Supplementary Materials

A Appendix to Section 2.2
A.1 Proof of Lemma 2

We first show part (a) that the truncated () function is a good approximation of the true @) function.
To see that, we have for any (s,a) € S x A, by (5) and (6),
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where in the last step, we have used the (¢, p) exponential decay property, cf. Definition 1.
Next, we show part (b). Recall by the policy gradient theorem (Lemma 1),
Vo,J(0) = E(s aynre Q” (5, @) Vo, 10g ¢’ (als) = E(s a)nro Q” (5,0) Vi, log ¢ (ailsi),

where we have used V, log ¢?(a|s) = Vg, > jen log {?j (aj]sj) = Vg, log % (a;|s;) by the local-
ized policy structure. With the above equation, we can compute h;(0) — Vy, J(0),
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We claim that B> = 0. To show this, note that 7%(s, a) = d?(s) [[,_, Cge (ag|s¢), where d? is the
sationary distribution of the state. Then, for any j € N*,, we have,
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where in the last equality, we have used Q?(s N, @ ij) does not depend on a; as i ¢ N¥; and
>, Vo,C% (as]si) = Vo, D, % (a;|s;) = Vp,1 = 0. Now that we have shown Fy = 0, we can
bound FE as follows,
A 1 ~ .
1hi(8) = Vo, J(O)| = I Erll < B aynmo > ’Q?(SN;@N;) ~ Q] (s,0)|IVo, log ¢ (aisy)l|
JEN
<cp" L,

where in the last step, we have used (8) and the upper bound ||V, log ¢%* (a;|s;)|| < Li. This
concludes the proof of Lemma 2.

14



A.2 An Example of Encoding NP-Hard Problems into MARL Setup

In this subsection, we provide an example on how NP hard problems can be encoded into the averge
reward MARL problem with local interaction structure. We use the example of k-graph coloring in
graph theory described as follows (Golovach et al., 2014). Given a graph G = (V, ) and a set of
k colors U, a coloring is an assignment of a color u € U to each vertex in the graph, and a proper
coloring is a coloring in which every two adjacent vertices have different colors. The k-graph coloring
problem is to decide for a given graph, whether a proper coloring using % colors exists, and is known
to be NP hard when k > 3 (Golovach et al., 2014).

In what follows, we encode the k-coloring problem into our problem set up. Given a graph G = (V, ),
we identify the set of agents A/ with V and their interaction graph as G. The local state is tuple
s; = (ui,b;) € S; = U x {0, 1}, where u; represents the color of node i and b; is a binary variable
indicating whether node ¢ has a different color from all nodes adjacent to 7. We also identify action
space A; = U to be the set of colors. The state transition is given by the following rule, which
satisfy the local interaction structure in (1): given s;(t) = (u;(t),b;(t)) for j € N; and a;(¢), we set
w;(t + 1) = a,(t), and if for all neighbors j € N;/{i}, u;(t) does not have the same color as u;(t),
we set b;(t + 1) = 1; otherwise, set b;(t + 1) = 0.

Given s; = (u;,b;) and a;, we also set the local reward r;(s;, a;) = 1if b; = 1 (i.e. node 4 does not

have the same color as any of its adjacent nodes), and otherwise the reward is set as 0. The local
policy class is such that a;(t) is not allowed to depend on s;(t) but can be drawn from any distribution

on the action space, i.e. the set of colors. In other words, Cf i(+) is a distribution on the action space,
parameterized by 6;.

For policy 6 = (6;);cy, it is clear that the stationary distribution of s; is simply Cf *; the stationary
distribution for b;, which we denote as 7} , is given by, wf (1) = P(a; # a;,Vj € N;/{i}), where

in the probability, a; is independently sampled from Cf ‘ and a; from ij . Further, in this case, the
objective function (average reward) is given by

70) = 57 S (1),

It is immediately clear that in the above set up, the maximum possible average reward is 1 if and
only if there exists a proper coloring in the k-coloring problem. To see this, if there exists a proper
coloring (u});ey in the k-coloring problem, then a policy that always sets a;(t) = u} will drive s;(t)
in two steps to a fixed state s; = (u}, 1), which will result in average reward 1. On the contrary, if
there exists a policy achieving average reward 1, then the support of the action distribution in the
policy constitute a set of proper colorings.

As such, if we can maximize the average reward, then we can also solve the k-coloring problem,
which is known to be NP-hard when k£ > 3. This highlights the difficulty of the average reward
MARL problem.

B The exponential decay property and proof of Theorem 1

In this section, we formally prove Theorem 1 in Appendix B.1 that bounded interaction guarantees
the exponential decay property holds. We will also provide a proof of Corollary 1 in Appendix B.3,
and provide numerical validations of the exponential decay property in Appendix B.4.

B.1 Proof of Theorem 1

Set s = (st,stjLa = (aNf,aNfi), and 5 = (sN157§N51), a = (CLN[»,&Nfi). Recall the
exponential decay property (Definition 1) is a bound on

@(s.0) - QU5 )

<3 [Balri(si(2), ai(t)5(0) = 5,0(0) = a] — Bori(s:(1), as(t))s(0) = ', a(0) = o'
t=0
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where wf’i means the distribution of (s;(t), a;(t)) conditioned on (s(0), a(0)) = (s, a), and similarly
ﬁf,i is the distribution of (s;(¢), a;(t)) conditioned on (s(0), a(0)) = (5, a). It is immediately clear

that, 7rt ;= ’R’t ; for t < k. Therefore, if we can show that

TV(n},, 7)< p' fort > K, (10)

it immediately follows that

7
I—-p

QU(s,0) — QUG a) < > p'T=——p"!

t=r+1

)

which is the desired exponential decay property.

We now show (10). Our primary tool is the following result on Markov chain with product state
spaces, whose proof is deferred to Appendix B.2.

Lemma 3. Consider a Markov Chain with state z = (z1,...,2n) € Z = Z1 X -+ X Z,,, where
each Z; is some finite set. Suppose its transition probability factorizes as

P(z(t + 1)|2(¢) HP zi(t+ 12w, (1))

i=1
and further, if sup, <, <,, Z] 1 G5 < p, where
C* = 07 lf] ¢ Nia
i SupzN/ Sup,; 125 TV( ( |ZjaZN /]) l(|Z§aZNZ/]))a ifj € Ni,

then for any z = (2nx, 2N~ ), 2 = (2n%, 2N+ ), we have,

TV(my i, 7)) =0 for t <k, TV (7, i) < pl for t>k,

where my ; is the distribution of z;(t) given z(0) = z, and 7, ; is the distribution of z;(t) given

z(0) =z

We now set the Markov chain in Lemma 3 to be the induced Markov chain of our MDP with a
localized policy 6, with z; = (s;,a;) and Z; = S; x A;. For this induced chain, we have the
transition factorized as,

n

P(s(t+1),a(t+1)|s(t),a(t)) = HCf"’ (a;i(t+ 1)[s;(t+ 1)) Pi(s;(t + 1)]s;:(t), ai(t), sn, (t)).

i=1
Then, C’fj in Lemma 3 becomes
0, if j ¢ Ny,
C% = SUWPsy, .0, 5UPs, s TV(Pi(|sj; 8,740 i) P8}, 8,50 ai)), i j € Nifi,

SupsN/ Supsl,s ,aq,al TV( ( |Sl’al7sN /Z) ( ‘Sz’ 1’8Ni/i))7 lfj = ia

which is precisely the definition of C; in Theorem 1. As a result, the condition in Theorem 1 implies
the condition in Lemma 3 holds, regardless of the policy parameter 6. Therefore, (10) holds and
Theorem 1 is proven.

