
A Proof of the upper bound

Complete proof of the Theorem 1 In the following subsections, we hierarchically build the
construction for our proof of Theorem 1. We have shown how we approximate a single weight
in Subsection 3.2. This first step is slightly different than the sketch above, in the sense that we
approximate a single weight with a ReLU random network, rather than a linear one. We then
approximate a single ReLU neuron in Subsection A.1, and a single layer in Subsection A.2. Finally,
we approximate the whole network in Subsection A.3, which completes the proof of Theorem 1.

A.1 Approximating a single neuron

In this subsection we prove the following lemma on approximating a (univariate) linear function
wTx, which highlights the main idea in approximating a (multivariate) linear function Wx (see
Lemma 3 in Subsection A.2).

Lemma 2. (Approximating a univariate linear function) Consider a randomly initialized neural
network g(x) = vTσ(Mx) with x ∈ Rd such that M ∈ RCd log dε×d and v ∈ RCd log dε , where each
weight is initialized independently from the distribution U [−1, 1].

Let ĝ(x) = (s� v)Tσ((T�M)x) be the pruned network for a choice of binary vector s and matrix
T. If fw(x) = wTx be the linear function, then with probability at least 1− ε,

∀w : ‖w‖∞ ≤ 1,∃ s,T : sup
x:‖x‖∞≤1

‖fw(x)− ĝ(x)‖ < ε.

Proof. We will approximate wTx coordinate-wise. See Figure 3 for illustration.
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xd
<latexit sha1_base64="f9JXrTpEI/6Cn9sJK2tSuGtt5wk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LDZCTyXpRY8FLx4r2A9oQ9lsNu3S3U3Y3Ygl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5YcqZNp737ZS2tnd298r7lYPDo+OT6ulZVyeZIrRDEp6ofog15UzSjmGG036qKBYhp71wervwe49UaZbIBzNLaSDwWLKYEWys1HPdp1HkuqNqzWt4S6BN4hekBgXao+rXMEpIJqg0hGOtB76XmiDHyjDC6bwyzDRNMZniMR1YKrGgOsiX587RlVUiFCfKljRoqf6eyLHQeiZC2ymwmeh1byH+5w0yE98EOZNpZqgkq0VxxpFJ0OJ3FDFFieEzSzBRzN6KyAQrTIxNqGJD8Ndf3iTdZsP3Gv59s9aqF3GU4QIuoQ4+XEML7qANHSAwhWd4hTcndV6cd+dj1Vpyiplz+APn8wfCq45v</latexit><latexit sha1_base64="f9JXrTpEI/6Cn9sJK2tSuGtt5wk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LDZCTyXpRY8FLx4r2A9oQ9lsNu3S3U3Y3Ygl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5YcqZNp737ZS2tnd298r7lYPDo+OT6ulZVyeZIrRDEp6ofog15UzSjmGG036qKBYhp71wervwe49UaZbIBzNLaSDwWLKYEWys1HPdp1HkuqNqzWt4S6BN4hekBgXao+rXMEpIJqg0hGOtB76XmiDHyjDC6bwyzDRNMZniMR1YKrGgOsiX587RlVUiFCfKljRoqf6eyLHQeiZC2ymwmeh1byH+5w0yE98EOZNpZqgkq0VxxpFJ0OJ3FDFFieEzSzBRzN6KyAQrTIxNqGJD8Ndf3iTdZsP3Gv59s9aqF3GU4QIuoQ4+XEML7qANHSAwhWd4hTcndV6cd+dj1Vpyiplz+APn8wfCq45v</latexit><latexit sha1_base64="f9JXrTpEI/6Cn9sJK2tSuGtt5wk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LDZCTyXpRY8FLx4r2A9oQ9lsNu3S3U3Y3Ygl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5YcqZNp737ZS2tnd298r7lYPDo+OT6ulZVyeZIrRDEp6ofog15UzSjmGG036qKBYhp71wervwe49UaZbIBzNLaSDwWLKYEWys1HPdp1HkuqNqzWt4S6BN4hekBgXao+rXMEpIJqg0hGOtB76XmiDHyjDC6bwyzDRNMZniMR1YKrGgOsiX587RlVUiFCfKljRoqf6eyLHQeiZC2ymwmeh1byH+5w0yE98EOZNpZqgkq0VxxpFJ0OJ3FDFFieEzSzBRzN6KyAQrTIxNqGJD8Ndf3iTdZsP3Gv59s9aqF3GU4QIuoQ4+XEML7qANHSAwhWd4hTcndV6cd+dj1Vpyiplz+APn8wfCq45v</latexit><latexit sha1_base64="f9JXrTpEI/6Cn9sJK2tSuGtt5wk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LDZCTyXpRY8FLx4r2A9oQ9lsNu3S3U3Y3Ygl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5YcqZNp737ZS2tnd298r7lYPDo+OT6ulZVyeZIrRDEp6ofog15UzSjmGG036qKBYhp71wervwe49UaZbIBzNLaSDwWLKYEWys1HPdp1HkuqNqzWt4S6BN4hekBgXao+rXMEpIJqg0hGOtB76XmiDHyjDC6bwyzDRNMZniMR1YKrGgOsiX587RlVUiFCfKljRoqf6eyLHQeiZC2ymwmeh1byH+5w0yE98EOZNpZqgkq0VxxpFJ0OJ3FDFFieEzSzBRzN6KyAQrTIxNqGJD8Ndf3iTdZsP3Gv59s9aqF3GU4QIuoQ4+XEML7qANHSAwhWd4hTcndV6cd+dj1Vpyiplz+APn8wfCq45v</latexit>

⇡ wdxd
<latexit sha1_base64="q+bsyvNu56duEVJhKTtFm6kFbDI=">AAAB/HicbVC7TsMwFHXKq5RXoCOLRYPUqUq6wFiJhbFI9CG1VeQ4TmvVsSPbgUZR+RUWBhBi5UPY+BvcNgO0HOlKR+fcq3vvCRJGlXbdb6u0tb2zu1ferxwcHh2f2KdnXSVSiUkHCyZkP0CKMMpJR1PNSD+RBMUBI71gerPwew9EKir4vc4SMorRmNOIYqSN5NtVxxmiJJFiBh/9EM780HF8u+Y23CXgJvEKUgMF2r79NQwFTmPCNWZIqYHnJnqUI6kpZmReGaaKJAhP0ZgMDOUoJmqUL4+fw0ujhDAS0hTXcKn+nshRrFQWB6YzRnqi1r2F+J83SHV0PcopT1JNOF4tilIGtYCLJGBIJcGaZYYgLKm5FeIJkghrk1fFhOCtv7xJus2G5za8u2atVS/iKINzcAHqwANXoAVuQRt0AAYZeAav4M16sl6sd+tj1Vqyipkq+APr8wfkvJOI</latexit><latexit sha1_base64="q+bsyvNu56duEVJhKTtFm6kFbDI=">AAAB/HicbVC7TsMwFHXKq5RXoCOLRYPUqUq6wFiJhbFI9CG1VeQ4TmvVsSPbgUZR+RUWBhBi5UPY+BvcNgO0HOlKR+fcq3vvCRJGlXbdb6u0tb2zu1ferxwcHh2f2KdnXSVSiUkHCyZkP0CKMMpJR1PNSD+RBMUBI71gerPwew9EKir4vc4SMorRmNOIYqSN5NtVxxmiJJFiBh/9EM780HF8u+Y23CXgJvEKUgMF2r79NQwFTmPCNWZIqYHnJnqUI6kpZmReGaaKJAhP0ZgMDOUoJmqUL4+fw0ujhDAS0hTXcKn+nshRrFQWB6YzRnqi1r2F+J83SHV0PcopT1JNOF4tilIGtYCLJGBIJcGaZYYgLKm5FeIJkghrk1fFhOCtv7xJus2G5za8u2atVS/iKINzcAHqwANXoAVuQRt0AAYZeAav4M16sl6sd+tj1Vqyipkq+APr8wfkvJOI</latexit><latexit sha1_base64="q+bsyvNu56duEVJhKTtFm6kFbDI=">AAAB/HicbVC7TsMwFHXKq5RXoCOLRYPUqUq6wFiJhbFI9CG1VeQ4TmvVsSPbgUZR+RUWBhBi5UPY+BvcNgO0HOlKR+fcq3vvCRJGlXbdb6u0tb2zu1ferxwcHh2f2KdnXSVSiUkHCyZkP0CKMMpJR1PNSD+RBMUBI71gerPwew9EKir4vc4SMorRmNOIYqSN5NtVxxmiJJFiBh/9EM780HF8u+Y23CXgJvEKUgMF2r79NQwFTmPCNWZIqYHnJnqUI6kpZmReGaaKJAhP0ZgMDOUoJmqUL4+fw0ujhDAS0hTXcKn+nshRrFQWB6YzRnqi1r2F+J83SHV0PcopT1JNOF4tilIGtYCLJGBIJcGaZYYgLKm5FeIJkghrk1fFhOCtv7xJus2G5za8u2atVS/iKINzcAHqwANXoAVuQRt0AAYZeAav4M16sl6sd+tj1Vqyipkq+APr8wfkvJOI</latexit><latexit sha1_base64="q+bsyvNu56duEVJhKTtFm6kFbDI=">AAAB/HicbVC7TsMwFHXKq5RXoCOLRYPUqUq6wFiJhbFI9CG1VeQ4TmvVsSPbgUZR+RUWBhBi5UPY+BvcNgO0HOlKR+fcq3vvCRJGlXbdb6u0tb2zu1ferxwcHh2f2KdnXSVSiUkHCyZkP0CKMMpJR1PNSD+RBMUBI71gerPwew9EKir4vc4SMorRmNOIYqSN5NtVxxmiJJFiBh/9EM780HF8u+Y23CXgJvEKUgMF2r79NQwFTmPCNWZIqYHnJnqUI6kpZmReGaaKJAhP0ZgMDOUoJmqUL4+fw0ujhDAS0hTXcKn+nshRrFQWB6YzRnqi1r2F+J83SHV0PcopT1JNOF4tilIGtYCLJGBIJcGaZYYgLKm5FeIJkghrk1fFhOCtv7xJus2G5za8u2atVS/iKINzcAHqwANXoAVuQRt0AAYZeAav4M16sl6sd+tj1Vqyipkq+APr8wfkvJOI</latexit>

