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Abstract

Invertible neural networks based on coupling flows (CF-INNs) have various ma-
chine learning applications such as image synthesis and representation learning.
However, their desirable characteristics such as analytic invertibility come at the
cost of restricting the functional forms. This poses a question on their repre-
sentation power: are CF-INNSs universal approximators for invertible functions?
Without a universality, there could be a well-behaved invertible transformation
that the CF-INN can never approximate, hence it would render the model class
unreliable. We answer this question by showing a convenient criterion: a CF-INN
is universal if its layers contain affine coupling and invertible linear functions as
special cases. As its corollary, we can affirmatively resolve a previously unsolved
problem: whether normalizing flow models based on affine coupling can be uni-
versal distributional approximators. In the course of proving the universality, we
prove a general theorem to show the equivalence of the universality for certain
diffeomorphism classes, a theoretical insight that is of interest by itself.

1 Introduction

Invertible neural networks based on coupling flows (CF-INNs) are neural network architectures with
invertibility by design [1}2]]. Endowed with the analytic-form invertibility and the tractability of the
Jacobian, CF-INNs have demonstrated their usefulness in various machine learning tasks such as
generative modeling [3H7]], probabilistic inference [8H10]], solving inverse problems [11]], and feature
extraction and manipulation [4} [12-14]]. The attractive properties of CF-INNs come at the cost of
potential restrictions on the set of functions that they can approximate because they rely on carefully
designed network layers. To circumvent the potential drawback, a variety of layer designs have been
proposed to construct CF-INNs with high representation power, e.g., the affine coupling flow [3} 4}
15H17]], the neural autoregressive flow [18-20]], and the polynomial flow [21]], each demonstrating
enhanced empirical performance.

Despite the diversity of layer designs [[1, 2], the theoretical understanding of the representation power
of CF-INNSs has been limited. Indeed, the most basic property as a function approximator, namely the
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universal approximation property (or universality for short) [22]], has not been elucidated for CF-INNs.
The universality can be crucial when CF-INNs are used to learn an invertible transformation (e.g.,
feature extraction [12]] or independent component analysis [14]]) because, informally speaking, lack
of universality implies that there exists an invertible transformation, even among well-behaved ones,
that CF-INN can never approximate, and it would render the model class unreliable for the task of
function approximation.

To elucidate the universality of CF-INNs, we first prove a theorem to show the equivalence of the
universality for certain diffeomorphism classes, which allows us to reduce the approximation of a
general diffeomorphism to that of a much simpler one. By leveraging this problem reduction, we
show that CF-INNs based on affine coupling flows (ACFs; see Section [J), one of the least expressive
flow designs, are in fact universal approximators for a general class of diffeomorphisms. The result
can be interpreted as a convenient means to check the universality of a CF-INN: if the flow design
can represent ACFs as special cases, then it is universal.

The difficulty in proving the universality of CF-INNs lies in two complications. (1) Only function
composition can be leveraged to make complex approximators (e.g., a linear combination is not
allowed). We overcome this complication by essentially decomposing a general diffeomorphism into
much simpler ones, by using a structural theorem of differential geometry that elucidates the structure
of a certain diffeomorphism group. Our equivalence theorem provides a way to take advantage of
this technique implicitly. (2) The flow layers tend to be inflexible due to the parametric restrictions.
As an extreme example, ACFs can only apply a uniform transformation along the transformed
dimension, i.e., the parameter of the transformation cannot depend on the variable which undergoes
the transformation. For ACFs, the reduction of the problem allows us to find an approximator with a
clear outlook by approximating a step function.

Our contributions. Our contributions are summarized as follows.

1. We present a theorem to show the equivalence of universal approximation properties for
certain classes of functions. The result enables the reduction of the task of proving the
universality for general diffeomorphisms to that for much simpler coordinate-wise ones.

2. We leverage the result to show that some flow architectures, in particular even ACFs, can be
used to construct a CF-INN with the universality for approximating a fairly general class of
diffeomorphisms. This result can be seen as a convenient criterion to check the universality
of a CF-INN: if the flow designs can reproduce ACF as a special case, it is universal.

3. As acorollary, we give an affirmative answer to a previously unsolved problem, namely the
distributional universality [ 18, |21] of ACF-based CF-INNs.

Our result is an interesting application of a deep theorem in differential geometry to investigate the
representation power of a neural network architecture.

2 Preliminary and goal

In this section, we describe the models analyzed in this study, the notion of universality, and the goal
of this paper. We use R (resp. N) to represent the set of all real numbers (resp. positive integers). For
a positive integer n, we define [n] as the set {1,2,...,n}.

2.1 Invertible neural networks based on coupling flows

Throughout the paper, we fix d € N and assume d > 2. For a vector € Reand k € [d — 1], we
define z<, as the vector (x1,...,2)" € R¥ and 2~ the vector (zj41,...,74) € RIF.

