Supplementary Materials

A Experiment

As suggested by one reviewer, we conduct the following experiment over Cartpole in OpenAl gym to
show that the actor-critic algorithm with mini-batch updates can significantly outperform that with
single-sample updates. We adopt neural softmax policy with two hidden layers of the size (128,
128). We apply the natural actor-critic (NAC) algorithm for updating the policy model, respectively
with a single episode and with a mini-batch of episodes with the batchsize B = 5. The learning
curves are shown in Figure 1. It can be seen that NAC with mini-batch episodes for each update has
considerably faster convergence speed and more stable convergence performance than NAC with
single episode for each update.
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Figure 1: The average performance for NAC over 10 seeds. The red and blue lines correspond to NAC with
each update sampling 5 and 1 episodes, respectively.

B Justification of Item 3 in Assumption 1

The following lemma justifies item 3 in Assumption 1. We denote the density function of the policy
Tw(+]8) as % (if the action space A is discrete, then W = my(als)).

Lemma 1. Consider a policy ,, parametrized by w. Consider the following two cases:

. . L. . 7y (dals)

1. Density function of the policy is smooth, i.e. ===

the action set is bounded, i.e. faGA lda = Cy < o0,

is Ly-Lipschitz (0 < L, < o0), and
2. my is the Gaussian policy, i.e., m,(s) = N(f(w),0?), with f(w) being L¢-Lipschitz
(0 < Lf < OO)
For both cases, we have
17w (-18) = 7w (18) |7y < Crr [lw — ',

where C; = % max{L,Ca,V2L;}.

Proof. Without loss of generality, we only consider the case when .4 is continuous. For the first case,
we have

IuCls) = (il = 5 |

1
< iLwCA [|w — w/”z < Crllw— w/||2 )

(i) 1 ,
da < i/LWHw—wHZda

mw(dals)  mu(dals)
da da

a
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where (4) follows from Assumption 1. For the second case, we have

1

Iulc8) — s C18) iy < /3 Dol Cls) = o/ () — 1wy

1 s V2
a2 = wl = 2L =], < Cr = ]

C Proof of Proposition 1

By definition, we have

VJ(w) = VJ(w') = Qr., (8,0)0uw(s, a)vr, (ds,da) — Qr,, (s, a)dur (s, a)vr , (ds, da)
(s,a) (s,a)

= Qr, (8,0)Puw(s, a)vr, (ds,da) — Qn,, (8,a)Pu (s, a)dvy ,(ds,da)
(s,a) (s,a)

+ Qr, (5,0)0w(s,a)dvy ,(ds,da) — Qr,, (5,0)pu (s, a)dvy ,(ds,da)
(s,a) (s,a)

= Qr., (S, a)¢w(5a a) [Vﬂ'w (d87 dCL) — Vryr (dS, da)]

(s,a)

f[)@M@ﬂwd&ﬂ—Qw@ﬂWM&QMww&m)
+ /( ) [Qﬂ'w/ (Sa a)¢w (57 a) - Qﬂ'wl (57 a)¢w’ (57 (Z)]Vﬂw, (dS, da)
Thus, we have

IV J(w) = V()] < / Q. (5, 0)du (s, a)ll, |vx, (ds, da) — v, (ds, da)|

(s,a

+/)’Qm@ﬂ%4%w@ﬂMWM&®MWWW&W)
(s,a)

+f)mwme%@@%@MMmAMM>

< Tmaxcqb
L—n

+C¢/ ‘Qﬂ'w(s7a) _Qﬂw/(saa)|yﬂw/(d8)da)
(S%a)

/ |l/ﬂ-w (ds,da) — vy, (ds, da)|
(s,a)

rmax
F 122 [ 6u(5.0) = bur(s,0) v, (ds,da)
— 7 (s

() 2maxCo Cy 2rimaxCy Cop
< 5777 [Jw —w'|, + %
=Ly llw—w'|,,

TmaxLaS

!/
= w4+ 2

lw =’

where (7) follows from Lemma 3, Lemma 4 and Assumption 1.

