A Higher-order moment bounds

In this section we prove classical moment bounds on the SGD iterates following eq. (Z) with the
decreasing step-size sequence vy, = 7o/+/n. The following results are highly inspired from [3]], [2]
and [75] with the slight technical differences that: the iterates are not bounded since no projection is
used, the stochastic gradients are not almost surely bounded and a decreasing step-size is considered.

e Lemmal8|we give second and fourth moment bounds on [|6,, — 6* .
. Lemma|§|we give first and second moment bounds on f(6,,) — f(6%).

e Lemma[l0we give first and second moment bounds on f(6,,) — f(6*).

We start by providing second and fourth moment bounds on ||6,, — 6*|| in the following lemma.

Lemma 8. Ler (A.1][A2] [A-3] [A-4) hold and consider the SGD iterates following Eq. (2)). Assume
Vn = % Then:

E (16, — 671*] < (160 — 6" | + 18R n(en)) := i,
E (6, — 0°[1*] < (16 — 0°[]* + 4,3 B (en)) " = D,

Proof. Starting from the definition of the SGD recursion eq. () we have:
gn - 077,71 _’Ynfyll(enfl)v (3)
and get the classical recursion:

165 — 6*[1° = [160—1 — 6"[* — 29 (fa(Brm1) Bt — %) + 2 | f2 (G 4)

Second moment bound. We take the conditional expectation w.r.t the filtration F,,_; =
o((i, yi)1<i<n—1):

E 100 = 0717 1Faa] = 101 = 071 = 2900/ (On1), 00 = 0°) + 32 12 On )]

taking the full expectation and using that by convexity of f, (f'(0,—1),0n—1 — 6*) > 0, we obtain:

E 60 = 0°1F] < B[ 1001 = 01| 4422 < 160 — 0" [P+43 B2 D k™" < (60 — 0°[*++3 B In(en).
k=1

Fourth moment bound. For the fourth-order moment bound, we take the square of Eq. (@):

Hen - 9*||4 = ||9n,1 - 9*“4 + 4’72<fé(9n71)79n71 - 9*>2 + 'Yi valz(gnfl)”él

— dy (fr(Bra1)s Ot — ) |01 — O (* = 43 (f2(Brm1) s Ot — %) || 2 (O]
+ 292 (|01 — [ |1 £2 (B

Taking the conditional expectation:
E (160 = 01" 1Fae1] = 11001 = 0" + 4720 [1 (01, 0r = 07)21Fa] + 33E [£2(60-1)II* 1 7]
— 43 (/B 1), Bt = 0°) [y — 07> = 43E [(f1(Bn1), 601 = 6) | 1 (O 1]
+292 801 = 01 E |1 (0-) I 1 7]
<t = 1 + 672 R? (|01 — 07 ” + 373 (R)? + 297 |61 — 67" B2,
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Taking the full expectation yields to

E (16, = 0°11'] <E 1001 = 0°[1'] + 892 R2E [ 61 — 6] + 33 (R)?
<E [|60-1 — 0"[|"] + 82 B2D, 1 + 33 (R?)?

0o — 0%]]” + v R? In(e(k — 1 =~ 1
<||9 —9* H +8 QRQZH 0 ” 'yk ( ( )) +373(R2)22ﬁ
k=1

<[00 — 07" + 815 R (160 — 0°||* + 73 R* In(en)) In(en) + 345 (R*)*n* /6
<100 = 0"|I* + 873 In(en) R? [|6g — 07| + 73 In(en) (B*)* (81n(en) + 7°/3)

*(2 2 P2 2
< (||90—9 I” +4v5R ln(en)) )

We then give first and second moment bounds on the function value evaluated in the averaged iterate:

f(0,) — £(6).
Lemma 9. Ler (A.1][A.2][A.3] hold and consider the SGD iterates following Eq. (2)). Assume

Y = % Then:
n—1 12
E[£(0,)] ~ 1(6°) < - S E[S(64). 0~ 6] < = [”9;9” 20 1n<en>] 7
k=0

n Yo

E [(f(én) - f(o*))Q} <E {(i y (f'(Or), 0k — 9*>> ] < In(en) {”90 — 0 + 670 R? ln(en)} .

Proof. Rearranging Eq. {@) we have:
2 (On1),On1 = 07) = % 10n—1 = 07" =7 10 = 07|* + Y0 N+ M,

where we denote by N, := || (0,—1)||> and M,, := 2(f'(0p_1) — f/(0n_1),0n_1 — 0%) which
both satisfy E [N,] < R2, E [M,] = 0 and E [M2] < SE [||9n,1 — 0 }
Taking the sum of the previous equality for £ = 1 to k = n, we obtain:

n—1

2> (F'(Ok), 0k — 07) = 75" 100 — 07 [|* — v, * (|0 — 07|

k=0

30 = 017 (s — )+ D (e Nk + M), (5)
k=1
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First moment bound. The first result is obtained by directly taking the expectation, using Lemma|g]
to bound E {HQ;C —0* HQ} and using the classical inequality > _;_; VE < 2y/n:

n—1 n—1

23 E[00), 00— 0] =75 160 = 0*117 = 7 "E [ 16 — 0°1F] + D E [0 — 0*1F] (s = )
k=0 k=1
+ ) HE[N]
k=1
n—1 _
35 10— 01 =2 E (16, — 0°1] + s S0 — ) + o SO VR
k=1 k=1

<A 160 — 0|17 + 7, Crst + 2R? Y0/
<5 100 = 0°17 + 7 (160 = %P + 23 B2 In(em) ) + 2R%30v/m
2160 — 6%

Yo

<+vn [ + 4y R? ln(en)‘| .