Coupling flows. We define a coupling flow (CF) [I] hrro by hpro(®<p,T>rp) =
(@<k, T(T>k, 0(x<k)), where k € [d — 1], 0: RF — Rl and 7 : R4™* x R — R4~* are maps, and
7(-,0(y)) is an invertible map for any y € R¥.

Affine coupling flows. One of the most standard types of CFs is affine coupling flows [3| 4,16} |17].
We define an affine coupling flow Uy, 5 ;: R? — R? by

Vs t(@<k, Tk) = (T<h, Tk © exp(s(xz<k)) +Hz<k)),



where k € [d — 1], ® is the Hadamard product, exp is applied in an element-wise manner, and
s,t : R¥ — RY* are maps typically parametrized by neural networks.

Single-coordinate affine coupling flow. Let # be a set of functions from R%~! to R. We define
H-single-coordinate affine coupling flows by H-ACF := {¥;_q s : s,t € H}, which is a subclass
of ACFs. It is the least expressive flow design appearing in this paper, but we show in Section [3.2]
that it can form a CF-INN with universality. We specify the requirements on H later.

Invertible linear flows. We define the set of all affine transforms by Aff := {x+— Az +b: A€
GL,b € R?}, where GL denotes the set of all regular matrices on R%.

‘We consider the invertible neural network architectures constructed by composing flow layers:

Definition 1 (CF-INNs). Let G be a set consisting of invertible maps. We define the set of invertible
neural networks based on G as

INNg :={Wjo0g10---0W,09,: n€N, g, € G W, € Alf}.
When G can represent the addition of a constant vector, we can obtain the same set of maps by
replacing Aff with GL, which has been adopted by previous studies such as Kingma et al. [4]]. In

fact, it is possible to use only the symmetric group G, that is the permutations of variables, instead
of Aff, when G contains 7{-ACF. For details, see Appendix [H]

2.2 Goal: the notions of universality and their relations

Here, we clarify the notion of universality in this paper. First, we prepare some notation. Let
p € [1,00) and m,n € N. For a measurable mapping f : R™ — R”™ and a subset K C R™, we

define y
T ( / IIf(fE)pdw> ,

where ||- is the Euclidean norm of R". We also define || f[|,, x = supP,ex | (@)]]-

Definition 2 (L”-/sup-universality). Let M be a model which is a set of measurable mappings from
R™ to R™. Let p € [1,00), and let F be a set of measurable mappings f : Uy — R™, where Uy is a
measurable subset of R™ which may depend on f. We say that M is an LP-universal approximator
or has the LP-universal approximation property for F if for any f € F, any € > 0, and any compact
subset K C Uy, there exists g € M such that [|f — g||, r < . We define the sup-universality

analogously by replacing |||, x with [|-|[,, r-
We also define the notion of distributional universality. Distributional universality has been used as
a notion of theoretical guarantee in the literature of normalizing flows, i.e., probability distribution
models constructed using invertible neural networks [2].

Definition 3 (Distributional universality). Let M be a model which is a set of measurable mappings
from R™ to R™. We say that a model M is a distributional universal approximator or has the
distributional universal approximation property if, for any absolutely continuouf] probability measure
w on R™ and any probability measure v on R™, there exists a sequence {g;}32; C M such that
(gi)«p converges to v in distribution as i — oo, where (g; ).t := po g; .

If a model M has the distributional universal approximation property, then it implies M approxi-
mately transforms a known distribution, for example, the uniform distribution on [0, 1]™, into any
probability measure ;o on R"™, not only absolutely continuous but singular one. There exists another
convention that defines the distributional universality as a representation power for only absolutely
continuous probability measures. However, since absolutely continuous probability measures are
dense in the set of all the probability measures, that convention is equivalent to ours. We include a
proof for this fact in Lemma [5]in Appendix

The different notions of universality are interrelated. Most importantly, the LP-universality for a
certain function class implies the distributional universality (see Lemma|[I). Moreover, if a model
M is a sup-universal approximator for F, it is also an LP-universal approximator for F for any
p € [1,00).

*In this paper, we say a measure on the Euclidean space is absolutely continuous when it is absolutely
continuous with respect to the Lebesgue measure.



Our goal Our goal is to elucidate the representation power of the CF-INNs for some flow archi-
tectures G by proving the LP-universality or sup-universality of INNg for a fairly large class of
diffeomorphisms, i.e., smooth invertible functions. To prove universality, we need to construct a
model g € INNg that attains the approximation error € for given f and K.

3 Main results

In this section, we present the main results of this paper on the universality of CF-INNs. The first the-
orem provides a general proof technique to simplify the problem of approximating diffeomorphisms,
and the second theorem builds on the first to show that the CF-INNs based on the affine coupling are
LP-universal approximators.

3.1 First main result: Equivalence of universal approximation properties

Our first main theorem allows us to lift a universality result for a restricted set of diffeomorphisms
to the universality for a fairly general class of diffeomorphisms by showing a certain equivalence
of universalities. By using the result to reduce the approximation problem, we can essentially
circumvent the major complication in proving the universality of CF-INNs, namely that only function
composition can be leveraged to make complex approximators (e.g., a linear combination is not
allowed).

