Appendix

A Proof of Lemma[2.2]
Proof: Denote §(z,&) := 5 27", gy, (, &). Note that
IEV P (as€, n;} i) = V@)1
BB,y ¢ (V9(2,€) T Ve (9(7,6) ~ Ee(ByicVi(2,6) TV fe (Eaiean . )|
BB,y e (V9(0,6) T Ve (05,€)) ~ EeBy pp 1 (Va0 ) Ve (Een(e, )|

2
+ B i (Va(@,)T Ve Bjegn(@.€)) — Ee(ByieVon(, €) TV e (Epjegn ()|

IN

IN

= |[BeEn,ym e (Va(@,€)) " Vfe (3(2,8)) = EeBgy ym e (Va(@,€)) T V fe (Byjegn(x, ) Hz
< BBy 16l V@, )31V fe (3(2, ) = V fe (Enjegn(,6)) |13

< LySTEE (4 el §(x,€) — Epjegn (2,63

m

The equality holds as

EeBn;3m 16 (Vi(z, )" Vfe (Epjegn(,€)) — Ee(EyeVgn(2,6) TV fe(Epjegn(z, €))

=EcE, 0 ,16(Vi(2,€) — EpeVan(,) TV fe(Eyjegn(x,€))
=0.

B Convergence Analysis

In this section, we present the proof of Theorems [3.1] [3.2] and [3.3] Based on these theorems, we
demonstrate the sample complexity of BSGD with strongly convex, convex, and weakly convex
objectives.

First, we present the proof framework for strongly convex and convex objectives. Recall BSGD in
Algorithm 1], at iteration ¢, BSGD first generates sample &, from the distribution of £ and m samples
{ne; 72, from the conditional distribution of 7|¢;. We define the following auxiliary functions to
facilitate our analysis:

p(x, &) == fét (Enl&gn(%ft)); ﬁ(%ft) = f&t (mit Zgntj ($7£t>)-
j=1

Note that F'(z; &, {1: }i1) = p(x, &). The biased gradient estimator used in BSGD is Vj(x, &;).
Denote z* € argmin . F(z), Ay = %||z; — 2”3, a; = EA;. Since Ily(z*) = 2* and the
projection operator is non-expansive, we have

1 *
Appr = §|th+1 —z*(|3
1 R *
= §||HX(~”Ut — 1 Vab(xs, &) — Ma(z)][3
2 (12)
< —xy — 2" — ’thmﬁ(xnftm%

1 R ~ *
=A + §’Yt2||vzp($t7ft)”§ — Y Vaub(z,&) T (2 — 2¥).
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Dividing ; on both sides and taking expectation over {&;, {n:;}7; }, it holds

EV.p(xe, &) (24 — 2%) < 241

By Assumption[3.I] we have
— Vo, &) (v —a*) < pla”,&) = ploe, &) — S llae — 23

= p(x*, &) — p(a*, &) +p(a™, &) — p(ae, &) + pxe, &) — (l’t,ft)**fo —z*|3.
=Gt1 =Ct2 =(t3
Taking expectation over {&¢, {7, }}-!; } on both sides, by the definition of p(z, £), it holds E¢, [¢s2 |
x¢] = B¢, [F(2*) — F(a) | 4], then
~EV.p(x, &) " (2 — %) < B + Bz + E[F (2*) — F(xt)] — pay. (15)
Since 2* and z; are independent of {&;, {n; };”:1 }, by Lemma we upper bound E¢;; and E¢;3
using A (my):

+ §%E||Vw]3($t,§t)”§- (13)

(14)

[ECa| < Ap(my),  [EGs| < Ag(my).
Summing up (T3) and (T3)), we obtain

" a; —a 1 .
E[F(z;) — F(z")] < 2Ap(m¢) — pay + % + §%1EHpr(xt,£t)l|§~ (16)
t
By convexity of F' and the definition of Zr = % Zthl T, we have
1 & 1 &
E[F (&1) — F(z*)] = E[F(T ;xt> - F(:c*)] < t:ZIIE[F(xt) —F(z")], (7D

We then prove the convergence of BSGD for strongly convex and convex objectives based on (T6).

B.1 Global Convergence of BSGD for Strongly Convex Objectives
We prove Theorem [3.1] the strongly convex case for which Assumption[3.1]holds with 1 > 0.

Proof: Since F'is S r-Lipschitz smooth and p- strongly convex, we have
E|VF(2)|3 <2E|VF(2) = VE(2")|3 +2E[VE(2)]3
<25%|lz — 2"||3 + 2B VE (z")|3 (18)
<48%/u(F(x) = F(2")) + 2E| VF(2")|3-
It implies that

E[F(2) — F(a*)] < 22 f(me) —past 2 0 L (482 /u(F (@)~ F(a*) 2BV E () 13).

Ve 2
(19)
Therefore, we have for v; < ﬁ,
F
* at — @ [/ %
EF(z;) = F(2") < 7——57 <2Af(mt) — pay + —L L R VE (2 )||§>
1 —7SE/p Yt
(20)
as —a .
< 2208 m) = o + L0 o B EES ).
Summing up (20) from¢ = 1to T,
1 X
=S E[F() - F(a)
t=1
2 & ar—a
ST {QAf(mt) — g+ =+ %IEIIVF(I*)H%] @

o~
Il
—

2 & 1 2 1
[2Af(mt) + ’)/tE”VF :| T Z ’}/t "yt,1 — K =+ Tal % — M.

1 t=2

IA
Nl
M=

o~
Il



Set v, = ﬁ and ¢ = max{4S%/p® — 1,0}. It makes sure that 7, < 7 < ;5. Since
F
1/y1 — p < p(45%/p? — 1), with inequality (T7), it holds
T T -
A 4 1 ¢ 2E[VE@))3 | St 2
EF —F(z")] < = A — —z*5.

By the fact that Zthl t-&-% < Zthl 1 <log(T) + 1, it holds

. 2E(| VF (2*)|3(log(T) + 1) + S7/4]la1 — 2”3

T
BF(r) ~ F)] < 73 Aslomo) -

We demonstrate the sample complexity using the following corollary.

Corollary B.1 70 achieve an e-optimal solution, the total sample complexity of BSGD in the strongly
convex case is O(e~3) for objectives with Lipschitz continuous fe and O(e~2) for objectives with
Lipschitz smooth fe.

