APPENDIX: An Ode to an ODE

9 Proof of Lemmal4.1]

Proof. Consider the following Euler-based discretization of the main (non-matrix) flow of the

ODEtoODE: ) )
2
Xixr :X;]-‘,-Nf(WG (N)XX’>’ (10)

where ¢ = 0,1,.,,,N —1land N € N+ is fixed (defines granularity of discretization). Denote:

al =x;.c¢ =b,, VY = W(g)andz}, = Vv iiaN + cN,. We obtain the following

discrete dynamical system:

1
aly=a) + = f (24), (1n)
fort =0,1,...,. N — 1.
Let £ = L(x1) = L(aX) by the loss function. Our first goal is to compute L fori=0,..,N —1.

Using Equation[TT} we get:

oL 8a1\j_1 oL 1 oz oL
_ I -1 ~di 1 N it+1 _
aa£V a a ﬁl ( d+ N lag(f (ZZ+1)) aaf\[ )aalJrl
1 oL (12)
(L + pding (7' (=35I Vi) g
Therefore we conclude that:
oL N 1 Nov] OL
= |11 o st V20 5 (13)

Note that for function f such that | f'(z)| = 1 in its differentiable points we have: diag(f’(z2)) is
a diagonal matrix with nonzero entries taken from {—1, 41}, in particular D € O(d), where O(d)

stands for the orthogonal group.
Define: G = diag(f'(z"))V+?. Thus we have:

N
oL 1 N 0
i r=it1 N
Note that the following is true:
il 1 1
II @+ 56N = > TGN G (15)
r=it1 {ri,o..,re }C{i+1,...,N}
Therefore we can conclude that:
N
1 1
I TT (@t Gl < > ~EIGN - G e
r=i+1 1,07k JC{i+1,...,N
~ 1 (N—i (N —i—k+1) .- (N =) 1
S w()-X o SIED
k=0 k=0 k=

where we used the fact that O(d) is a group under matrrx -multiplication and |G|z = 1 for every
G € O(d). That proves inequality: ||-2 aaN llo < ef| 2 aaN II2-

To prove the other inequality: ||-2% a¥ 2> (2 — o))l 2% Bal ||2, for large enough N > N (e), it suffices to
observe that if G € O(d), then for any v € R¢ we have (by triangle inequality):

1 1 1
[T+ GV 2 ¥l — | Gvlle = (1= 1) V] a7
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Lemmauthen follows immediately from the fact that sequence: {axn : N = 1,2,3, ...} defined as:
an = (I'= )" has limit e~! and by taking N — cc. O

10 Proof of Theorem [T

We first prove a number of useful Lemmas. In our derivations we frequently employ an inequality
stating that for @ > 0 (1 + %)Y = exp(Nlog(1 + £&)) < exp(N - &) = e* which follows from
exp(+)’s monotonicity and log(+)’s concavity and that log(1) = 0,1log’(1) = 1.

Lemma 1. If Assumptiond.3|is satisfied, then for any 0' = {2}, 5, b’ N, Q', W(} € Dand §" =
{Q7,95,b", N, Q", Wy} € D such that | N'[|, [[Q]|2, [N"|l2, [|Q"[|l2 < D, [[b[|2, [[b”][2 <
Dy, for some D, Dy, > 0 it holds that

v, € B lgo () — g ()l < el "1
1 21
+(elsle+ e~ 003) (14 €= D+ = )10 - a9

lge (") l2 < ells”[l2 + (e = 1) De. (19)

Proof. Indeed,

" "

llger(s') = gorr (s")l2 = llgo (s") — gor (") + gor (") — gor (s”)|2
< llger (s) = gor (s")ll2 + llger (s”) = garr (s 2. (20)
Letx),...,x)y andxY, ..., x/; berollouts (56) corresponding to computation of gg (s") and gg/ (s")

respectively. For any Stiefel matrix Q € ST (d1, d2) (including square orthogonal matrices) it holds
that ||©2||2 = 1. We use it to deduce:

a0 (5) — g (")l = |2y — gy < [24lalixy — ol = Iy — Kl
1
~ sy = ks 3 AWy 4 B) = AWty b))