First, we define the following classes of invertible functions. Our main theorem later reveals an
equivalence of LP-universality/sup-universality for these classes.

Definition 4 (C2-diffeomorphisms: D?). We define D? as the set of all C2-diffeomorphisms f :
Us — Im(f) C R?, where Uy C R is an open set C2-diffeomorphic to R%, which may depend on

Definition 5 (Triangular transformations: 7°°). We define 7°° as the set of all C*-increasing
triangular mappings from R? to R?. Here, a mapping 7 = (71,...,74) : R? — R? is increasing
triangular if each 75, () depends only on x <y, and is strictly increasing with respect to .

Definition 6 (Single-coordinate transformations: S.). We define S/ as the set of all compactly-
supported C"-diffeomorphisms 7 satisfying 7(x) = (x1,...,24-1, 74(x)), i.€., those which alter
only the last coordinate. In this article, only = 0, 2, co appear, and we mainly focus on S°(C 7).
Here, a bijection 7 : R¢ — R is compactly supported if 7 = Id outside some compact set.

Among the above classes of invertible functions, D? is our main approximation target, and it is a
fairly large class: it contains any C-diffeomorphism defined on the entire R, an open convex set,
or more generally a star-shaped open set. The class 7 relates to the distributional universality as
we will see in Lemmal(I] The class S¢° is a much simpler class of diffeomorphisms that we use as a
stepladder for showing the universality for D2.

Now we are ready to state the first main theorem. It reveals an equivalence among the universalities
for D2, T°°, and S°, under mild regularity conditions. We can use the theorem to lift up the
universality for S to that for D2

Theorem 1 (Equivalence of Universality). Let p € [1,00) and let G be a set of invertible functions.

(A) If all elements of G are piecewise C*-diffeomorphisms, then the LP-universal approximation
properties of INNg for D?, T° and S2° are all equivalent.

(B) If all elements of G are locally bounded, then the sup-universal approximation properties of
INNg for D?, T° and S° are all equivalent.

The proof is provided in Appendix [Bl For the definitions of the piecewise C!-diffeomorphisms and
the locally bounded maps, see Appendix [E| The regularity conditions in and assure that
function composition within G is compatible with approximations (see Appendix [F for details), and
they are usually satisfied, e.g., continuous maps are locally bounded.

If one of the two universality properties in Theorem|[T]is satisfied, the model is also a distributional
universal approximator. Let p € [1,00), and we have the following.

Lemma 1. An LP-universal approximator for T° is a distributional universal approximator.



Table 1: CF-INN instances analyzed in this work (Model: the considered CF-INN architecture. Flow
type: the flow layer architecture. Universality (this): the universal approximation property that this
work has shown. Universality (prev.): previously claimed universal approximation property. ) Our
proof techniques are easy to apply to analyze the universality of various CF-INN architectures.

Model Flow type Universality (this)  Universality (prev.)
INNy.acr  Affine coupling [3} /4,164 |17] LP-universal -

INNpsr Deep sigmoidal flow [[18]] sup-universal Distributional [[18]]
INNgos Sum-of-squares polynomial flow [21] sup-universal Distributional [21]]

Since sup-universality implies LP-universality, Lemma|I]can be combined with both cases of (A) and
(B) in Theorem T} The proof is based on the existence of a triangular map connecting two absolutely
continuous distributions [23]. See Appendixfor details. Note that the previous studies [|18} [21]]
have discussed the distributional universality of some flow architectures essentially via showing the
sup-universality for 7°°. Lemmal ] clarifies that the weaker notion of LP-universality is sufficient for
the distributional universality, which can also apply to the case (A) in Theorem|[I}

Application to previously proposed CF-INN architectures. Theorem|I]can upgrade a previously
known sup-universality for 7°° of a CF-INN architecture to that for D?. As examples, deep sigmoidal
flows (DSF; a version of neural autoregressive flows [18]]) and sum-of-squares polynomial flows (SoS;
[21]) can both yield CF-INNs with the sup-universal approximation property for D?. We provide the
proof in Appendix |G} See Table|l|for a summary of the results. See Section [5.1|for a comparison
with previous theoretical analyses on normalizing flows.

3.2 Second main result: LP-universal approximation property of INN,_acr

Our second main theorem reveals the LP-universality of INN,_acr for S (hence for S°), which
can be combined with Theoremto show its LP-universality for D?. We define C>°(R?~!) as the
set of all compactly-supported C> maps from R%~! to R.

Theorem 2 (L?-universality of INNy_ acr). Let p € [1,00). Assume H is a sup-universal ap-

proximator for C2°(R~1Y) and that it consists of piecewise C-functions. Then, INNy,_acF is an
LP-universal approximator for SO.