D Proof of Theorem 1

In this section, we first provide the proof of a more general version (given as Theorem 4) of Theorem |1
for linear SA with Markovian mini-batch updates. We then show how Theorem 4 implies Theorem 1.

Throughout the paper, for two matrices M, N € R%*?, we define (M, N) = 2?21 Z;l:l M; ;N ;.
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We consider the following linear stochastic approximation (SA) iteration with a constant stepsize:

1 (k+1)M—1 (k+1)M—1
O = O+ Z At o D ba), 3)
i=kM

where {z;};>0 is a Markov chain with state space X, and A,, € R%*? and b,, € R? are random
matrix and vector associated with x;, respectively. We define A = E,, [A,] and b = E,[b,], where 11
is the stationary distribution of the associated Markov chain. Then the iteration eq. (3) corresponds to
the following ODE:

0 = A +b. 4)

We consider the case when the matrix A is non-singular, and we define 6* = —A~1p as the
equilibrium point of the ODE in eq. (4). We make the following standard assumptions, which are
also adopted by [6, 57, 53].

Assumption 3. For all x € X, there exist constants such that the following hold
1. For all x, we have || Az|| p < Ca and ||by|l, < Ch,

2. There exist a positive constant \ 5 such that for any 0 € R%, we have (6 — 0*, A(6 — 0*)) <

—28 10— 075

3. The MDP is irreducible and aperiodic, and there exist constants k > 0 and p € (0, 1) such
that

sup B € -Ja0) ~ u()lpy < ", V20
fAS

where u(+) is the stationary distribution of the MDP.

It can be checked easily that if Assumption 3 holds, the equilibrium point 8* has bounded ¢5-norm,
i.e., there exist a positive constant Ry < oo such that ||6*||, < Ry.

We first provide a lemma that is useful for the proof of the main theorem in this section.

Lemma 2. Suppose Assumption 3 holds. Consider a Markov chain {x;};>¢. Let X; be either A,
or by, Cy be either C' 4 or Cy, respectively, and X = E,[X.]. Forty > 0 and M > 0, define
X(M) = 57 Zt°+M ' X (s;). Then, we have

E Mx(M) —)?Hﬂ < 803[(1;(5]\—41)/)].

Proof. We proceed as follows:

J 2 1 totM—1 -
E[HX(M)—X‘L F| <E HX(M)—XHF Fu| = S X(s) - X| | Fu
i=to
to+M—1tog+M—1 "
<o Y E[(X() - X X(s) - X)IF|
i=to j=to
<+p 4MC§+;E[<X(si>—)?7X(sj)—)?>|fto} : 5)

Consider the term E [(X(sl) - X, X(s5) — X’)|}'to} with ¢ # j. Without loss of generality, we
consider the case when ¢ > j:

B [(X(s:) = X, X (s;) = X)|F

= E[E[X(5) = X, X(5;) = D511 F,| = B [(BIX(s:)lo;] = X, X(s5) = K)IF, |
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< B[l = X[ [0 = X]| 7] < 2008 [t - %] |

@
< AC%kp T, (6)

where () follows from Assumption 3 and the fact

[Eixeots) %,

/Xsl (ds;|s;) /X v(ds;)

< Cm/ ‘P(dsi‘sj) —v(ds;)| <20, ||P(|SJ) - V(')”Tv < 2Cx"ipj_i-

< [ IX() ¢ 1P(silsy) - vidso)

Substituting eq. (6) into eq. (5) yields

8CE[1 + (k. — 1)p]
(l—pM

e -5,

1 o
ﬁ%ngw@+wﬁzwﬂ <
i#j
which completes the proof. O

Now we proceed to prove the main theorem. For brevity, we use Ay, and by to denote
ng:}\/w " A, and &= ZEZZ}\)]MA b, respectively. We also define g(f) = Af + b and

gk( ) = Af + bj,. We have the following theorem on the iteration of ||6 — 6* ||§

Theorem 4 (Generalized Version of Theorem 1). Suppose Assumption 3 holds. Consider the iteration

eq. (3). Let v < min{ A4 }and M > (% + 2« )w We have

8C%° Aa (1-p)Aa
A Lo 2 192(C3RZ + C)[L + (k — 1))
Efllox - 6*3] < (1- §O‘> 60 =03+ (5, +20) (1= p)AaM '