Second moment bound. Notice that 7, _:1 -yt = o \/7+ TR < 1/(270Vk). To obtain the
0

second-moment bound, we define A,, := ;" ||6o — 0%|? + 30 L0071 + > (e Nk + My,)

2 27 \/7
which satisfies the recursion formula for Ay = %:
On_1 — 0%

270v/1

When proving the first moment bound we showed by induction that E [4,] < \/ﬁ[Qlw";ioe*”z +
4o R?In(en)], hence:

Ela2] =g [a2 ]+ [P 00 O Ny 0| 428 [, et = O
" o 270v/1 270v/1
+ 27nE [An—an] + 2E [An—an]

1 e D,

<(1+—)E[42_] = R’E[A,, J+37 . L 4 3v2(R?)? + 12C,_1 R?,
n 4 dygn

since

E 1621 — 0" + 9Ny + M, | < g L4 3v2(R?)? + 12C,_ 1 R%.

2701 470 "

Thus we obtain

E[AY] E[A7 4] | Dno 9 D,
S S S R ] 43

—1

2 +372(R?)? +12C,,_1 R?,
0

and we have then

E[AL] E[A% ] (160 = 0"])° + 1173 R In(en))?

n+l = n Y3 (n+1)
Thus we find that
R [42] < 1)1 - )" /4+ (n+ 1){1l 6°|* + 1193 R* In(en)]” In(en)
g0
Dividing by n? concludes the proof. O
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In the following lemma we give a first and second moment bound on f(6,,) — f(6*). To do so we
adapt the proof of [[73].

Lemma 10. Ler (A.1][A.2][A.3] hold and consider the SGD iterates following Eq. (2)). Assume

Vr = % Then:

E [f(en)] - f(o*) <

In(en) |36y — 6%
Vn Yo

+ 4R?y ln(en)] ,

2
+ 207 R? In en] .

E[(f(6) ~ £(6)°] < e [4“00 o)

n Yo

Proof. We adapt the proof of [75]. We note that from eq. (3) and for any § € R%:
2
16n = 01 = [16n—1 — 011 = 2 (£5,(On—1), 001 = 0) +v2 || £, (O —1)]” - (6)
Rearranging Eq. () we have:
2(f"(0n-1),0n—1 —0) = 'Yr:l 1671 — HHQ - 'Vr:l 16, — 9”2 + N + sz

where we denote by N,, := ||/ (0n—1)||* and M2 := 2(f"(6r_1) — f/,(0n_1),0n_1 — 0). Note that
they satisfy E[N,,] < B2, E [M?] = 0and E [(M?)?] < SE [||9n,1 - 9||2} R2.

Therefore summing from k£ = n 4+ 1 — ¢ to kK = n, and applying for = 6,,_; we have:

n—1 n—1 n n
2 (P00 =) < D> N0k — Ol (i = D+ D Nt Y. My
k=n—t k=n-+1—t k=n-+1—t k=n+1—t
=B, 4

where we write M ,?*t =M ]f"’t. Using the fact that f is convex we get that

n—1
2 > (f(0k) = f(0ns)) < B, (7
k=n—t

As in the proof of [[75], let S; = % Zz;i_t £ (0y,) be the average value of the last ¢ iterates. Rewriting
eq. (7) we get:

n

B"_
—f(Op—t) < =S¢+ ;t L

The trick is to note that:

n

B
(t—1)Sp-1 =Sy — f(On—r) < 1Sy — Sp + —=,

2t
Dividing by ¢ — 1 we immediately obtain:
R =
L= o — 1)
Summing fromt = 2 to ¢t = n:
F0ur) = 8 < 5, 1+ 3 Dt ®)
YT ST Lot — 1)

First moment bound. We obtain the first moment bound by taking the expectation of eq. (8):
L) B;’;,
E[f(60-1)] - £(6°) S E[S] = £(67)+ M

t=2
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With

n—1 n

EBp]< Y E[l— 0] ik %)+ Y (WEIND +E M)
k=n+1-t k=n+1-t
<4Ch 1 (v, ! - ’Y;ilft) + R? Z Ve
k=n+1—t

<[4Ch_1/70 + 2R?*y0](v/n — \/n —t)

t
<[ACh-1/70 + 2R*y0)—————= < [4C—1/70 + 2R*v0] —=

Vvn+ \/; vn'
where we have used that by integration by part Y ¢ .|, 1/vVEk =2(y/n — v/n —t). Thus

4C—1/70 + 2R?*yo
2v/n

4Cp—1/70 + 2R*y0
2y/n
We can now bound C,,_; using Lemma|[8|and E [S,,] — f(6*) using Lemmal9]to obtain:

E[f(0n-1)]=f(07) <E[Sn]-f(0%)+ In(en).