We provide a proof in Appendix @ For the definition of piecewise C''-functions, see Appendix
Theorem[Z] can be combined with Theoremﬂ] to show that INN4,_a ¢ is an LP-universal approximator
for D2. Examples of H satisfying the condition of Theorem include multi-layer perceptron models
with the rectifier linear unit (ReLU) activation [24] and a linear-in-parameter model with smooth
universal kernels [25]. The result can be interpreted as a convenient criterion to check the universality
of a CF-INN: if the flow architecture G contains ACFs (or even just H-ACF with sufficiently
expressive H) as special cases, then INNg is an LP-universal approximator for D2

By combining Theorem (1}, Theorem [2| and Lemma |1} we can affirmatively answer a previously
unsolved problem []1} p.13]: the distributional universality of CF-INN based on ACFs.

Theorem 3 (Distributional universality of INNy_ acr). Under the conditions of Theorem [Z]
INNy . aAcF is a distributional universal approximator.

Implications of Theorem 2] and Theorem [3] Theorem [2] implies that, if G contains #-ACF as
special cases, then INNg is an LP-universal approximator for D2. In light of Theorem itisalsoa
distributional universal approximator, hence we can confirm the theoretical plausibility for using it
for normalizing flows. Such examples of G include the nonlinear squared flow [26], Flow++ [20],
the neural autoregressive flow [ 18|, and the sum-of-squares polynomial flow [21]]. The result may
not immediately apply to the typical Glow [4] models for image data that use the 1x1 invertible
convolution layers and convolutional neuralnetworks for the coupling layers. However, the Glow
architecture for non-image data [11}|14] can be interpreted as INNg with ACF layers, hence it is both
an LP-universal approximator for D and a distributional universal approximator.



4 Proof outline

In this section, we outline the proof ideas of our main theorems to provide an intuition for the
constructed approximator and derive reusable insight for future theoretical analyses.

4.1 Proof outline for Theorem

Here, we outline the equivalence proof of Theorem|I] For details, see Appendix [B] Since we have
8% C T°° C D?, itis sufficient to prove that the universal approximation properties for S>° implies
that for D2. Note that the proofs do not change for LP-universality and sup-universality.

Therefore, we focus on describing the reduction from D? to S°. Since the approximation of S2
can be reduced to that of S2° by a standard mollification argument (see Appendix [B.Z), we show a
reduction from D? to S2:

Theorem 4. For any element f € D? and compact subset K C Uy, there existn € N, Wy,..., W, €
Aff,and 1y, ..., 7, € S? such that f(x) = Wyor 0---0oW, o1,(x) forall x € K.

Behind the scenes, Theoremreduces D? to 82 in four steps:

D? ~» Diff? ~~ Flow endpoints ~» nearly-Id ~ S>

Here, A ~~ B (A is reduced to B) indicates that the universality for A follows from that for B, and
Id denotes the identity map. We explain each reduction step in the below.

From D? to Diﬁ"g. We consider a special subset Diffg C D?, which is the group of compactly-
supported C?-diffeomorphisms on R? whose group operation is functional composition. Here, a
bijection f : R? — R is compactly supported if f = Id outside some compact set. Proposition
below reduces the problem of the universality for D? to that for Diff 3

Proposition 1. For any f € D? and any compact subset K C Uy, there exist h € Diﬁ"?, W e Aff,
such that for all x € K, f(x) =W o h(x).

From Diffg to flow endpoints. 1In order to construct an approximation for the elements of D?, we
devise its subset that we call the flow endpoints. A flow endpoint is an element of Diffz which can be
represented as ¢(1) using an “additive” continuous map ¢ : [0, 1] — Diff? with $(0) = Id. Here,
“additivity” means ¢(s) o ¢(t) = ¢(s+t) for any s,¢ € [0, 1] with s +¢ € [0, 1]. This additivity will
be later used to decompose a flow endpoint into a composition of some mildly-behaved fragments of
the flow map. Note that we equip Diff 3 with the Whitney topology [27, Proposition 1.7.(9)] to define
the continuity of the map ¢. The importance of the flow endpoints lies in the following lemma that
we prove in Appendix

Lemma 2. Any element in Diﬁf can be represented as a finite composition of flow endpoints.

Lemmal[Z]is essentially due to Fact[T] which is the following structure theorem in differential geometry
attributed to Herman, Thurston [28]], Epstein [29]], and Mather 30, [31]:

Fact 1. The group Diff? is simple, i.e., any normal subgroup H C Diff? is either {Id} or Diff2.

From flow endpoints to nearly-1d. The flow endpoints in Diﬁf can be decomposed into "nearly-1d"
elements in Diff? by leveraging its additivity property, as in the following proposition. Let |-|| op
denote the operator norm.

Proposition 2. For any f € Difff, there exist finite elements g1, ...,q, € Diffg such that f =
g1 0+ 0gyand sup,ega |Dgi(x) — 1|, < 1, where Dg; is the Jacobian of g;.

Proposition [2|leverages the continuity of the flows with respect to the Whitney topology of Diff i:
¢(1/n) uniformly converges to the identity map both in its values and its Jacobian when n — oc.
Thus, any flow endpoint ¢(1) can be represented by an n-time composition of ¢(1/n) each of which
is close to identity (nearly-Id) when n is sufficiently large.