(1—p)Aae
have E[||0x — 49*||§] < € with the total sample complexity given by KM = O (% log (%))

* 112 2 2 2
If we further let K > M%lOg M and M > (% n 2@) S8A(CARGHCR+(5= Do) o e

Proof of Theorem 4. We first proceed as follows:
[0k11 — 07115 = 116k + agr(6x) — 075

= |10 — 0°113 + 2061 — 0, g (61)) + & [l gk (0x) 15

= (16 — 073 + 20(61 — 6%, 9(01)) + 20(6k — 6, g (01) — 9(6))
+ 0 [|gi(0r) — 9(0k) + 9(0k) I3

(i) * * /\A * 2

SHkaG\@**AAaHka9|@4%7;aH9k 6" |15 + aHgMGM 9(00)15
+207 (|9 (0k) — 9(0k) [l + 207 [|9(6x) I3

(@) Aa .2 2 2
< (1= 5o+ 20307) 10— 0715 + (o 207) 0w (6) — 9(60)]13. )

where (i) follows from the facts that

A
(O — 0", 9(00)) = (O — 0", A0 — 0%)) < =2 o) — 0°]3,

* )\ * 1
(O = 0, g (0k) = 9(0)) < 10k = 07113 + 3~ 198 (0) = 9011
and

gk (0x) — g(O1) + 9(0x) 12 < 2|9k (Ox) — 9(Or)l5 + 2 lg(0)]13 .
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and (4i) follows from the fact that ||g(6x)||, = [[A(Or — 0%)|, < Ca ||0r — 0*||5. Let i, be the
filtration of the sample {x; }o<;<rar—1. Taking expectation on both sides of eq. (7) conditioned on
Fi yields

E([[05+1 — 07151 F3]

A 2
< (1-Sta+20502) 10k — 0713 + (5= + 20 Elllge () — 90013 17l (®)
2 A

Next we bound the term E[||gx (0x) — g(0k) ||§ | Fx] in eq. (8) as follows.
Elllge (6x) — 9(0x)3 | 7]
fk]

—E “(Ak —A)
=E “(Ak — A)(0), — 0%) + (A, — A)0”

.

[ N 2 R 2 N 2
< 3E H(Ak—A)(Gk—G*) 2+H(Ak—A)0* 2+Hb ]-‘k]
[ 2 o N 2 - .
< 3E || Ak — A |Fe] 16x = 015 + 3E ||| A — 4|| |7 | 16715 + 3E || Fil-
) ©)
Following from Lemma 2, we obtain
imj| < 8CAlL+ (5 —1)p]
W%—ﬂ‘ﬂl M24MQHAQWXM\H R
i#j
and
R 8CZ[1 + (x — 1)g]
o | < S

Substituting eq. (10) and eq. (11) into eq. (9) yields

2

24(CARE + CP)[1 + (k —1)p]
(1-pM '

(1-p)M

Elllg (6x) — 9(60) 13 | Fi] <
(12)
Then, substituting eq. (12) into eq. (7) yields

. A 2 24C34 11+ (k — 1)p] .
E[|9k+1—9||§}-k]<<1—2a+QCAa (et =) e el

(1-
+(2 9 )M«aR3+C@U+«ﬁ—1my
a (1-p)M
Letting a < 8’}% and M > (% + 2a> W, and taking expectation over JF; on both

sides of the above inequality yield

) A sz (2 2\ 24(C3 R + CH[1 + (k — 1))
ki — 0713 < (1= S )BlI0. = 07[3) + (o +202) T -
13)