It implies that the smoothness of the outer function makes a difference in the total sample complexity
of BSGD when solving CSO. It is worth pointing out that the sample complexity of BSGD matches
with that of ERM (SAA) for strongly convex objectives established in Hu et al. [30]. We now prove

Corollary BT}

Proof: For fixed mini-batch size, to guarantee that E[F(Z7) — F(2*)] < ¢, setting T = O(¢ ') and
picking m = O(e~?) for objectives with Lipschitz continuous outer function f¢ and m = O(e~!) for
objectives with Lipschitz smooth outer function f, are sufficient to guarantee that £ is an e-optimal
solution to the ().

As for time-varying mini-batch sizes, letting m; = ¢ for Lipschitz continuous fe. Since Z;‘FZI % <
log(T') + 1, it holds

T T
1 1 Lo Lo (log(T) +1
t=1 t=1

As aresult, setting T' = O(e~!); the total sample complexity is Zthl (ms+1) = O(T?) = O(e7?).
Set m, = ¢ for Lipschitz smooth f¢. Since 23:1 1 <log(T) + 1, it holds

T T 2 2
1 1 Syo Spoz(log(T) + 1)
=) A <= g < =9 < O(e).
T; f(mt)—Tt; 2m, 2T <0l
Setting T = O(e~ 1), the total sample complexity is Y1, (m; + 1) = O(T?) = O(e~2) for
objectives with Lipschitz smooth fe. O

B.2 Global Convergence of BSGD for Convex Objectives

We prove Theorem [3.2] the convex case for which Assumption [3.T/holds with z = 0.

Proof: Recall that .
E[F(&r) — F(z")] < %EZ[F(%) - F(z7)].

t=1
Since 8 = 0 and p = 0, summing up (16) from¢ = 1to 7T,

T T
1 * 1 Ay — Qg 1 .
T T
1 1 11 1
23 ot s B+ 230 (2 - ) 4
TZ{ f( t) 2% TZ t ” o T 1



Plugging constant stepsizes v; = v and a1 = ||z; — 2*||3/2, we have

2 1 ||z —JU*H2
E[F(zr) — F(z")] < = A —|—7]W2—|—71 2,
[F(&T) (z")] < tgl £(my) 57 7

c

Setting v = Wil we have the desired result

T

2 M2c? + ||z — x*|3
E[F(27) — F(z*)] < = Ar(my) + .
F(or) = F) < 73 8t e

(22)

O
Comparing to Nemirovski et al. [36] and Hazan et al. [25]], has an extra term % 23:1 Ar(my)
that represents the average estimation bias of the function value estimator p(x, &) over F'(x).

Corollary B.2 Under the same assumptions as Theorem[3.2] to achieve an e-optimal solution, the
total sample complexity required by BSGD is O(e~*) for convex CSO objectives with Lipschitz
continuous f¢ and O(e=3) for convex CSO objectives with Lipschitz smooth f.

The sample complexity is achieved for either fixed mini-batch size m; = m or the time-varying
mini-batch sizes m; = t for Lipschitz continuous f¢ or m; = [\/ﬂ for Lipschitz smooth fe.

Proof: Let T = O(e¢~?). For fixed inner batch sizes m; = m, the selection of m is obvious by
definition of A ¢(my).

For time-varying batch sizes, when f¢ is Lipschitz continuous, let m; = ¢. Invoking Zthl 1/Vt <
2\/?, we have,

g 4+ M?c? + 1 — z*H% < 4Lyo, + M2¢ + s = :c*||§ <e

2T - VT 2e\T o

The sample complexity is Zthl(t +1)=0(T?) = O(e™4).

) 2K Lyo
B[P (ar) - Fa) < £ ) 7

When f is Lipschitz smooth, letting m, = [V/t], we have

T 2 2
2 Spoy M2+ ||z —2*||3 _ 2Sp0; M2+ ||vg — 2|3
E[F(Zr)— F(z")] < = g 4 2 < 9 4 2 <o
[Fer) =Rl < 7 ; 2/ 2¢y/T VT 2¢y/T -
The sample complexity is Zle(ﬁ +1) = O(T3?) = O(e?). O

B.3 Stationarity Convergence of BSGD for Weakly Convex Objectives

We prove Theorem [3.3] In this case, Assumption [3.1] with 1 < 0 implies that F(z) is |u|-weakly
convex. For simplicity, we denote z} := prox, (x¢). A is specified later in the proof.

Proof: By the definition of Moreau envelope, we have for any & > |/,

Fia(@en) < F(ap) + Sl — 2o |2
<F(£L'/)+A V’\ T E I__2_E o 2
< )+ VD, &) (2 — Tegr) + 5 |z — 24| 9 2141 — ¢
= Fyyp(a) + e Vil &) (@) = wi1) = Slleen — ol

=Fyp(we) + e VP, &) T () — m¢) + 0 VD(2e, &) T (T4 — Tog1) — %thﬂ — z|?

A2 fon' 2
v) + M [VD(x, &)l5

= F/p(oe) + eV, &) T (2, — 9 ’

(23)
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where the second inequality comes from the triangle inequality, and the last equality comes from
plugging in z;y; — x;. By weak convexity of p(+), we have

Vilae, &) " (2] — 1)

< B}, €) — Do &)+ 2 Jaf —

- _ 1
< plah, &) — (g, &) + play, &) — plae, &) + pe, &) — D@, &) JFUHCU; — x| *.
=Ct1 =Ct2 1=Ct3

By definition, E¢,p(z, ;) = F(z). Invoking Lemma 2.1} |E¢;1| < Ay(my), |ECs| < Ap(my).
Combining (23) and (24), taking expectation over {{;, {1)¢;}7-, } on both sides, and using the fact

that E||Vp(z, £)||3 < M2, we have

~ 2M2
zdl?) +

Fia(een) = Fyya(ee) < (@A (mo) + F(a}) — (o) + 2 - s

Dividing /i on both sides, rearranging and summing up from ¢ = 1 to T, we have
- 7
> i (Fan) — Fla) = le) — il 2)
t=1
T (25)
+2) e Ag(my).