From nearly-1d to S?. The nearly-Id elements, g € Diﬂ?g in Proposition |2} can be decomposed into
elements of S? and permutation matrices:
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Figure 1: A nearly-Id transformation f can be decomposed into coordinate-wise ones (f; and fo:
realized by S? and permutations). The arrows indicate the transportation of the positions. A general
nonlinear f can be analogously decomposed by Proposition E| when f satisfies certain conditions.
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Figure 2: Illustration of the proof technique for the LP-universal approximation property of INNscp
for S0. The symbol ~ indicates approximation to arbitrary precision.

Proposition 3. For any g € Diff? with sup,cga || Dg(z) — Ill,, < L there exist d elements
Ty ..., Tq € 8% and permutation matrices o1, . .., 04 such that

g=010T10:+-0040Tg.
The machinery of this decomposition is illustrated in Figure[T}

4.2 Proof outline for Theorem

Here, we give the proof outline of Theorem 2] For details, see Appendix [D} The main difficulty
in constructing the approximator is the restricted functional form of ACFs. However, the problem
reduction by Theorem [T]allows us to construct an approximator by approximating a step function.

For illustration, we only describe the case for d = 2 and K C [0,1]2. For complete proof of
Theorem [2] see Appendix [D] Let f(z,y) = (z,u(x,y)) be the target function, where u(-,y) is
a continuous function that is strictly increasing for each y (i.e., f € S°). For the compact set
K C[0,1)2 C R?, we find g € INNy_scF arbitrarily approximating f on K as follows (Figure [2).

Step 1. Align the image into the square: First, without loss of generality, we may assume that the
image f([0,1]?) is again [0, 1]. Indeed, we can align the image so that u(x, 1) = 1 and
u(z,0) = 0 for all z € [0, 1] by using only an ACF ¥ , ;, with continuous s and ¢, which
can be approximated by H-ACF.



Step 2. Slice the squares and stagger the pieces: We consider an imaginary ACF ¢, := ¥y 1,
defined using a discontinuous step function ¢,, := > _, k1 [k/n,(k+1)/n)- The map 1 splits
[0, 1]2 into pieces and staggers them so that a coordinate-wise independent transformation
(e.g., v, in Step 3), which is uniform along the z-axis, can affect each piece separately.

Step 3. Express f by a coordinate-wise independent transformation: We construct a continuous
increasing function v,, : R — R such that fory € [k, k + 1), v,(y) = u(k/n,y) + k
(k = 0,...,n — 1). A direct computation shows that f, = (¢})" o (-,v,(-)) o ¥
arbitrarily approximates f on [0, 1]? if we increase n. We take a sufficiently large n.

Step 4. Approximate the coordinate-wise independent transformation v,,: We find an element
of INNy.acr sufficiently approximating (-, v,(-)) on [0, 1] x [0, n]. This is realized based
on a lemma that we can construct an approximator for any element of S0 of the form
(z,y) — (x,v(y)) on any compact set in R

Step 5. Approximate 1), and combine the approximated constituents to approximate f,,: We
can also approximate v}, and its inverse by ACFs based on the universality of . Finally,
composing the approximated constituents gives an approximation of f on [0,1]? with
arbitrary precision (see Appendix [F).

5 Related work and discussions

In this section, we relate the contribution of this work to the literature on the representation power of
invertible neural networks.

5.1 Relation to previous theoretical analyses for normalizing flow models

The distributional universality of normalizing flows constructed using CF-INNs has been addressed
in previous studies such as [18}21]. Previously proposed architectures with distributional universality
include the neural autoregressive flows [[18]] and the sum-of-squares polynomial flows [21]. Our
findings elucidate the much stronger universalities of these architectures, namely the sup-universality
for D2, which enhances the reliability of these models in the tasks where function approximation
rather than distribution approximation is crucial, e.g., feature extraction [12,|14]]. The deeply lazy
maps (DLMs) proposed in Brennan et al. [[32]] can also be considered as a class of CF-INNs. Brennan
et al. [[32] provided a sufficient condition for a series of DLMs to result in some normalizing flows
that weakly converge to a target distribution.

Huang et al. [33]] has also shown that a general flow architecture realized by arbitrary autoregressive
neural networks is a universal distributional approximator. Although Proposition 1 of Huang et al.
[33]] was formulated to analyze the inverse autoregressive flow (IAF) [17], which can be regarded
as a composition of ACFs, it should be noted that the analyzed architecture is the class of arbitrary
autoregressive neural networks, hence it does not provide a guarantee for the IAF in Kingma et
al. [17]. In this regard, Theorem [3]is the first to show the distributional universality of ACF-based
CF-INNs to the best of our knowledge.

