () Z Z Z b,m (T) (Va, um (X (T — M)) = Vo, um (X (i [t"] — M)))

i=1 ||r=1+(i—1)[¢"] m=1

B
€2y

We start by showing that the A term in (31) converges to zero with probability 1. We have for each ¢

) el 1 M
0O DS Z({m;’” 1) Vot (X (167 = 30) | =

i=1 ||7=1+(i—1)[t"] m=1

i e
®2, vanum G-y Y (W_Q .

i=1 T=14+(i—1)[t"]
TN ift"] L {merv ()}

D) D D IVenum (X @IET=M)I| D (Wn —1> <
i=1 m=1 T=14(i—1)[t"] m

IS

AR A <ﬂ{meuy<r>}
m=1 i=1 |r=14(i—1)[t"]

—1) . (32

n
’/Tm

Lete > 0. For each n, m, we apply again the tail bound for Markov chains from [54], this time with
A = ;5 and the function f (v (t)) = Lmeu @)y to obtain, for some constants Co, C' > 0

i[t"]
1t (r
P U(t) Z < {meu( )}_1) > f _
1

T:1+(i_1)|—t7, ﬂ-:rnﬁ [tv’l
il't'r“ 2. n
c Co 2nn e C
P Lpmern(ryy — )| > ——a [#7] | < —2 e T EIw < = (33)
> ey —m)| 2 grma [ ) < —= @ P

r=14(i—1)[¢t"]
where (a) follows for a sufficiently large ¢, assuming 2p > 2 — r, since t2—T1772( n = n%t2p+7"_2. We
0

conclude from the union bound that

0o (tt’“1 i[t"]

]1 T
SE(0n)Y 3 ( {mfﬁf( )} 1) Se <
t=1

i=1 |r=14+(i—1)[t"] m

> (X il Limeur () € = C
S Plaw > — 1) 2 §Zt2+r<oo (34)
1 m t=1

t=1 \ i=1 r=14(G—1)[t" [t]
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so from the Borel Cantelli Lemma (see [57]) we conclude that the probability that

=T iftr Tep, - . . . . .
nt) > ] ZTEIL(FI)W] ({6:75”} - 1)‘ > ¢ infinitely often is zero. This shows that if
2p > 2 — r then with probability 1, as t — oco:

t

e i[t"]
]l m M
0> Y ({jjl“)} - 1) 0. (35)

i=1 |r=14(i—1)[t"]

Then, from (32) we see that the A term in (31) converges to zero in probability 1.

Next we show that the B term in (31) converges to zero with probability 1 as well. We have

o] ift"] N
n(t) Z Z bn,m (T) (Ve tm (X (T = M)) = Vo, um (X (i [t7] = M)))|| <
=1 ||r=1+4(—1)[tr] m=1 (@)
0 () N T it
— > > IVantm (X (7= M)) = Vo, (X (i [t7] = M) <
0 m=1i=1 =14+(i—1)[¢"] ©
NL rﬂ i[t"]
Z Y IXG-M) =X ([t -M) <
i=1 T=14(i—1)[t"] ()
4 (N?maxd,, ) Upae 7077 it
n r n\r
( . ) n®_ [ Y 58 (36)
0 i=1 r=14(i—1)[¢7]

. LfmeuM (- . . . ..
where in (a) we used by, , (T) = W — 1‘ < % and in (b) we used the Lipschitz continuity

of Vg, U (x). In (c) we used that forall 1 + (i — 1) [t7] < 7 <4 [t"]
iftr—1
IX (r=M) =X @[T =M< Y IXU-M)=X(I+1-M)| <
=7 (a)
2 i[t"]—1 2
(N mSXd") Umax n (l) <4 (N mr?Xd") Umax

4 5([) o

r N
(AT IED

€
0 =71

where in (a), we used the continuity of w,, (x) on the compact set \A,,, and the triangle inequality,
and defined Upax = max max |u,, (z)|. We note that (a) holds only for t > M, so M < 2

m xEA,
and % < 2778 since ¢ < 1. Inequality (a) also uses that by definition of [] , we have
llz =14 (2)|l < |z — | for every € A and every z, so:

X (E+1) =X @) <

+ln®Y @Ol <2[n@®) Y @]
(38)

HX O+nY )~ [ X@+n@®)Y @)

A1 X XAN

Finally,

T it () ¢

DAY Z(T) <@ +1)n () 28 SO () (39
i= r=1+(i—1)[t"]

where (a) uses, that since 0 < p, ¢ < 1 then

—(p—q)+1 1
T’ Mo, Mo —(p—q) o 770( ) _ —ptg+1
—|— dr —|— - =0t .

50/ 50 do \1=p+q 1-p+gq ( )

(40)
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We conclude that if 2p > g + 1 4 r, then the B term in (31) converges to zero in probability 1.
Hence, if both 2p > 2 — r (for (33)) and 2p > g + 1 + r (for (39)) then by (31), 1 (¢) S (t) — O as
t — oo with probability 1. Optimizing over the requirements, we choose r = 1;‘1 which leads to
the condition p > %.

For the last step we use that 7 (¢) S (¢) — 0 with probability 1 as ¢ — oo to show (26). The key is
the following telescoping identity for any integers a, b:

b b—1
Do) en(r) =n®)(SO) = Sa-1)+> (S(7) = S(a—1)(n(r) = n(r+1)) @D

where fora = 1 and b = & (t) — 1 we obtain

Kk(t)—1 Kk(t)—2

§j1mﬂ&m@onowwnso«wn+§ijﬂn@»"“)Aﬁf*”.<u>

=1 =1
LetT > 0andlet 0 < 7 < T. By definition of & (7), Zf(JHTJTT n(t) — 7 as j — oo. Recall that
since >_,~, 0 (t) = oo then  (jT') — oo as j — oo. Let p > 0 Hence, for almost every w € €,
there exists a J (w) (that depends only on y, 19, T’ and not on 7) such that for all j > J (w) we have

S (t)n (1)) < % min {1,%} forall t > r (j7) — 1 and that S797 5172 (¢) < 27" Then for all

k(jT)—1
j > J (w) we also have v
k(jT+71)—1 k(jT47)—1 k(T)—1
dYoonWén®=] Y nWé&n®)— D n®)éa(t)] <
t=r(§T) t=1 =1 (a)
n((GT+7)=1)S(k(GT+7) =D+ n(c(GT) —1) S (s (§T) — 1)
k(jT+71)—2 k(jT+71)—2
() —n+D| _p
¥ 500 )| ‘L ) <p @)
t—m(%;‘)l n(t) (b) T t= m(gi:") 1

where (a) uses (42) with the triangle inequality, and (b) follows since for all j > J (w) we have
<UTHT) 1) (+) < 2T and that for all ¢t > x (§T)

t=r(jT)
W) —n@t+1)| |7~ @ tV 1 (t)
_ D 1)P
T e =1—< ) < — <10 g
n(t) > 1+t 1+1¢ Mo
We conclude that for every p > 0
w(jT+71)—1
lim P ) en ()| > = 0. 45
Jm P supomax, | D n(t)€en ()] 2 4 (45)
t=rk(§T)
O

11 Proof of Theorem 1

Using Lemma 2 and Lemma 3 to control the noises and biases, we can now prove Theorem 1.

Proof. First note that for every n

Z A, (1) Limer (1)} (Wum (t—=M) = Vg, tpm (X (t - M))) =

fg}n (t) + Bg,n (t) (46)
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and
N

Z (a’;ln (t) l{mel/{j{ﬂ W}y — 1) vmnum (X (t - M)) = Bc,n (t) =+ fc,n (t) . 47)
m=1
So we can write
dnZn (t— M) <~
Yalt) = To(t—-M) mz::l Ay (8) Lmeryr (1 um (t — M) =