1 a2 ST ~2
< E(Fl/ﬂ(-rl) = Fijp(zrs1) + szt_”)

We divide Zthl v¢ on both sides of the inequality above. Recall the definition of the output of

the algorithm Zg. Since ~;/ Zle ~¢ = 1/T due to the constant stepsize and Z g is selected from
{1, ..., z7} with equal probability, we have

E[F(er) — Pl — e — 24l
<F1/ﬂ($1) — Fyjp(ars) + SaM2 S0 72 + 2050 1%Af(mt)

i Zf 17Vt
Noticing that F(z) + £ Ellz — «[|? is (it — |p])-strongly convex if fi > |u|. Setting A = 1//i, we have

(26)

Fleg) ~ F(ef) ~ Wjjaf — a2

i i i — |pl
= (F(ze) + Sl —thIQ) = (F@) + Sl =2l ?) + = llat — 2

Iu\

> (o — ) I} — el = G up(a2),

where the last inequality uses the strong convexity of F(z) 4+ %Hz — /3. Recall that Gyp(z) :
+lIproxyp(x) — x||2. Combining with (26), we obtain

1 < i Frp(en) — Fuyplere) + SaM2 0 2 + 20500 vl p(my)

E[G}/ur(@r

i = |ul 23:1 Mt
(27

Plugging 7; = ¢/+/T and /i = 2|p| into the expression above, we have

E[G}) o)y (ER)]

C2 C T
2F1/(2|u|)(331) = Fuyapu (@r41) + IMPT G + 4l 2= 30,0 Ap(me)
< T =
o Freun (@1) = Py (@ren) + M2 8l 5,2, Agmy)
+ .
T T

By the fact that Fy (2|, (2741) > infyex F'(x), we conclude the proof. O
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Corollary B.3 Under the same assumptions as Theorem to achieve an e-stationary point, the
total sample complexity required by BSGD is at most O(e~°). If further assuming Lipschitz smooth
fe, the sample complexity is at most O(e~°).

The proof and batch size selection are the same as the convex case. We also provide a convergence
guarantee using decaying stepsizes.

Corollary B.4 (Decaying Stepsizes) Let T > 3, inner batch size my = m, and stepsize 4 =
c/Vt(t=1,--- T)withc > 0. If the output &g is chosen from {x1, ... ,x7} with P(2r = 2;) =
%/Zle Y, (i =1,---,T), we have,

. 2F) o)y (1) — 2mingey F(x) + 4|p|c?M?*In T
ElG} opuyr(@R)] < (kD T + 8|pAf(m).

Proof: Note that the argument till (26) still applies.
Plugging v; = % into (27), we have

E[G7) o1 (@r)]
T
Fyyolu (@1) = Frycaup (1) + 10IM> 32007 4lpl 30 1A s (m)
<2 T + T
Zt 1N Zt:l R
< 2Py (@) = 2Pyepp (@) + UMY 07 8|l A (m)
Zt 1N

Note that for 7" > 3

T 1 T+1 1

Stz [ a0 2 VT
S T

Z 1<1+/ tdt=1+InT <2InT.
=1 2

We conclude the proof. (]

B.4 Stationary Convergence of BSpiderBoost for Nonconvex Smooth Objectives

To analyze the convergence, define the following auxiliary functions:

Fin(2) = BBy, eym, fe (% > gn(a, 5)),
1=1

where {7, }7"; are i.i.d samples from the conditional distribution IP(7|¢). We summarize the properties
of F' and Fm as follows:

Proposition B.1 Under Assumptions it holds that
(a). F(z)and E,(x) are Sg-Lipschitz smooth where Sg = S, L + SyL2.

(b). Ee||V fe(y) — VELf: ()|} < L3, Ee || Vg (2,€) — VEgy(2,8)[3 < L2, |[VEn(2)|3 <
L2112,
g

N

2

(c). By Lemma |1F(x) — ﬁm(x)H% < Lfnag

202 2
LySiog
prea

(d). By Lemma |IVF(z) — VEn(z)|3 <

Note that there are other conditions under which these properties would hold, for instance, a natural

sufficient condition to ensure the smoothness of F'(-) and Fm() is when f or g is linear, i.e. Sy or
Sy equals to zero.



Proof: Denote g(z, &) = Eyjcgy(,€), §(2,€) == 7= D, gn, (2,€). By definition,

VF(2) = VE | fe (9(2,9))| = Be [V (fe(9(2,€)) )| = Be [V e(9(x,€)) - Vg(a,6)].

Note that for each fixed £, we have

19 (felg(@,€))) =V (fel9(9:9)) o = ¥ felg(w,€)) - Vo(.€) = Vfe(g(.£)) - Vol )2
= [IVfe(g(,8)) - Vg(z,&) — Vfe(g(2,€)) - Vg(y, &) + Vfelg(z,€)) - Vg(y,€) — Ve(g(y.€)) - Va(y, 2
<V fe(g(2,€)) - (Vg(x,€) = Va(y, ) ll2 + [ (Vfe(g(x, ) = Velg(y,€))) - Va(y, &)l
< Ly|IVg(, ) — Vg(y, &)z + Ssll (9(x, &) — 9(y,€)) - Valy, E)ll2
< (SgLys + SrLY) |z = ylla,

where the last inequality comes from Lipschitz continuity and Lipschitz smoothness of gy (-, &).
Similarly,

V(fe(3.€))) = Ve (32, ) Vi, €).

&)z

1V (fe(a(@,€))) = 9 (felatw,
=[IV4(z, &) "V fe(9(2.€)) = Vily. &) "V fe(3(y, )2
=IVi(x,&) "V fe(d(2.€)) = Vi(y, &) 'V e(d(2,€)) + Vi(y, &) Ve (9(2.€)) = Vi(y, &) "V Fe(9(y,€))l2
<|(Va(,6) = Vi, €) Vel + V(.0 (VIe(@(, ) — Vfe(9(1, )
< Lgl[Vg(z,€) = Vg(y,&)ll2 + Spllg(e, €) = a(y: 2 - [Va(y, &)l
< (SgLy + SrL) e = ylla.
It concludes the proof of Proposition[B.1|a).