⇡ w2x2
<latexit sha1_base64="3ygsbwok2HVm6AGwiUrpAUbdDLI=">AAAB/HicbVC7TsMwFHXKq5RXoCOLRYPUqUqywFiJhbFI9CG1VeS4TmvVsSPbgUZR+RUWBhBi5UPY+BvcNgO0HOlKR+fcq3vvCRNGlXbdb6u0tb2zu1ferxwcHh2f2KdnHSVSiUkbCyZkL0SKMMpJW1PNSC+RBMUhI91werPwuw9EKir4vc4SMozRmNOIYqSNFNhVxxmgJJFiBh8DH84C33ECu+Y23CXgJvEKUgMFWoH9NRgJnMaEa8yQUn3PTfQwR1JTzMi8MkgVSRCeojHpG8pRTNQwXx4/h5dGGcFISFNcw6X6eyJHsVJZHJrOGOmJWvcW4n9eP9XR9TCnPEk14Xi1KEoZ1AIukoAjKgnWLDMEYUnNrRBPkERYm7wqJgRv/eVN0vEbntvw7vxas17EUQbn4ALUgQeuQBPcghZoAwwy8AxewZv1ZL1Y79bHqrVkFTNV8AfW5w9LnJMk</latexit><latexit sha1_base64="3ygsbwok2HVm6AGwiUrpAUbdDLI=">AAAB/HicbVC7TsMwFHXKq5RXoCOLRYPUqUqywFiJhbFI9CG1VeS4TmvVsSPbgUZR+RUWBhBi5UPY+BvcNgO0HOlKR+fcq3vvCRNGlXbdb6u0tb2zu1ferxwcHh2f2KdnHSVSiUkbCyZkL0SKMMpJW1PNSC+RBMUhI91werPwuw9EKir4vc4SMozRmNOIYqSNFNhVxxmgJJFiBh8DH84C33ECu+Y23CXgJvEKUgMFWoH9NRgJnMaEa8yQUn3PTfQwR1JTzMi8MkgVSRCeojHpG8pRTNQwXx4/h5dGGcFISFNcw6X6eyJHsVJZHJrOGOmJWvcW4n9eP9XR9TCnPEk14Xi1KEoZ1AIukoAjKgnWLDMEYUnNrRBPkERYm7wqJgRv/eVN0vEbntvw7vxas17EUQbn4ALUgQeuQBPcghZoAwwy8AxewZv1ZL1Y79bHqrVkFTNV8AfW5w9LnJMk</latexit><latexit sha1_base64="3ygsbwok2HVm6AGwiUrpAUbdDLI=">AAAB/HicbVC7TsMwFHXKq5RXoCOLRYPUqUqywFiJhbFI9CG1VeS4TmvVsSPbgUZR+RUWBhBi5UPY+BvcNgO0HOlKR+fcq3vvCRNGlXbdb6u0tb2zu1ferxwcHh2f2KdnHSVSiUkbCyZkL0SKMMpJW1PNSC+RBMUhI91werPwuw9EKir4vc4SMozRmNOIYqSNFNhVxxmgJJFiBh8DH84C33ECu+Y23CXgJvEKUgMFWoH9NRgJnMaEa8yQUn3PTfQwR1JTzMi8MkgVSRCeojHpG8pRTNQwXx4/h5dGGcFISFNcw6X6eyJHsVJZHJrOGOmJWvcW4n9eP9XR9TCnPEk14Xi1KEoZ1AIukoAjKgnWLDMEYUnNrRBPkERYm7wqJgRv/eVN0vEbntvw7vxas17EUQbn4ALUgQeuQBPcghZoAwwy8AxewZv1ZL1Y79bHqrVkFTNV8AfW5w9LnJMk</latexit><latexit sha1_base64="3ygsbwok2HVm6AGwiUrpAUbdDLI=">AAAB/HicbVC7TsMwFHXKq5RXoCOLRYPUqUqywFiJhbFI9CG1VeS4TmvVsSPbgUZR+RUWBhBi5UPY+BvcNgO0HOlKR+fcq3vvCRNGlXbdb6u0tb2zu1ferxwcHh2f2KdnHSVSiUkbCyZkL0SKMMpJW1PNSC+RBMUhI91werPwuw9EKir4vc4SMozRmNOIYqSNFNhVxxmgJJFiBh8DH84C33ECu+Y23CXgJvEKUgMFWoH9NRgJnMaEa8yQUn3PTfQwR1JTzMi8MkgVSRCeojHpG8pRTNQwXx4/h5dGGcFISFNcw6X6eyJHsVJZHJrOGOmJWvcW4n9eP9XR9TCnPEk14Xi1KEoZ1AIukoAjKgnWLDMEYUnNrRBPkERYm7wqJgRv/eVN0vEbntvw7vxas17EUQbn4ALUgQeuQBPcghZoAwwy8AxewZv1ZL1Y79bHqrVkFTNV8AfW5w9LnJMk</latexit>

⇡ w1x1
<latexit sha1_base64="ZbXXdk6VIveDt2PDUpl7thSVUKA=">AAAB/HicbVC7TsMwFHXKq5RXoCOLRYPUqYq7wFiJhbFI9CG1UeS4TmvVSSzbgUZR+RUWBhBi5UPY+BvcNgO0HOlKR+fcq3vvCQRnSrvut1Xa2t7Z3SvvVw4Oj45P7NOzrkpSSWiHJDyR/QAryllMO5ppTvtCUhwFnPaC6c3C7z1QqVgS3+tMUC/C45iFjGBtJN+uOs4QCyGTGXz0EZz5yHF8u+Y23CXgJkEFqYECbd/+Go4SkkY01oRjpQbIFdrLsdSMcDqvDFNFBSZTPKYDQ2McUeXly+Pn8NIoIxgm0lSs4VL9PZHjSKksCkxnhPVErXsL8T9vkOrw2stZLFJNY7JaFKYc6gQukoAjJinRPDMEE8nMrZBMsMREm7wqJgS0/vIm6TYbyG2gu2atVS/iKINzcAHqAIEr0AK3oA06gIAMPINX8GY9WS/Wu/Wxai1ZxUwV/IH1+QNIjJMi</latexit><latexit sha1_base64="ZbXXdk6VIveDt2PDUpl7thSVUKA=">AAAB/HicbVC7TsMwFHXKq5RXoCOLRYPUqYq7wFiJhbFI9CG1UeS4TmvVSSzbgUZR+RUWBhBi5UPY+BvcNgO0HOlKR+fcq3vvCQRnSrvut1Xa2t7Z3SvvVw4Oj45P7NOzrkpSSWiHJDyR/QAryllMO5ppTvtCUhwFnPaC6c3C7z1QqVgS3+tMUC/C45iFjGBtJN+uOs4QCyGTGXz0EZz5yHF8u+Y23CXgJkEFqYECbd/+Go4SkkY01oRjpQbIFdrLsdSMcDqvDFNFBSZTPKYDQ2McUeXly+Pn8NIoIxgm0lSs4VL9PZHjSKksCkxnhPVErXsL8T9vkOrw2stZLFJNY7JaFKYc6gQukoAjJinRPDMEE8nMrZBMsMREm7wqJgS0/vIm6TYbyG2gu2atVS/iKINzcAHqAIEr0AK3oA06gIAMPINX8GY9WS/Wu/Wxai1ZxUwV/IH1+QNIjJMi</latexit><latexit sha1_base64="ZbXXdk6VIveDt2PDUpl7thSVUKA=">AAAB/HicbVC7TsMwFHXKq5RXoCOLRYPUqYq7wFiJhbFI9CG1UeS4TmvVSSzbgUZR+RUWBhBi5UPY+BvcNgO0HOlKR+fcq3vvCQRnSrvut1Xa2t7Z3SvvVw4Oj45P7NOzrkpSSWiHJDyR/QAryllMO5ppTvtCUhwFnPaC6c3C7z1QqVgS3+tMUC/C45iFjGBtJN+uOs4QCyGTGXz0EZz5yHF8u+Y23CXgJkEFqYECbd/+Go4SkkY01oRjpQbIFdrLsdSMcDqvDFNFBSZTPKYDQ2McUeXly+Pn8NIoIxgm0lSs4VL9PZHjSKksCkxnhPVErXsL8T9vkOrw2stZLFJNY7JaFKYc6gQukoAjJinRPDMEE8nMrZBMsMREm7wqJgS0/vIm6TYbyG2gu2atVS/iKINzcAHqAIEr0AK3oA06gIAMPINX8GY9WS/Wu/Wxai1ZxUwV/IH1+QNIjJMi</latexit><latexit sha1_base64="ZbXXdk6VIveDt2PDUpl7thSVUKA=">AAAB/HicbVC7TsMwFHXKq5RXoCOLRYPUqYq7wFiJhbFI9CG1UeS4TmvVSSzbgUZR+RUWBhBi5UPY+BvcNgO0HOlKR+fcq3vvCQRnSrvut1Xa2t7Z3SvvVw4Oj45P7NOzrkpSSWiHJDyR/QAryllMO5ppTvtCUhwFnPaC6c3C7z1QqVgS3+tMUC/C45iFjGBtJN+uOs4QCyGTGXz0EZz5yHF8u+Y23CXgJkEFqYECbd/+Go4SkkY01oRjpQbIFdrLsdSMcDqvDFNFBSZTPKYDQ2McUeXly+Pn8NIoIxgm0lSs4VL9PZHjSKksCkxnhPVErXsL8T9vkOrw2stZLFJNY7JaFKYc6gQukoAjJinRPDMEE8nMrZBMsMREm7wqJgS0/vIm6TYbyG2gu2atVS/iKINzcAHqAIEr0AK3oA06gIAMPINX8GY9WS/Wu/Wxai1ZxUwV/IH1+QNIjJMi</latexit>

