Supplementary Material: Asymptotic Guarantees for Generative Modeling
based on the Smooth Wasserstein Distance

A Additional result and proofs for Section

A.1 Concentration inequalities for Wgo) (P, P)

We consider a quantitative concentration inequality for Wga) (P, P). For a > 0, let |||y, =

inf{C > 0 : E[e(€/9)%] < 2} be the Orlitz t),-norm for a real-valued random variable ¢ (if
a € (0,1), then || - |4, is a quasi-norm). In Section [A.4] we prove the following.

Corollary 3 (Concentration inequality). Assume E[W\”)(P,, P)] < oc. The following hold:

(i) If P is compactly supported with support X, then

P (W7 (P, P) 2 E[W\) (P, P)] +¢) < e @0, vt >0,

(ii) If N1 X|||p, < oo for some a € (0,1], where X ~ P, then for any n > 0, there exists a
constant C = C,, o depending only on n, o such that
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(iii) If P||z||9 < oo for some q € [1,00), then for any n > 0, there exists a constant C = C, 4
depending only on 1, q such that
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A.2 Proof of Theorem I

Recall that ¢, is the density function of A(0,021,), ie., o, () = (2mo2)~4/2elIzI*/(20%) for
x € RZ. Noting that the measure P,, * N, has density

1 & 1 &
T EZQOG(.T—XZ') = ﬁZLpU(XZ- —x),
i=1 i=1
we arrive at the expression
o e
W (P, P) = sup | =3 frpo(X;) = Pfx oo . 3)
feLipy | T i=1

The RHS of (@) does not change even if we replace f by f — f(z*) for any fixed point x* (as
Jga Yo (x* —y)dy = 1). Thus, the problem boils down to showing that the function class

Fi=Foa={f*ps:f€Lip o} withlip,o:={f €Lip: f(0) =0}
is P-Donsker. Pick any f € Lip; (, and consider

Jo(@) = [ polx) = / F)en(z —y) dy.



We see that, since | f(y)| < [£(0) + [[y]l = llyll,

fola)] < / l9lleo (@ — ) dy < / (2l + 1z — yll)o (= — ) dy

1/2
<lell+ [ Iolleotnyan < el + ([ loient) o)
= el + o2,

In general, for a vector k = (k1, ..., kq) of d nonnegative integers, define the differential operator

Dk — L
dat - gk’
with |k| = Zle k;. We next give a uniform bound on the derivatives of f,, for any f € Lip;.

Lemma 1 (Uniform bound on derivatives). For any f € Lip; and any nonzero multiindex k =
(k1,...,kq), we have

|D* fo ()| < o7 FHLV/(R[ = T)L, Ve e RY

Proof. Let H,,(z) denote the Hermite polynomial of degree m defined by

Hyp(2) = (~1)"e" /2 [dm

dzmeZQ/Q] ,m=0,1,....

Note that for Z ~ N(0,1), E[H,,(Z)?] = m!.

A straightforward computation shows that

d
Digo(x —y) = oo(x—y) [[[(-1) 0™ Hy, ((x; — y;)/0)
j=1
for any multiindex k = (k1, ..., kq), where D, means that the differential operator is applied to .

Hence, we have

d
D fo@) = [ $Weala =) | TICD0075 By (5 - 0)/0) | dy

d
= /f(x —oy)ei(y) [ [T~V " Hy,(y;) | dy,
j=1
so that, by 1-Lipschitz continuity of f,
d
|D¥ fp(x) = DF fo(a")| < ||lo — 2| /%(y) 1% 1He, ()| dy.
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Note that the integral on the RHS equals

d d d
[To " El#, )] < [To™ B[, = [T VAT <o VL

where Z ~ N (0, 1). The conclusion of the lemma follows from induction on the size of |k|. O

We will use the following technical result.