As for Proposition B.1|(b), note that for any random variables X, we have E|| X — EX |3 < E[ X|2.
It implies that

Ee[|V fe(y) — VEf ()3 < Eel V()3 < LF,

B¢yl Vn(z,€) — VEgy(z,)[15 < Eeyl[Vgn(z, )5 < L.
It further holds that

(28)

EcE ey, (fﬁ(g )) v mw)”i
< Belgipeyrm, ( (9 z,¢) ))H2

= B (e, || Ve (90 5)> V<g(x’§)>Hz (29)

. 2 1 m 2
SEcEgyeym ||V e (9(%5)) H2 : HE Zng- (%f)HQ
i=1
< L3EE Ly T <r2re
< LEEior, [ 2 [Vou @), < 1525,
i=1
Proposition[B.I|c) and (d) are direct implications of Lemma [2.T)and Lemma[2.2] respectively.

Recall the gradient estimator v; of BSpiderBoost

y {VFTJ,\["‘ () = VFN2 (2 ) +viy (g —1Dg+1<t<mq—1,
t =

VEN: () t= (n, — 1)g, 0

where n; = [t/q]. Different from a key step in the analysis of SPIDER related literature [[18] [44], the
sequence {v; — V F(z;)} in our work is not a martingale sequence because VFN2 (2;) —VEN2 (2, 1)
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is not an unbiased estimator of VF(x;) — VF (z4—_1). As a result, the error would accumulate during
iterations. To fix the issue, we consider the following sequence in our analysis

{vi — VEp ()} 31)
which is a martingale. The key lemma of SPIDER is formulated as follows:

Lemma B.1 ([18], Lemma 1) Denote n; = [t/q], then for all (ny — 1)g+ 1 < t < nyg— 1, we

have )
Ellvi — VEn (2|3 < %Ellxt — w13+ Ellvi1 — V()3 (32)
and by telescoping and Proposition @2we have
N R Gt S
Ellv; = VEu(@)ll3 < Elom,-1)g = VEa(@m, gl + Y FZEH%JA - i3
i=(n:—1)q

L?Lz t—1 52 (33)
<7g lE €T; — X; 2.
< Y Rl -l

i=(ny—1)q

Proposition B.2 For each iteration, we have

(1 = Sky = ~
Flev) < Fle) ~ D25 24 (1VF () — VB3 + IV B(r) —ul3).
(34
Proof: By smoothness of F(+), we have
S
F(zp41) < Fla) + V(@) (@en —20) + 5 llzen — 2
S 2
= Flae) =7VF () oo + 25 for]
~ ~ 1-S
= P(ae) 10 (VF(w) — V() + V() — ) ~2- Lol - 52
(1 = Sky ~ ~
< P(ay) ~ P58 3 (IVE () ~ VB3 + 1V Bru(r) —wl3).
(35
the last inequality comes from Young’s inequality, more precisely, i.e.
—yof (VF () = VEp (1)) - %llth% < AIVE(@r) = V()5 (36)
(|
Proposition B.3 Denote
2G2,.2 272
5= L3Sios I LyLy
’ m N1
for each iteration, we have
1-8 — &
F(zi1) < F(ag) — MHMH% +y5+43 Z “ER|vg? (37
2 (1) Ny
t=nt—1)q

Proof: Apply Proposition and Lemma[B.1] we have

1-5 ~ ~
Frern) < Fla) = D o84 (IVF @) VB ) I3 + 19 Fon ) — l3)
t—1

VA= 8r) o,(L5ey T LGSFog  Lilg S >

< F(ee) = P Bl 4y (P S N Bl - i)
i=(n¢—1)q
t—1 9

Yy 1-— SF’}/ S

= Py - W g ? 37 SERpu 456
i=(n;—1)q

(38)
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which concludes the proof.

Now we proceed to the proof of the convergence rate of BSpiderBoost.

Proof: [Proof of Theorem [3.4]] Based on Proposition [B.3] we telescope in each epoch and take

expectation,

E [F(‘Tt-i-l)]

t

(1 = SrY) 2 3 : = 5}2«“ 2
SE[F@m-nd - 57" 3 B+ X X FEWP+y X 4

j=(nt—1)q j*(ntfl)qi:(”tfl)q
t niqg—1

j=(n:—1)q j=(nt—1)qi=(ni—1)q
t

t

<E[FGu-n)~ Y (Blul3—9)].

i=(ni—1)q

Jj=(ni—1)q
t

- -9 52
B[P - 055D Y e Y Y Fmppes Y 4

j=(nt—1)q

' v = Sky) 2 St ¢ > t
=E[Fam-) ~ "5 X B+ g Y ElPry Y 9]

j=(n:—1)q i=(ne—1)q Jj=(nt+—1)q

(39

the second inequality follows from n;q > ¢ and j — 1 < ¢. Further telescoping for all iterations, we

have
T7

—

E[F(er) - Flao)] SE[ = Y (Blwil} =19)] = 55 Elul?
=0

i=0
As aresult, for x g, its corresponding vg satisfies that

T-1

1
Ellosl} < 7= > Ellul3 <
=0

F(xo) —EF(zr) v A v
T B <ar "

By substituting the parameter settings, we could further show that

1 ~ ~
E|S|IVF(ws)I3| <E[IVF(xs) = VEn(s)l3 + [V En(ws) = vs]3+ llos]3]

L2S%0? . (L2L2 = s

m
i=(ns—1)q

< —_ E / o
6+6T+55+ Ellzit1 — x5

i= (ns 1)q

A y ¥ SF q
< — . E E
5+BT—|—65+ N, HU1||2

Ay 7PSEg A gl
< —
Rl LA <BT+65>

(35 e ()
< (1+ 2615F + 16;SF)5+BLT(1+ 1>A

(40)

(41)

N +E Y N “ER||zi, — xi‘@)—f—(%—i—%(S)

(42)

where the second inequality comes from Proposition[B.T(d), Lemma[B.I] and Equation (#I)); the third
inequality follows from the fact that the probability such that ng = 1 or 2,--- , ny is less or equal to
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q/T; recall the definition of § and multiply both sides by 3, then we have

2¢2 2 272
BIVF@s)I3 < (3+ goe + o) (022 + 40) + 22 -
2 2 2 )
< T + 1 + 5 =
By Jensen’s inequality for the function 2, it holds that
(EIVF(zs)ll2)” < EIVF(ws)llf < € (44)
So xg is the stationary point we desire. The corresponding iteration complexity is
[T/q| Ny + 2T Ny = O(e™?), (45)
and the sample complexity is
[T/q)Nym + 2T Nym = O(e). (46)
which concludes the proof. ]

C Lower Bounds, Proof of Theorem {.1]

Proof: We prove the lower bounds of A(A, F, ®) by constructing a hard instance of function and
a hard instance of an oracle.