⇡ wT x
<latexit sha1_base64="rQXf+fO2ifARJnZEVfup6k6FJwY=">AAACC3icbZC7TsMwFIadcivlFmBksdogdaqSLjBWYmEsUm9SEyrHdVqrjhPZDrSKurPwKiwMIMTKC7DxNjhtkKDllyx9+s858jm/HzMqlW1/GYWNza3tneJuaW//4PDIPD7pyCgRmLRxxCLR85EkjHLSVlQx0osFQaHPSNefXGX17h0Rkka8pWYx8UI04jSgGCltDcyyZbkojkU0hW6I1NgP0vv5beuHp3PLGpgVu2YvBNfByaECcjUH5qc7jHASEq4wQ1L2HTtWXoqEopiReclNJIkRnqAR6WvkKCTSSxe3zOG5doYwiIR+XMGF+3siRaGUs9DXndmOcrWWmf/V+okKLr2U8jhRhOPlR0HCoIpgFgwcUkGwYjMNCAuqd4V4jATCSsdX0iE4qyevQ6dec+yac1OvNKp5HEVwBsqgChxwARrgGjRBG2DwAJ7AC3g1Ho1n4814X7YWjHzmFPyR8fENqFuatg==</latexit><latexit sha1_base64="rQXf+fO2ifARJnZEVfup6k6FJwY=">AAACC3icbZC7TsMwFIadcivlFmBksdogdaqSLjBWYmEsUm9SEyrHdVqrjhPZDrSKurPwKiwMIMTKC7DxNjhtkKDllyx9+s858jm/HzMqlW1/GYWNza3tneJuaW//4PDIPD7pyCgRmLRxxCLR85EkjHLSVlQx0osFQaHPSNefXGX17h0Rkka8pWYx8UI04jSgGCltDcyyZbkojkU0hW6I1NgP0vv5beuHp3PLGpgVu2YvBNfByaECcjUH5qc7jHASEq4wQ1L2HTtWXoqEopiReclNJIkRnqAR6WvkKCTSSxe3zOG5doYwiIR+XMGF+3siRaGUs9DXndmOcrWWmf/V+okKLr2U8jhRhOPlR0HCoIpgFgwcUkGwYjMNCAuqd4V4jATCSsdX0iE4qyevQ6dec+yac1OvNKp5HEVwBsqgChxwARrgGjRBG2DwAJ7AC3g1Ho1n4814X7YWjHzmFPyR8fENqFuatg==</latexit><latexit sha1_base64="rQXf+fO2ifARJnZEVfup6k6FJwY=">AAACC3icbZC7TsMwFIadcivlFmBksdogdaqSLjBWYmEsUm9SEyrHdVqrjhPZDrSKurPwKiwMIMTKC7DxNjhtkKDllyx9+s858jm/HzMqlW1/GYWNza3tneJuaW//4PDIPD7pyCgRmLRxxCLR85EkjHLSVlQx0osFQaHPSNefXGX17h0Rkka8pWYx8UI04jSgGCltDcyyZbkojkU0hW6I1NgP0vv5beuHp3PLGpgVu2YvBNfByaECcjUH5qc7jHASEq4wQ1L2HTtWXoqEopiReclNJIkRnqAR6WvkKCTSSxe3zOG5doYwiIR+XMGF+3siRaGUs9DXndmOcrWWmf/V+okKLr2U8jhRhOPlR0HCoIpgFgwcUkGwYjMNCAuqd4V4jATCSsdX0iE4qyevQ6dec+yac1OvNKp5HEVwBsqgChxwARrgGjRBG2DwAJ7AC3g1Ho1n4814X7YWjHzmFPyR8fENqFuatg==</latexit><latexit sha1_base64="rQXf+fO2ifARJnZEVfup6k6FJwY=">AAACC3icbZC7TsMwFIadcivlFmBksdogdaqSLjBWYmEsUm9SEyrHdVqrjhPZDrSKurPwKiwMIMTKC7DxNjhtkKDllyx9+s858jm/HzMqlW1/GYWNza3tneJuaW//4PDIPD7pyCgRmLRxxCLR85EkjHLSVlQx0osFQaHPSNefXGX17h0Rkka8pWYx8UI04jSgGCltDcyyZbkojkU0hW6I1NgP0vv5beuHp3PLGpgVu2YvBNfByaECcjUH5qc7jHASEq4wQ1L2HTtWXoqEopiReclNJIkRnqAR6WvkKCTSSxe3zOG5doYwiIR+XMGF+3siRaGUs9DXndmOcrWWmf/V+okKLr2U8jhRhOPlR0HCoIpgFgwcUkGwYjMNCAuqd4V4jATCSsdX0iE4qyevQ6dec+yac1OvNKp5HEVwBsqgChxwARrgGjRBG2DwAJ7AC3g1Ho1n4814X7YWjHzmFPyR8fENqFuatg==</latexit>

Figure 3: Approximating a single neuron σ(wTx): A diagram showing our construction to approximate a single
neuron σ(wTx). We construct the first hidden layer with d blocks (shown in blue), where each block contains
k = O

(
log d

ε

)
neurons. We first pre-process the weights by pruning the first layer so that it has a block structure

as shown. For ease of visualization, we only show two connections per block, i.e., each neuron in the ith block is
connected to xi and (before pruning) the output neuron. We then use Lemma 1 to show that second layer can
be pruned so that ith block approximates wixi. Overall, the construction approximates wTx. Note that, after
an initial pre-processing of the first layer, we only prune the second layer so that we can re-use the weights to
approximate other neurons in a layer.
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Step 1: Pre-processing M We first begin by pruning M to create a block-diagonal matrix M′.
Specifically, we create M′ by only keep the following non-zero entries:

M′ =




u1 0 . . . 0
0 u2 . . . 0
...

... . . . 0
0 0 . . . ud


 , where ui ∈ RC log( dε )

We choose the binary matrix T to be such that M′ = T�M. We also decompose v and s as

s =




s1
s2
...
sd


 , v =




v1

v2

...
vd


 , where si,vi ∈ RC log( dε ).

Using this notation, we can express our network as the following:

(s� v)Tσ(M′x) =

d∑

i=1

(si � vi)
Tσ(uixi). (10)

Step 2: Pruning u Let n = C log(d/ε) and define the event Ei,ε be the following event from the
Lemma 1:

Ei,ε :=

{
sup

w∈[−1,1]
inf

si∈{0,1}n
sup

x:|x|≤1
|wx− (vi � si)

Tσ(uix)| ≤ ε
}

Define the event Eε :=
⋂
iEi,ε, the intersection of all the events. We consider the event E ε

d
, where

the approximation parameter is ε
d . For each i, Lemma 1 shows that event Ei, εd holds with probability

at least 1− ε
d because the dimension of vi and ui is at least C log(d/ε). Taking a union bound we

get that the event E ε
d

holds with probability at least 1− ε. On the event E ε
d

, we obtain the following
series of inequalities:

sup
‖w‖∞≤1

inf
s,T

sup
‖x‖∞≤1

|wTx− (s2 � v)Tσ((S1 �M)x)|

≤ sup
‖w‖∞≤1

inf
s∈{0,1}dn

sup
‖x‖∞≤1

|wTx− (s2 � v)Tσ(M′x)|

(Pruning M according to Step 1 (Pre-processing M).)

= sup
‖w‖∞≤1

inf
s1,...,sd∈{0,1}n

sup
‖x‖∞≤1

∣∣∣∣∣
d∑

i=1

wixi −
d∑

i=1

(si � vi)
Tσ(uixi)

∣∣∣∣∣ (Using Eq. (10))

≤ sup
‖w‖∞≤1

inf
s1,...,sd∈{0,1}n

sup
‖x‖∞≤1

d∑

i=1

∣∣wixi − (si � vi)
Tσ(uixi)

∣∣

=

d∑

i=1

sup
|wi|≤1

inf
si∈{0,1}n

sup
|xi|≤1

∣∣wixi − (si � vi)
Tσ(uixi)

∣∣

≤
i∑

i=1

d
ε

d
(By definition of the event E ε

d
)

≤ ε.

A.2 Approximating a single layer

In this subsection, we approximate a layer from the target network by pruning 2 layers of a randomly
initialized network. The overview of the construction is given in Figure 4.