Lemma 2 (Metric entropy bound for Holder ball). Let X be a bounded convex subset of R® with
nonempty interior. For given N € N and M > 0, let CN(X) be the set of continuous real func-
tions on X that are N-times differentiable on the interior of X, and consider the Holder ball with
smoothness N and radius M

Ca(X) = {f € CV(X) : || fllowx) < M},

where || fllon (x) := maxo< |k <y sup, | D" f(x)| (the suprema are taken over the interior of X).
Then, the metric entropy of CL(X) (w.r.t. the uniform norm || - ||« ) can be bounded as

log N (eM, CH(X), ||+ lloo) SN diam(x) e N 0<e<,
Proof of Lemma[2l See Theorem 2.7.1 in [33]. O
We are now in position to prove Theorem[Il

Proof of Theorem[ll The proof applies Theorem 1.1 in [64] to the function class F = fg,d =
{f * o : f € Lipy o} to show that it is P-Donsker. We begin with noting that the function class F
has envelope F () := F, 4(z) := ||z|| + 0v/d. By assumption, PF? < co.

Next, for each j, consider the restriction of F to I;, denoted as ]:'j = {fl;, : f € F }. To

invoke [64, Theorem 1.1], we have to verify that each function class F; is P-Donsker and to bound
each E[||G,| ] where G, := /n(P, — P) and || - ||z, = supscz |- |. In view of Lemma

[ F; can be regarded as a subset of O3y (I;) with N = |d/2] + 1 and M; = (suplj ||l +
ov/d)\/ o~14/21,/[d/2]\. Thus, by Lemma [ the L?(Q)-metric entropy of F; for any probability
measure  on R? can be bounded as

log N (eM}Q(I;)"/?, F;, L*(Q)) Sax e Y/ L4/2+1),

The square root of the RHS is integrable (w.r.t. €) around 0, so that F; is P-Donsker by Theorem
2.5.2 in [33]], and by Theorem 2.14.1 in [33]], we obtain

E|Gnll 2] Sax MjP(I;)"? Sq 0™ W20, (1))
with M; = supy, ||z[|. By assumption, the RHS is summable over j.

By Theorem 1.1 in [64] we conclude that F is P-Donsker, which implies that there exists a tight

version of P-Brownian bridge process G'p in (>°(F) such that (G, f) < converges weakly in

¢ (F) to Gp. Finally, the continuous mapping theorem yields that

\/ﬁwgg)(Pn,P) =sup G, f S sup Gp(f) = sup Ggf)(f),
fer feF fELipy o

where G§§’) (f) := Gp(f * ¢,). By construction, the Gaussian process (Ggg)(f))feupw is tight

in £>°(Lip; o). The moment bound follows from summing up the moment bound for each F;. This
completes the proof. O

A.3  Proof of CorollaryI]

We start with proving the following technical lemma.

Lemma 3 (Distribution of ng) ). Assume the conditions of Theorem[lland that P is not a point mass.

Then the distribution of Lgf) is absolutely continuous with respect to (w.r.t.) Lebesgue measure and
its density is positive and continuous on (0, 00) except for at most countably many points.

Proof of Lemma[3l From the proof of Theorem [I] and the fact that Lip; is symmetric, we have
Lgf) = ||Gpllz with || - ||z := sup;c#| - |. Since G'p is a tight Gaussian process in (2(F),



F is totally bounded for the pseudometric dp(f,g) = v/Varp(f — g), and Gp is a Borel measur-

able map into the space of dp-uniformly continuous functions C, (F) equipped with the uniform
norm || - || z. Let F' denote the distribution function of Lgf), and define

ro :=inf{r > 0: F(r) > 0}.