The hard instance F'(x) is such that F'(z) is a CSO objective and it satisfies that x = (y, z) and
F(z) = F°(y) + F*™(z). It means that F is separable on y and z.

The oracle ¢ € &, returns a biased function value and a gradient estimator of F'. Since F' is
separable, we specifically consider a hard oracle instance ¢ such that ¢ returns a biased function
value estimator and a biased gradient estimator of F*™(z) due to the compositional structure on z
and it returns an unbiased function value estimator and an unbiased gradient estimator of F°(y).

Based on this specific hard instance construction on the function and the oracle, we could decompose
the lower bounds into two parts: one on coordinate y and the other on coordinate z. Note that the
part on coordinate y is the classical lower bounds using the stochastic first-order oracle. The part on
coordinate z is related to the extra bias term introduced by the biased oracle.

We first consider the (strongly) convex CSO function class. By Yao’s principle [46], we have
AT(AF, )

= inf sup sup EA4(F, ¢, X
ACAFeF ¢pcd 7( )

> inf By AS(EFy, ¢, X
2 inf Egv.g) 7(Fv,0,X)

' 47)
= f E F A — F * (
nf Eqvey [Fyv(@7(9) = Fr(ay)]

> inf vy [Fy (07 (9) = Fy (1) + B (57 (0) = F(27)]

> f E FC A _ FC * . f E Fsm A _ Fsm «

= Jnf, ey [Fv(y7(9) — Fy (yvr)] +A1€r1Ad ey (B (27(0) — B (27)]
where A¢ represents the class of all deterministic algorithms, 17?(917) = (y? (¢)’Z§1(¢)),

xy, = (yi, 2 is the minimizer of Fy (x). We first consider the lower bounds on the y part
where the oracle returns an unbiased function value and gradient estimator. To lower bound
inf gc a0 Eqv, gy [F (v (¢)) — FS (y3)], the hard instance construction of Fy; (y) will satisfy the
following conditions.

Condition I:

e ForV=+41lorV =-1,if yV <0, then F{,(y) > Fy(0).
e ForV =+41lorV = -1, F{;(0) — inf, F(y) = co where ¢o > 0 is a constant.
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Suppose that Condition I holds, we have
Aiélf\d Eqvey [Fy (7 (9) — Fy(u77)]
> inf By [(F7(0) - Fy (yi))Hy7 (9)V < 03]
= inf 0By [{yr(9)V < 0}]
= jnf, coP(y7 (9)V < 0).

(48)

Notice that (@8] requires to lower bound a probability
Py {yr(¢)V < 0}.

For a constant v = 41 or v = —1, let P¥ denote the probability distribution of the following trajectory
(yf)qa Gv(yf)qa CO)v yf((b)v ceey Gv(y$71(¢)v CTfl)a y%(¢))
It holds that
Py{y7(¢)V <0} 21— [P =Pty > 1 — /0.5Dxr (PH || P-1),

where || - ||y denotes the total variation distance of two probability distributions, Dk, denotes
the KL divergence of two probability distributions. The first inequality holds by definition and the
second inequality comes from Pinsker’s inequality [11]]. Since A € A% is a deterministic algorithm,
conditioned on oracle return ¢(y;, ¢;), yjA (¢) is deterministic. Conditioned on yf (¢), the randomness

in (b(yj‘w)7 (;) only comes from ;. By the chain rule of KL divergence, we have

T-1
D, (B | P71) = 37 Dicn(Ga (it (641): Gl (641) || G- (01, Gl (6-1):

t=0
In our hard oracle construction, we require the following conditions:
Condition II

e The gradient estimator returned by the oracle, conditioned on the query point, is a normal
random variable such that conditioned on w;, it holds:

Gy (y(9), C))lyi* (9) ~ N(uys, 0%)
where 1{} depends on the algorithm A, o2 is the variance parameter of the oracle.
e There exists a constant b, such that |4, — p?,| < by,.
Since the KL divergence between two normal random variables with the same variance o2 is known to
be %, where 1 and o are the expectations of the two normal random variables, respectively.

As a result, we have ,
A _ A2 Tbh
Diu (B | By = TR TS

202 = 202"
Thus, it implies that
122
Py{yz(9)V <0} 21—/ (49)
Therefore we have the lower bounds on the first term on the right hand side of @7):
A 0y
. C C *
Alélfw Eqv,gy [FV (y7(9)) — Fy(yi)] = o (1 ~V 12 ) (50)

Now we lower bound the second term inf 4¢ 40 Eqv, ¢y [F3™ (24} (¢)) — F™(27,)] on the right hand

side of [ 7). Let F;lmv(z) denote the expectation of the function value estimator returned by the
oracle on z part. Suppose the hard instance construction satisfies the following conditions.

Condition III:
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e For V=+1lorV = —1,if 2V <0, then F{*(2) > F;™(0).
e ForV=+lorV =-1, F*(0) — Fg‘ﬂ,(z‘*,) = ¢, Where ¢, > 0 for any m > my .
e ForV=+lorV =-1, F;mv(z;) — F¥™(2{) = c;,,, where ¢],, > 0 is a constant.
Condition IIT guarantees that for any z such that zV' < 0, it holds
FP™(2) = Fpiv (20) 2 FP™(0) = F3y (20) 2 em 2 0.
We further have that
inf E Fsm A _ pEm(*
AL Vo) [V (27 () 7 ()]
> inf By (7 (0) - F()) 2 (0)V < 0)
= il Eqvg) (7 (0) = B () + B3 () = BRE)HA OV <0F )
= inf (cm + ¢, )P{27(¢)V <0
it (e + )P O)V < 0)

> inf o P{z2(¢)V < 0.
2 lnf  cm {zr(9)V <0}

T2b2
P{zp(9)V <0} > 11—/,

where b, > |uft — pA,| with u{} as the expectation of the gradient estimator Gy on z. To summarize,
if Condition I, II, and III hold, we have

T2b2 T2b2
* > _ Yy / _ z .
A (A, F, ) > c0<1 o > . (1 o ) (52)

It remains to construct specific hard instances satisfying these conditions and demonstrate the lower
bounds.