Applying eq. (13) recursively from k£ = 0 to K — 1 and letting o < - yleld
E[[6x — 6*13]

A4\ K 2 2 24(C3R2 + C)[1 + (v — 1)p] "= F
< _ 4 _ =
,(1 8a> 160 9||2+(/\A0‘+2O‘> 11— p)M kz_;)( )
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A \K . 2 192(CARZ + CH1+ (k— 1
S(l*%&) ”0070 ||§+<7+2a) ( A1l b)[ ( )P]

A4 (1 - p))\AM
e . /2 192(C3RE + C2)[1 + (k — 1))
<e 160 ll2 + )\A+O‘ (1—p)AaM o
* 12
Letting o = min{s)‘é“i,ﬁ , K > /\A%logm and M > (% +
384(CARG+CH[1+(k—1 |1
20r) BACAEELCRILNE, e have B0 — 0°[3] < e -

Then, We show how to apply Theorem 4 to derive the sample complexity of Algorithm 2 given in
Theorem 1.

Proof of Theorem 1. We define the parameters in Theorem 4 to be A;, = ¢(s¢,:)(vd(St,i+1) —
qﬁ(st’i))T, by, = 1r(Sei, 0ty St.it1)9(se,:) and K = T,. Then the results of Theorem 1 follows. [

E Supporting Lemmas for Theorem 2 and Theorem 3

In this subsection, we provide supporting lemmas, which are useful to the proof of Theorem 2.

Lemma 3. Consider the initialization distribution 1)(-) and transition kernel P(-|s, a). Letn(-) = ((-)
or P(:]8, ) for any given (3,a) € S x A. Denote v, ,(-,-) as the state-action visitation distribution
of MDP with policy m,, and initialization distribution 7(-). Suppose Assumption 2 holds. Then we
have

||V7Tw77l('7 ) - VTrw/,’r]('7 .)HTV < Cl/ Hw - ’U)l||2

for all w,w' € R, where C,, = Cy, (1 + [log,, R+ flp)

Proof. The proof of this lemma is similar to the proof of Lemma 6 in [57] with the following
difference. [57] considers the case with the finite action space, we extend their result to the case
with possibly infinite action space. Define the transition kernel P(:|s, a) = yP(:|s,a) + (1 — v)I(-).
Denote P, ;(-) as the state visitation distribution of the MDP with policy 7, and initialization
distribution I(-), and it satisfies that v, 1(s,a) = Py, 1(s)my(als). [21] showed that the stationary

distribution of the MDP with transition kernel P(:|s, a) and policy 7, is given by Py ;(-). Following
from Theorem 3.1 in [29], we obtain

1
12 () = P 1 Oy < (Dogp K+ 1_,0) 150 = Kl (15)

where K, and K, are state to state transition kernel of MDP with policy 7, and 7, respectively
and ||| is the operator norm of a transition kernel: [|P|| := supjg| ., =1 l¢P|[Tv. Note here we

define the total variation norm of a distribution ¢(s) as ||g||;, = [, |¢(ds)|. Then we obtain

[Kw — Ky || = sup

llallrv=1

S
sup
llallrv=1Js

/ 4(ds) (K — Kur)(s,)

S

TV

[ a0) (50 5.0 = Ko (s,09)|

2 ;
1 I !
< - sup Q(ds) ‘Kw(sa ds ) - Kw/(sa ds )|
2 lglrv=1Js Js
= % sup / /q(ds) /ﬁ(d5’|s,a) (ﬂ'w/(da|s) - ﬂu,(da|s))‘
lallrv=1Js" Js a
1 .
< 3 sup /q(ds)/\ﬁw/(da\s) —7rw(da|s)|/ P(ds'|s,a)
llgllrv=1s a s/

= sup /Q(ds)H?Tw'('|8)—7Tw('|S)||TV

lallrv=1/s
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(@) ,
< Crfw' —wlly, (16)
where () follows from Assumption 1. Substituting eq. (16) into eq. (15) yields