14



x1
<latexit sha1_base64="xYLquUraU360Q5xT0IaXrsSabng=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI2dCRe5otCSxscREPhK4kL1lDjbs7V1294yE8CNsLDTG1t9j579xgSsUfMkkL+/NZGZemAqujed9O4Wt7Z3dveJ+6eDw6PikfHrW1kmmGLZYIhLVDalGwSW2DDcCu6lCGocCO+HkduF3HlFpnsgHM00xiOlI8ogzaqzUcd2nge+6g3LFq3lLkE3i56QCOZqD8ld/mLAsRmmYoFr3fC81wYwqw5nAeamfaUwpm9AR9iyVNEYdzJbnzsmVVYYkSpQtachS/T0xo7HW0zi0nTE1Y73uLcT/vF5moptgxmWaGZRstSjKBDEJWfxOhlwhM2JqCWWK21sJG1NFmbEJlWwI/vrLm6Rdr/lezb+vVxrVPI4iXMAlVMGHa2jAHTShBQwm8Ayv8Oakzovz7nysWgtOPnMOf+B8/gB0+Y48</latexit><latexit sha1_base64="xYLquUraU360Q5xT0IaXrsSabng=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI2dCRe5otCSxscREPhK4kL1lDjbs7V1294yE8CNsLDTG1t9j579xgSsUfMkkL+/NZGZemAqujed9O4Wt7Z3dveJ+6eDw6PikfHrW1kmmGLZYIhLVDalGwSW2DDcCu6lCGocCO+HkduF3HlFpnsgHM00xiOlI8ogzaqzUcd2nge+6g3LFq3lLkE3i56QCOZqD8ld/mLAsRmmYoFr3fC81wYwqw5nAeamfaUwpm9AR9iyVNEYdzJbnzsmVVYYkSpQtachS/T0xo7HW0zi0nTE1Y73uLcT/vF5moptgxmWaGZRstSjKBDEJWfxOhlwhM2JqCWWK21sJG1NFmbEJlWwI/vrLm6Rdr/lezb+vVxrVPI4iXMAlVMGHa2jAHTShBQwm8Ayv8Oakzovz7nysWgtOPnMOf+B8/gB0+Y48</latexit><latexit sha1_base64="xYLquUraU360Q5xT0IaXrsSabng=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI2dCRe5otCSxscREPhK4kL1lDjbs7V1294yE8CNsLDTG1t9j579xgSsUfMkkL+/NZGZemAqujed9O4Wt7Z3dveJ+6eDw6PikfHrW1kmmGLZYIhLVDalGwSW2DDcCu6lCGocCO+HkduF3HlFpnsgHM00xiOlI8ogzaqzUcd2nge+6g3LFq3lLkE3i56QCOZqD8ld/mLAsRmmYoFr3fC81wYwqw5nAeamfaUwpm9AR9iyVNEYdzJbnzsmVVYYkSpQtachS/T0xo7HW0zi0nTE1Y73uLcT/vF5moptgxmWaGZRstSjKBDEJWfxOhlwhM2JqCWWK21sJG1NFmbEJlWwI/vrLm6Rdr/lezb+vVxrVPI4iXMAlVMGHa2jAHTShBQwm8Ayv8Oakzovz7nysWgtOPnMOf+B8/gB0+Y48</latexit><latexit sha1_base64="xYLquUraU360Q5xT0IaXrsSabng=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI2dCRe5otCSxscREPhK4kL1lDjbs7V1294yE8CNsLDTG1t9j579xgSsUfMkkL+/NZGZemAqujed9O4Wt7Z3dveJ+6eDw6PikfHrW1kmmGLZYIhLVDalGwSW2DDcCu6lCGocCO+HkduF3HlFpnsgHM00xiOlI8ogzaqzUcd2nge+6g3LFq3lLkE3i56QCOZqD8ld/mLAsRmmYoFr3fC81wYwqw5nAeamfaUwpm9AR9iyVNEYdzJbnzsmVVYYkSpQtachS/T0xo7HW0zi0nTE1Y73uLcT/vF5moptgxmWaGZRstSjKBDEJWfxOhlwhM2JqCWWK21sJG1NFmbEJlWwI/vrLm6Rdr/lezb+vVxrVPI4iXMAlVMGHa2jAHTShBQwm8Ayv8Oakzovz7nysWgtOPnMOf+B8/gB0+Y48</latexit>

x2
<latexit sha1_base64="IwjnD//lhNUUB4+AboqhpsSXGfU=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI2dCRe5otCSxscREPhK4kL1lgA17e5fdPSO58CNsLDTG1t9j579xgSsUfMkkL+/NZGZemAiujed9O4Wt7Z3dveJ+6eDw6PikfHrW1nGqGLZYLGLVDalGwSW2DDcCu4lCGoUCO+H0duF3HlFpHssHM0swiOhY8hFn1Fip47pPg7rrDsoVr+YtQTaJn5MK5GgOyl/9YczSCKVhgmrd873EBBlVhjOB81I/1ZhQNqVj7FkqaYQ6yJbnzsmVVYZkFCtb0pCl+nsio5HWsyi0nRE1E73uLcT/vF5qRjdBxmWSGpRstWiUCmJisvidDLlCZsTMEsoUt7cSNqGKMmMTKtkQ/PWXN0m7XvO9mn9frzSqeRxFuIBLqIIP19CAO2hCCxhM4Rle4c1JnBfn3flYtRacfOYc/sD5/AF2f449</latexit><latexit sha1_base64="IwjnD//lhNUUB4+AboqhpsSXGfU=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI2dCRe5otCSxscREPhK4kL1lgA17e5fdPSO58CNsLDTG1t9j579xgSsUfMkkL+/NZGZemAiujed9O4Wt7Z3dveJ+6eDw6PikfHrW1nGqGLZYLGLVDalGwSW2DDcCu4lCGoUCO+H0duF3HlFpHssHM0swiOhY8hFn1Fip47pPg7rrDsoVr+YtQTaJn5MK5GgOyl/9YczSCKVhgmrd873EBBlVhjOB81I/1ZhQNqVj7FkqaYQ6yJbnzsmVVYZkFCtb0pCl+nsio5HWsyi0nRE1E73uLcT/vF5qRjdBxmWSGpRstWiUCmJisvidDLlCZsTMEsoUt7cSNqGKMmMTKtkQ/PWXN0m7XvO9mn9frzSqeRxFuIBLqIIP19CAO2hCCxhM4Rle4c1JnBfn3flYtRacfOYc/sD5/AF2f449</latexit><latexit sha1_base64="IwjnD//lhNUUB4+AboqhpsSXGfU=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI2dCRe5otCSxscREPhK4kL1lgA17e5fdPSO58CNsLDTG1t9j579xgSsUfMkkL+/NZGZemAiujed9O4Wt7Z3dveJ+6eDw6PikfHrW1nGqGLZYLGLVDalGwSW2DDcCu4lCGoUCO+H0duF3HlFpHssHM0swiOhY8hFn1Fip47pPg7rrDsoVr+YtQTaJn5MK5GgOyl/9YczSCKVhgmrd873EBBlVhjOB81I/1ZhQNqVj7FkqaYQ6yJbnzsmVVYZkFCtb0pCl+nsio5HWsyi0nRE1E73uLcT/vF5qRjdBxmWSGpRstWiUCmJisvidDLlCZsTMEsoUt7cSNqGKMmMTKtkQ/PWXN0m7XvO9mn9frzSqeRxFuIBLqIIP19CAO2hCCxhM4Rle4c1JnBfn3flYtRacfOYc/sD5/AF2f449</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="mR4mArHNTTk24vcpqbXhgcyEtcQ=">AAAB43icbZBLSwMxFIXv+Ky1anXrJtgRXJWZbnQpuHFZwT6gHUomzbShSWZI7ohl6I9w40IR/5M7/43pY6GtBwIf5yTk3hNnUlgMgm9va3tnd2+/dFA+rBwdn1RPK22b5obxFktlaroxtVwKzVsoUPJuZjhVseSdeHI3zztP3FiR6kecZjxSdKRFIhhFZ3V8/3nQ8P1BtRbUg4XIJoQrqMFKzUH1qz9MWa64Riaptb0wyDAqqEHBJJ+V+7nlGWUTOuI9h5oqbqNiMe6MXDpnSJLUuKORLNzfLwqqrJ2q2N1UFMd2PZub/2W9HJObqBA6y5FrtvwoySXBlMx3J0NhOEM5dUCZEW5WwsbUUIauobIrIVxfeRPajXoY1MOHAEpwDhdwBSFcwy3cQxNawGACL/AG717mvXofy7q2vFVvZ/BH3ucPXGCNAA==</latexit><latexit sha1_base64="mR4mArHNTTk24vcpqbXhgcyEtcQ=">AAAB43icbZBLSwMxFIXv+Ky1anXrJtgRXJWZbnQpuHFZwT6gHUomzbShSWZI7ohl6I9w40IR/5M7/43pY6GtBwIf5yTk3hNnUlgMgm9va3tnd2+/dFA+rBwdn1RPK22b5obxFktlaroxtVwKzVsoUPJuZjhVseSdeHI3zztP3FiR6kecZjxSdKRFIhhFZ3V8/3nQ8P1BtRbUg4XIJoQrqMFKzUH1qz9MWa64Riaptb0wyDAqqEHBJJ+V+7nlGWUTOuI9h5oqbqNiMe6MXDpnSJLUuKORLNzfLwqqrJ2q2N1UFMd2PZub/2W9HJObqBA6y5FrtvwoySXBlMx3J0NhOEM5dUCZEW5WwsbUUIauobIrIVxfeRPajXoY1MOHAEpwDhdwBSFcwy3cQxNawGACL/AG717mvXofy7q2vFVvZ/BH3ucPXGCNAA==</latexit><latexit sha1_base64="0hDodt+COnGxHTBFEYhPX+S3MIE=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI2dCRe5otCSxscREPhK4kL1lDjbs7V1294yE8CNsLDTG1t9j579xgSsUfMkkL+/NZGZemAqujed9O4Wt7Z3dveJ+6eDw6PikfHrW1kmmGLZYIhLVDalGwSW2DDcCu6lCGocCO+HkduF3HlFpnsgHM00xiOlI8ogzaqzUcd2nQd11B+WKV/OWIJvEz0kFcjQH5a/+MGFZjNIwQbXu+V5qghlVhjOB81I/05hSNqEj7FkqaYw6mC3PnZMrqwxJlChb0pCl+ntiRmOtp3FoO2NqxnrdW4j/eb3MRDfBjMs0MyjZalGUCWISsvidDLlCZsTUEsoUt7cSNqaKMmMTKtkQ/PWXN0m7XvO9mn/vVRrVPI4iXMAlVMGHa2jAHTShBQwm8Ayv8Oakzovz7nysWgtOPnMOf+B8/gB13447</latexit><latexit sha1_base64="IwjnD//lhNUUB4+AboqhpsSXGfU=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI2dCRe5otCSxscREPhK4kL1lgA17e5fdPSO58CNsLDTG1t9j579xgSsUfMkkL+/NZGZemAiujed9O4Wt7Z3dveJ+6eDw6PikfHrW1nGqGLZYLGLVDalGwSW2DDcCu4lCGoUCO+H0duF3HlFpHssHM0swiOhY8hFn1Fip47pPg7rrDsoVr+YtQTaJn5MK5GgOyl/9YczSCKVhgmrd873EBBlVhjOB81I/1ZhQNqVj7FkqaYQ6yJbnzsmVVYZkFCtb0pCl+nsio5HWsyi0nRE1E73uLcT/vF5qRjdBxmWSGpRstWiUCmJisvidDLlCZsTMEsoUt7cSNqGKMmMTKtkQ/PWXN0m7XvO9mn9frzSqeRxFuIBLqIIP19CAO2hCCxhM4Rle4c1JnBfn3flYtRacfOYc/sD5/AF2f449</latexit><latexit sha1_base64="IwjnD//lhNUUB4+AboqhpsSXGfU=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI2dCRe5otCSxscREPhK4kL1lgA17e5fdPSO58CNsLDTG1t9j579xgSsUfMkkL+/NZGZemAiujed9O4Wt7Z3dveJ+6eDw6PikfHrW1nGqGLZYLGLVDalGwSW2DDcCu4lCGoUCO+H0duF3HlFpHssHM0swiOhY8hFn1Fip47pPg7rrDsoVr+YtQTaJn5MK5GgOyl/9YczSCKVhgmrd873EBBlVhjOB81I/1ZhQNqVj7FkqaYQ6yJbnzsmVVYZkFCtb0pCl+nsio5HWsyi0nRE1E73uLcT/vF5qRjdBxmWSGpRstWiUCmJisvidDLlCZsTMEsoUt7cSNqGKMmMTKtkQ/PWXN0m7XvO9mn9frzSqeRxFuIBLqIIP19CAO2hCCxhM4Rle4c1JnBfn3flYtRacfOYc/sD5/AF2f449</latexit><latexit sha1_base64="IwjnD//lhNUUB4+AboqhpsSXGfU=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI2dCRe5otCSxscREPhK4kL1lgA17e5fdPSO58CNsLDTG1t9j579xgSsUfMkkL+/NZGZemAiujed9O4Wt7Z3dveJ+6eDw6PikfHrW1nGqGLZYLGLVDalGwSW2DDcCu4lCGoUCO+H0duF3HlFpHssHM0swiOhY8hFn1Fip47pPg7rrDsoVr+YtQTaJn5MK5GgOyl/9YczSCKVhgmrd873EBBlVhjOB81I/1ZhQNqVj7FkqaYQ6yJbnzsmVVYZkFCtb0pCl+nsio5HWsyi0nRE1E73uLcT/vF5qRjdBxmWSGpRstWiUCmJisvidDLlCZsTMEsoUt7cSNqGKMmMTKtkQ/PWXN0m7XvO9mn9frzSqeRxFuIBLqIIP19CAO2hCCxhM4Rle4c1JnBfn3flYtRacfOYc/sD5/AF2f449</latexit><latexit sha1_base64="IwjnD//lhNUUB4+AboqhpsSXGfU=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI2dCRe5otCSxscREPhK4kL1lgA17e5fdPSO58CNsLDTG1t9j579xgSsUfMkkL+/NZGZemAiujed9O4Wt7Z3dveJ+6eDw6PikfHrW1nGqGLZYLGLVDalGwSW2DDcCu4lCGoUCO+H0duF3HlFpHssHM0swiOhY8hFn1Fip47pPg7rrDsoVr+YtQTaJn5MK5GgOyl/9YczSCKVhgmrd873EBBlVhjOB81I/1ZhQNqVj7FkqaYQ6yJbnzsmVVYZkFCtb0pCl+nsio5HWsyi0nRE1E73uLcT/vF5qRjdBxmWSGpRstWiUCmJisvidDLlCZsTMEsoUt7cSNqGKMmMTKtkQ/PWXN0m7XvO9mn9frzSqeRxFuIBLqIIP19CAO2hCCxhM4Rle4c1JnBfn3flYtRacfOYc/sD5/AF2f449</latexit><latexit sha1_base64="IwjnD//lhNUUB4+AboqhpsSXGfU=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI2dCRe5otCSxscREPhK4kL1lgA17e5fdPSO58CNsLDTG1t9j579xgSsUfMkkL+/NZGZemAiujed9O4Wt7Z3dveJ+6eDw6PikfHrW1nGqGLZYLGLVDalGwSW2DDcCu4lCGoUCO+H0duF3HlFpHssHM0swiOhY8hFn1Fip47pPg7rrDsoVr+YtQTaJn5MK5GgOyl/9YczSCKVhgmrd873EBBlVhjOB81I/1ZhQNqVj7FkqaYQ6yJbnzsmVVYZkFCtb0pCl+nsio5HWsyi0nRE1E73uLcT/vF5qRjdBxmWSGpRstWiUCmJisvidDLlCZsTMEsoUt7cSNqGKMmMTKtkQ/PWXN0m7XvO9mn9frzSqeRxFuIBLqIIP19CAO2hCCxhM4Rle4c1JnBfn3flYtRacfOYc/sD5/AF2f449</latexit><latexit sha1_base64="IwjnD//lhNUUB4+AboqhpsSXGfU=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI2dCRe5otCSxscREPhK4kL1lgA17e5fdPSO58CNsLDTG1t9j579xgSsUfMkkL+/NZGZemAiujed9O4Wt7Z3dveJ+6eDw6PikfHrW1nGqGLZYLGLVDalGwSW2DDcCu4lCGoUCO+H0duF3HlFpHssHM0swiOhY8hFn1Fip47pPg7rrDsoVr+YtQTaJn5MK5GgOyl/9YczSCKVhgmrd873EBBlVhjOB81I/1ZhQNqVj7FkqaYQ6yJbnzsmVVYZkFCtb0pCl+nsio5HWsyi0nRE1E73uLcT/vF5qRjdBxmWSGpRstWiUCmJisvidDLlCZsTMEsoUt7cSNqGKMmMTKtkQ/PWXN0m7XvO9mn9frzSqeRxFuIBLqIIP19CAO2hCCxhM4Rle4c1JnBfn3flYtRacfOYc/sD5/AF2f449</latexit>