S E[Sa]-f(0%)+

i 1 60 —6*? 4Cy_1 /70 + 2R?
B G-1)] - £07) < T2 g neny] + 2222200 £ e
Lo =617 o 41160 — 0°|1* /50 + 670 In(en)
< —=]— 1 1
< \/ﬁ[ 0 + YR In(en)] + NG n(en)
In(en)
3|60 — 6* 4R%*y01 .
<@l I* /70 + 4R%0 In(en)) NG
Second moment bound. For the second moment bound, we obtain taking the square in both sides

of Eq. (§):
n n 2
E [(f(6n1) — f(6%))?] < 2E [(S, — f(67))*] +2E [(Z th_l)> ] O

We can bound the first term using the second bound of Lemma [0}

E [(S, - £(6)?] <E (iiwek),ek—ew) < nten) [90‘9*”2+6%R%n<en>} .

n
=0 Yo

For the second term we compute:

- By 4 — ||9k—9n7t|| (’7k+1 ’Yk - ’Yka - = M” K
Z Qt(t Z Z Qt(t —_ 1 +Z Z +Z Z 2t t— 1
t=2 t=2 k=n+1—t t=2 k= n+1t t=2 k=n+1—t

and individually bound:

"o, ) 1 N L G A
E{(;Zt(t-1))]<3ﬂ3[<z > 2t(t—]iJ)r ) )]

t=2 k=n+1—t
2 N n . 2
43 (Z 3 Wk) (Z > ) o)
t=2 k=n+1— t

t=2 k=n+1—t

+ 3E

For the first term, we use that for 1 < 14,5 < n:

E [Ho,- - oj||4}] <8E [||9i - 9*”4] +8E [||9j - 9*||4] <16D,.
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Therefore we use the Minkowski inequality ( 1/E [(a + b)2] < \/E [a2] + /E [b?]) to obtain:

n-! ||9k*9n—t||2 (’Y;G_.L*'Yk_l) u 'Yk+1 4 ’
>y e (% me el o]
t=2 k=n+1—t t=2 k=n+1—t

n

16D, t—1 1712 4D,
<[> | < % m2(en).
dnyg L t(t — 1) nye

Hence using Lemma 8}

n n—1 -1 _ -1 2 n
(Z Z 10k — 0r— t|| (Vo1 — Vx )) _417()(”9 _9*|| +47§R21n(en))2

t=2 k=n+t1—t 2t(t — 1) g

(1)

For the second term, we proceed in the same way. A classical result on the fourth moment of a

2
Gaussian random variable gives: E [NZ] = E [||x||§} < 3E {Hx”i} < 3R*. Hence:

2t(t— 1)

2 2
S SR 16
: (ék_nzﬂ_t%é—kn) 2 )

t=2 k=n+1—t

n

[

<<%@ oLy @)
[
[

a t=2 2t(t - 1) k=n+1—t

<

" /n—+n—t ’
%@th(t Vl)>

t=2

<

2
V3R M 2 pd 12
YoV3R 1 ) < 3R 1In (en). (12)

Vi -1

[\

4n

For the third term, denoting:

M= 2(f(0k1) = i(0k1), 051 — O )
= 2(Ch 01 — On—t)-
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1

_ 1 k _ n _ _ l . . .
Letoy = j—gy and Ay = Y ieni1_r Xt = 7=—F — - Using martingale second moment expansions

(5.5 a5 ]| (B £ )

t=2 k=n+1—t k=1 t=n+1—k
n—1 n
o ek 1* n—t 2
=2 E <<’“’ 2 t(t—1) > ]
k=1 t=n+1—k
n—1 n 0 0
2 k 1 = Un—t
<2R*) "R Z TSI 1
k=1 n+1—
n—1 n 2
<R (A D M L (1 — Onr) ]
k=1 t=n+1—k

<2R Y (AL D ArB (10— Ouil’]
n—1
2R AL Y ek [k — O dl]

k=1 t=n+1-—k

= n {01 = O]
<9 p2 N1 -1
*QR Z[(n k) n ] Z t(t— 1)

k=1 t=n+1—k

Notice that taking the expectation in eq. (6), using f’s convexity and the fact that the stochastic
gradients are bounded in expectation:

E|16: = 01| < E[10i-1 — 0| = 20(f(6) = F(0)) + 222,

Hence summing formi =n —t+1toi =k — 1:

k—1 k—1

E 0;i_1),0,_1— 6 1
E [0~ 0] < B[l — 0] -0 Y, BRI O, g 7L
i=n—t+1 t i=n—t+1
This leads to, if n — ¢t > 1
k—2
E[f(On—t) — f(6:)]
E |[|0k-1 = On—t]*| < GR*[MIn(k —1) —In(n —t)] + 290 »_ . :
[ ] Pl Vi+1
and if n — ¢t = 0, with the convention In 0 = 0:
-2
E[f(6y) — f(6;
E 1011 - 6017] < R Celh — )] + 290 Y LSO,
Hence
o E (01— el
Sitn=k)=n
t(t—1)
k=1 t=n+1—k
n—1 n—1
_ _ Ine(k —1 In(k—1) —In(n —¢
§7§R2Z[(n—k) t—n] ln(r(z—l)) + Z ( t(zg_l)( )
k=1 t=n+1—Fk
n—1 n k—2
— — 1 E f 971,— - f oi
+2702[(n—k:) 1_n 1] Z t(t_l) Z [( .t) - ( )]
k=1 t=n+1—k i=n—t s