From [69, Theorem 11.1], F' is absolutely continuous on (rg, c0), and there exists a countable set
A C (rg,00) such that F’ is positive and continuous on (rg,00) \ A. The theorem however does
not exclude the possibility that F' has a jump at rg, and we will verify that (i) 7o = 0 and (ii) £ has
no jump at r = 0, which lead to the conclusion. The former follows from p. 57 in [32]]. The latter is
trivial since

F(0) — F(0—) =P (Lﬁ? - o) < P(Gp(f) =0),

for any f € F. Because Gp is Gaussian we have IP(Gp(f) = O) = 0 unless f is constant P-
a.s. O

Proof of Corollary[ll From Theorem 3.6.2 in [33]] applied to the function class F, together with the
continuous mapping theorem, we see that conditionally on X7, Xo, ...,

VAW (PP P,) = sup V(PP — Po)f % LY

fer
for almost every realization of X, X5, ... The desired conclusion follows from the fact that the
distribution function of Lgf) is continuous (cf. Lemma [3) and Polya’s theorem (cf. Lemma 2.11
in [[70]). O

A4 Proof of Corollary[3]

Case (i) is Corollary 1 in [28]]. Cases (ii) and (iii) follow from Theorems 4 and 2 in [71] and [72],

respectively, applied to the function class F using the envelope function F'(x) = ||z 4+ ov/d. We
omit the details for brevity. [

B Proofs for Section 4

B.1 Preliminaries

The following technical lemmas will be needed.

Lemma 4 (Continuity of Wga)). The smooth Wasserstein distance ng) is lower semicontinuous
(Ls.c.) relative to the weak convergence on P(R?) and continuous in W. Explicitly, (i) if pu, — 1
and v, — v, then

likm inf WEU) (g, vi) > ng)(,u, v);
—00
and (i) if W1 (ug, 1) — 0 and W1 (vg, v) — 0, then

lim WA (g, ve) = W (). 4)

k—oc0

Proof. Part (i). We first note that if 1, — p, then py * N — p * N,. This follows from the facts
that weak convergence is equivalent to pointwise convergence of characteristic functions, and the
Gaussian measure has a nonvanishing characteristic function Ex ., [e?* ] = e ltl*/2 # 0 for
all t € R%. Now, if pi, — pand vy — v, then py ¥ N, — pux N, and vy, * N, — v x N,,. From the
lower semicontinuity of W, relative to the weak convergence (cf. Remark 6.10 in [16]]), we conclude

that lim infy_, oo ng)(,uk,uk) = liminfy oo Wy (pg * Ny, vg x Ny) > Wy (px Ny, v s Ny) =
W(U)
1 (,u7’/)'

Part (ii). Recall that ng) generates the same topology as W1, i.e.,

WA (g, ) = 0 <= Wy (pg, 1) — 0.



See Theorem 2 in [28]. So if s — p and vy, — v in Wy, then W™ (g, 1) = Wi (g, % Ny, o #
N5) — 0 and Wga)(yk, v) = Wy (vg * Ny, v x N;) — 0. Thus, by Corollary 6.9 in [16], we have
ng)(,uk, Vi) = Wi (pg * Noy vk * Ny) — Wy (pg * No, v s N, ) = Wga) (u, v). O
Lemma 5 (Weierstrass criterion for the existence of minimizers). Let X be a compact metric space,
and let f : X — RU {+o0} be Ls.c. (ie, liminf, ,z f(x) > f(Z) for any T € X). Then,
argmin, ¢ y f(z) is nonempty.

Proof. See, e.g., p. 3 of [73]. U

B.2 Proof of Theorem[2]

By Lemma[3] compactness of ©, and lower semicontinuity of the map 6 +— WEU) (P (w), Qp) (cf.
LemmaH)), we see that argmin, g WY'—) (P (w), Qp) is nonempty.

To prove the existence of a measurable estimator, we will apply Corollary 1 in [66]. Consider the
empirical distribution as a function on XN with X = R%, ie., AN > 2 = (21, 72,...) = Pu(2) =
n~t>°" | 8,,. Observe that XN and R% are both Polish, D := X x © is a Borel subset of the
product metric space XN x R%, the map 0 ng) (Pn(x),Qp) is L.s.c. by Lemmal] and the set
Dy = {9 €0 : (z,0) € D} C R% is g-compact (as any subset in R% is o-compact). Thus, in
view of Corollary 1 of [66], it suffices to verify that the map (z,d) — Wgo) (P.(x),Qp) is jointly
measurable.