xd
<latexit sha1_base64="f9JXrTpEI/6Cn9sJK2tSuGtt5wk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LDZCTyXpRY8FLx4r2A9oQ9lsNu3S3U3Y3Ygl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5YcqZNp737ZS2tnd298r7lYPDo+OT6ulZVyeZIrRDEp6ofog15UzSjmGG036qKBYhp71wervwe49UaZbIBzNLaSDwWLKYEWys1HPdp1HkuqNqzWt4S6BN4hekBgXao+rXMEpIJqg0hGOtB76XmiDHyjDC6bwyzDRNMZniMR1YKrGgOsiX587RlVUiFCfKljRoqf6eyLHQeiZC2ymwmeh1byH+5w0yE98EOZNpZqgkq0VxxpFJ0OJ3FDFFieEzSzBRzN6KyAQrTIxNqGJD8Ndf3iTdZsP3Gv59s9aqF3GU4QIuoQ4+XEML7qANHSAwhWd4hTcndV6cd+dj1Vpyiplz+APn8wfCq45v</latexit><latexit sha1_base64="f9JXrTpEI/6Cn9sJK2tSuGtt5wk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LDZCTyXpRY8FLx4r2A9oQ9lsNu3S3U3Y3Ygl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5YcqZNp737ZS2tnd298r7lYPDo+OT6ulZVyeZIrRDEp6ofog15UzSjmGG036qKBYhp71wervwe49UaZbIBzNLaSDwWLKYEWys1HPdp1HkuqNqzWt4S6BN4hekBgXao+rXMEpIJqg0hGOtB76XmiDHyjDC6bwyzDRNMZniMR1YKrGgOsiX587RlVUiFCfKljRoqf6eyLHQeiZC2ymwmeh1byH+5w0yE98EOZNpZqgkq0VxxpFJ0OJ3FDFFieEzSzBRzN6KyAQrTIxNqGJD8Ndf3iTdZsP3Gv59s9aqF3GU4QIuoQ4+XEML7qANHSAwhWd4hTcndV6cd+dj1Vpyiplz+APn8wfCq45v</latexit><latexit sha1_base64="f9JXrTpEI/6Cn9sJK2tSuGtt5wk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LDZCTyXpRY8FLx4r2A9oQ9lsNu3S3U3Y3Ygl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5YcqZNp737ZS2tnd298r7lYPDo+OT6ulZVyeZIrRDEp6ofog15UzSjmGG036qKBYhp71wervwe49UaZbIBzNLaSDwWLKYEWys1HPdp1HkuqNqzWt4S6BN4hekBgXao+rXMEpIJqg0hGOtB76XmiDHyjDC6bwyzDRNMZniMR1YKrGgOsiX587RlVUiFCfKljRoqf6eyLHQeiZC2ymwmeh1byH+5w0yE98EOZNpZqgkq0VxxpFJ0OJ3FDFFieEzSzBRzN6KyAQrTIxNqGJD8Ndf3iTdZsP3Gv59s9aqF3GU4QIuoQ4+XEML7qANHSAwhWd4hTcndV6cd+dj1Vpyiplz+APn8wfCq45v</latexit><latexit sha1_base64="f9JXrTpEI/6Cn9sJK2tSuGtt5wk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LDZCTyXpRY8FLx4r2A9oQ9lsNu3S3U3Y3Ygl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5YcqZNp737ZS2tnd298r7lYPDo+OT6ulZVyeZIrRDEp6ofog15UzSjmGG036qKBYhp71wervwe49UaZbIBzNLaSDwWLKYEWys1HPdp1HkuqNqzWt4S6BN4hekBgXao+rXMEpIJqg0hGOtB76XmiDHyjDC6bwyzDRNMZniMR1YKrGgOsiX587RlVUiFCfKljRoqf6eyLHQeiZC2ymwmeh1byH+5w0yE98EOZNpZqgkq0VxxpFJ0OJ3FDFFieEzSzBRzN6KyAQrTIxNqGJD8Ndf3iTdZsP3Gv59s9aqF3GU4QIuoQ4+XEML7qANHSAwhWd4hTcndV6cd+dj1Vpyiplz+APn8wfCq45v</latexit>