1

<lxyo1 —xnoalla + NHf(WNX?v_l +b) — f(Wnxy_; +Db)l2
1

< xy—y = X3l + N”WNXIN—l - Wxx\ 42

= [xy_1 —xN_all2 + N”X/N—l = xy_1ll2
1 1
= 1+ )l =Xl < - < (1 )Vl — G
< ellxg — xqll3 = el|21s" — Q"I < el|[|a]ls" — 8"IJ5 = ells’ —s"[3. @D
Let x}, Wi, ..., xy, W/ and x{, WY, ... x;, W/ be rollouts (516) corresponding to computa-
tion of go/(s”) and gg (s ) respectively. We fix i € {1,..., N} and deduce, using Assumption[4.3]
in particular, that

1 1
e llz < fIxiZlle + S ILF Wiy +B)lo < fIxialle + 5 IWixiiy + b7l

1 1 1 1
< ol + WLl + 3 B = (1 ) o + 2 1B

N

1. 1 i—1 1. 1

< (1+ ) Il + 0"z Zo(l + ) = (L )94 s
]:

L. " L Ginar " 1.,
(14 )" = DIPll2 = (1 + )12 l=l1s"ll2 + (1 + 5)" = DDy

1 1
< (1 AN 1 L N—l D
—(+N) s H2+((+N) ) Dy
<e|s"||l2 + (e = 1)Dy. (22)
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s a particular case of wen2= and ||gg/(S7)||2 = X2 X gweotam et
As a particul f (22) when ¢ = N and i Qx| < b .S

A N(WITIQw lN/_N/W/TlQ W’L 1)

A N (W//TlQ// " N// N//W//Tl Q// " )

Since A’; A” € Skew(d) and Skew(d) is a vector space, we conclude that exp(aA’ + at(A” —
A")) € O(d) for any t, « € R where we use that exp(-) maps Skew(d) into O(d). We also use a rule
[51]] which states that for X : R — R4xd

X (t)
dt

1
& exp(X(1)) = / exp(@X (1) 2 exp((1 — @)X (t))da

to deduce that

lexp(A') — exp(A")||5 = H/ *exp(A”th(A’ —A"))dt|3

— H/O /0 exp <aA” + at(A’ - A”)> (A — A”)exp<(1 — QA

+(1—a)t(A - A”))dadt”%

11
< / / || exp <aA” +at(A — A”)> (A"—A") exp((l —a)A”
0 Jo

+ (1 —a)t(A' - A”)) |2dadt

1,1
= [ [ 1a" - A" dads = &7 - A

o Jo
Consequently, we derive that
[Wi — W2 = [Wi_j exp(A’) — W', exp(A”)]2
= ||[W._,exp(A’) — W/ ;exp(A’) + W/ | exp(A’) — W/ | exp(A”)||2

i1 1 1 1
< [[Wi_y exp(A”) = Wi exp(A')[|2 + [[W_; exp(A’) = Wi_ exp(A”)]|2
= Wiy = WiLi[l2 + [[exp(A’) —exp(A”)[2 < [[Wi_; = Wi [l2 + |A" = A"

= [IWi, W’-’_1Hz+*H(WQLQ’Wé_lN’—Wé’lQ” LN - (N'WIL QW
NNWHTlQNW;/ 1)”2
< Wity = Wil + — HW QW N - W/ Q"W N'|ly + — ||N/W QW
N//W//TlQ//W// 1”2
= Wiy = Wil + HW QW N -W L QW N+ W[, QW] N
_ngjlql/ " N//||2 i ”N/W/TlQ WZ L legilQ”ng—l +N/W/T1Q//
N//W//TlQ//W// 1”2
1
< Wisy = Wi+ — HWIT1Q W, N - W[, QW] N+ — ||W/T1Q Wi N”
- WILQ'WIL N||> + NIIN’W QWi - N'WLQ"WL, > + —||N’W LQ'wW,
N//W//TlQ//W// 1”2