B.2 Proof of Lemma 3

We do two runs of the Markov chain, one starting with z with trajectory z(0),...,2(¢),..., and
another starting with Z with trajectory 2(0), ..., 2(t), ... We use 7; (7;) to denote the distribution of
z(t) (2(t)); m¢ i (7rr,;) to be the distribution of z;(t) (Z;(t)), m, Nz (7, N+) to denote the distribution
of ZNf (t) (éNf (t))

Our proof essentially relies on induction on ¢, and the following Lemma is the key step in the
induction.
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Lemma 4. Given t, we say a = |ai,...,a,]' is (t — 1)-compatible if for any i, s, and for any
function f : RN S R,

|EZN7C/"N7Tt—1‘Nf f(ZN:) - EZN{“Nﬁ't,—l,N{’" f(sz)‘ < Z a‘jaj(f)7
JENF
where §;(f) is the variation of f’s dependence on zj, i.e. 6;(f) = SUD. ; SUPs, 21 | (25, 2N 5) —

2, znn )| Suppose now that a is (t — 1)-compatible, then we have ' = [d, oo al ]l s t-
1 AN /G PP 4 1 n
compatible, with a’ = Ca, where C' € R"*" is the matrix of [ij]

Now we use Lemma 4 to prove Lemma 3. We fix ¢ and #. Since zy~(0) = Zy=(0), we can set
a§0) = 0 for j € NF, and aj(,o) = 1for j ¢ NF. It is easy to check such a(®) is 0-compatible.
As a result, a(t) = C*a(? is t-compatible. Since a(®) is supported outside N[, we have for all
t <k a =0;andfort >k + 1,0 = [Ca©]; < (|Clo)t]|a® ||os < pt. As aresult, by the
definition of ¢-compatible, we set f : RZi — R to be the indicator function for any event A; C Z;
(i.e. f(z;) =1(2; € A;)) and get,
|m,i(zi € Ay) — iz € Ay)| < a(t)
and if we take the sup over A;, we directly get,

TV (7, 7ei) < al(-t) <o,

which finishes the proof of Lemma 3. It remains to prove the induction step Lemma 4, which is done
below.

Proof of Lemma 4: Recall that the transition probability can be factorized as follows,

n

P(z(t + 1)|=(t) = [T Pi(zi(t + V2w, (1),

i=1

where the distribution of z;(t + 1) only depends on zy, (t) with transition probability given by
P;(z(t + 1)|2n, (t)). We also define Py« to be the transition from 2yt (t) to zpnk(t + 1),

Py (zne (8 + Dlzyrn (1) = T Pzt + 1)lzn; (1))
JENF

ZNnr

With these definitions, we have for any i, x, and for any function f : R — R,

Bonsnmws F(2nr) = Boyon, v INp (2070)

= ‘EZ;\I?+1NT"¢I,N:-%—lEZNfNPNf('IZ;V;c+1)f(ZNf) - ]EZ;VimﬂNﬁtq,wf“EzN{“NPN{“('|Z;V:+1)f(ZNf)

_ / _ B /

[ v ) < B9 an
where we have defined g(2 1) = IEZN‘ENPN‘E(‘|szn+l)f(sz). Since a = [ay,...,a,]" is (t — 1)
compatible, we have, '

/ /
B »<+1 1.Nf"+lg(ZN'n+1) N Ez;\m+1~7~rf—1 N”*lg(ZNﬁJrl) S Z aj(;j(g)‘
N i i =1, NG g Y
JEN;
Now we analyze §;(g). We fix ZNKH/ , then
g(Z ZNK-H/J) g(z ZNK‘H/J) = IE:Zj\rff"PN" (-2} ZNN+1/ )f(ZNf) o EZNfNPNf("Z;/’Z;VK+1/j)f(zN'iR)'

Taking a closer look, both PNn( | N““ /j ) and PNn( |z N"+1 /i ) are product distributions on

the states in V¥, and they differ only for those £ € N that are adjacent to j,i.e. NN Nj. Therefore,
we can use the followmg auxiliary result whose proof is provided in the bottem of this subsectlon
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Lemma 5. For a function f that depends on a group of variables z = (z;);cv, let P; and P, 10 be
two distributions on z;. Let P be the product distribution of P; and P be the product distribution of
P;. Then

Bonpf(z) =B, pf(2)| <Y TV(P;, P)6i(f).
i€V
By Lemma 5, we have,

|9(Z§'» Z;vinﬂ/j) - 9(23/» Z;vifwl/j)‘ < Z TV(PE("Z;» Z;v[/j), PZ('|Z§'/a Z?Vg/j))(sl(f)
CENFNN;

< Y Chouf).

LENFNN;

Assuch, 6;(g) < ZeeN?an C7;0¢(f), and we can continue (11) and get,

< > a;d5(9)

. o1
JEN]

Yoo Y Chdlf)

jEN:'H LENFNN;

> > aChaf)

LENF jEN,

]EZN; TN f(ZNf) - EZN;& ~TNE fo (ZN{")

IA

This implies a’ = [a}, ..., a},] T is t-compatible, where aj = >~ v, C7;a;. O

Finally, we provide the proof of Lemma 5.

Proof of Lemma 5: We do induction on the size of |V|. For |V'| = 1, we have
Eanp f(21) =B, p, f(22)] = (Pr, f) = (Pr £,

where both Py, P; and f are interpreted as vectors indexed by z1, and (-, ) is the usual inner product.

Let 1 be the all one vector with the same dimension of P, ]51 and f. Let m and M be the minimum
and maximum value of f respectively. Then,

M4+m

[(Pr,f) = (Pr, )l = [(Pr = P, f = D)
- M+m M—m ~ ~
S Py =Pullf = =51l = —5—[1P1 = Pif1 = TV(P1, P1)é: ().
As aresult, the statement is true for |V'| = 1. Suppose the statement is true for |V| = n — 1. Then,
for |[V| = n, we use za., to denote (za,...,2,) and use Pa., to denote the product distribution

Pon(22, ..y 2n) = [y Pi(2:)s P.,, is defined similarly. Then,
E.npf(2) —E, pf(2)| = [Esynr Beyonpo, f(21,220) — B, 5 E, 5, f(21,22:0)]
<|Eeinp Benpon f(21,22:0) —Eoynp B, p,  f(21522:0))]
+ EsnrE,, 5, f(21,220) —E_ pE., 5, f(21,22:0)]
<Eoinp Esppnpby, f(21,220) =B, 5 f(21,22:0)]
+ [Ezinp f(21) —E, p f(21)],
where we have defined f(z;) = E, 5. f (21, z2:n)- Fixing z1, we have by induction assumption,

n n

Beimbon £ (21, 220)—Es, p f(21,220)] < TV(P, P)Si(f(21,7)) < Y TV(P;, P)si(f).

=2 =2

Further, we have,

61(f) = sup “Ezz;nNPmnf(zl’ 22:") - EZQ;nNPz:nf(Zi’ 22:”)|

’
21,27
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S sup E22:nwﬁ2m |f(zl7 22:71) - f(ZL ZZ:n)l

’
21,27

< sup sup | f(z1, 22:0) — f(21, 22:0)| = 01(f).