Similar as (@9), we have

Strongly convex CSO objective with smooth outer function The hard instance is

1 1
Fy () = Be[fe(Byjegn(@,€))] = 5y° = Vay + 52° = VBz. (53)
Note that the outer function f¢(y,z) = 3y* — Vay + 222 — V 3z and the inner function g, (z,§) =
(y,mz), where n ~ N(1,1/3?%) for any £. The minimizer of Fy (z) is 23, = (Va, V3). Further
F(z) can be decomposed as F{ (y) = 3y* — Vay and Fi™ (2) = E¢[5(Eyenz)? — V(Eyenzp)] =

%22 — V Bz. The oracle has access to an approximation function

~ . 1 1 1 1
Foy(z) = Fy(y)+F0 (2) = §y2—Vay+§Eﬁ222—VﬁEﬁz = §y2—Vay+§(1+

m/32

where 7; = L > i mj, and

L o > 1 AW
i (z) = 7% VzB, Fy'(z)= 5(1 + E)Z —Vzp.

. The gradient estimator returned by the oracle is
Gy () = (VF(y), VIR, () + ©),
where ¢ ~ N(0,02). Thus EGy (z) = (VF<(y), Vﬁfnmv(z))) = VE,, v(x). We verify that

e Fy(x)is strongly convex and the outer function f¢(y, z) is 3-Lipschitz smooth.
e Condition I and III hold:

= e =21 = L) Thus ¢, > 0if m > 1/82.

m32
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- cl = L
m 2m”*
e Condition II holds:
- y—Va+ (and z — V3 + ( are normal random variables conditioned on V" and x.
- by =2a,b, = 28.

As a result we have
2 2 2
N 4 « To 1 [Tj
Thus there exists a hard instance with o = 2 %2, B=1y %2 such that
402 1

A;(Aa ]:(45307(1)1‘(1) Z ﬁ + m7 (54)

for strongly convex CSO objective with smooth outer function. As a result, to achieve e-optimality,

the number of iterations should be at least 7' = O(e~1), the inner batch size should be at least
m = O(e ).

Strongly convex CSO objective with non-smooth outer function We consider the hard instance
construction:

1 1
Fy(z) = Eefe(Epjegy(2,€)) = 5?/2 —Vay+plz-V[+ 52(532 - Vaz),
with the outer function f¢(y,z) = 3y*> — Vay + 8|z — V| + 8*(32? — V'2) and the inner function
gn(x, &) = (y,nz), where n ~ N(1,1/?) for any £. The minimizer of Fy (z) is 3, = (Va, V).
Correspondingly, we have F{(y) = 2y? — Vay and F§™(2) = B8]z — V| + 8%(32% — V2). The
oracle has access to an approximation function

P (a) = Fy(9) + B3y (2) = 2 — Vay + BBl — V] + 5°(3 (2)? — V(32)].

The subgradient estimator returned by the oracle for me (z) is
Gy (2) = (VF(y) + VI (2) + Q)
where ¢ ~ N(0, 0?). We verify that

e Fy () is strongly convex and the outer function f¢(y, z) is non-smooth.
e Condition I and III hold

2 . A A
— em = B(L—Eli— 1))+ £ (1 —E(i — 1)?). Since Eljj — 1| = ﬁ\/g and E(7j —1)% =
s em 2 011> 51 [2and 1> S
- =y 2+ o
e Condition II is satisfied:

- VF°(y) + ¢ and VF,,S{”‘V (z) + ¢ are normal random variables conditioned on V" and x.
- by =2a,b, =28+28%as [VEE™ (2) — VES®, (2)] < 28 + 282

As a result, we have

* 2 To2 1 5 1 (61 )
33t 25 (1 T5) ([ 5 (- TET)

As a result, there exists a hard instance with o = 2,/ %%, B+ 82 = 1,/ 2%, such that

402 1 2 1
AX Fry P) > —— + ——— [ =+ —
(A Fésor Pm) 2 o7 * 2ym\ = T (53)

for strongly convex CSO objective with non-smooth outer function.

25



Convex CSO objective with smooth outer function We consider a hard instance that differs from
the hard instance in the strongly convex objectives with a smooth outer function only in FY, (y).

1 1 1
Fi () = Eelfe(Byiean (. €0)] = alily=V]| > r}ly=V|~gr)tal{ly=V| < r}o-(y=V)>+3 2V 26,
where the inner function g, (z, &) = (y,nz), where  ~ N(1,1/3?%) for any £ and the outer function

1 1 1
Jely,2) = al{ly =V > r}(ly = V| = 5r) + al{ly = V| < r} - (y - V)?+ §z2 — VzB.

Thus Fy () is a convex CSO objective with smooth outer function. Specifically, we have

1 1
Fy(y) = ol{ly = V|>r}(ly = V| = 5r) +olfly = V| <)o (y = V)7,
where r > 0. We construct an oracle with gradient estimator such that:

Gy (z) = (VFS(y) + ¢, VE(2) 4 €),
where ¢ ~ N(0, ¢). We verify that

e Fy(x) is convex and the outer function f¢(y, z) is L-Lipschitz smooth.
e Condition I and III hold:
— when 0 < r < landm > 1/82, we have ¢y = a(l —r/2) >0, ¢,, = %2(1 — ,BZLm) > 0.
;o 1
- Cp = Sm
e Condition II holds:
- VF{(y)+ ¢ and VF‘S,m(z) + ¢ are a normal random variables conditioned on V" and x.
- by =2a,b, =20.

As a result, we have,

85 Fsorm A 21—/ 18) + L (112, )

Thus there exist a hard instance with o = %, / %2 and 8 = %\/ %2 such that

« o2 1
AG(Fso, Pms A) > \/647‘*‘% (57

for convex CSO objective with smooth outer function.