<Wisi — W”1H2+*HQII2IIW N = WL N + = HN”II WL Q - Wi, Q"
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N QW Q“W"luﬁ—ncz“n IN'WT, -~ N"W

< ||W1 L W+ I WN = W N+ 2 WL Q- W Qs
ZIQWy — Q"W [lo + D [N'WIT, — N"WT

= Wiy = W+ W N = W N+ W N~ W N+ o [WT,
-WiLQ + WiLQ" - WiLQ +—||QWH QWL + QW - Q"W |
+ %HN’W;T1 - N'W/ + N'W/ - N'W/T |,
< IWiy =W+ 5 \\w<_1N'—W;_1N"||2+9||W<_ N"—w;'_lN"nz
+NIIW£LQ’ LQe + ||W Q- WILQ e + IIQ Wi - QW
FOIQWL, — QWL+ FINWI, — N'WT s + ZINWT, — NYWT
< IWEy = Wl N Nl D[N Wiy — W+ Q7 Qs
F QW Wl QW ~ W+ Q) — Qs
+ DN IWLT, — W + N = N,

<+ a2 WL W 22 N N+ 22— Qs

D?
< (14 Wiy = Wil 1||2+4*||9’ 02 <

1—1

D? D D?
< (1L+45)Wo - W6’||2+4NZ L+ 4= )07 = 0"l
J=0
D? % / 1" 1 D? % / /"
= (144 [Wh = Wl + 5 (1 47-) = 1)~ 0]

D2 1 D2,
S A+ = 0"+ (A +475)" -

=(<1+117><1+4?V> 510 =0l < (@ Z)a+ o - 5 )l -

1 2 1
< (4 5t = 5 )= o1

We use (22)) and derive that

= DIIo" = 6"]l2

Wiy +b) — F(WIX 4+ b))

< xioy = xi g2 + N”f(wixiﬂ +b) — f(W{x{_; +b)]2

i = xill2 = [Ixjy = xi"1 +

1
< ||X271 _X;L1||2+ ||W; i 1 WH P i1l
<xioy —x gl + = ||W1 Xy — Wixi + Wixi | — Wi ||
<xiog = x4l + ||Wz xi_1 — Wixi_l2 + *HW' = Wikl

iXi—1

1
< (U4 iz =xiTalla + ||X 2 W5 = W2
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1 1
< (U gl =Xl g (el (e = 0Dy ) IWE— W

1
< (1+ Pl =%l

1 1 2 1
+ 5 (el = 0Dy (@ )t = 5 )1 = 1

By aggregating the last inequality for ¢ € {1,..., N} we conclude that

llger (") = gor (s") 12 = [ QX — Qox[la = [[Qoxy — Qoxy + Qoxy — QX |2
< 190 lallxy = xxll2 + (1R [l2]€25 — €512

< lxhy — 3 llo + <es"||2 e 1>Db> 16— 8"

<1+ )Nllo X |2

1 1

+ (ells”|l2 + (e —1) Db) <1 + Z ((1 + 5)641)2 _ D)) 16" — 0"l
< (14 )V~ 5"
(el (e = DDy ) (14 (14 ¥ =@+ )t = ) )67 - 0]

2 b N D ) 2

1 21
< (el = 0D ) (14 (e~ DG+ ) = 1) )1 = 0]
The inequality above together with (20) and (21) concludes the proof of bound (T8). O

Lemma 2. I]‘Assumptlonsﬂ nare satisfied, then for any ' = {Q}, 5, b’ N' Q' ,W(} €
D and 0" = {Qf, Q)b "W{} € D such that ||N’H2,||Q’H27HN”||2,HQ”H2
D, |b||2,[Ib"]]2 < Dbfor some D Db > 0 it holds that

|F(0") — F(0")| <Cllo" —60"||2
where

1

C:LQK((1+6)’Y(K)L1+1) <€(L{((1+€)K+1)”50”2+’Y <L1 e — 1 Db+ ||So||2
Ly _ L
* D) D)

all) + ||env<1><so,a>||2) . 1>D,,) (1 Fe-1(

k, ifLi(1+e)=1
v(k) = {L’f(1+e)k1

Ti(lte)—1° otherwise
and a is an arbitrary fixed vector from R™.