1
| P () = Prp 1 ()| oy < Cre <[logp K+ 1_/)) |w' —wl, . 17)
Then we bound Hwa,I(‘v ) = Vo1 ( ||TV as follows:
|| 7T“,,I(7 ) Vr. w’ I HTV
= HPTF I 7rw( |')_P7r“,/ 1( )ﬂ-w HTV

_ //|PM7 (ds)mu(dals) — Pr., 1(ds)m (da]s)|
= //|Pﬂw7 (ds)my(dals) — Pr, 1(ds)mu (da|s) + Pr, 1(ds)mw (dals) — Pr,, 1(ds)m. (dals)|

- //\wa (ds)my(dals) — Py, 1(ds)my (dals)| + = //|wa (ds)mur (dals) — Pr,, 1(ds)m. (dals)|

— // e, 1(A8) | Ty (dals) — my (dals)| + = //‘P7T (ds) — P, 1(ds) |7rw/ (dals)

< C lw —w ||2/ oo /’Pﬂw, (ds) — Py ,I(ds)‘

=Cx ||w—w Hz"’ Hpﬂw,l ) _Pﬂw/,f ) HTV

1
< Crllw—w'lly + Cr (ﬂogp R+ 1_p> v’ —wll,
=Gy ' —wll,
where (4) follows from Lemma 1. O

Lemma 4. Suppose Assumptions 1 and 2 hold, for any w,w' € R and any state-action pair
(s,a) € S x A. We have

‘an(s,a) - Q‘n'w/(saa)| < LQ ”w - w/||2 )

2rmaxCy
where L = ==
Proof. By definition, we have Q. (s,a) = _7 f(sa 8,a)dP[", (8,a), where P(" (3, 4) =

(1 =) Y20 P(sy = 8,a; = a|so = s,a9 = a,m,) is the state-action visitation distribution
of the MDP with policy m, and initialization distribution P(:|so = s,a9 = a). Thus, P(s w(8:4)
is also the state-action stationary distribution of the MDP with policy 7, and transition kernel
P(-|s,a) = vP(-|s,a) + (1 — 7)P(:|so = s,a0 = a). We denote P™=(3) as the state stationary
distribution for such a MDP. It then follows that

|Q7Tw (870,) - wa/ (s7a)|

1 / oyt
S r(8,6)P™  (d3, da) — / r(8,6)dP™ (d3, da)
1—7 s (s,a) (3,3) (s,a)
1
< —— [ r(3a)|Prn, (. da) — P77 (d3, da)
= Jioa (sra) (s10)
27’max T T
< T2 Py o) = P
) 2 m XCV
< T o — ',
-7
where (7) follows from Lemma 3. O
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Lemma 5. Suppose Assumptions 1 hold, for w', w" € RY. We have

vava* [log Tw (a, s)} — VuE, . [log T (@, s)} H2 < Ly v —w",.

Proof. By definition, we obtain

va]Evﬂ* [log T (@, 5)} — VuE, . [log T (@, s)} H

< / o (5. 0) — s (5, 0) | = (ds, da)
(s,a)

(1)
S /( )L’l/JHw/_wNH2V7T*(dS7da) :Llll ||w/_w”||25

2

?ﬁw'(S,a)Vn* (dsvda) - ww”(saa)yﬂ'* (dsada)
(s,a) (s,a)

2

where (4) follows from Assumption 1. O

Lemma 6. For any w € R?, define 0%, = (F(w) + \)~'VJ(w) and 0], = F(w)'VJ(w). We
have ’ 0x — 0l H2 < Cp A\ where 0 < C,. < 400 is a constant only depending on the policy class.