21,2} Z2:n

Combining these results, we have

|Esnpf(s) —E, pf(s)] <E.inp, ZTV(Pm P)5i(f) + TV(Py, P)dy(f)
i—2

< zn:TV(Pi,Pi)CSi(f)-

So the induction is finished and the proof of Lemma 5 is concluded. O

B.3 Proof of Corollary 1

In the ~y-discounted case, the Q-function is defined as (Qu et al., 2019),

Q1 (s,a) = Eatymco(1s(t)) [thri(si(t%ai(f)) 5(0) = 5,a(0) = a. (12)

t=0
. . . - ) _ ) N o / ’_
For notational simplicity, denote s = (snx, sy, ), a = (anx,anx,); 8" = (st’sNEi) and o/ =

(anp,alyx ). Let m; be the distribution of (s;(), ai(t)) conditioned on (s(0), a(0)) = (s, a) under

policy ¢, and let ; ; be the distribution of (s;(t), a;(t)) conditioned on (s (O), a(0)) = (s',a’) under
policy 6. Then, under the conditions of Theorem 1, we can use equation (10) in the proof of Theorem 1
(also see Lemma 3), which still holds in the discounted setting as equation (10) is a property of the
underlying Markov chain, irrespective of how the objective is defined. This leads to,

TV(m,m ;) =0 for t <&, TV(mem ) < pt for t> k.

With these preparations, we verify the exponential decay property. We expand the definition of Qf in
(12),

Q7 (s,0) — Q7 (s',d')
E[y'ri(si(t), ai(t))|(s(0),a(0)) = (s, a)] — E[y'ri(s:(t), ai(t))[(5(0), a(0)) = (s', )]

IN

M8IM8;'“M8

VE(siai)mme i (80 @i) = V' E(syar)mry iS55 ai)

< YFTV (e, 7 ,) Z yirp! (w)”“'
t=0 t=r+1
The above inequality shows that the (= =% py)-exponential decay property holds and concludes the

proof of Corollary 1.

B.4 Numerical Validation of the Exponential Decay Property

In this subsection, we conduct numerical experiments to show that the exponential decay property
holds broadly for randomly generated problem instances.

We consider a line graph with n = 10 nodes, local state space size |S;| = 2, local action space size
|A;| = 3. We generate the local transition probabilities P;, localized polices ¢; and local rewards
r; uniformly randomly with maximum reward set to be 1. To verify the exponential decay property,
we consider Definition 1, where we pick 4 to be the left most node in the line, generate s, s’, a, a’
uniformly random in the global state or action space, and then increase « from 0 to n — 2. For each
K, we calculate the left hand side of (4) exactly through brutal force. We repeat the above procedure
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Figure 3: Numerical verification of the exponential decay property. The y-axis is the left hand side
of (4) whereas the x-axis is k. The solid line represents the median value of different runs, whereas
the shaded region represents 10% to 90% percentile of the runs.

100 times, each time with a newly generated instance, and plot the left hand side of (4) as a function
of k in Figure 3a.

We do a similar experiment on a 2 x 6 2D grid, with a similar setup except node ¢ is now selected as
the corner node in the grid. The results are shown in Figure 3b. Both Figure 3a and Figure 3b confirm
that the left hand side of (4) decay exponentially in . This shows that the exponential decay property
holds broadly for instances generated randomly.

C Analysis of the Critic

The goal of the section is to analyze the critic update (line 5 and 6 in Algorithm 1). Our algorithm is a
two-time scale algorithm, where the critic runs faster than the actor policy parameter 6(t). Therefore,
in what follows, we show that the truncated (Q-function in the critic Qi “tracks” a quantity Qf(t),
which is the fixed point of the critic update when the policy is “frozen” at 6(¢). Further, we show that

this fixed point is a good approximation of the true @) function Qf(t) for policy 6(t) because of the
exponential decay property. The formal statement is given in Theorem 3.

Theorem 3. The following two statements are true.

. e e . o .
(a) For each i and 0, there exists () € RN which is an approximation of the true () function
in the sense that, there exists scalar cf that depends on 0, such that

Canrl

VEannslQeny) + ¢ — QU2 < , (13)

I—pp
where Qf(ZNf) is understood as 0.

(b) For each i, almost surely sup,> Qoo < 0. Further, Q! tracks Qf(t) in the sense that

almost surely, lim;_, o, QF — Q?(t) =0.

Our proof relies on the result on two-time scale stochastic approximation in Konda and Tsitsiklis

(2003). In Appendix C.1, we review the result in Konda and Tsitsiklis (2003) and in Appendix C.2,
we provide the proof for Theorem 3.

C.1 Review of A Stochastic Approximation Result

In this subsection, we review a result on two time-scale stochastic approximation in Konda and
Tsitsiklis (2003) which will be used in our proof for Theorem 3. Consider the following iterative
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stochastic approximation scheme with iterate z* € R™,
2" =2t + (0D (2(1) — GUO(2(t))z" + ¢ at), (14a)
Ot +1)=0(t) +nH", (14b)

where z(t) is a stochastic process with finite state space Z; h?() : Z — R™ GY(.) : Z — Rm*™
are vectors or matrices depending on both parameter @ as well as the state z; {1 € R™*™ and
H'*1is some vector that drives the change of 6(t).

In what follows, we state Assumption 6 to 11 used in Konda and Tsitsiklis (2003). Assumption 6 is
related to the summability of the step size o.

Assumption 6. The step size is deterministic, nonincreasing, and satisfies ), oy = 00,y _, a? < oo.

Let F; be the o algebra generated by {z(k), H*, 2%, 0(k) }1.<;. Assumption 7 says that the stochastic
process z(t) is Markovian and is driven by a transition kernal that depends on 6(t).

Assumption 7. There exists a parameterized family of transition kernels P? on state space Z such
that, for every A C Z, P(z(t+1) € A|F;) = P(2(t+1) € Alz(t),0(t)) = PP®(2(t+1) € Alz(t)).

Assumption 8 is a technical assumption on the transition kernel P? as well as h?, GY.

Assumption 8. For each 0, there exists function h(0) € R™ G(0) € R™*™, hf . Z — R™ G? .
Z — R™*™ that satisfy the following.

(a) Forall z € Z,
h'(z) = h(z) = h(0) + [P (2),
G’(2) = G°(2) = G(0) + [P C°)(=2),
where PPhP is a map from Z to R™ given by [P?h%)(z) = IEZ/Npeuz)}ALe(z’); similarly,
PPGY is given by [PYG?)(z) = EZ/NPa(,|Z)é9(z’).
(b) For some constant C, max(||h(0)|], |G(0)|)) < C for all 6.

(c) For any d > 0, there exists Cq > 0 such that sup, E| 7O z(t)|* < Cq4 where f°
represents any of the functions h?, h? (;76, GY.
(d) For some constant C' > 0 and for all 9, 6,
max(|[1(0) — R(O)[I, IG(®) — GO)]) < Cllo —0]I.
(e) There exists a positive constant C' such that for each z € Z,
IP71%(2) = PP f (=)l < Cllo — ],
where f is any of the function h? and G°.
The next Assumption 9 is to ensure that 6(¢) changes slowly by imposing a bound on H* and requiring
step size 7, to be much smaller than .

Assumption 9. The process H' satisfies sup, E|H|?

o . d
deterministic and satisfies ), (Z—;) < oo for some d > 0.

< oo for all d. Further, the sequence 1) is

Assumption 10 says that the £¢ is a martingale difference sequence.

Assumption 10. ¢t is an m x m matrix valued F;-martingale difference, with bounded momemnts,
ie.
E¢IF =0, supE¢ < oo,

for each d > 0.