Proof. Lets),li ... s, lcandsg,lf ... 8%, le rollouts of (7) for #” and 0" respectively starting

from s, = s(j = so Tn the light of Assumption 4.2|and Lemmal|l|for any k € {1,..., K'} we have
1

s/ = env(V(s)_ |, ger(sy_,)) and, therefore,

Is¥ll2 = llenv® (s}/_y, gor (s§_1)) — envV (s0,8) + env((so, ) 5

< llenv® (s}, 9o (s},_1)) — env® (s, )12 + envV (s, 8)]
<L, (ns;;_l — soll2 + llgo (Y1) —§||2> T llenv (so, &)
< Lullsy_1ll2 + Lallsoll2 + Lillger (sy—1)|l2 + L1|[@]l2 + [lenv (so,a) |2

< Li(L+e)llsi_ill2 + La((e = 1) Dy + [Isoll2 + [[&ll2) + [lenv (o, @) |2 <
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k—1

< LY+ ) [solla + Y Li(1 +e)’ (Ll((e—l)Db+||Sollz+lal )+||env(”(So,5)ll2>
7=0

< Li(1+ €)*[lsollz + v (k) (Ll((e —1)Dy + [soll2 + I[all2) + Ienv(l)(SO,ﬁ)Hz)

< L1+ e)%soll2 +v(K) <L1((6 — 1Dy + [Isoll2 + [[a]l2) + IICHV(”(Soﬁ)z)

=L{(1+e)"|lsoll2 +v(K)A

where we denote

A= Li((e — 1)Dy + [Isoll2 + [[all2) + lenv (so,@)]|2.
In addition to that, denote

— Ly ape 1
B=1+(e 1)((1+D)e D).
From the last inequality it follows that

lIsi_1ll2 < max(||soll2, L (1 + €) ¥ [Isoll2 + 7 (K)A) < (L{ (1 + €)™ +1)[[soll2 + 7(K)A
Next, observe that

Ish — sl = lenv®) (s}, (1)) — envD(sf_y. g0 (s5_1)
< L (s sl + w5k s) — 0 (5l )
< L1+ )k — sl
1 1
s (elalact (e - 000 ) (14 (e~ DG+ ) = ) )10 =071
< L1+l — sl L (L1 + 0 + sl +2(K).4)

+ (e— I)Db>B||t9’ —0"2 <
k—1

< LE(1+€)*Iso = soll2 + Y Li(1 +e) Ly (e((Lf((l +e) + 1llsoll2 +v(K)A)
§=0

+ (e — 1)Db>B||9/ — 9”||2
(k)L (e«Lf (L4 €)% + Dllsoll2 + 1(K)A) + (e — 1)Db)8||9’ o,

< (KL (e<<Lf (140 4 1flsollz +7(E)A) + (e — 1>Db)6||e' ).

We conclude by deriving that

K K
[F(6") — F(6")| < Z 1= B <Y lenv®(sh_1, g (s),-1)) — env (], gor (s7_1))]

]~

Lz(nsk L= sl lle + llgor(Sey) — gef«szl)nz)

=
Il

M*H

| /\

2

(1+e sy — s llo + (e|sk 1||2+<e—1>Db)B||e’ 0"||2)

k=1

Mx

Lo (1+e skt — st 1l

k

1
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+(dﬁﬁ+@K+mmm+wKM+@—nDQMW—Mu)
K
< 20301+ L (O + 0% 4 Dllsol +9(6)4) + (e~ 1)D
k=1
X BHG/ — 9””2 + (G(L{{(l + 6)K 4+ 1)||S()H2 =+ ’Y(K)A+ (6 — 1)Db)8”9/ — 9””2)
=MKm+QWKwu4(dﬁﬂ+@K+mmm+wKM