Convex CSO objective with non-smooth outer function We consider the hard instance construc-
tion such that

Fy(z) = Be fe(Epjegn(2,€)) = aly = V| + Blz = V|.

where the inner function is g, (x,&) = (y,z — n) with n ~ N(0,1/3?) for any ¢ and the outer
function fe¢(y, z) = aly — V| + 8|z — V. The minimizer of Fy is «j, = (V, V). The oracle has
access to an approximation function:

v (2) = F(y) + iy (2) = aly = V| + BE[z = V — .
The subgradient estimator return by the oracle for me (x)is

Gy (z) = (VF(y) + ¢, VIR (2) +¢)
where ¢ ~ N(0, 0?) and we abuse the use of V to denote subgradient. We verify that

e Fy () is convex and the outer function f¢(y, z) is non-smooth.
e Condition I and III are satisfied by our construction:

- Cyp = Q.
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- ¢y = B(1 —El5)), since E|7j| =

- ¢ = BE|f| = ﬁ\/g
e Condition II is satisfied:

- VFS(y)+¢ andVF,ierlv(z) + ¢ are normal random variables conditioned on V" and z.
- by =20, b, =20.

2 : o 2
;,szolflz\/i% g

1
B

As a result, we have

AL (Fesor Pm, A) >a(l — \/7 \F\/7 \/T752

Thus there exists a hard instance with o = 1/ %zand B=134/ 22 such that

N o2 1 2
AL (A, Fso: Pm) > \ 64T + W\/; (58)

for convex CSO objective with non-smooth outer function.

Letting the right-hand side of each result be greater or equal to €, we have the corresponding sample
complexity for each case.

For the nonconvex CSO problems, we construct a hard instance such that F'°(y) is nonconvex smooth
and F™(z) is 1-strongly convex with Lipschitz continuous or Lipschitz smooth outer function. Since
Fs™(z) is 1-strongly convex, it holds

[V (2)|13 > 2(F*™(2) — inf F*™(2)).
4
‘We further have
A*g(-A Fosor Pm,)

= inf sup sup E[VEF(29(¢))3

AcAges,, FEeFso

> inf sup sup IE||VF°(yT( ))||2—|— inf sup sup ]E||VFsm(z$(¢))Hg

A€A e peer- ACA GeD,, pameFL,

>sup sup - inf E[VF(yz(9))[I3 + jnf sup  sup  E[[VE™(2(0))[3
¢pe® PreP{F-}4 PEPm FemeFlsy

>sup  sup mf ]E||VF( 2 N3+ 1nf sup  sup 2E(F"T™ (z%(gb)) —inf F®*™(2)),
e PFEP{.F } AcA ¢€<I> Fsme}‘ Z

CsO

where & C ®,,, is the oracle class such that Eh(xz, () = F(x), the first inequality holds by definition,
the second inequality uses the fact from Braun et al. [5] that

inf sup sup A%(A, F,¢$) > sup sup mf AJ(AF, ), (59)
A€Agew FeF ped Fep{r} ACA

where P(F) is the set of all distributions over F, the third inequality holds by strong convexity.

Note that the second term on the right hand side of the last inequality is exactly twice the minimax
error for strongly convex CSO objectives. Thus we could use the hard instance construction earlier
on the strongly convex FbI "y to lower bound it. When the oracle has access to an EF(x EAnitiiy)
with smooth outer functlon fe,

1
om’

inf sup sup 2E(F™(24(¢)) —inf F*™ (%)) >

AcAgeo,, Fsme]:gso

When the oracle has access to an EF'(z; €, {n;}j£1) with nonsmooth outer function f¢,

1 2
inf su su QE(FS™ (24 — inf ™ > +
AeA ¢e<1>p Fsm GJ%SO ( ( T(¢)) z (2)) 2m mm
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As for the first term on the right-hand side, we directly use the results from Arjevani et al. [3]] to lower
bound it. Arjevani et al. [3] says that for Fg , the class of nonconvex smooth functions, it holds for
any € > 0 that

s sup inf B|VF(y(9)) 3 > &,

$€® prep{Fy} ACA

for any t < tjpax = O(0%e¢ ) and

sup  sup  inf E|VF(y(9)) 15 > €,
$€P° prep{Fg} AEA

fort < t¢,. = O(c%e?) where ®¢ denote an stochastic first-order unbiased oracle class such that

any oracle in this class has Lipschitz continuous gradient estimator. It implies that for any 7, there
exists an € > O such that 7 = e ™% < .« and

sup sup  inf IE||VF(y?(¢))||§ > €.
$€P prep{F;} AA

It further implies that

sup  sup - inf IEIIVF(Z/T( $)I3 > sup  sup QQQEHVF(ZJ?(@)II% > O(oT™1?),

ped Prep{F-14 $€® preP{Fg}

and

sup sup 1nf IE||VF(yT( ))II% > sup sup inf E||VF(914(¢))”§ 2 O(C’Tiws)'
pede ppep{Fr-}ACA pede PFEP{fg}AEA

O

D Experiments

The platform used for the experiments is Intel Core 19-7940X CPU @ 3.10GHz, 32GB RAM, 64-bit
Ubuntu 18.04.3 LTS.

D.1 Invariant Logistic Regression

We generate a synthetic dataset with d = 10, a ~ N(0;071) with 0 = 1, n|¢ ~ N(a;031,).
Three different variances of |&: o3 € {1,10, 100} are considered, corresponding to different noise
ratios. At each iteration, we use a fixed mini-batch size m; = m, namely m samples of 75| are
generated for a given feature label pair &; = (a;, b;). We fine-tune the stepsizes for BSGD using grid
search.

Table A compares the performance achieved by BSGD and SAA under the metric of optimality gap,
F(x) — F*. Since we do not have direct access to the function value. We estimate the objective with
50000 outer samples and calculate the true conditional expectation. The empirical risk minimization
constructed by SAA is solved using CVXPY.