To this end, we use the following fact: for a real function Y X Z 3 (y, z) — f(y, z) € R defined on
the product of a separable metric space ) (endowed with the Borel o-field) and a measurable space
Z, if f(y, z) is continuous in y and measurable in z, then f is jointly measurable; see e.g. Lemma
4.51 in [74]. Equip P (Rd) with the metric W; and the associated Borel o-field; the metric space
(P1(R%), W) is separable [[16, Theorem 6.16]. Then, since the map XY > z — P, (x) € P;(R?) is
continuous (which is not difficult to verify), the map XN x © > (z,0) — (P,(z),0) € P1(R%) x ©
is continuous and thus measurable. Second, by Lemma ] the function P;(R%) x © > (u, )
Wga)(u7 Qo) € [0,00) is continuous in y and ls.c. (and thus measurable) in 6, from which we
see that the map (u,0) — Wga)(u, Q) is jointly measurable. Conclude that the map (z,6) —

W (P, (), Q) is jointly measurable. O

B.3 Proof of Theorem[3

The proof relies on Theorem 7.33 in [67], and is reminiscent of that of Theorem B.1 in [37]; we
present a simpler derivation under our assumption[l] To apply Theorem 7.33 in [67], we extend the

map 0 — ng) (P,, Q) to the entire Euclidean space R% as

an(0) = WP, Qq) if 0O
T 400 if c R\ O

Likewise, define

gw%:{WVVRQw ifgeco

+00 if e R0\ O
The function g, is stochastic, ¢,(0) = g¢,(0,w), but g is non-stochastic. By construc-
tion, we see that argmingcpa, g»(0) = argmingcgo WEU) (P, Qp) and argmingcpa, g(0) =

argming g Wg”)(P, Qp). In addition, by Lemma @] continuity of the map 6 — Qy relative to
the weak topology, and closedness of the parameter space ©, we see that both g,, and g are 1.s.c. (on
R%). The main step of the proof is to show a.s. epi-convergence of g, to g. Recall the definition of
epi-convergence (in fact, this is an equivalent characterization; see [67, Proposition 7.29]):

HTheorem B.1 in [37] applies Theorem 7.31 in [67]]. To that end, one has to extend the maps 6 +—
W, (fin, tte) and 8 — Wy (jix, 1te) to the entire Euclidean space R%. The extension was not mentioned
in the proof of [37, Theorem B.1], although this missing step does not affect their final result.



Definition 1 (Epi-convergence). For extended-real-valued functions f,, f on R% with f being Ls.c.,
we say that f,, epi-converges to f if the following two conditions hold:

(i) liminf, . infoex £ (0) > infgexc f(0) for any compact set K C R%; and
(i) limsup,,_, . infocy fn(0) < infgeys £(0) for any open set U C R%.

We also need the concept of level-boundedness.

Definition 2 (Level-boundedness). For an extended-real-valued function f on R%, we say that f is
level-bounded if for any o € R, the set {6 € R% : f(6) < a} is bounded (possibly empty).

We are now in position to prove Theorem 3l

Proof of Theorem[31 By boundedness of the parameter space O, both g,, and g are level-bounded by
construction as the (lower) level sets are included in ©. In addition, by assumption, both g,, and g
are proper (an extended-real-valued function f on R% is proper if the set {§ € R% : f(f) < oo}
is nonempty). In view of Theorem 7.33 in [67]], it remains to prove that g, epi-converges to g a.s.
To verify property (i) in the definition of epi-convergence, recall that P,, — P in W; (and hence in
ng)) a.s. Pick any w € € such that P, (w) — P in W;. Pick any compact set K C R%. Since
gn(-,w) is Ls.c., by Lemmal[3] there exists 6,,(w) € K such that g, (6, (w),w) = infgex gn (6, w).
Up to extraction of subsequences, we may assume 6, (w) — 6*(w) for some 6*(w) € K. If 0*(w) ¢
©, then by closedness of ©, 0,,(w) ¢ © for all sufficiently large n. Thus, we have