30ur stochastic approximation scheme (14) is slightly different from Konda and Tsitsiklis (2003) in that in
Konda and Tsitsiklis (2003), h%®)(-) and G?*)(-) depend on z(t + 1) instead of z(t). This change is without
loss of generality as we can group two states togethoer, i.e. y(¢) = (2(t — 1), 2(¢)) and write our algorithm in
the form of Konda and Tsitsiklis (2003).
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The final Assumption 11 requires matrix G(6) to be uniformly positive definite.

Assumption 11 (Uniform Positive Definiteness). There exists a > 0 s.t. for all x € R™and 0, we
have

= G(0)x > alz|?.
With the above assumtions, Konda and Tsitsiklis (2003, Lem. 12, Thm. 7) shows that the following
theorem holds.

Theorem 4 (Konda and Tsitsiklis (2003)). Under Assumption 6-11, with probability 1,
SUp g |2 < oo and

Jim [la* = G(O(1) *hO®)] = 0.

In the next subsection, we will use the stochastic approximation result here to provide a proof of
Theorem 3.

C.2  Proof of Theorem 3
In this subsection, we will write our algorithm in the form of the stochastic approximation scheme (14)
and provide a proof of Theorem 3. Throughout the rest of the section, we fix : € N.

ZN.»:

Define €:nr eR to be the unit vector in R~ when 2 NF #* éNn and is the zero vector when

zZny = Zny (the dummy state-action pair). Then, one can check that the critic part of our algorithm
(hne 5and 6 in Algorithm 1) can be rewritten as,

it = g afri(z(t)) — ), (15)
Qi = Qi+ aulri(zi () — i + el 1 @ — el Qilesy, (16)

When written in vector form, the above equation becomes

pctt [ Al 1 0 i ri(2i(t))
Qerl Qt o T Cznr(t) ezN;(t)[ezTNf(t)7ezTN:-,(t+1)] Qf + zNN(t)Tz(Zz(t))

We rescale the fif coordinate by a factor of ¢’ for technical reasons to be clear later, and rewrite the
above equation in an equivalent form,

it i ] + 1 ! T 0 T cl + cri(z(t))
= A (0% _ ~
Q! Q| T () Canp (€ () T Copnt41)] Qi exyp (7i(%(1))

We define ! = [¢/fit; Q] and,
. 1 0 c'ri(z
. N ) o i\%i
Gi(z,2') = %esz €2y [eZTNiK —e ] ] o hi(z) = { €2y Ti(2i) } :

NF
i

With the above definitions, the critic update equation (15) and (16) can be rewritten as the following,
2= al o an| = Gi(a(0), 2t + D)ak + ha(=(0)]. (17)

Let P? be the transition matrix and the state-action pair when the policy is #. Because at time ¢, the
policy is 6(t), as such the transition matrix from z(t) to z(t + 1) is P?(Y), We define

~ 1 0
0 _ AN

Gi(2) = Boupo()Gi(2,2) = { Ty Cuyelel, = PU([2)0] } (1%
where P?(-|z) is understood as the z’th row of P? and is treated as a row vector. Also, we have
defined ®; € RZ*ZNF 10 be a matrix with each row indexed by z € Z and each column indexed
by zNH € ZNK and its entries are given by ®;(z, zNN) = lif 2yr = 2jyx and @4(z, 2yx) = 0

elsewhere. Then, (17) can be rewritten as,
= al | = GIO W)t + hi(2(0) + GV (2(0) = Gal2(8), 2+ 1)]at]. (19)

t4+1
::,’fiJr

22

I}

I}



This will correspond to the first equation in the stochastic approximation scheme (14) that we
reviewed in Appendix C.1. Further, the actor update can be written as,

0t +1) = 0(t) + 0T (Q")g(1). (20)

with g;(t) = Vg, log Cle"'(t)(a-(t)|s-(t))l ZjeNﬁ QA? (2, (t)). We identify equation (19) and (20)
with the stochastic approximation scheme in (14), where z!, G, h;, €71 T(Q%)§(t) are identi-

fied with the zf, G% h? ¢+l H**1 in (14) respectively. In what follows, we will check all the
assumptions (Assumption 6 to 11) in Appendix C.1 and invoke Theorem 4.

To that end, we first define G;(6), h;(0), G?(z), h?(z), which will be the solution to the Poisson
equation in Assumption 8(a). Given 6, recall the stationary distribution under policy 6 is 7% and
matrix DY = diag(7?). We define,

- 1 0
G7(0) ZNT(SGQ( ): |: l/(I)Tﬂ—G o DP [(I)z _ PH(I)Z]

B 1(-ONT ..
Ri0) = Buopohi(z) = [ o } )

where in the last line, r; is understood as a vector over the entire state-action space Z, (though it only
depends on z;). We also define,

GY(2) = Bo[Y _[G7(2(1)) — Gi(0)]]=(0) = 2],

Wi (z) = Bo[Y_[hi(=(1)) — hi(£)]]=(0) = 2].

It is easy to check that the above definitions will be the solution to the Poisson equation in Assump-
tion 8(a).

We will now start to check all the assumptions. We will frequently use the following auxiliary lemma,
which is an immediate consequence of Assumption 4.

Lemma 6. Under Assumption 4, for vector d € R? such that 1" d = 0, we have, ||((P?)T)td||; <

Cootth 11 for oo = /2.

Proof. As P? is a ergodic stochastic matrix with stationary distribution 7,
1(r%) ")t = (Pt — 1(n?)T. As aresult,

(P)YT)'d = [((P)")" = a?1T]d = [(P*) = 1(x") "] Td = [(P* = 1(«*)T)"]"d.
As a result, by Assumption 4, [[((P?)")"d|| pe < [|[P? = 1(x®) "] " [0 lldll pe < pp|ld]l po. The
rest follows from a change of norm as %Hd”l < Valldllz < ldllpe < ||dll2 < ||d||1- O

we have (P? —

Checking Assumptions 6, 7 and 8. Clearly Assumption 6, Assumption 7 and Assumption 8(a) are
satisfied. To check Assumption 8(b) and (c), we have the following Lemma.
Lemma 7. (a) For any z,2' € Z, we have,
~ 1
1Gi(2, 2" )|loo < 2+ — = Gmax, [[hi(2)]loe < max(c’, 1)7 := Amax-
c

Bz(e) ||oo S hmax-

Gle(Z)HOO S Gmax and HG’L(G)HOO S Gmax:
(b) We also have that,

[ [62 1) = Cul0)12(0) = 2] | _ < 2Cmmeccty,

| Balhi(=) = Ri®)]2(0) = || < 2hmaxcotiy

; ( )”oo < 2Grrlaxcoo1 up’ ( )”oo S 2hmaxcoo$-

23



Proof. Part (a) follows directly from the definition as well as the bounded reward (Assumption 1).
Part (b) is a consequence of Lemma 6. In details, given z, let d be the distribution of z(t) starting
form z. Then,

|Ba[G2 =) - Gi0)120) = ]| :w&w£%> Eerno GY(2)

ijw (2)G2(2) ]l
<§]f ()G (2)l|so

< Gmade - 7T0||1

= GmaXH((Pe)T)t(do - 7"9)”1 < GmaXQCOOIi?tD'
The proof for h; is similar. O

Next, the following Lemma 8 shows the Lipschitz condition in Assumption 8 (d) and (e) are true.
The proof of Lemma 8 is postponed to Appendix C.3

Lemma 8. The following holds.
(a) P% and 7% are Lipschitz in 6.
(b) G;(0) and h;(0) are Lipschitz in 0.