5.2 Theoretical guarantee for other invertible neural network architectures

One-dimensional case. In the one-dimensional case (d = 1), strict monotonicity is a necessary
and sufficient condition for a function to be invertible. In this case, there have been a few invertible
neural network architectures with sup-universality for the set of all homeomorphisms on R, e.g.,
monotonic networks ||34]] and rational quadratic splines [35]. These models complement CF-INNs in
that they provide an invertible neural network only in the one-dimensional case, whereas the latter
can be defined only in the multi-dimensional case.

Limited approximation efficiency of residual-flow based normalizing flows. Kong et al. [306]
provided a quantitative theoretical analysis of the representation power of normalizing flows con-
structed by using INNs based on residual flows, which is another approach for designing a flow layer.
Specifically, it presented a lower bound on the number of layers required for approximating a certain
distribution using previously proposed residual-flow based normalizing flows. The result, albeit for a
different type of flow layers from CFs, shows the importance of developing flow layers with improved



approximation efficiency. In such an endeavor, our results can provide a simple route to confirming
the universality of those CFs to be designed in the future for improved approximation efficiency.

Relation to examples of functions that cannot be approximated by NODEs. Neural ordinary
differential equations (NODEs) [37,|38]] can be considered as another design of invertible flow layers
different from CFs. Zhang et al. [|39] formulated its Theorem 1 to show that NODEs are not universal
approximators by presenting a function that a NODE cannot approximate. The existence of this
counterexample does not contradict our result because our approximation target D? is different
from the function class considered in Zhang et al. [39]: the class in Zhang et al. [39] can contain
discontinuous maps whereas the elements of D? are smooth and invertible. Also, in Proposition
we cap an affine transformation (realizable by INNg) on top of the target function to reduce the
approximation of D? to that of Diffg. Such an affine transformation may enhance the approximation
capacity by allowing a certain set of transformations, e.g., coordinate-wise sign flipping.

5.3 The strength of the representation power of INN4.acr

In this study, we showed the LP-universal approximation property of INNy,_scr. While the L?-
universality is likely to suffice for developing probabilistic risk bounds for machine learning tasks [40l
41]] and for showing distributional universality, whether INN4,_acr iS a sup-universal approximator
for D? remains an open question. Our conjecture is negative due to the following theoretical
observation. The sup-universality requires a precise approximation uniformly everywhere while the
LP-universality can allow an approximation error on negligible regions. As described in Section .2}
we used a smooth approximation of step functions to show the LP-universality of INNg_ acF.
Intuitively, approximating the step functions and composing them can accumulate errors around the
discontinuity points, so that it can retain the LP-universality but it can affect the sup-universality.
Since the step functions are devised to bypass the uniformity of the transformation by ACFs, we
conjecture that the difficulty is intrinsic and a sup-universality is unlikely to hold for INNy_acp.

6 Conclusion

In this study, we elucidated the representation power of CF-INNs by proving their LP-universality or
sup-universality for D?. Along the course, we invoked a structure theorem from differential geometry
to establish an equivalence of the universalities for D2, 82, and T°°, which itself is of theoretical
interest. Our result advances the theoretical understanding of CF-INNs by formally showing that
most of the CF-INN architectures already yield L”-universal approximators and that the different
flow layer designs purely contribute to the efficiency of approximation, not much to the capacity of
the model class. Comparing the approximation efficiency of different layer designs is an important
area in future work. Also, the approximation efficiency for a better-behaved subset of D? (e.g.,
bi-Lipschitz ones) remains as an open question for future research.

Broader Impact

This work advances the theoretical understanding of invertible neural networks (INNs), a recently
emerging function model in machine learning. Since the major contribution of this paper is to provide
a framework to theoretically guarantee the representation power of INNs, the presented results are
likely to promote the use of INNs in various machine learning tasks, although an immediate direct
impact on the practice of machine learning is unlikely.

Acknowledgments and Disclosure of Funding

The authors would like to thank the anonymous reviewers for the insightful discussions. We would
also like to thank Dr. Taiji Suzuki, Associate Professor of the University of Tokyo, for his valuable
comments and fruitful discussions on the distributional universality. This work was supported by
RIKEN Junior Research Associate Program. TT was supported by Masason Foundation. IT and MI
were supported by CREST:JPMJCR1913. MS was supported by KAKENHI 20H04206.



References

(1]

(2]
(3]
(4]
(5]

(6]

(71

(8]

(9]

[10]

[11]

[12]

[13]

[14]
[15]
[16]

[17]

[18]

[19]

[20]

G. Papamakarios, E. Nalisnick, D. J. Rezende, S. Mohamed, and B. Lakshminarayanan,
“Normalizing flows for probabilistic modeling and inference,” arXiv:1912.02762 [cs, stat],
2019.

I. Kobyzev, S. Prince, and M. A. Brubaker, “Normalizing flows: An introduction and review
of current methods,” arXiv:1908.09257 [cs, stat], 2019.