⇡ wT
1 x

<latexit sha1_base64="3BuVE0qeBnAjSmJBaF73YPYNgws=">AAACDXicbVC7TsMwFHV4lvIKMLJYNEidqqQLjJVYGIvUl9SUyHGd1qrjRLYDraL8AAu/wsIAQqzsbPwNThskaDmSpeNz7tW99/gxo1LZ9pextr6xubVd2inv7u0fHJpHxx0ZJQKTNo5YJHo+koRRTtqKKkZ6sSAo9Bnp+pOr3O/eESFpxFtqFpNBiEacBhQjpSXPtCzLRXEsoil0Q6TGfpDeZ55z2/r5TTPL8syKXbPngKvEKUgFFGh65qc7jHASEq4wQ1L2HTtWgxQJRTEjWdlNJIkRnqAR6WvKUUjkIJ1fk8FzrQxhEAn9uIJz9XdHikIpZ6GvK/Md5bKXi/95/UQFl4OU8jhRhOPFoCBhUEUwjwYOqSBYsZkmCAuqd4V4jATCSgdY1iE4yyevkk695tg156ZeaVSLOErgFJyBKnDABWiAa9AEbYDBA3gCL+DVeDSejTfjfVG6ZhQ9J+APjI9v5KubWg==</latexit><latexit sha1_base64="3BuVE0qeBnAjSmJBaF73YPYNgws=">AAACDXicbVC7TsMwFHV4lvIKMLJYNEidqqQLjJVYGIvUl9SUyHGd1qrjRLYDraL8AAu/wsIAQqzsbPwNThskaDmSpeNz7tW99/gxo1LZ9pextr6xubVd2inv7u0fHJpHxx0ZJQKTNo5YJHo+koRRTtqKKkZ6sSAo9Bnp+pOr3O/eESFpxFtqFpNBiEacBhQjpSXPtCzLRXEsoil0Q6TGfpDeZ55z2/r5TTPL8syKXbPngKvEKUgFFGh65qc7jHASEq4wQ1L2HTtWgxQJRTEjWdlNJIkRnqAR6WvKUUjkIJ1fk8FzrQxhEAn9uIJz9XdHikIpZ6GvK/Md5bKXi/95/UQFl4OU8jhRhOPFoCBhUEUwjwYOqSBYsZkmCAuqd4V4jATCSgdY1iE4yyevkk695tg156ZeaVSLOErgFJyBKnDABWiAa9AEbYDBA3gCL+DVeDSejTfjfVG6ZhQ9J+APjI9v5KubWg==</latexit><latexit sha1_base64="3BuVE0qeBnAjSmJBaF73YPYNgws=">AAACDXicbVC7TsMwFHV4lvIKMLJYNEidqqQLjJVYGIvUl9SUyHGd1qrjRLYDraL8AAu/wsIAQqzsbPwNThskaDmSpeNz7tW99/gxo1LZ9pextr6xubVd2inv7u0fHJpHxx0ZJQKTNo5YJHo+koRRTtqKKkZ6sSAo9Bnp+pOr3O/eESFpxFtqFpNBiEacBhQjpSXPtCzLRXEsoil0Q6TGfpDeZ55z2/r5TTPL8syKXbPngKvEKUgFFGh65qc7jHASEq4wQ1L2HTtWgxQJRTEjWdlNJIkRnqAR6WvKUUjkIJ1fk8FzrQxhEAn9uIJz9XdHikIpZ6GvK/Md5bKXi/95/UQFl4OU8jhRhOPFoCBhUEUwjwYOqSBYsZkmCAuqd4V4jATCSgdY1iE4yyevkk695tg156ZeaVSLOErgFJyBKnDABWiAa9AEbYDBA3gCL+DVeDSejTfjfVG6ZhQ9J+APjI9v5KubWg==</latexit><latexit sha1_base64="3BuVE0qeBnAjSmJBaF73YPYNgws=">AAACDXicbVC7TsMwFHV4lvIKMLJYNEidqqQLjJVYGIvUl9SUyHGd1qrjRLYDraL8AAu/wsIAQqzsbPwNThskaDmSpeNz7tW99/gxo1LZ9pextr6xubVd2inv7u0fHJpHxx0ZJQKTNo5YJHo+koRRTtqKKkZ6sSAo9Bnp+pOr3O/eESFpxFtqFpNBiEacBhQjpSXPtCzLRXEsoil0Q6TGfpDeZ55z2/r5TTPL8syKXbPngKvEKUgFFGh65qc7jHASEq4wQ1L2HTtWgxQJRTEjWdlNJIkRnqAR6WvKUUjkIJ1fk8FzrQxhEAn9uIJz9XdHikIpZ6GvK/Md5bKXi/95/UQFl4OU8jhRhOPFoCBhUEUwjwYOqSBYsZkmCAuqd4V4jATCSgdY1iE4yyevkk695tg156ZeaVSLOErgFJyBKnDABWiAa9AEbYDBA3gCL+DVeDSejTfjfVG6ZhQ9J+APjI9v5KubWg==</latexit>

⇡ wT
2 x

<latexit sha1_base64="UZUx2/OQobHBkakQqQ6wN6VGXrY=">AAACDXicbVC7TsMwFHV4lvIKMLJYNEidqqQLjJVYGIvUl9SEynGd1qrjRLYDraL8AAu/wsIAQqzsbPwNThskaDmSpeNz7tW99/gxo1LZ9pextr6xubVd2inv7u0fHJpHxx0ZJQKTNo5YJHo+koRRTtqKKkZ6sSAo9Bnp+pOr3O/eESFpxFtqFhMvRCNOA4qR0tLAtCzLRXEsoil0Q6TGfpDeZ4P6bevnN80sa2BW7Jo9B1wlTkEqoEBzYH66wwgnIeEKMyRl37Fj5aVIKIoZycpuIkmM8ASNSF9TjkIivXR+TQbPtTKEQST04wrO1d8dKQqlnIW+rsx3lMteLv7n9RMVXHop5XGiCMeLQUHCoIpgHg0cUkGwYjNNEBZU7wrxGAmElQ6wrENwlk9eJZ16zbFrzk290qgWcZTAKTgDVeCAC9AA16AJ2gCDB/AEXsCr8Wg8G2/G+6J0zSh6TsAfGB/f5j2bWw==</latexit><latexit sha1_base64="UZUx2/OQobHBkakQqQ6wN6VGXrY=">AAACDXicbVC7TsMwFHV4lvIKMLJYNEidqqQLjJVYGIvUl9SEynGd1qrjRLYDraL8AAu/wsIAQqzsbPwNThskaDmSpeNz7tW99/gxo1LZ9pextr6xubVd2inv7u0fHJpHxx0ZJQKTNo5YJHo+koRRTtqKKkZ6sSAo9Bnp+pOr3O/eESFpxFtqFhMvRCNOA4qR0tLAtCzLRXEsoil0Q6TGfpDeZ4P6bevnN80sa2BW7Jo9B1wlTkEqoEBzYH66wwgnIeEKMyRl37Fj5aVIKIoZycpuIkmM8ASNSF9TjkIivXR+TQbPtTKEQST04wrO1d8dKQqlnIW+rsx3lMteLv7n9RMVXHop5XGiCMeLQUHCoIpgHg0cUkGwYjNNEBZU7wrxGAmElQ6wrENwlk9eJZ16zbFrzk290qgWcZTAKTgDVeCAC9AA16AJ2gCDB/AEXsCr8Wg8G2/G+6J0zSh6TsAfGB/f5j2bWw==</latexit><latexit sha1_base64="UZUx2/OQobHBkakQqQ6wN6VGXrY=">AAACDXicbVC7TsMwFHV4lvIKMLJYNEidqqQLjJVYGIvUl9SEynGd1qrjRLYDraL8AAu/wsIAQqzsbPwNThskaDmSpeNz7tW99/gxo1LZ9pextr6xubVd2inv7u0fHJpHxx0ZJQKTNo5YJHo+koRRTtqKKkZ6sSAo9Bnp+pOr3O/eESFpxFtqFhMvRCNOA4qR0tLAtCzLRXEsoil0Q6TGfpDeZ4P6bevnN80sa2BW7Jo9B1wlTkEqoEBzYH66wwgnIeEKMyRl37Fj5aVIKIoZycpuIkmM8ASNSF9TjkIivXR+TQbPtTKEQST04wrO1d8dKQqlnIW+rsx3lMteLv7n9RMVXHop5XGiCMeLQUHCoIpgHg0cUkGwYjNNEBZU7wrxGAmElQ6wrENwlk9eJZ16zbFrzk290qgWcZTAKTgDVeCAC9AA16AJ2gCDB/AEXsCr8Wg8G2/G+6J0zSh6TsAfGB/f5j2bWw==</latexit><latexit sha1_base64="UZUx2/OQobHBkakQqQ6wN6VGXrY=">AAACDXicbVC7TsMwFHV4lvIKMLJYNEidqqQLjJVYGIvUl9SEynGd1qrjRLYDraL8AAu/wsIAQqzsbPwNThskaDmSpeNz7tW99/gxo1LZ9pextr6xubVd2inv7u0fHJpHxx0ZJQKTNo5YJHo+koRRTtqKKkZ6sSAo9Bnp+pOr3O/eESFpxFtqFhMvRCNOA4qR0tLAtCzLRXEsoil0Q6TGfpDeZ4P6bevnN80sa2BW7Jo9B1wlTkEqoEBzYH66wwgnIeEKMyRl37Fj5aVIKIoZycpuIkmM8ASNSF9TjkIivXR+TQbPtTKEQST04wrO1d8dKQqlnIW+rsx3lMteLv7n9RMVXHop5XGiCMeLQUHCoIpgHg0cUkGwYjNNEBZU7wrxGAmElQ6wrENwlk9eJZ16zbFrzk290qgWcZTAKTgDVeCAC9AA16AJ2gCDB/AEXsCr8Wg8G2/G+6J0zSh6TsAfGB/f5j2bWw==</latexit>