(¢c) Forany z, [P?h%)(z) and [P?G?)(z) are Lipschitz in 0 with the Lipschitz constant indepen-
dent of z.

Checking Assumption 9. Recall that 6(t + 1) = 6(t) + 15, T(Q")g(t). Note that [|g;(t)|| <
Limax; | Q}]|sc. By the definition of T'(Q?), we have almost surely ||T'(Q");(t)|| < L; for all

t. As such, almost surely, for all ¢, |[[(Q")g(¢)|| < L. This, together with our selection of 7,
(Assumption 3), shows that Assumption 9 is satisfied.

Checking Assumption 10. Recall that £+ = G?) (2()) — Gy (2(t), 2(t + 1)). We have clearly

E¢IHHF, = 0 per the definition of GY(z). Further, [|¢/7!]|oo < 2Gmax. So Assumption 10 is

satisfied.

Checking Assumption 11. Finally, we check Assumption 11, the assumption that G;(#) is uniformly

positive definite. This is done in the following Lemma 9, whose proof is postponed to Appendix C.4.

Lemma 9. We have when ¢’ = ﬁ, then for any 0, z] G;(0)x; > (1 — pp)o?||z;||2.
o —HKD

Given 0, let ¢ = [¢/?; QY] be the unique solution to h;(0) — G;(0)z; = 0. Now that As-
sumptions 6 to 11 are satisfied, by Theorem 4 we immediately have almost surely lim;_, o ||} —

[Gi(6(2))]*hi(0(2))]| = 0, and sup,~, [|lzf]| < oo. As 2! = [/Al; Q1], this directly implies
limy 00 QF — Qf(t) = 0 and sup, > |Q! [l < oc. This proves part (b) of Theorem 3. For part (a),
we show the following Lemma 10 on the property of z¢, whose proof is postponed to Appendix C.5.
With Lemma 10, the proof of Theorem 3 is concluded.

Lemma 10. Given 6, the solunon 2l = [¢0?;Q% 1o hi(0) — Gi(0)x; = 0 satisfies i = J;(6).
Further, there exists some C2 € Rs.t.

cpﬁ,—i-l

lqu,

19:Q7 + cf1 — QY| po < 1)

where 1 is the all one vector in RZ.
C.3 Proof of Lemma 8

To show (a), notice that, P?(s’, a’|s,a) = P(s'|s,a)¢?(a’|s’). Therefore,

1P~ Pelloo—maXZP 'Is, @)’ (@']s') = ¢*(a|s")]

s’ a’
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< L|6 - GHmaxZP (s'|s,a)

— LJAJI0 8] = Lelo — ],
where in the inequality, we have used that for any a € A, s € S, as ||Vy, log(?(als)]|
Ve, log ¢%*(ails:)|| < Li (Assumption 5), we have ||VoC?(als)| < |[[Volog(®(als)||
\/ Dien L =L.

Next, we show 77 is Lipschitz continuous in 6. Notice that 7¥ satisfies 77 = (P?) "% As such, we
have,

716 B ﬂ,é _ (PG)T(ﬂ,O o ﬂ,é) + (P9 o Pé)Tﬂ,é
k— %)
= ((P)T)*(x® — %) + ZI«P%W(PB —PTr? =37 ((P) TP — PO) Tl

=0 =0

IN I

Notice that by Lemma 6,
I(PYTYP? = PO) 7%y < cootip (PP = PO)T 7%y < cootip | P = P)|so-

Therefore, we have

3 Coo 3 Coo -
7% — 7’| < 17||P9 — Pl < Lpll6 —0].
_/J'D D

So we are done for part (a).

For part (b), notice that h;(0) depends on ¢ only through 7 and is linear in 7. As a result h;(6) is
Lipschitz in 6. For similar reasons, for G;(#) we only need to show DY P? is Lipschitz in 6. This is
true because both DY and P are Lipschitz in @, and they themselves are bounded.

For part (c), fixing any initial z, let d°* be the distribution of z(¢) under policy #. We first show that
d?* — 7% is Lipschitz in 6 with Lipschitz constant geometrically decaying in ¢. To this end, note that

d?t — qf _ (dé’t o 71-9) _ (PO)T(dH,tfl . 7_‘_9) _ (Pé)T(dé,tfl _ 7T'§)
_ (PG)T[dG,tfl . 6’ o d0,t71 . W@)} + (PG . PG)T(dG,tfl o W@)

t—1
:((Pe)t) 71' 77‘( +Z PO)T(dO,tféfliﬂe).
£=0
As such, we have,
— — — t_l — — —
[~ 7® — (@ 7)1 < coopiplln® — 27l + 3 cootbllP? — P uclld® = — ]y
£=0
t—1
< oty T L0 = B+ Y cootly L0 — B]2encsily
=0
C Lp
=1 —#plf - 0l + 22 Loty (|6 — 4]
“D
50 Lp 1+MD —~
< 7=y 0 -0). 2)

Next, we turn to Gf(z) and show its Lipschitz continuity in 6. Note that by definition,

=Eo[) [GY(2(t) = Gi(0)]|2(0) = 2] = > [ErnqoeGY(2) = Burono GY(2')]
t=0 t=0
=3 ) @) - ()G,
t=0z2'€Z
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As such,
H@f( ) = GY(2)llo

IN

(@) = w76 — (@) - a7 ()G )

>
Z [1474(') = (") = (@ () = a NNGH oo + a7 () = 7 (G () = GI) oo

IN

Mg HMg HM

[nd” =7 = (@ = 7)1 G+ 47 = 7 sup G () — G2 o]

~+
I
(=]

{5c§QLmeax(1 + up
1 — UD 2

M

)10 = 8] + 2esc iy sup G2 (=) = G2l

~+
Il
o

Since GY(2") depends on @ only through P? and is linear in P?, GY(2’) is Lipschitz in 6. Therfore,
in the above summation, each summand can be written as some geometrically decaying term times
6 — 6]|. As such, GY(z) is Lipschitz in 6, and the Lipschitz constant can be made independent
of 2 by taking the sup over the finite set z € Z. As aresult, [P?GY](z) = 3_, P?(2'|2)GY(%') is
Lipschitz in 6 as well since both P? and G?(2’) are Lipschitz in 6 and bounded.

The proof for the Lipschitz continuity of P? fzf (z) is similar and is hence omitted. Therefore, part (c)
is done and the proof is concluded.

C.4 Proof of Lemma 9

Recall that,
- 1 0
Gil0)=| 1o770 & D[a, - P'd)]
Let 2; = [fi;, Q;] and define ®; = ®; — 1(x?)T ®;. Then,
& D'®; =3 D°®; + & 71T D, + & D1(n?)T®; + & 71T D1 (%) B,
=3 D + & 7% (x") T ®,,
& D'P®, =& DP'®, + & 71T D' P'®; + ] D' PO1(x%) T ®; + & 71T D' PY1(x%) T @,
=/ D'PI®, + & 70 (x) T B,.
As such, A . . .
o/ Do, — o] D°PD;, =] DD, — &] D' PYD;,
from which, we have using Assumption 4,
Q] (@] D@, — & D' PP2,)Q; > ||2:Qil| %0 — [ 2:Qsll pol| PY®: Qi po
= [|9:Qill e — |9:Qill pe | (P? = 1(x*) ") ®:Qi pe
> [|[2:QillHe — ppl|[P:Qil 5o
=(1- ND)Q?@’?D(;@@
= (1—pup)Q] (¥ D'®; — ] 7 (%) T9,)Q;
> (1 - pp)a®|Qil, (23)
where the last step is due to the following. Let v € RZN? be the marginalized distribution of

ZNs € ZAN; under 77, i.e. v(zny) = ﬂe(zNin). Usingv(znyp) Zoandd 2 v(zng) <1-0

(Assumption 4), we have,

& D®; — & 7% (x?) T ®; = diag(v) — vv| = diag(v)? (I — diag(v)~ > v(diag(v) 2 v) T )diag(v)?
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= (1 — ||diag(v) ™% v|?)diag(v)
= o].