L. Dinh, J. Sohl-Dickstein, and S. Bengio, “Density estimation using real NVP,” in 5th
International Conference on Learning Representations, Conference Track Proceedings, 2017.
D. P. Kingma and P. Dhariwal, “Glow: Generative flow with invertible 1x1 convolutions,” in
Advances in Neural Information Processing Systems 31,2018, pp. 10215-10224.

A. Oord, Y. Li, I. Babuschkin, K. Simonyan, O. Vinyals, K. Kavukcuoglu, G. Driessche,
E. Lockhart, L. Cobo, F. Stimberg, N. Casagrande, D. Grewe, S. Noury, S. Dieleman, E.
Elsen, N. Kalchbrenner, H. Zen, A. Graves, H. King, T. Walters, D. Belov, and D. Hassabis,
“Parallel WaveNet: Fast high-fidelity speech synthesis,” in Proceedings of the 35th International
Conference on Machine Learning, vol. 80, 2018, pp. 3918-3926.

S. Kim, S.-G. Lee, J. Song, J. Kim, and S. Yoon, “FloWaveNet : A generative flow for raw
audio,” in Proceedings of the 36th International Conference on Machine Learning, vol. 97,
2019, pp. 3370-3378.

C. Zhou, X. Ma, D. Wang, and G. Neubig, “Density matching for bilingual word embedding,”
in Proceedings of the 2019 Conference of the North American Chapter of the Association
for Computational Linguistics: Human Language Technologies, Volume 1 (Long and Short
Papers), 2019, pp. 1588-1598.

M. Bauer and A. Mnih, “Resampled priors for variational autoencoders,” in Proceedings of
Machine Learning Research, vol. 89, 2019, pp. 66-75.

P. N. Ward, A. Smofsky, and A. J. Bose, “Improving exploration in soft-actor-critic with
normalizing flows policies,” arXiv:1906.02771 [cs, stat], 2019.

C. Louizos and M. Welling, “Multiplicative normalizing flows for variational Bayesian neural
networks,” in Proceedings of the 34th International Conference on Machine Learning, vol. 70,
2017, pp. 2218-2227.

L. Ardizzone, J. Kruse, C. Rother, and U. Kéthe, “Analyzing inverse problems with invertible
neural networks,” in 7th International Conference on Learning Representations, 2019.

E. T. Nalisnick, A. Matsukawa, Y. W. Teh, D. Goriir, and B. Lakshminarayanan, “Hybrid
models with deep and invertible features,” in Proceedings of the 36th International Conference
on Machine Learning, vol. 97, 2019, pp. 4723-4732.

P. Izmailov, P. Kirichenko, M. Finzi, and A. G. Wilson, “Semi-supervised learning with
normalizing flows,” in Proceedings of the 37th International Conference on Machine Learning,
2020.

T. Teshima, I. Sato, and M. Sugiyama, ‘“Few-shot domain adaptation by causal mechanism
transfer,” in Proceedings of the 37th International Conference on Machine Learning, 2020.
L. Dinh, D. Krueger, and Y. Bengio, “NICE: Non-linear independent components estimation,’
arXiv:1410.8516 [cs.LG], 2014.

G. Papamakarios, T. Pavlakou, and I. Murray, “Masked autoregressive flow for density estima-
tion,” in Advances in Neural Information Processing Systems 30, 2017, pp. 2338-2347.

D. P. Kingma, T. Salimans, R. Jozefowicz, X. Chen, 1. Sutskever, and M. Welling, “Improved
variational inference with inverse autoregressive flow,” in Advances in Neural Information
Processing Systems 29, 2016, pp. 4743—4751.

C.-W. Huang, D. Krueger, A. Lacoste, and A. Courville, “Neural autoregressive flows,” in Pro-
ceedings of the 35th International Conference on Machine Learning, vol. 80, 2018, pp. 2078—
2087.

N. D. Cao, W. Aziz, and I. Titov, “Block neural autoregressive flow,” in 35th Conference on
Uncertainty in Artificial Intelligence, 2019.

J. Ho, X. Chen, A. Srinivas, Y. Duan, and P. Abbeel, “Flow++: Improving flow-based generative
models with variational dequantization and architecture design,” in Proceedings of the 36th
International Conference on Machine Learning, vol. 97, 2019, pp. 2722-2730.

il

10



[21]
[22]
[23]
[24]
[25]
[26]

[27]
(28]

[29]
[30]
[31]
[32]

[33]

[34]
[35]
[36]
[37]
[38]
[39]
[40]

[41]

[42]
[43]
[44]
[45]
[46]

[47]

P. Jaini, K. A. Selby, and Y. Yu, “Sum-of-squares polynomial flow,” in Proceedings of the 36th
International Conference on Machine Learning, vol. 97, 2019, pp. 3009-3018.

G. Cybenko, “Approximation by superpositions of a sigmoidal function,” Mathematics of
Control, Signals, and Systems, vol. 2, pp. 303-314, 1989.

V. L. Bogachev, A. V. Kolesnikov, and K. V. Medvedev, “Triangular transformations of
measures,” Shornik: Mathematics, vol. 196, no. 3, pp. 309-335, 2005.