The function z — *@ is increasing on [0, 1]. Hence forall 2 < t < n — 1: ,M <
In(n) "5 < 2In(n). Hence we can upper-bound:
n—1 n—1
_ 1y |Ine(k—1) In(k —1) —In(n —t)
Y=k =n"" . > T
k=1 nn ) t=n+1—k ( )
n—1 n—1 n—1
Ine(k —1) _ In(n) — In(n — t)
< — k)t — k)7t
<> ) n(n—1) +> (n—k) [Z tt—1)
k=1 k=1 t=2
n n—1 t
lnen 1 In(1— %)
— 4= k1 _ -\ n/
n n ; tz:; %(t -1)
n n—1
< lnen+21nn 1 1
n n t—1
k=1 t=2
3In®en
< .
n

Yo
n—t>0,E[f(0,—¢)— f(0")] < An_t\/% < An\/%. Furthermore, notice that rearranging

eq. (4) we obtain f(6y) — f(0*) < % + LQRQ < A,. Hence:

For the second term, let A,, = (M + 4R?%y, ln(en)> In(en), according to Lemma for

R 1 E[f(0n—t) — f(6") — (f(6:) — f(6)]
;[(n k)7t —n ]tz;ik T i;t —
- 1 S E[f(Bas) — F(07)]
_ -1 n
§k21(n k) tﬂ;_k t(t—1) :nz;f i+ 1
n—1 n—1 1 k—2 1 1 1 k—2 1
AT
= k:l(n & |J—n+1—k t(t—1) i:En:—t i+lvn—t ! n(n —1) o Vitl
_ A n—1 y . n—1 1 1 n 1
T Ve 2 Vi
<A S k N1 1= y-2 g
< -0 Y (( -4 )
<2Alw1 k)t AN 1=y
< nﬁk:fn* ) n s (%)2 <( E) - >
<6Anlneni:( _ k) 1
k=1
In%en



where we have used Lemma 20| to upper bound the Riemann sum. Hence:

2t(t — 1
t=2 k=n+1—t

n n—t 2 3 2
M | 1
<Z Z ) < 2R2[7§R23 nn en + 27064, nnen]

< 6R? — 2R2 In® en + 4v9 A, In? en]
n

612

< —[2R?In® en + 1216y — 0*||* In® en + 16 R*~42 In* en)
n

6R?In?
= %[12 160 — 0%||* + 17R?72 In® en).

Injecting eqs. (IT)) to (T3) into eq. (I0) we get:

2
", B, 3 4ln( n) ) 2 372R*In?(en)
_n=t < (= — f* 4 1 Zo-r A
(; %(t_l)) <2( - (1190 — 6"1* + 423 R 1n(en))” +

n 4

+ 6R2In%(en)[12 |6y — 07| + 17R?A2 ln2(6n)]>

IN

31In®en [4 160 — 6%

2
+ 2070 R*In en] .
n 0

Finally injecting this last inequality along with Lemma[9]in eq. (9) we obtain:

13)

+20voR?*Inen

E [(f(on—l) - f(é)*))Q] <2

_ p*|2 2
nen) [0 =0 | g reny]
n Yo

n Y0

n

8Inen 4100 — 0>
Yo

2
+ 2079 R%In en] .

B General results on the function f

61n en [4“90 — 0+

In the following section we prove the general results on f which are given Section[3] We also provide

a few more results which will be useful for proving the main convergence guarantee result.

Proof of Lemmas|I|to3] Note that f(§) = E[E[le + b — (z, § — 6*)]| | b]]. Since b is independent

of z and ¢, given outlier b, e + b — (z, 6 — 0*) is a random variable following ' (b, 02 + ||0 — 6* ||i,)
Hence |e + b — (x, 6 — 0*)| is a folded normal distribution and its expectation has a known closed

form [53]]:

b2
Elle+b—(x, 6 —0")|| b = \/>\/U2+|9 9*|Hexp< )
o2 + 10— 07|3)

b
V200?116 - 0°]3)

+ berf

f’s closed form formula immediately follows by taking the expectation over the outlier distribution.
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Note that in what follows the two successive differentations are valid since they lead to uniformly
bounded functions that therefore have finite expectations. The first differentiation of f leads to :

b2
¢h H(O—67)
o2+ 110 - 6+|3, 2(0% + 10— 0°|[3)
/1 b? b
+ 4/ —exp| — H(O— 07
27 ( 2(0” + e—e*nia) (02 + [|6 — 6%3,)3/2 0=

2
- iexp (— b 5 ) 0 5 H(@—H*)}
2m 2007 + 110 = 6*l1) ) (o2 + 110 — 0+[[3;)*/2

2
_\F L Ey |exp [ "V H0-6),
™ 2 202+ 110 — 0°[%)

o? + |0 — 0%
which can be rewritten as f'(0) = o(||60 — 0*|| ;) H (6 — 0*).