⇡ wT
d x

<latexit sha1_base64="Hi3BXZQx3qVUa8pFDs4JBscthJQ=">AAACDXicbVC7TsMwFHV4lvIKMLJYNEidqqQLjJVYGIvUl9SEyHGc1qrzkO1Aqyg/wMKvsDCAECs7G3+D0wYJWo5k6fice3XvPV7CqJCm+aWtrW9sbm1Xdqq7e/sHh/rRcU/EKceki2MW84GHBGE0Il1JJSODhBMUeoz0vclV4ffvCBc0jjpylhAnRKOIBhQjqSRXNwzDRknC4ym0QyTHXpDd565/2/n5TXPDcPWa2TDngKvEKkkNlGi7+qftxzgNSSQxQ0IMLTORToa4pJiRvGqngiQIT9CIDBWNUEiEk82vyeG5UnwYxFy9SMK5+rsjQ6EQs9BTlcWOYtkrxP+8YSqDSyejUZJKEuHFoCBlUMawiAb6lBMs2UwRhDlVu0I8RhxhqQKsqhCs5ZNXSa/ZsMyGddOsteplHBVwCs5AHVjgArTANWiDLsDgATyBF/CqPWrP2pv2vihd08qeE/AH2sc3NNCbjQ==</latexit><latexit sha1_base64="Hi3BXZQx3qVUa8pFDs4JBscthJQ=">AAACDXicbVC7TsMwFHV4lvIKMLJYNEidqqQLjJVYGIvUl9SEyHGc1qrzkO1Aqyg/wMKvsDCAECs7G3+D0wYJWo5k6fice3XvPV7CqJCm+aWtrW9sbm1Xdqq7e/sHh/rRcU/EKceki2MW84GHBGE0Il1JJSODhBMUeoz0vclV4ffvCBc0jjpylhAnRKOIBhQjqSRXNwzDRknC4ym0QyTHXpDd565/2/n5TXPDcPWa2TDngKvEKkkNlGi7+qftxzgNSSQxQ0IMLTORToa4pJiRvGqngiQIT9CIDBWNUEiEk82vyeG5UnwYxFy9SMK5+rsjQ6EQs9BTlcWOYtkrxP+8YSqDSyejUZJKEuHFoCBlUMawiAb6lBMs2UwRhDlVu0I8RhxhqQKsqhCs5ZNXSa/ZsMyGddOsteplHBVwCs5AHVjgArTANWiDLsDgATyBF/CqPWrP2pv2vihd08qeE/AH2sc3NNCbjQ==</latexit><latexit sha1_base64="Hi3BXZQx3qVUa8pFDs4JBscthJQ=">AAACDXicbVC7TsMwFHV4lvIKMLJYNEidqqQLjJVYGIvUl9SEyHGc1qrzkO1Aqyg/wMKvsDCAECs7G3+D0wYJWo5k6fice3XvPV7CqJCm+aWtrW9sbm1Xdqq7e/sHh/rRcU/EKceki2MW84GHBGE0Il1JJSODhBMUeoz0vclV4ffvCBc0jjpylhAnRKOIBhQjqSRXNwzDRknC4ym0QyTHXpDd565/2/n5TXPDcPWa2TDngKvEKkkNlGi7+qftxzgNSSQxQ0IMLTORToa4pJiRvGqngiQIT9CIDBWNUEiEk82vyeG5UnwYxFy9SMK5+rsjQ6EQs9BTlcWOYtkrxP+8YSqDSyejUZJKEuHFoCBlUMawiAb6lBMs2UwRhDlVu0I8RhxhqQKsqhCs5ZNXSa/ZsMyGddOsteplHBVwCs5AHVjgArTANWiDLsDgATyBF/CqPWrP2pv2vihd08qeE/AH2sc3NNCbjQ==</latexit><latexit sha1_base64="Hi3BXZQx3qVUa8pFDs4JBscthJQ=">AAACDXicbVC7TsMwFHV4lvIKMLJYNEidqqQLjJVYGIvUl9SEyHGc1qrzkO1Aqyg/wMKvsDCAECs7G3+D0wYJWo5k6fice3XvPV7CqJCm+aWtrW9sbm1Xdqq7e/sHh/rRcU/EKceki2MW84GHBGE0Il1JJSODhBMUeoz0vclV4ffvCBc0jjpylhAnRKOIBhQjqSRXNwzDRknC4ym0QyTHXpDd565/2/n5TXPDcPWa2TDngKvEKkkNlGi7+qftxzgNSSQxQ0IMLTORToa4pJiRvGqngiQIT9CIDBWNUEiEk82vyeG5UnwYxFy9SMK5+rsjQ6EQs9BTlcWOYtkrxP+8YSqDSyejUZJKEuHFoCBlUMawiAb6lBMs2UwRhDlVu0I8RhxhqQKsqhCs5ZNXSa/ZsMyGddOsteplHBVwCs5AHVjgArTANWiDLsDgATyBF/CqPWrP2pv2vihd08qeE/AH2sc3NNCbjQ==</latexit>

Figure 4: Approximating a layer σ(Wx): A diagram showing our construction to approximate a layer. Let
w1,w2, . . . ,wd be the d rows of W, i.e., the weights of d neurons. Our construction has an additional hidden
layer, which contains d blocks (highlighted in blue), where each unit contains k = O(log( d

ε
) neurons. We

first pre-process the weights by pruning the first layer so that it has a block structure as shown. For ease of
visualization, we only show two connections per block, i.e., each neuron in the ith block is connected to xi and
(before pruning) all the output neurons.

Lemma 3. (Approximating a layer) Consider a randomly initialized two layer neural network
g(x) = Nσ(Mx) with x ∈ Rd1 such that N has dimension

(
d2 × Cd1 log d1d2

ε

)
and M has

dimension
(
Cd1 log d1d2

ε × d1
)
, where each weight is initialized independently from the distribution

U [−1, 1].

Let ĝ(x) = (S�N)Tσ((T�M)x) be the pruned network for a choice of pruning matrices S and
T. If fW(x) = Wx is the linear (single layered) network, where W has dimensions d2 × d1, then
with probability at least 1− ε,

sup
W:‖W‖≤1,W∈Rd2×d1

∃S,T : sup
x:‖x‖∞≤1

‖fW(x)− ĝ(x)‖ < ε.

Proof. Our proof strategy is similar to the proof in Lemma 2.

Step 1: Pre-processing M Similar to Lemma 2, we begin by pruning M to get a block diagonal
matrix M′.

M′ =




u1 0 . . . 0
0 u2 . . . 0
...

... . . . 0
0 0 . . . ud1


 , where ui ∈ RC log( d1d2ε )

Thus, T is such that M′ = T�M. We also decompose N and S as following

S =




sT1,1 . . . sT1,d1
sT2,1 . . . sT2,d1

... . . .
...

sTd2,1 . . . sTd2,d1


 , N =




vT1,1 . . . vT1,d1
vT2,1 . . . vT2,d1

... . . .
...

vTd2,1 . . . vTd2,d1


 , where vi,j ,ui ∈ RC log( d1d2ε )
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Using this notation, we get the following relation:

(S�N)σ(M′x) =




∑d1
j=1(s1,j � v1,j)

Tσ(ujxj)
...∑d1

j=1(sd2,j � vd2,j)
Tσ(ujxj)


 (11)

Step 2: Pruning N Note that vi,j and ui contain i.i.d. random variables from Uniform distribution.
Let n = C log(d1d2/ε) and define Ei,j,ε be the following event from the Lemma 1:

Ei,j,ε :=

{
sup

w∈[−1,1]
inf

si,j∈{0,1}n
sup

x:|x|≤1
|wx− (vi,j � si,j)

Tσ(uix)| ≤ ε
}

Define Eε :=
⋂

1≤i≤d2
⋂

1≤j≤d1 Ei,j,ε to be the intersection of all individual events. Lemma 1 states
that each event Ei,j, ε

d1d2
holds with probability 1 − ε

d1d2
because ui and vi,j have dimensions at

least C log(d1d2ε ). By a union bound, the event E ε
d1d2

holds with probability 1 − ε. On the event
E ε
d1d2

, we get the following inequalities:

sup
W:‖W‖≤1

inf
S,T

sup
‖x‖∞≤1

‖Wx− (S�N)Tσ((T�M)x)‖

≤ sup
W:‖W‖≤1

inf
S

sup
‖x‖∞≤1

‖Wx− (S2 �N)Tσ(M′x)‖

(Pruning M according to Step 1 (Pre-processing M))

≤ sup
W:‖W‖≤1

inf
si,j∈{0,1}n

sup
‖x‖∞≤1

d2∑

i=1

∣∣∣∣∣∣

d1∑

j=1

wi,jxj −
d1∑

j=1

(si,j � vi,j)
Tσ(ujxj)

∣∣∣∣∣∣
(Using Eq. (11))

≤ sup
wi,j :|wi,j |≤1

inf
si,j∈{0,1}n

sup
xj :|xj |≤1

d2∑

i=1

d1∑

j=1

∣∣wi,jxj − (si,j � vi,j)
Tσ(ujxj)

∣∣

≤ sup
wi,j :|wi,j |≤1

inf
si,j∈{0,1}n

d2∑

i=1

d1∑

j=1

sup
xj :|xj |≤1

∣∣wi,jxj − (si,j � vi,j)
Tσ(ujxj)

∣∣

=

d2∑

i=1

d1∑

j=1

sup
wi,j :|wi,j |≤1

inf
si,j∈{0,1}n

sup
xj :|xj |≤1

∣∣wi,jxj − (si,j � vi,j)
Tσ(ujxj)

∣∣

≤ d1d2
ε

d1d2
≤ ε. (By definition of the event E ε

d1d2
)

A.3 Proof of Theorem 1

We now state the proof of Theorem 1 with the help of the lemmas in the previous subsection.

Proof. (Proof of Theorem 1) Let xi be the input to the i-th layer of f(Wl,...,W1)(x). Thus,

1. x1 = x,

2. for 1 ≤ i ≤ l − 1, xi+1 = σ(Wixi).

Thus f(Wl,...,W1)(x) = Wlxl.

For ith layer weights Wi, let S2i and S2i−1 be the binary matrices that achieve the guarantee in
Lemma 3. Lemma 3 states that with probability 1− ε

2l the following event holds:

sup
Wi∈Rdi+1×di :‖Wi‖≤1

∃S2i,S2i−1 : sup
x:‖x‖≤1

‖Wix− (M2i � S2i)σ((S2i �M2i−1)x)‖ < ε/2l.

(12)
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As ReLU is 1-Lipschitz, the above event implies the following:

sup
Wi∈Rdi+1×di :‖Wi‖≤1

∃S2i,S2i−1 : sup
x:‖x‖≤1

‖σ(Wix)− σ((M2i � S2i)σ((S2i �M2i−1)x))‖ < ε/2l.