Y. LeCun, Y. Bengio, and G. Hinton, “Deep learning,” Nature, vol. 521, no. 7553, pp. 436444,
2015.

C. A. Micchelli, Y. Xu, and H. Zhang, “Universal kernels,” Journal of Machine Learning
Research, vol. 7, pp. 2651-2667, 2006.

Z. Ziegler and A. Rush, “Latent normalizing flows for discrete sequences,” in Proceedings of
the 36th International Conference on Machine Learning, vol. 97, 2019, pp. 7673-7682.

S. Haller, “Groups of Diffeomorphisms,” Magister, University of Vienna, 1995.

W. Thurston, “Foliations and groups of diffeomorphisms,” Bulletin of the American Mathemat-
ical Society, vol. 80, no. 2, pp. 304-307, 1974.

D. B. A. Epstein, “The simplicity of certain groups of homeomorphisms,” Compositio Mathe-
matica, vol. 22, no. 2, pp. 165-173, 1970.

J. N. Mather, “Commutators of diffeomorphisms,” Commentarii mathematici Helvetici, vol. 49,
no. 1, pp. 512-528, 1974.

, “Commutators of diffeomorphisms: II,” Commentarii Mathematici Helvetici, vol. 50,
no. 1, pp. 33-40, 1975.

M. C. Brennan, D. Bigoni, O. Zahm, A. Spantini, and Y. Marzouk, “Greedy inference with
structure-exploiting lazy maps,” arXiv:1906.00031 [stat], 2020.

C.-W. Huang, A. Touati, L. Dinh, M. Drozdzal, M. Havaei, L. Charlin, and A. Courville, “Learn-
able explicit density for continuous latent space and variational inference,” arXiv:1710.02248
[cs, stat], 2017.

J. Sill, “Monotonic networks,” in Advances in Neural Information Processing Systems 10,
1998, pp. 661-667.

C. Durkan, A. Bekasov, I. Murray, and G. Papamakarios, “Neural spline flows,” in Advances
in Neural Information Processing Systems 32, Curran Associates, Inc., 2019, pp. 7511-7522.
Z. Kong and K. Chaudhuri, “The expressive power of a class of normalizing flow models,”
vol. 108, 2020, pp. 3599-3609.

R. T. Q. Chen, Y. Rubanova, J. Bettencourt, and D. K. Duvenaud, “Neural ordinary differential
equations,” in Advances in Neural Information Processing Systems 31, 2018, pp. 6571-6583.
E. Dupont, A. Doucet, and Y. W. Teh, “Augmented neural ODEs,” in Advances in Neural
Information Processing Systems 32, 2019, pp. 3140-3150.

H. Zhang, X. Gao, J. Unterman, and T. Arodz, “Approximation capabilities of neural ODEs
and invertible residual networks,” arXiv:1907.12998 [cs.LG], 2019.

H. Lin and S. Jegelka, “ResNet with one-neuron hidden layers is a Universal Approximator,”
in Advances in Neural Information Processing Systems 31, 2018, pp. 6172-6181.

T. Suzuki, “Adaptivity of deep ReLU network for learning in Besov and mixed smooth Besov
spaces: Optimal rate and curse of dimensionality,” in International Conference on Learning
Representations, 2019.

R. M. Dudley, Real Analysis and Probability, Second. Cambridge: Cambridge University
Press, 2002.

A. Hyvirinen and P. Pajunen, ‘“Nonlinear independent component analysis: Existence and
uniqueness results,” Neural networks, vol. 12, no. 3, pp. 429-439, 1999.

P. Bernard, V. Andrieu, and L. Praly, “Expressing an observer in preferred coordinates by
transforming an injective immersion into a surjective diffeomorphism,” SIAM Journal on
Control and Optimization, vol. 56, no. 3, pp. 2327-2352, 2018.

M. W. Hirsch, Differential Topology, First. New York: Springer-Verlag, 1976, vol. 33.

G. B. Folland, Real Analysis: Modern Techniques and Their Applications, Second, 125. New
York: Wiley, 1999.

A. Banyaga, “Sur la structure du groupe des difféomorphismes qui préservent une forme
symplectique,” Commentarii Mathematici Helvetici, vol. 53, no. 1, pp. 174-227, 1978.

11



s

[48] C.-W. Huang, D. Krueger, A. Lacoste, and A. Courville, “Neural Autoregressive Flows,
arXiv:1804.00779 [cs, stat], 2018.

[49] J. Behrmann, W. Grathwohl, R. T. Q. Chen, D. Duvenaud, and J.-H. Jacobsen, “Invertible
residual networks,” in Proceedings of the 36th International Conference on Machine Learning,
vol. 97, 2019, pp. 573-582.

[50] C.-W. Huang, L. Dinh, and A. Courville, “Solving ODE with universal flows: Approximation
theory for flow-based models,” in ICLR 2020 Workshop on Integration of Deep Neural Models
and Differential Equations, 2020.

12