The second derivative of f leads to:

" o z - . b?
o= y28. p( 2(02+||0—9*z>>

@+ 10— 52\ 22+ 10-0))  Jor g o -6,

Setting 6 = §* immediately leads to:

1(07) = \/ziEb [exp (_;;ﬂ !

217
-/ = "q
™ ag

This concludes the proof of Lemmas [T]to 3] O

We now prove a few more results on f. The following lemma shows that f(6) — f(6*) and |0 — 0* ”i]
are closely related.

Lemma 11. Let hold. Then,
For ||0 — 60%||y > o
10

(1—mn)?

16— 6717 < (f(0) — £(67)).
For ||0 — 6% ||y < o )
10— 6°115 < T==(£(6) = F(6")).

-7

Proof. To prove these inequalities we set b € R and we take the expectation over the outlier
distribution afterwards.

— 2 * -
Letfb(Q)berf( (2+||9 — > \[ o2+ 1|6 — 6 Hexp( = 9*HH )).Weren

der the analysis dimensionless by letting :

fg(&) = berf (i) + L\/1 + 62exp (—52~> .

&2 NZ3 1+52
Therefore notice that f;(0) = fofb( ) where ¢ = Ha*z*”H and b = ﬁ
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V2—

First inequality: We first show that for & > 1, 5 < —Z~ T exp (52> ( fg(&) - fg(O)) Indeed sz
is convex (as for f it can be seen as: E He +b— x&‘ where &,z ~ A(0, 1) independent). Hence

M is increasing, therefore for all & > 1, M > fg(l) — fE(O). Notice that using
Lemma[I8}
. . - b - 2 b? )
f;(1) = f3;(0) =b <erf (\/§> —erf (b)) + \/;exp (—2> - ﬁexp (—b )
Vi-i )
> _
=/ 0P ( b )
Hence forall 6 > 1, &‘/3%1 exp (752) < (fl;(&)ffl;(())). Now, for § € R? such that || — *||; >
o,letc = % > land b = ﬁ:
Fo(0) = £o(07) = V20(£3(5) = £3(0))
2—1 ~
> V206 f\/?T exp (—bz)
V3(VI - 1)

: G
=22 oo (50 )

Taking the expectation over b we immediately get that for ||§ — 6*| ,; > o

1001y exp (=55 )] < 53— U0) ~ 07D,

s

which leads to the first inequality since PTG AEyE] < 10.

Second inequality: The second inequality is shown the same way as for the first inequality. This

time we use Lemma ford < 1,52 < 4exp (132> (f;(6)— f;(0)). This leads to: for |6 — 6*||,; <
g,

fo(0) = fo(67) = V20 (£;(5) — £;(0))
< \[20? exp (—52)

_ x(|2 2
_ vl Hexp(_b).
g

e exp (-5 ) < 26000 - ),

Taking the expectation over b concludes the proof. O

The following inequality upper-bounds the classical prediction loss E {H(‘) —0* ||i1] by our losses

E[f(6) — £(0")] and E [(f(6) — £(6"))*].

Lemma 12. Whatever the probability distribution on 6:

£ [I0 =013 < B L)~ 0] +

Hence the iterates (0,,) >0 following the SGD recursion from eq. with step sizes ¥, = Yo/v/1
are such that:

E[(f(6) = £(07))?] .

In? 0o — 0%|°
+ 180 noen l4| 0 =9I | 90 R lnen

E [H@n - 9*”214 ST- R - + 4Ry In(en)

40 In(en) | 31|60 — 0%
o
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Proof. The first part of the proof directly follows from Lemma|[TT}

E 10— 0*113,] =B [I0— 0*13 1410 — 0"l,r < o}] +E [16 = 0° I3, 100 - 0*I1; = 0}
4 10
<3 _Uﬁ]E [(£0) = FO N0 — 07| x < o}] + A=t [(£(0) = £(0))*1{[10 — 0"y = o}]
4o 10
E[(f(0) — f(6* ———E[(f(0) — £(6%))%].
<17 [(£(6) — £( ))]+(1_ﬁ)2 [(£(0) = £(6))%]
For the second part of the lemma we use the results from Lemma[I0]to get:
w2 40 In(en) | 3|60 — 0% 5 10 8InZen | |60 — 6% 5
E[\\Gn—e ||H] Ry [ AR n(en) |+ |4+ 200 R nen
O

C Proof of the convergence guarantee.