N
Z anm (t) ]]-{mGZ/{,{LV[(t)} (Wum (t - M) - vmnum (X (t - M))> +

m=1

N
Z a ]l{mez,,M(t)}anum (X (t — M)) =

m=1

Eg.n (8) + By (T Z () Limeuar 1y — 1) Va, i (X (t = M)) + gn (X (t — M)) =

e () + Ben (¢ )+€g7n( )+ B () + (g (X (t = M) = g0 (X (1)) + 90 (X (1)) £
en (t) + Ben (t) + Egm (t) + Bg,n (t ) + Bd,n (t) +gn (X (1) 48)

where, similarly to how we bounded (37)

N
1Ban (W)l = || D Vaum (X (t =M vanum )|l <
m=1
M—1
NLY X (t—i)- X (t—i-1)| <
=0
2M
INL Z 77 Z Zn (t—1i) Yoo A Oum(t—i)| <
o 0 n=1 mEeUM (t—i+M)
2 2
Lm) TP Gl M TS VIR,
£ max7 M1 t—Z) B €0 S (- 2M)

80 Bq.n (t) is bounded and Sy ,, (£) — 0 with probability 1, for all n, since p — ¢ > 0. Combining

Lemma 2, Lemma 3 and (49), we conclude that 3,, (t) £ Be.n (t) + B4.n (t) + B4 (t) is bounded and
converges to zero with probability 1. Lemma 2 and Lemma 3 also show that there exists 7" > 0 such

that &, (t) £ &en (t) + &, (t) satisfies, for every n and every p > 0

k(jT+7)—1

i > = 0.

e (s 5 e 0] 2] <o =
=k(j

Since 7 (t) = % for p < 1then >, 7 (t) = oo and n(t) — 0 ast — oo. The function
g(x) = (g1 (x),...,gn (x)) consists of the elements g, (x) = 22:1 V., Um () where u, (x)
is continuously differentiable for each m. Hence, by Theorem 2, x (¢) converges to the set of KKT

stationary points of Z Vu,, () with probability 1.

m=1

Then if Zmzl U, () is concave and for all n there exists an x,, such that ¢?* (x,,) < 0 for all ¢
(Slater’s condition) then the duality gap is zero and the set of KKT stationary points coincides with

arg max Z _1 Un () [58, Proposition 5.3.1, Page 512]. O
12 Stochastic Approximation - Kushner-Clark Theorem
For convenience, we summarize here the part of [52, Theorem 5.3.1, Page 191] that we use. The

Theorem in [52, Theorem 5.3.1, Page 191] is more general, and is applicable for any continuous
g (), not necessarily of the form g (x) = —V f (x) for some continuously differentiable f.
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Theorem 2 (Kushner and Clark [52, Theorem 5.3.1, Page 191]). Consider the algorithm
Xt+1)=]][X®+n®)Y ) (51)

c
where X (t) € RY, [ is the projection onto C C R¢ and
Y (t)=g(X(#)+&()+ (1) (52)
such that the following assumptions hold:
1. C is closed and bounded and of the form
C={xzeRq(x)<0,i=1,...,s} (53)
for some positive integer s, where for each i, q; (x) is continuously differentiable and for
each x, the gradients V q; (x) for all i such that q; (x) = 0 (active constraints) are linearly
independent.
2. >,n(t)=o0candn(t) = 0ast — coandn(t) > 0 forall t.
3. g(x) = =V f (x) for a continuously differentiable function f : R* — R.
4. B (t) is bounded and converges to zero with probability 1.

5. Define 7 (t) = Zf;i 1 (2). For any real T, let k (T) denote the unique value of t such that
7(t) <7 <7 (t+1). There exists T > 0 such that for all p > 0:

Kk(GT+7)—1
lim P | sup ma t)E(t)| > =0. 54
Jo—r00 jZJI‘())OSTSXT tZKZ(jT) 77( )5( ) Ry ( )

Then X (t) converges with probability 1 to the set of KKT points:

KKT =qz|3INER st Vi, \; >0and Vf(z)+ Y AVa(z)=0p. (59

i:q; (x)=0
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