lim 1nf61nf gn(0,w) = hmlnfgn(t?n(w),w) = 400,

n—oo
so that liminf,,_, infgex g (0,w) > infycx g(0). Next, consider the case where 6*(w) € O. In
this case, 0,,(w) € © for all n (otherwise, +00 = gy, (0, (w),w) > gn(6*(w),w), which contradicts

the construction of 0,,(w)). Thus, g, (0, (w),w) = ng) (Pn(w), Qo (w))- s0 that
@) (p
hnrr_1>1£f91161f In(On(w),w) = hmlan (Pn(w), Qo (w))
> W (P QG*(w))
>
2 jnf (6), (5)

where (a) follows from Lemma 4l

To verify property (ii) in the definition of epi-convergence, pick any open set I/ C O. It is enough

to consider the case where Y N © # &. Let {0],}°°; C U be a sequence with lim,,_, g(0},) =

infgeys g(0). Since infgey g(0) is finite, we may assume that @], € U N O for all n. Thus, we have
lim sup mf gn(0,w) < limsup g, (6,,,w)

n—r oo n—roo

= limsup W\") (P, (w), Qa1 )

n—oo

< lim W(P,(w), )+hmvv (P, Qo)

n—r oo

=0 =infocys g(0)

= Juf 9(0). ©

Conclude that g,, epi-converges to g a.s. This completes the proof. O

B.4 Proof of Theorem[d]

Recall that P = Qg~. Condition (ii) implies that argmm@e@W (P Qo) = {6*}. Hence, by
Theorem 3] for any neighborhood N of 6*,

: (o) . (o)
éggwl (PnaQG)*elglf;fwl (P, Q)

with probability approaching one.



Define R\ := Q\) — p(@) — (6 — 6%, D)) € £>°(Lip, ), and choose Ny as a neighborhood of
0* such that

1(6 — 0%, D7) lo, veen, ()

HLiply0 o H HL|p 10 2

for some constant C' > 0. Such V; exists since conditions (iii) and (iv) ensure the existence of an

increasing function 7(0) = o(1) (as 6 — 0) and a constant C' > 0 such that HR(”)(G)HUP <
1,0
16 — 6*|In(]|6 — 6*|)) and ||{t, D(")>Hup > C||t|| for all t € R,
1,0
For any 6 € Ny, the triangle inequality and ({Z) imply that
W (P, Q) 2 5[0~ 6% — W (B, P). ®)

For &, = %Wga)(Pn,P), consider the (random) set Ny := {f € © : \/n||f — 6*| < &, }. Note
that &, is of order Op(1) by Theorem[Il By the definition of &,,, infyen, W§”) (Pn, Qp) is unchanged
if Ny is replaced with Ny N Np; indeed, if 6 € Ng, then Wi (P, Qg) > § <= — W{7(P,,, P) =
W7 (P, P), so that infge v W™ (P, Q) > WS (P, P) > infgen, W7 (P, Qo).
Reparametrizing ¢ := \/n(f — 6*) and setting T, := {t € R% : [[t| < &,, 0* +t/\/n € O}, we
have the following approximation

[V 1 = 02l 3PS = P) (6D,
= _g
:W1 (anQe*th/\/ﬁ) "
< su f“R H ®
teT p 0*+t/y/nllLipy o
< énn(én/ Vn)
= O]p(l).
Observe that any minimizer t* € R% of the function h,, ||G — (t,D\9)) Hupl  satisfies

[#*]] < &,; indeed if [|t*]| > &, then hy, (%) > 0||t*uf||G%">nupl,o = C|[t*||—/AW" (P, P) =