(13)

Taking a union bound, we get that with probability 1− ε, the above inequalities (12) and (13) hold
for every layer simultaneously. For the remainder of the proof, we will assume that this event holds.
For the any fixed function f , let gf = g(Wl,...,W1) be the pruned network constructed layer-wise,
by pruning with binary matrices satisfying Eq. (12) and Eq. (13), and let these pruned matrices be
M′i. Let x′i be the input to the 2i− 1-th layer of gf . We note that x′i satisfies the following recurrent
relations:

1. x′1 = x,

2. for 1 ≤ i ≤ l − 1, x′i+1 = σ(M′2iσ(M′2i−1x
′
i)).

Because the input x has ‖x‖ ≤ 1, Equation (13) also states that ‖x′i‖ ≤
(
1 + ε

2l

)i−1
. To see this,

note that we use Equation (13) to get for 1 ≤ i ≤ l − 1 as

‖σ(Wix
′
i)− x′i+1‖ ≤ ‖x′i‖(ε/2l)

=⇒ ‖x′i+1‖ ≤ ‖x′i‖(ε/2l) + ‖σ(Wix
′
i)‖ ≤ ‖x′i‖(ε/2l) + ‖Wix

′
i‖ ≤ ‖x′i‖(ε/2l) + ‖x′i‖.

Applying this inequality recursively, we get the claim that for 1 ≤ i ≤ l − 1, ‖x′i‖ ≤
(
1 + ε

2l

)i−1
.

Using this, we can bound the error between xi and x′i. For 1 ≤ i ≤ l − 1,

‖xi+1 − x′i+1‖ =‖σ(Wixi)− σ(M′2iσ(M′2i−1x
′
i))‖

≤‖σ(Wixi)− σ(Wix
′
i)‖+ ‖σ(Wix

′
i)− σ(M′2iσ(M′2i−1x

′
i))‖

≤‖xi − x′i‖+ ‖Wix
′
i −M′2iσ(M′2i−1x

′
i)‖

<‖xi − x′i‖+
(

1 +
ε

2l

)i−1 ε

2l
,

where we use Equation (12). Unrolling this we get

‖xl − x′l‖ ≤
l−1∑

i=1

(
1 +

ε

2l

)i−1 ε

2l
.

Finally using the inequality above, we get that with probability at least 1− ε,
‖f(Wl,...,W1)(x)− g(Wl,...,W1)(x)‖ = ‖Wlxl −M′2lσ(M′2l−1x

′
l)‖

≤ ‖Wlxl −Wlx
′
l‖+ ‖Wlx

′
l −M′2lσ(M′2l−1x

′
l)‖

≤ ‖xl − x′l‖+ ‖Wlx
′
l −M′2lσ(M′2l−1x

′
l)‖

< ‖xl − x′l‖+
(

1 +
ε

2l

)l−1 ε

2l

≤
(
l−1∑

i=1

(
1 +

ε

2l

)i−1 ε

2l

)
+
(

1 +
ε

2l

)l−1 ε

2l

≤
l∑

i=1

(
1 +

ε

2l

)i−1 ε

2l

=
(

1 +
ε

2l

)l
− 1

< eε/2 − 1

< ε. (Since ε < 1.)

Replacing ε in this proof with min{ε, δ} gives us the statement of the theorem.
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B Proof of Lower Bound

Proof. (Proof xof Theorem 2) Firstly, note that hW(x) = Wx. Another fact we use in this proof
is that matrices W of dimension d× d can be considered as points in the space Rd×d ≡ Rd2 . The
metric that we would be using on this space would be the operator norm of matrices ‖ · ‖. Note that
G is a random set of functions, but we abuse the notation by using |G| denote the maximum number
of sub-networks that can be formed, starting from any initialization with the given architecture.

Step 1: Packing argument. Consider the normed space of d × d matrices,W = {W ∈ Rd×d :
‖W‖ ≤ 1}, with the operator norm ‖ · ‖. Let P be a 2ε-separated set of (W, ‖ · ‖), i.e. P ⊂ W and
‖M−M′‖ > 2ε for all distinct M,M′ ∈ P .

Note that any function g′ can only approximate at most one member of P . To see this, let us assume
on the contrary that a g′ can approximate two distinct members W1 and W2 of P . Then a triangle
inequality states that
‖W1−W2‖ = sup

x:‖x‖≤1
‖W1x−W2x‖ ≤ sup

x:‖x‖≤1
‖g′(x)−W1x‖+ sup

x:‖x‖≤1
‖g′(x)−W2x‖ ≤ 2ε,

which is a contradiction to the definition of a 2ε-separated set. Hence, g′ can approximate at most
only one member of P .

Step 2: Relation between |G| and |P|. The goal of this step is to show that, under the theorem
assumptions, |P| < 2|G|. If |P| > 2|G|, then we show that one of the matrices in P is the difficult
matrix W that we’re looking for.

Let us assume that |P| > 2|G|. Recall that the previous step states that, for any realization of g, the
corresponding G can only approximate at most |G| matrices in P . Therefore, for a fixed realization of
G, we get that

∑
W∈P I

(
∃g′ ∈ G : supx:‖x‖≤1 ‖g′(x)−Wx‖ ≤ ε

)

|P| ≤ |G||P| <
1

2
.

Taking the expectation over the distribution of g, we get that
∑

W∈P P
(
∃g′ ∈ G : supx:‖x‖≤1 ‖g′(x)−Wx‖ ≤ ε

)

|P| <
1

2
.

As the minimum is less than the average, there exists a W ∈ P such that
P
(
∃g′ ∈ G : supx:‖x‖≤1 ‖g′(x)−Wx‖ ≤ ε

)
< 1

2 , which is a contradiction to Eq. (9). Therefore,
2|G| > |P|.

Step 3: Lower bound on |P|. We will now choose P with the maximum cardinality of all
2ε-separated sets, i.e., that achieves the packing number. As packing number is lower bounded by
the covering number, we will try to find a lower bound on the size of an 2ε-net ofW [38, Lemma
4.2.8]. Now, any 2ε-cover has has to have at least Vol({W:‖W‖≤1})

Vol({W:‖W‖≤2ε}) elements, where the volume

is the Lebesgue measure in Rd×d = Rd2 . We also have that Vol({W : ‖W‖ ≤ c} > 0 because
{W : ‖W‖ ≤ c} contains {W : ‖W‖Frobenius ≤ c}. Thus, we get that Vol({W:‖W‖≤1})

Vol({W:‖W‖≤2ε}) = (2ε)−d
2

.
Putting everything together, we get that

2|G| > |P| > |N (W, ‖ · ‖, 2ε)| ≥
(

1

2ε

)−d2
.

Case l = 2 Let the dimension of M2 be d× s and the dimension of M1 be s× d. We need a lower
bound on s. Now, the number of matrices that can be created by pruning M2 are 2sd and similarly
the number of matrices that can be created by pruning M1 are 2sd. Thus, the total number of ReLUs
that can be formed by pruning M2 and M1 is at most 22sd. Thus, |G| ≤ 22sd. Therefore, we get that

22sd+1 >

(
1

2ε

)−d2
.

This shows that s = Ω
(
d log

(
1
2ε

))
is needed to approximate every function in F by pruning g with

probability 1/2.
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Case l > 2 Let the total number of parameters be m. Therefore, we get that |G| ≤ 2m. Following
the same arguments as before, we get that m = Ω

(
d2 log

(
1
2ε

))
.

C Subset sum results

C.1 Product of uniform distributions contains a uniform distribution

Lemma 4. LetX ∼ U [0, 1] (orX ∼ U [−1, 0]) and Y ∈ U [−1, 1] be independent random variables.
Then the PDF of the random variable XY is

fXY (z) =

{
1
2 log 1

|z| |z| ≤ 1

0 otherwise

Proof. It is easy to see why fXY (z) = 0 for z > 1. We prove for X ∼ U [0, 1]. The proof for
X ∼ U [−1, 0] is similar.

Let us first try to find the CDF of XY .

Let 0 ≤ z ≤ 1 be a real number. Note that XY ≤ 1. Now, if XY ≤ z, and if Y ≥ z, then X ≤ z/Y .
However, if Y < z, then X can be anything in its support [0, 1]. Thus,

FXY (z) = P(XY ≤ z)

=

∫ z

0

1

2

∫ 1

0

1dxdy +

∫ 1

z

1

2

∫ z/y

0

1dxdy

=
z

2
+

1

2

∫ 1

z

z

y
dy

=
z

2
− z log z

2
.

Differentiating this, the pdf for 0 ≤ z ≤ 1 is

fXY (z) =
1

2
log

1

z
.

Now, because XY is symmetric around 0, we get that for |z| ≤ 1

fXY (z) =
1

2
log

1

|z| .

Corollary 1. Let X ∼ U [0, 1] (or X ∼ U [−1, 0]) and Y ∈ U [−1, 1] be independent random
variables. Let P be the distribution of XY . Let δ0 be the Dirac-delta function. Define a distribution
D = 1

2δ0 + 1
2P .

Then, there exists a distribution Q such that

P =

(
1

2
log 2

)
U

[
−1

2
,

1

2

]
+

(
1− 1

2
log 2

)
Q

Proof. The corollary follows from the observation that Lemma 4 shows that pdf of P is lower
bounded by (log 2)U

[
− 1

2 ,
1
2

]
on
[
− 1

2 ,
1
2

]
.

C.2 Subset sum problem with product of uniform distributions

Corollary 2 ( [31]). Let X1, . . . , Xn be i.i.d. from the distribution in the hypothesis of Corollary 1,
where n ≥ C log 2

ε (for some universal constant C). Then, with probability at least 1− ε, we have

∀z ∈ [−1, 1], ∃S ⊂ [n] such that

∣∣∣∣∣z −
∑

i∈S
Xi

∣∣∣∣∣ ≤ ε.
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Proof. This is a direct application of Markov’s inequality on Corollary 3.3 from [31] applied to the
distribution in the hypothesis of Corollary 1.
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