D.2 MAML

We use the objective value as the measurement. Since the objective is analytically intractable, we
evaluate the MAML objective via empirical objective obtained by empirical risk minimization:

SRS SED WICEN

where the three sample sizes T, N and M are set to be 100. when computing the approximate loss
function value, the sample tasks/data are selected randomly.

support/)’ ~ query

Dz m )Dm )7 (60)

Figure [3|shows that the widely used first-order MAML [[19], which ignores the Hessian information
when constructing the gradient estimator, may not converge. The number after each method denotes
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Table 4: Comparison of BSGD and SAA in Invariant Logistic Regression

0’1:1,0'2:1

m Q =10° Q=5x10° Q=10°
Mean Dev Mean Dev Mean Dev
1 9.28e-04 1.95e-04 6.23e-04 8.18e-05 5.81e-04 4.00e-05
5 1.04e-03  3.06e-04 2.08e-04 6.54e-05 1.77e-04 4.70e-05
10 1.22e-03  2.15¢e-04 3.69e-04 8.14e-05 2.91e-04 491e-05
20 1.46e-03  8.94e-04 3.22¢-04 1.54e-04 1.66e-04 6.44e-05
50 1.53e-02  3.47e-03 8.82e-04 3.56e-04 3.94e-04 1.61e-04
100 3.40e-02 8.58e-03 1.94e-03 6.48e-04 9.27e-04 3.45e-04
SAA (m=100) 2.55¢-03 9.34e-04 8.95¢-04 3.78e-04 5.56e-04 2.81e-04
g1 = ]., o2 = 10
m Q =10° Q=5x10° Q=10°
Mean Dev Mean Dev Mean Dev
1 2.47e-03  1.12e-03  1.02¢-03  2.83e-04 8.16e-04 1.38e-04
5 2.21e-03 9.22e-04 5.53e-04 1.30e-04 3.26e-04 1.15e-04
10 2.32¢-03 5.29e-04 7.22¢-04 2.55e-04 5.32e-04 1.72e-04
20 3.57e-03 7.88e-04 7.37e-04 3.25e-04 3.99¢-04 1.37e-04
50 7.87e-03  2.96e-03 1.42e-03 7.57e-04 7.25¢-04 3.65e-04
100 1.91e-02  6.46e-03 2.23e-03 1.01e-03 8.90e-04 4.83e-04
SAA (m=464) 8.69¢-03 2.74e-03 3.70e-03 1.07e-03 2.14e-03 8.45e-04
o1 = 17 gg = 100
m Q=10 Q=5x10° Q=10°
Mean Dev Mean Dev Mean Dev
1 7.32e-02  7.94e-03 6.82e-02 2.41e-03 6.69e-02 1.09e-03
5 1.53e-02  4.54e-03 3.30e-03 1.12e-03 1.61e-03  7.50e-04
10 1.46e-02 3.80e-03 3.28e-03 1.24e-03 1.70e-03  5.82e-04
20 1.73e-02  8.95e-03 3.19¢-03 1.18e-03 1.52e-03  5.60e-04
50 1.47¢-02  5.15e-03 3.36e-03 1.27e-03 1.50e-03 6.97e-04
100 3.20e-02 8.07e-03 5.81e-03 2.44e-03 3.39e-03  1.30e-03
SAA (m=1000) 4.33e-02 1.19e-03 1.50e-02 8.00e-04 1.12e-02 6.42¢-04
45
4.0
35 M"" ] wmm,"wwwww
%3-0 %‘i NWWWM —— BSGD-20
v 2.5 FO-MAML-10
220 i’\ —— Adam-50
21,5 "‘«‘i\ —— FO-MAML-50
° 1.0 A4""\"‘::\,wmm
0.5 ”mew&mmw
0.0 0 1 2 3 4 5 6 7 8 9 10
Number of Samples x10°

Figure 3: FO-MAML may not converge
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the inner mini-batch size. It compares the convergences of the widely used First-order MAML(FO-
MAML)[19]], BSGD, and Adam, each under the best-tuned inner batch size. BSGD achieves the least
error among the three methods with a proper inner batch size of 20. Adam requires a larger inner
batch size to achieve its best performance, which is less practical as some tasks only have a few or
even one sample.

TableE] summarizes the detailed experimental results of BSGD, FO-MAML, Adam, and BSpiderBoost
with different inner mini-batch sizes. The total sample size is Q = 107. The stepsizes for BSGD,
FO-MAML, and BSpiderBoost are fine-tuned. Specifically for BSpiderBoost we set (N7 = 10, Ny =
1, ¢ = 10). For each inner mini-batch size, we run each algorithm for 10 times and then calculate the
mean and the standard deviation of the output objectives of all trials. The best performance result for
each algorithm is highlighted using bold font.



Table 5: Comparison of convergence results of BSGD, FO-MAML and Adam in MAML problem
with different inner mini-batch sizes.

a=0.01
Q=10° Q =10° Q=107
Mean Dev Mean Dev Mean Dev
5 3.46e+00 1.81e-01 1.28e+00 1.72e-01 5.07e-01 1.02e-01
10 3.40e+00 2.43e-01 1.20e+00 2.68e-01 2.68e-01 8.09e-02
BSGD 20  3.57e+00  3.18e-01 1.67e+00  6.87e-01 1.63e-01  5.82e-02
50  3.44e+00 2.07e-01 2.51e+00 6.12e-01 2.51e-01 5.21e-02
100 3.81e+00  3.66e-01  3.23e+00  2.99e-01 3.60e-01 9.05e-02
5 3.89e+00 3.46e-01 3.21e+00  2.49e-01 8.48e-01 1.59e-01
10 3.72e+00 3.18e-01 2.07e+00 4.94e-01 2.58e-01  4.02¢-02
FO-MAML 20  4.03e+00 3.32e-01  3.15e+00  1.69e-01 1.82e+00  7.12e-01
50  3.90e+00 3.84e-01 3.26e+00 3.24e-01 3.52e+00 5.49e-01
100 3.80e+00 3.62e-01 3.48¢+00 2.51e-01 4.09¢e+00 5.10e-01
5 2.95e+00 5.90e-01 1.45e+00 4.15e-01  1.04e+00  3.83e-01
10 3.03e+00 4.26e-01 1.34e+00 5.61e-01 6.09¢-01 7.59¢-01
Adam 20  3.47¢e+00 3.0le-01 1.11e+00 3.63e-01 2.82e-01 8.85e-02
50  3.36e+00 3.43e-01 1.53e+00 5.20e-01  2.35e-01  8.32e-02
100 3.60e+00 2.86e-01  2.52e+00 5.28e-01 3.92e-01 2.20e-01
10 2.47e+00 1.02e+00 2.65e+00 1.08e+00 2.56e+00 1.04e+00
20 6.81e-01 6.50e-01 1.95e-01 4.49e-02 1.43e-01 2.57e-02
50 6.15e-01 1.93e-01 2.54e-01 6.38¢-02  2.10e-01 3.56e-02
100 3.21e+00 1.12e+00 2.76e+00 1.45e+00 2.98e+00 1.55e+00

Method m

BSpiderBoost
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