3\/HW§0)(P,“ P) = 3h,(0), which contradicts the assumption that ¢* is a minimizer of h,(t).
Since by assumption §* € int(O), the set of minimizers of h,, lies inside T,. Conclude that

inf VW™ (P, Qo) = inf (|G — (1, D), o0z (1). (10)

Now, from the proof of Theorem[Tland the fact that the map G — (G(f * ¢5)) reLip, , is continuous
(indeed, isometric) from ¢ (F) into £>(Lip; o), we see that (G%U)f)feupm — Ggf) weakly in
>°(Lipy o)

Applying the continuous mapping theorem to L +— inf,cgd, HL — <t, D(")> and using the

|| Lip; o
approximation (I0), we obtain the conclusion of the theorem. O

B.5 Proof of Corollary[2]

The proof relies on the following result on weak convergence of argmin solutions of convex stochas-
tic functions. The following lemma is a simple modification of Theorem 1 in [/5]]. Similar tech-
niques can be found in [76] and [77].

Lemma 6. Let H,(t) and H(t) be convex stochastic functions on R%. Suppose that (i)
argmin,cpa, H(t) is unique a.s., and (ii) for any finite set of points ti,...,t, € R%, we

have (Hy,(t1),..., Hy(t)) 4 (H(t1),...,H(t)). Then, for any sequence {t,}nen such that
H,(t,) < inf,cga, Hy(t) 4 op(1), we have ,, <4 argmin, cpa, H(t).
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(b) Mean estimation for 2-mode Gaussian mixture

Figure 4: One-dimensional limiting distributions for: (a) the mean and variance of an MSWE-based

generative model fitted to P = N(j,,02), with g, = 0 and o, = 1; and (b) the two mean

parameters of the mixture P = 0.5N (1, 1) + 0.5N (2, 1), for g1 = 0 and py = 1. Also shown
on a log-log scale (with error bars) is the SWD convergence as a function of n.

Proof of Corollary2l By Theorem[3 6,, — 6* in probability. From equation () and the definition
of 6,,, we see that, with probability approaching one,

. o o C o o
inf /AW (P, Qo) +02(1) = VW (Pa, Qg ) = 5 v/[f — 6] = vaW;” (P, P),
N—————

=0g(1)

:O]p(l)
which implies that /[0, — 0*|| = Op(1). Let Hy(t) := |G = (t, D)) . and H(t) :=
1,0
||G§f) — <t,D(")>||L.p . Both H,(t) and H(t) are convex in t. Then, from equation (9), for
P10

-~

tn = v/n(0, — 0*) = Op(1), we have
\/ﬁwga) (Pna Q@n) = Hn(?n) + OP(l)'

Combining the result (I0) and the definition of 8,,, we see that H,, (£,) < inf,cga, Hp(t) + op(1).
Since G,({’) converges weakly to Ggf) in £°°(Lip; o), by the continuous mapping theorem, we have

(Hp(t1), ..., Hy(tr)) A (H(ty),...,H(ty)) for any finite number of points t;,...,t, € R,

By assumption, argmin, g4, H(t) is unique a.s. Hence, by Lemma [6] we conclude that T, %
argmin, cpa, H(t). O

Remark 6 (Alternative proofs). Corollary2alternatively follows from the proof of Theorem[d com-
bined with the argument given at the end of p. 63 in [2] (plus minor modifications), or the result of
Theorem [3 combined with the argument given at the end of p. 67 in [2)]. The proof provided above
is differs from both these arguments and is more direct.

C Additional Experiments

Figure M shows tne-dimensional limiting distributions for: (a) the mean and variance of an MSWE-
based generative model fitted to P = N (p., af), with p, = 0 and o, = 1; and (b) the two mean
parameters of the mixture P = 0.5\ (1, 1) + 0.5N (2, 1), for 11 = 0 and py = 1 (repeated from
the main text). Also shown on a log-log scale (with 1-sigma error bars) is the SWD convergence as
a function of n.
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