Building on (23), the rest of the proof follows easily. We have,
eI Gulb)zs 2 8+ (1~ pp)o?| Qi + QT T 2%
> 2+ (1~ up)o @il — 51l
> min(5, 51— np)o) [zl

where we have used

1. 1 N N R 1. 4 R
5#? + 5(1 — 1p)o?||Qil1* = o/(1 — pp)||Qill| il = g||QiH|Ni|~

C.5 Proof of Lemma 10

By the definition of G;(6) and h;(6), we have ¢ = (7%) Tr; = J;(6), the average reward at node i
under policy 6, and Q¢ € R3~E
unique due to Lemma 9),
0=-o/D%%1 + o/ D[P'D, — 3;,]Q! + @] Dr;
=& D’lr; — pf1+ P?®,QY] — o D @,Q"
=@/ D[ri = Ji(0)1 + P'®;Qf] — [ D2, (24)
To understand the solution of (24), we define an equivalent expanded equation, whose solution can

be related to the Bellman operator. For this purpose, define P, € RZ*ZNF 0 be a matrix with each

row indexed by z € Z and each column indexed by 2« € Zxn~ and Dy(2, 2w ) = 1if ZNF = Ziyn

is the solution to the following linear equation (the solution must be

and 0 elsewhere. In other words, ®; is essentially ®; with the additional column corresponding to the
dummy state-action pair Zyx. Consider the following equations on Qf € R®F
0=2/D[r; — J;(0)1 + PP®,QY] — & D?®,QY, (25a)
0=Qf(Zny). (25b)
Claim 1: The equations (24) and (25) are equivalent in the sense that both have unique solutions,
and the solutions are related by Qf (zn+) = QY (2n~),Van= € Znr.
Before we prove the claim, we first show (25a) can be actually reformulated as the fixed point
equation related to the Bellman operator.
Reformulation of (25a) as fixed point equation. It is easy to check that D! = &1 D®; ¢
RENFXENE g a diagonal matrix, and the zx»’th diagonal entry is the marginal probability of
zn+ under m, which is non-zero by Assumption 4. Therefore, ®] DY, is invertable and matrix
¢ = (&) D’®;)~'®] DY is well defined. Further, the zx+"th row of II/ is in fact the conditional
distribution of the full state z given zyx. So, I1¢ must be a stochastic matrix and is non-expansive in
infinity norm. Let TDY(Q;) = r; — J;()1 + P?Q; be the Bellman operator for reward r;. Further,
define operator g : RN 5 RENF given by g(Q;) = HfTD_f(I)iQ,- for Q; € RZ~F . Then, (25a) is
equvalent to the fixed point equation of operator g, g(Q%) = Q?. Our next claim studies the structure
of the fixed points of g.
Claim 2: Define 20 = {Q; € RZ : E, _,0Q;(2) = 0}, and Z¢ = {Q; € R*N 1 E, 0 Qi(2ns) =
0}. We claim that g has a unique fixed point within Ef which we denote as Qf Further, all fixed
points of g are the set {Q¢ + ¢;1 : ¢; € R}.
Proof of Claim 2. We in fact show g maps Z¢ to =7 and is a contraction in || - || 5o norm when

restricted to é?, which will guarantee the existence and uniqueness of Qf To see this, we check the
following steps.

27



« &, maps Z¢ to 2% and preserves metric from || - || 50 to || - || pe. To see this, note that
BT D%, — DY,

—_

+ TDY maps =% to Z¢ and further, it is a y1> contraction in || - || pe when restricted to 2. To
see this, note that for Q;, Q) € =7, | TDY(Q;) — TDY(Q))|lpe = |P?(Qi — Q)| pe =
I(P? —1(z?) ") (Qi — Q) |lpe < uplQ:i — Q% pe, where we have used Assumption 4.

* T1% maps =% to Z¢ and is non-expensive from || - |[pe to || - ||5e. To see this, no-
tice that (H?Qi)(sz) = Ez/wﬂe(zl‘zm:zlviﬁ)Qi(z’). As such, when Q; € Z,

E, o (HfQi)(zN;) = E, 0Qi(z') = 0, which shows I1Q; € Z¢. Finally, one can
check I1¢ is non-expensive from || - || pe to || - || pe by noting (D¢)}/211¢(D%)~1/? =

(D=2 (D?)'/2, the rows of which are orthornormal vectors.

Combining these relations, g maps éf to itself and further, we have for Qi, Q; S Ef,
19(Qi) — 9(@) 5o = 117 (TDY®; Qi — TD{®;Q7) | po < [ITDF(®:Q:) — TDF (®:Q5)| pe
< up||24(Qs — Q)llpe = polQi — Qill po-

which shows g is a contraction when restricted to éf. This shows ¢ has a unique fixed point within
=¢, which we denote by ?. Further, note for any ¢; € R,

= I7[TD{®;Q; + ¢;1] = g(Qs) + ;1.
Therefore, let Q; be a fixed point of ¢, then Q; — 1E,_ o Ql(an) will be a fixed point of g within
=9, As such, the set of fixed point of g can be written in the form {Q? + ¢;1: ¢; € R}. O

We are now ready to prove Claim 1.

Proof of Claim 1. By Claim 2, the set { Qf + ¢;1 : ¢; € R} characterizes the solution to equation
(25a). Therefore, (25) must have a unique solution Q@Y = QY — Q?(Zy+)1. Since (25a) is a
overdetermined equation, we can essentially remove one row corresponding to Zy, and then plug in

Qf(%Nim) = 0. This corresponds exactly to the equation in (24). As such, the solution of (24) is the
solution of (25), removing the entry in 2 N O

By Claim 1 and Claim 2, we have
0,Q! = 2,Q) = Q! — QY (2nr)1.
As such, we can set ¢/ = Qf(ZNn) and get,

12:QF + {1 — Q| po = [|8:Q — Q! po- (26)
Finally, we bound || ®;Q¢ — Q?|| ps. We have, using Q¢ is a fixed point of g(-) and QY is a fixed
point of TD?,
®;Q7 — Qf = 2:Q7 — QY + SIQY ~ Qf

= &,TI{TD! ®;Q — ;1) TD{Q} + &,117Q¢ — Q7

= &P (9:Q7 — Q) + ®ILQY - Q7.
Note that by Assumption 4,

19117 P (2:Q7 — Q7| pe = @117 (P” — 1(n”) ) (@:Q7 — Q)| pe < 10 |19:Q7 — QF | po-

This shows ||®;Q¢ — QY| pe < up||P:Q¢ — QY| pe + |2 I19QY — QY| po, and hence,

1 ~ 1
|8:117Q7 ~ Qo < -

: 1201Q7 - Qlle- @D
— KD — HD

19:Q7 — QI po <
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Next, recall that the z~’s row of I1¢ is the distribution of the state-action pair z conditioned on its
N coordinates being fixed to be z ~r. We denote this conditional distribution of the states outside of

N[, zy=_, given zyx, as 7f (ZNL- |zN;) With this notation,

@Q)) e zve,) = 3 7 (e | ) QL (o e ).