In this section we prove the main result given Section[d} This first lemma is crucial and is the analogue
of the self-concordance property from [2].
2
) Eoz(z).
—n)o

Lemma 13. Forall z € R:
Proof. We proceed similarly as for Lemma [T} Notice that:

B oo () 1040

la(z) — a(0)] <20 (ln 1

For b € R, let:

D=\ 0w e ()|

so that «(z) = Ky [ap(2) | b # 0]. We render dimensionless the analysis by letting for b € R* and

zeR:
b2
mAn P |

Notice that ay(z) = La;(2) where 2 = z/0 and b = b/v/20.

N 2 1
B \/;\/1+22

Qz

Let g(2) = bg, notice that if we upper bound |¢'(2)| by 20 (ln —) Then by a Taylor expansion

Qr

3
we get that |g(2) — ¢(0)|< 20 (ln ﬂ) Z which will lead to the desired result.
Quick computations lead to:
(1—mn) +nexp (—52) s 2 )
(1=n) +mexp (i) VI+Z 1_2n1+22(1—77)exp( =)+

g2 =

. (1—n)+nexp(—b%)
Notice that: 0 < . <land0 < < 1. Furthermore, from Lemma|17} for
o el ] v S
all u > 0: < 91In ;=-. Hence:

TP exp(a) =

2
lg'(2)] <1+ 18nIn -

2
<201n .
1-mn
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Therefore, for all positive Z, |g(Z) — ¢g(0)|< 20 <ln ﬁ) Z. This implies that for all positive Z,
65(2) — 3(0)] < 20 (1n 12 ) 265 (2).

Now for z,b > 0let Z = z/o and b= b/o:

lap(2) — ap(0)| =

Il
%)
=)

/:\
jm}
—_

| o
3

N——
SHRN
O

Taking the expectation over b ## 0 and using Jensen’s inequality concludes the proof. O

The following lemma shows that f’s particular structural enables us to bound the distance between
0,, for any sequence (6;)7"~, and the minimum 6*.

Lemma 14. Let (- - - hold. Then for any sequences (91-)?;01 € R their average
=15 ' 0; satisfies:

E [Hén - 0] < e | | 0 (n12) = [ (A, 6- )]

Proof. In the following inequalities, we first use that ||-|| ;,—, is a norm and then use Lemma. 3| with
2= 0 = 07| -

Ly £(0:)

n—1 —
1 Q. 1" N*\ (0 * 1 // * i *
S0 = £107)(0n - 0) EZ 1(07)(0: = 0%))
=0 H-1 =0 H-1
1 — *
sgz 0%)(6: 0 )l
1 . .
= 5Z|a(\|9i*9 lg) — 2O [[H(0: = 0%)|| g
i=0
n—1
20 2 \1 )
<= Z - —
e e P S R IR
n—1
20 2 \1 . .
== <1n1_77> nZ(f (6:), 6; — 6%).
k=0
Hence:
- 2 1 © 0 2 \?[1& ’
£ 0*)(On = 07) [y < 2= D f(603) 2(1 ) ( (f'(0), az—0*>>
n 4 1—n n
i=0 H-1 k=0
Since f"(0*) = ﬂ% H, we get:
2 2
_ > o2 1, 800 2 \? 1=
—H* < - ) - - _
E{Hen 0 }_(1777)2 9F an(HZ) 2(1n177)E =Y (0, -6 ,
=0 H-1 k=0
which ends the proof of the lemma. O
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— 2 .
We now show that H 1(6n) | , the square norm of the average of the gradients, converges at rate

O(1/n).
Lemma 15. Ler (A1) [A2] A-3] and consider the SGD iterates following Eq. (2). Assume

Vrn = % Then foralln > 1 :
2
1S, 16d 4 i} 4 o
E|=DF0)| | <=+ —E 100 =07 + =5 60— 0771
‘=0 H-1 ng 20

n—1 2
4 2 1/2 1 1
+— ]E[ei—e* ,} (—)
= (;_1: R R G
Proof. Starting from the SGD recursion for ¢ > 1:

0, =0;,_1 — i f{(0i-1)
=01 — i f'(0:) + vigi(0i-1),

1) — sgn({z;, 6;—1) — y;)x;. Hence by rearranging we get that f'(6;_1) =

where ¢;(0;_ (0;—
‘We sum from 1 to n to obtain:

1) =/
67 10 +Ez(61 1)

= 6y — 0" en 0*
=0

o
Note that || . || ;-1 is a norm, hence:
n—1 n—1
SO S 10— 0t I = et 6l (o = )+ qu+1
i=0 H-1 i=1 H-1

Using Minkowski’s inequality we obtain:

2

5 1 . 4 )
P I R (U PR e S (G T

2

(S *12 1/2 1 1 2 n—1
+4<;E[H0¢9 HH—l} ('Yi-&-l %)> + 4K ;51‘4-1(9)

We now bound the sum of noises. Since E [g;41(6;) |F;] = 0, using classical martingale second
moment expansions:

H-1

ZE [leia (@113

Z( (17 @5 ] +E [lall3-1])

=0

it1(0

H-1

Notice that E {Hx”fi,l} = d. Furthermore, since f'(§) = «(||0 — 0*||) H(0 — 6*), we obtain
£/ O = a0 = 0% 7)? 10 = 0" Iy < 2/m < 1. Hence:
2

<2n(d+1) < 4nd.