+ (6 — 1)Db>8||9/ — 9//”2

O
Lemma 3. IfAssumptions are satisfied, then for any ' = {Q},Q,, b’ N' Q' ,W(} €
D and 6" = {QF,Q5,b",N", Q" Wi} € D such that N[z, [[Q'[l2, [IN"[]2, Q"2 <
D, |b'||2, [|b"||2 < Dy for some D, Dy, > 0 it holds that
cvi

IVE(0') = VE,(6")]l2 < ——16" = 0"

g

where C is from the definition of Lemma[2]

Proof. We deduce that

1
IVE,(8") — VE,(8")]5 = ;HEWMO,I)(F(@' +0€) — F(0' + 0¢))ell3
1
< —5Eenon) I(F(0' +o€) — F(0' + o¢))ell3
1
= ;EeNN(o,I)(F(ﬁl +o0€) — F(0 + UE))QHGH%

1
< Eeano.nC?l10" = 0" [3lell3

c?-1

C2
= 510" = 0”13 Ecuno.nlel3 = == 110" 0" 3.

Lemma 4. [f Assumption|.2\is satisfied, then for any 6 € D

K2M?]

EIVE, 0} < .

g

Proof. By using Assumptionand that |F'(0)| = | Zszl l| < KM we derive

~ ~ 1 v
EIVE:(0)]2)* < El[VoFo (0)II7 = ——5E(cu~no.n) D F(0+oew)eulls

w=1

Efe,~nny O IF(0+oew)ewll3

w=1

1

<7
~ vo?

1 1
= —3EeunionIF (0 + ge)ell3 = —3Bennion F (0 + ae)?|lell3

1 K2M? K2M?]
EE6~N(0,1)K2M2H€||§ = T]ECNN(O,I)“Eng = o2

IN
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Proof of Theoremm Hereafter we assume that F, p p, holds for random iterates 9(0), ey 607,

According to Lemma %ﬂ is a bound on F,;(0)’s Hessian on {6 € D| ||N||2, ||Qll2 < D,b < Dy}.
We apply [6, Appendix] to derive that for any 7/ < 7

F(OT)) = F(O7 V) 2 anVrE, (07 ) VR E, (07 V) - (;—ﬂaiwﬁwa(e“’—“)n%
7 (23)
Let A denote a sigma-algebra associated with ), ..., ("' =1 We use that IE[%RFU (0(71_1) )|A] =
VrF, (0(7/*1)) and E[||€RFU(9(T/*1))||§|A} < Kzﬂle (Lemmalé-_ll) and take an expectation of

o

conditioned on A:
Vi o2 K2M?]

EIF(OT)A = F(07™Y) 2 ar[|[VRE, (07 V)3 — 5 a2 - =

Regroup the last inequality and take a full expectation to obtain

, , , I, K2M2
B VrE, (07 "2 <EFOT)) —EF@OT D) + C%[az/ Nl
g (o

Perform a summation of the last inequality for all 7/ € {1,...,7}:

- , CK*M?1:
7'—1 2 T 0 2
D arE|VRE, (07 )} < EF(OT) = FO) + =5 53— 3 _ oF

7/=1 T/=1

CKQle% u
— (0) el E 2
<KM—-F(6"™)+ 253 az

T/'=1

since F'(#) < KM for all § € D. We next observe that

' Ty minge.r<, B VR E, (00 —1)|12
min E|[VrF, (002 = 2oz=10r Wity <r B[V Fo )3
0<r'<T 27—/=1 .
- 1 ST a2 CK*M2I3
B Z:/:l Qrr Z:/:l Qs 20’3 '

The proof is concluded by observing that .7, _; .y = Q(7%%) and >°7,_ | a2, = O(log 7) = o(7¢)
for any € > 0.

(KM — F(0©)) +

O
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