NK .
—i

z

Therefore, we have,

|(<I> I17QY )(znr, 2Nn,) — Q?(ZNfaszi)‘

> 7w (@ Jane) QY (2, 2ys ) = D T (2w ane) QY (2, 2ve)
N 2

—1

< w2y [ane)| QY (2 2y ) — QY (2, 2ve)|
’

z

where the last inequality is due to the exponential decay property (cf. Definition 1 and Assumption 2).
Therefore,

1P/ QY — Qoo < cp™*!
Combining the above with (27), we get,

A0 Ao cprtt
12:Q7 — Qillpe < e

which, when combined with (26), leads to the desired result.

D Analysis of the Actor and Proof of Theorem 2

The proof is divided into three steps. Firstly, we decompose the error in the gradient approximation
into three sequences. Then, we bound the three error sequences seperately. Finally, using the bounds,
we prove Theorem 2.

Step 1: Error decomposition. Recall that the actor update can be written as 6;(¢t + 1) = 6,(t) +
7L (Q")gi(t), where

3i(t) = Vo, log ¢V (i (1) s (t) ZQ s (1), anx (1)),

and F(Qt) = W is a scalar whose purpose is to control the size of the approximated
J g oo

gradient. We also denote I'y = I‘(Qt). Recall that the true gradient of the objective function is given
by (Lemma 1),

Vo, J(0(t)) = E(qa)wmoto Vo, 1og ¢ (a;]5,) — Z Q1" (s,a)
jeAf

The error between the approximated gradient g;(¢) and the true gradient V, J(6(t)) can be decom-
posed into three terms,

9i(t) — Vo, J(6(2))

) 1 N
= Vo, log ¢/ (a,(t) Z Q) sy (1), awg (1)) = B aymoco Vo, log ¢ ailss) = D~ Qflsny, any)

JEN’” JENF

+ E(s,0)~ro0 Vo, log ; ’() (ai]sq) [ Z Q (snres aNm) - Z Q?(t)(sN_;7aNi~)}

JENE JENE
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+ E(s,a)~mo® Vo, log (; Z() (ails;) [ Z Qe(t) (snr,anx) Z Q?(t)(s,a)}

JENF JEN
=el(t) +e2(t) + el (t).

We also use e'(t), €%(t), e3(t), §(t) to denote e} (t), eZ(t), e3(t), §i(t) stacked into a larger vector

K3
respectively. We next bound the three error sequences e} (t), €Z(t) and €3 (t).

Step 2: Bounding error sequences. In this step, we provide bounds on the error sequences. We
will frequently use the following auxiliary result, whose proof is omitted as it is identical to that of
Lemma 7.

Lemma 11. We have for any 0 and i, || Q%o < Qmax = 22"” As aresult, |V, J(0)|| < L;Qmax
and ||VJ( )H < LQmaX-

We start with a bound related to error sequence e} (¢), the proof of which is postponed to Appendix D.1.

Lemma 12. Almost surely, for all i, we have tho nt(Ve, J(0(t)),Tiel(t)) converges to a finite
limit as T' — oo.

Then, we bound error sequence e?(t) in the following Lemma 13, which is an immediate consequence
from our analysis of critic in Theorem 3 of Appendix C.

Lemma 13. Almost surely, lim;_, o, €2(t) = 0.

Proof. We have |leZ(t)[| < L; L D jens HQ? - Q?(t)Hoo — 0 as t — oo, where we have used part
(b) of Theorem 3. O]

Lastly, in Lemma 14 we show that e3(¢) can be bounded by a small constant as a result of Theo-
rem 3(a). The proof of Lemma 14 is postponed to Appendix D.2.

Lemma 14. Almost surely, e} (1)l < Lit

v 1 up”
With these preparations, we are now ready to prove Theorem 2.

Step 3: Proof of Theorem 2. Recall that 8; = n,I';. Note that by the definition of I'(-), 8; < 7.
Further, almost surely there exists some constant 7y s.t. 3; > 1, as by Theorem 3(b), almost surely,

HQ; |loo is uniformly upper bounded for all ¢ > 0,7 € A by some constant. Since the objective
function is L’-smooth, we have,

J(O(t+1))
> J(0(0) + (VI000), Bit) — 2B a(0)|”
= JOW) + BIVIOW)I + B (TIOW0), € (1) + (1) + (1) — 2 52(0)”

Therefore, by a telescope sum we have,

T T
ST+ 1) 2 JO0) + 3 AITTOOF + 3 0 (TIO0). T () + 3 AT 00,0
. t=0 . ;/0 t=0
# 3BT, 0) - 3 G AN
. =0 . t=0
> BIVIO@)IP + D m(VI(0(1), Tee( ZﬁtLmeHe Ol
t=0 t=0
Zﬂtnw MECIESS %'nfﬁ,
t=0
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where in the last step, we have used || VJ(0(¢))]] < LQmax (cf. Lemma 11); we have also used that
IT:g(t)|| < L. Then, rearranging the above inequality, we get,

S imo BV IOD)I2 — IV O))Ille* (®)])

Sizo B
< JOTHD) = By VIO Ll () + oo 5L |y Fuo Bl (D]
YD o Mt Do B
o T o mVIOW) Dee ) + B 5L S Al 28)
V=0 20 Bt

where we have used J(0(T + 1)) < 7 (Assumption 1) and 3; > ~n;. In (28), when T' — oo, the first
term on the right hand side goes to zero as its denominator goes to infinity (Assumption 3) while
its nominator is bounded (using Lemma 12 and Zfi 0 n? < 00); the second term goes to zero as
lle2(t)|| — 0 (Lemma 13) and ZtT:o By > ZtT:U 7: — 00. So the right hand side of (28) converges
to 0. From this, we have by Lemma 14,

n+1
liminf ||J(0(¢))]| < sup |le <L ,
mint 1000 < sup (1)) < L

because otherwise, the left hand side of (28) will be positive and bounded away from zero as T' — oo,
a contradction.

D.1 Proof of Lemma 12
We fix 4 and define for z = (s,a), Q = {Q;}1,,

FO(Q,z) = (Vy,J(0),T(Q)Vy, log ¥ (ai|si)~ Z Q,( SNF,aNF)),

jGN"

and F9(Q) =E, .+ F?(Q, z). We also define F'(Q, -) to be the solution of the Poission equation:
F(Q,2) = F'(Q.2) - F*(Q) + PF*(Q,2) = By [ 3 (F(Q, (1) — F*(Q))](0) = ],
t=0

where PY is the transition kernal on the state-action pair under policy 6, and P‘QF‘)(Q, z) =
E.npo(FO(Q,2).

One can easily check that £9(-, -) satisfies the following properties, the proof of which is deferred to
the end of this subsection.