H—l

This proves the lemma. O
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Proof of Theorem [4

Theorem 16. Ler (A.7][A.2][A.3] hold and consider the SGD iterates following Eq. (2). Assume
Y = % Then foralln > 1:

B ) o2 5 _px4 B 2 4 5
e 10,13 - o Sm) Ot —mn) + O m) *+ O —e)

Proof. To prove the final result it remains to upper bound V%E [||9n —9*||i,,1} and

Z?;ll E |:H92 — 9*”?171}1/2 (%1“ — 7) in Lemma|E|

To do so we upper bound E [||9z - 9*||i1,1} by ;leE [||9z - H*Hz} which can be upper bounded
using Lemma|[T2}

2

40 In(ei) 3||90—9*|\ ) 80 Inen | || — 6% )
0; — 0* — + 4R*~oIn(ed) | + - 4 + 20voR*Inen
[H ”H} =17 i l Yo In(ei) 1-7)2 n Yo 7
1 1
<A,—+ B, -
— n\/7j+ ?’Lz

where A, = 7% In(en) [73“90 ) i ln(en)], and B, = 2% In*(en) [47“90—9*“2 +

Yo

2
20voR? In en} . Therefore:

2[]<> LSt mL) L

Yit1 Vi 72#% P

(4rn1/4 + rlnen)

A

and:
1

1 2
B (10l ] < s (Anvi - Ba).

We can then re-inject these bounds into Lemma [6}

LS5 re] | <2 a6 P (v B) 4~y (440yF + By Inen)
net UL T o et piniyg Y pPniag
16d 4 Lo )
S T + m Heo -0 || + m (5An\/ﬁ+ 2Bn In en)
16d 4 .
ST MQQHHO 9”2
4 4o 3160 — 0% )
—— |5 ~In(en) | ——— + 4R In(en n
M2n27§[ T ( )l - Yo (en)| vn
2
10 8In? 0o — 0%
+2 — noen 4|| 0 | +207R?Inen| In®en
(1-7)?2 n Y0
16d 4 2 ai(n) az(n)
< —+ —— |6 — 0
=0 g %0 =61+ 2= A - pn?
where  a;(n) = 80"7%‘6" {3H0°,;)9*“2 + 4o R? ln(en)} and  ax(n) =

. 2
6401n* en [4H90*9 I* 4 2070 R ln(en)] .
Y5 Yo

We can now inject this bound along with Lemma[9)in Lemma [T4}
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n—1

1 n—1 2
- ;f (6:)

H-1

E|[8. - 0"

2} 20
< —=E
)=
3202d n 8o 20a1(n) 20as(n
= apn e w0 i R )

800 2\’ In(en) [||90¢9*|2 ) r
+ - In ) + 6v9R* In(en
(1—77)2< —u) n o Ok In(en)

=0

160 — 0% +

3202d 1600 ( 2 )2 nen [ |16 — 67" 2 a2
< 4 - In + 363 R* In“(en)
L—7)?n  @1-72\ 1-n) =n % ’
20a1(n) 20a3(n) 802

= 5 T = 160 — 6|
p2(1—=7)3n32 " p2(1=0)tn2 - p(l —7)*nyg

2 R e R 2 4
o5+ Gt m) O )
_ 0*|1?
+O~(’y§#2(1 0277)3”3/2(”90 %9 H +’70R2)>.

O

Remark. Notice that we could have also bounded E [HGZ-H —0* ||§{,1} differently, since from

eq. (2):

E (101 = 0*13-+] =B [105 = 0*1132 | + 922 = 70010 = 0%, ' (00))

Notice that (6; — 0%, f'(0;)) -1 = a([[6; — 6%[| ;) ||6; — 6*]|> > 0. Thus E [||9Z-+1 - 9*“;,1} <

1/2 1/2
E 16— 6132 | +220dand E 6 - 015 | <E [I60— 0131 ] " + 70V VIn(ed).

Hence:
ity /2 (1 1 vz /1 1
E |]|6; — 0%[|3, . (—><]E B0 — 0% |13 (—>
; {” I ] Yi+1 Vi) {H 0 I } Yn Y0
n—1
+\/(§Z VIn(ei)(vVi+ 1 — Vi)
i=1

L2 1Y/2
E (1160 — 631
< + /dln(en)n.

Tn

2
H-1|

2
16 N 32In(en)d
< ( 180 — 6%, + ())
o nyg n

LY £(0)

n—1

This leads to a simpler upperbound on E [
1
2 210

E
"iso

The bias term is here O(1/un) instead of O(1/u?n?/?).
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D Technical lemmas.