Lemma 15. There exists Cr, Lo p, Lo r > 0 s.t. forall 0, z, g (Q,z)| < Cp and FG(Q,Z) is

Lo, p-Lipschitz continuous in 0 in Euclidean norm, and Lg p-Lipschitz continuous in Q in the sense
that,

1F(Q,2) = FU(Q )| < Lar ) I1Q; — Q.
j=1
With this definition, we can decompose (Vg, J(0(t)), e} (t)) into the following terms,
(Vo J(0(t)), Tee} (1)) = FOO(Q', 2(1)) — F(Q")
= F‘g (Q',2(t)) = PPOFY(Q, (1))
= FYO(Q' 2(t + 1)) = PPOFYO(Q', 2(1))
+ QI (1) - FYO(Q 2 (t + 1))
+FYO(QF 2(t) — FUD(QI (1)
=a*(t) + a®(t) + a®(t) + a*(t),
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where we have defined,
a'(t) = FPO(QF, z(t + 1)) — PPOEIO(Q 2(t)),

(0) = - FUQ 20— mE Q0+ 1)
() = ML poe—D Qi (1)),

Nt
a*(t) = FO(Q"2(0) - FD(Q (1)),

With the decomposition, in what follows we show that Zthl nea’ () converges to a finite limit almost
surely for j = 1,2, 3, 4, which together will conclude the proof of this lemma.

For a'(t), let F; be the o-algebra generated by {#(k), Q, z(k) }r<;. Then, a' (t) is F;,-measurable
and Ea' (t)|F; = 0. As such, 3"/, n;a' (t) is a martingale process, and further,

T T e}
E[Y ma'(t)]> =D nfEla’ (t)]* <4CE ) nf < oc.
t=1 t=1

t=0

As such, by martingale convergence theorem, Zthl nyat(t) converges to a finite limit as T — oo
almost surely.

For a?(t), note that

T
> (1) = o FPO(Q%, 2(1)) — nr EYTI(QT, 2(T + 1)),
t=1

which also converges to a finite limit as 7" — oo, almost surely.

For a® (t), since the step size 7; is non-increasing, we have,
T

T
> onela® ()] =D (1 — ) [FPNQT 2(1))] < Cr(no — nr) < Crno.
t=1

t=1
As such Zthl nya®(t) converges to a finite limit almost surely.
Finally, for a*(t), we note that by the Lipschitz property of £(Q, z) in Lemma 15,

a4 (8)] < [FPO(QF, 2(8)) — FOD(@Q 2(8)] + B0 (QE () — FOD(@Q 2(1)

< Lo,r|0(t) = 6(t = 1) + Lo,r Y105 — Q5 s

j=1
< E@,F”?t—l + EQ,FOét—la
for some constant Ly  and Lg r almost surely. Here we have used [|0(¢) — 0(t — 1)|| < 1L
(check how we verified Assumption 9 in Appendix C.2). Further, we have used ||Q§ — Q;_l loo <

ap—1(27 + 2||CA2;71 lloo) (cf. equation (16) in Appendix C.2), and the fact that HQleOO is upper
bounded uniformly over ¢ almost surely, cf. Theorem 3. As such, we have

T 9]
ZTIt|a4(t)| < Z (Eo,Fﬂtmq + EQ,F%A%) < 00.
t=1 t=1

As a result, we have, Zthl nta*(t) converges to a finite limit as 7' — oo, almost surely. This
concludes the proof of Lemma 12.

Finally, we provide the proof for Lemma 15.

Proof of Lemma 15. Clearly, |F?(Q, 2)| < ||Vo, J(0)||Li < L?Qumax := C, where we have used
IVo, J(O)|| < LiQmax (cf. Lemma 11). Using the same argument as in Lemma 7 (b), we have

1F9(Q,2)| < Cp = 12—6::) C'. Next, note that,

IF(Q,2) — F(Q, )|
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< [(Ve,J(0) = V4, (9), T(Q) Vo, log (" (ails:) - ZQJ sy ans))]

JeN"
+1(V0,7(8), T(Q) (o, log ¢ (arls:) — Vi, log ¢ (arls)) - 37 Qs ang))
JEN"”
< L'Lil|0 = 0]l + LiQumax Li[|0 — 0]| := Lp [0 — 0]
The above shows FQ(Q, z) is Lipschitz in 6. Then, using a similar argument as Lemma 8 (c), we can

show F0 (Q, z) is Lipschitz continuous in 6. To do this, we fix any initial z, let d?* be the distribution

of z(t) under policy 6. Then, equation (22) in the proof of Lemma 8 shows that d?-* — 7% is Lipschitz
in 6 with Lipschitz constant geometrically decaying in t, i.e. for some Ly > 0,

TR fp +1
2

1@ =7%) = (a”* — 7)1 < Lal )'lle — 6.

Note that by definition,

=33 (@) - () FQ. ). (29)

<D0 [l = 7 - @) - 7 EDIIFQL )
+ ™) = 7 (IFQ, )~ FU(Q, 2]

<> [lat = 2% = @ = 7)1 Cf + ™ — 77|11 L llo — 0]

t=0
= 1+ pp 5 5
< [LaCr (=52 110 = 01l + 260 L 110 — 0]
t=0
< Lo,rl|6 - 9],

for some Ly p > 0. This shows that F Q(Q, z) is Lipschitz continuous in 6.

Finally, we show E Q(Q, z) is Lipschitz in Q. Note that,

F(Q.2) ~ Q)] < L Qua|N@Q) T 32 @iy ans) ~T(Q)~ 32 @lony any)
JEN[ JENF
< L Quas|(P(Q) D@~ Y Qlony any)
JENF
Bl (@)]5 3 @l awp) = Qo any))|
JEN[

Note that

s Qs e = s Q1] 35,10~ @)l

INQ) -T(Q)| =

(1 + max; [|Qjlle) (1 + max; HQQ\loo) (1 +max; Qo)
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As such,

|F9(Q7 ) FG(Q Z)‘ < LQQmaxZ ”QJ Q ||oo +L2Qmax Z ||QJ QA;HOO
= Lo.r Z 19 = Qflle:

which shows F?(Q, z) is Lipschitz in Q. Then, by (29),

[F(Q,2) = FUQ o) <Y D 1d™ () — ()

t=0z'eZ

[d” =71 Ly p > 11Q) — Q)llse
J

(Q7 Z/) - FH(Q/7 Z/)

o

~
Il
<

e

2eootip L. r Y 1Q5 — Qfllso
j

~
Il
=

< Lor Y Q5 — Qjlloes
J

which shows FO(Q, z) is Lipschitz in Q. O

D.2 Proof of Lemma 14

Let cg(t) be the constant in Theorem 3(a). Then,

NE

ezis(t) = E(s a)~m0® Vo, log ¢; i ) (ailsi)— [ Z Q SN;’vaNf) -
JEN[

Q) (s,a)]

1

o

= E(s,a)wﬂ'e(t)VQi log Cfl azlsz |:Z Qe(t) SN" aN"”) - Qf(t) <S> a):|

1

J

1
*ZEM 0 Vo, 10g ¢ (il ) [ Q) (s ang) + ¢ = @V (s, 0)],

Jj=1
where in the second equality, we have used for all j & NJ,

A 9(t)(

E(s,a)”we(t)v9i log Ciai(t) (ailsi)Qj SNf’aN;‘) =0,

and in the third equality, we have used for all j, E(, )0t Vo, log Cgi(t)(ai\si)c?(t) = 0. The

reason of these is due to Qe (snr,anr) does not depend on a; when j ¢ N, and c;)(t) does not

depend on a; for all 5. For more detalls see (9) in the proof of Lemma 2 in Appendix A.1.

As such, by Cauchy Schwarz inequality and Theorem 3(a),

2
0; 0 0
H@ ( )H < \/]E(sa ~7r9(’)||v9 IOgC (t)( |S )”2\/]E(5 a)~mo(t) |:Q ¢ )(SNJ'”aaNJ") + Cj(t) - Qj(t)(sva)
j 1
k+1
<L L
1 —pp
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