In this section we prove a few technical lemmas. The first lemma is useful for the proof of Lemma[T3]

Lemma 17. Foralln € [0,1) and u > 0:

- <9ln 2
<9ln .
1n+ (1 —n)exp (u) 1—n
Proof. For (1 —n) € (0,1) let h(u) = T —nemray- [ has a unique maximum on R which is

attained in u,. such that A’ (u.) = 0. This is equivalent to 7 + (1 — 1) exp (u.) = (1 — ) exp (u) U,
1

and (1 —n)exp (uc) = 4--5. Hence for all u > 0, h(u) < h(uc) = =TT OS) e

Furthermore, (u, — 1) exp (u. — 1) = %(ﬁ —1). Therefore u, — 1 =W (l (ﬁ - 1)) where

€
101 _
W is the Lambert function and h(u.) = w Classical results on the Lambert function
give that for x > 1, W(z) < Inz and for z > 0, W(x) < x.

Hence for (1) € (0, 13z], then £ (72 —1) > 1 therefore W/ (%(# — 1)) <lng(s5 -1 <

1—n 1—n — —
1n% and h(u.) < %ln% = (e% —1-1)111% < anﬁ.
(32
For (1— 1) € [1ir, 1), W (g(ﬁ - 1)) < Lk~ Dand ) < s < 1 <92 <
2
91n ﬂ
Forn =0, u. = 1, h(u.) = e~ ! and the inequality still holds. O

The two following lemmas are used in Lemma|[TT]
Lemma 18. Forallx > 0 :

exp (5—962) < ff/; Lexp (—a?) <o <erf (%) . (w)) + \/Zexp (—f) - %GXP (=)

Proof. Let h(x) = x(erf (%) —erf (m)) +4/2/7 (exp (7%2) —exp (712)). We show that
h(x) > 0 which proves the lemma. We compute the first and second derivative of h, which leads to

h'(z) = erf (%) — erf (z) + zexp (—2?) %(\/ﬁ - 1),

B (z) = \/Zexp (—z?) [exp <f> V2 +V2(V2-1)(1 - 2x2)} .

Notice that the zeros of A" on R correspond to the intersection of an exponential and an upward
parabola: there are only 2 which we call 0 < x; < wo. Also note that " is strictly positive on

0,21) U (22, +00) and strictly negative on (z1, z2). Since h/(0) =0and A’ — 0 we have that
—+

h' has only one zero on R’ which we denote . and: A’ is positive on [0, z.], negative on [z, +-00).
Since h(0) = 0 and h e 0 we conclude that h is positive on R .
r—+00

O

Lemma 19. Let f})(&) = berf ( b + %T\/l + 02 exp (— 15;252). Forallbe Rand 5 < 1,

=
+
Qv

[




Proof. Let b € R and consider for z € [0, 1], h(z) = berf( b ) + ﬁ\/ + xexp (— L ) -
—1

14+x
\/\Eflxexp (—52). Then: h'(x) = exp ( ) We have b/ (z) =
ool 2)

T/ (1+2)7/?

1 b2
27/ 14+ exp ( 1+az)

3

(202 — (1 + ).

e Therefore if |b|> 1 then 2”(z) > 0 on [0,1] and 4/ is increasing on [0, 1]. Therefore

R (x) > Rh(0) = (ﬁ - \(Fl)exp ( 52> > 0. Hence h is increasing and h(x) > h(0).

o If |ble [1/v/2,1], then for zg = 20 — 1, b (x() = 0, A’ is increasing then decreasing
and h/(x) > min{h’(0),h'(1)} > 0. Note that for |b|> 1/4/2, h'(1) > 0. Hence for all
z € [0,1], b/ (x) > 0, therefore h is increasing and h(x) > h(0).
e Finally if |b|< 1/v/2 then h”(x) < 0. Therefore h is concave on [0,1] and h(z) >
min{A(0), h(1)}. However notice that by Lemma[18|we have that h(0) < h(1). Therefore
h(z) > h(0) on [0, 1].
Hence in all cases h(x) > h(0) on [0, 1]. Considering = G2 concludes the proof. O

This final lemma is required Lemma [I0]

2 < ) 1/2 _ >§3lnen.

Proof. For0 <z < 1leth(z) = 5((1 - 2)~1/2 1),

Lemma 20.

We first show that h(z) < 1 4 (1 — 2)~'/2. Indeed, first notice that on Ry, h(z) = 2 has only one
solution z,. which is such that 1 = (z. + 1)y/1 — x, furthermore: h(x) il % . Therefore
—

n (0,z.]. Similarly, h(z) = m

. \/11_71 — 14 o(1), hence for z close enough to 1
1

we have h(z) < \/f_ﬁ and by continuity arguments h(z) < 7= on [, 1). Finally we get that
h(z) <1+ (1—=z)7'/20on (0,1). We now use this bound to obtain the result:

by continuity hypotheses arguments, h(x) <

1
solution on [0, 1) which is also z. and h(z) =
z—

1
< In(en) +/ (1—2)"Y2%dx
0

=In(en) + 2
< 31n(en).

E Experiment Setup for the Breakdown Point Experiment

We followed the experimental setup of [79]. For Torrent, CRR and AdaCRR we used the implementa-
tions provided by the authors. We additionally used the matlab in-built implementation for the Huber
regression. The hyperparameters of these algorithm were set by grid-search, except for AdaCRR for
which they were set to their default values provided by [79]. To ensure that saturation was reached,
we did 10 passes on the whole data when using our algorithm on the ¢;-loss.
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