Proof. By definition, F'(w) € R*? is a symmetric matrix. Thus, if rank(F(w)) = k <
d, then there exist matrices I, € R4 and A, € R¥9 such that F(w) = A} ,A,,
where Fw = dia’g[Alv )\27 T 7)\16’ 07 07 e ,O] and A—ulz = [7/1171/’27 e 7wka 7/1k+1, ¢k+23 T 71/)d]
is an orthogonal matrices with {1, s9,--- , 4} spans over the column space Col(F(w)) and
{41, Vo, - ¥} L Col(F(w)). Without loss of generality, we assume that for all w, the
linear matrix equation F'(w)x = V.J(w) has at least one solution 7, € R%. Then we have

0; = (F(w) + ) "'V.J(w)

= (Ay DAy + X))V I (w)
= AL (D + M) 71 A,V I (w)
1 1 1 1

= A"di Z ... ZlA

wdmg[Al+A’ At AN ’A} wVJ(w)
@ATdmg LI r 1.1 W] VI(w), - bl VJI(w),0,---,0]"

w A1+>\, ’)\k+A’)\7 7A 1 9 ) b 9

1 1 T

=AT T cee—— T

w [)\1 +/\1/11 VJ(U}), 7)\k+/\wk VJ(w)a()? aO:| )

where (i) follows from the fact that VJ(w) € Col(F(w)) and {Ygt1,Yryo, -, Yt L
Col(F(w)). Similarly, we also have

0l = F(w)'VJ(w)
= (Al Ty Ay) TV I (w)
= A} (D) A, VI (w)

1 1
= A} diag [ ,—,0,-- ,0} AWV J(w)
A e

1 1
= Aldzag |:)\1a 7)\7ka0a"' 70:| [¢1TVJ(7«U)7 ,w;;rVJ(’UJ),O, aO]T

.
1 1
A} [szfv,](w),--- ,)\—kz/},;rVJ(w),O,~-~ ,0] .

Thus we have

1 1 T

1 1
x AT (—— — =\ oo (—— 2T
0* — 0 W[(A1+A Al)wlvtl(w), ,(AHA Al)wkw(w),o, 0

_I.
w w
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1 1 T
1 1
= -\ di 0,0+, 0| A VI (w).
wag [(A1+A)A1 ES } (w)

‘We can further obtain

* >\ (l) C max
165 = 64 1l, < 57— 14wl 1V T (@), < T723"X = G,

Amin ?nin(1 - 7)
where in (i) we define Apin = min,ege ming<;<g,, Aw,i, With A, ; being the i-th element in I,
and k,, being the rank of the matrix F'(w). O

F Proof of Theorem 2

In this section and next section, we assume C, = 1 without loss of generality. We restate Theorem 2
as follows to include the specifics of the parameters.

Theorem 5 (Restatement of Theorem 2). Consider the AC algorithm in Algorithm 1. Suppose
Assumptions 1 and 2 hold, and let the stepsize o = ﬁ. We have

E[||Vud (wz)|[3]
2

T— *
16Lerax + 18 t=01 E[Hat B ewt H2] + 72(rmax + 2R9)2[1 + (l{ - 1)p]
T (=T T B(1-p)

critic
+Ch approx’

216(rmax+2Ro)>[1+(k—1)p] and T >
(1—p)e -

. Suppose the same setting of Theorem 1 holds (with M and T, defined therein) so that

’ﬂ < ﬁforallOStST—l. We have

where C1 is a positive constant. Furthermore, let B >
48L jTmax
(1—v)e

E[[6. - 63,

E[| Vi (wz)l5] < €+ O,
with the total sample complexity given by (B + MT.)T = O((1 — v)~2e 2 log(1/e)).

Proof. For brevity, we define v;(6) = %Zf:ol 00(St,i, iy St,it1)Vw, (Stis i), Ag(s,a) =
Es[00(s,a,s")|(s,a)], and g(,w) = E,, [Ag(s,a)tu(s,a)] forallw € R, 6 € R and ¢t > 0.
Following from the L j-Lipschitz condition indicated in Proposition 1, we have

L
T(ween) 2 J(we) + (Vi (we), weps = wy) = = [wess = wi|

LJOé2

= J(wi) + a(VyJ(w),v:(0r) — Vi J (wi) + Vi (wy)) —

= J(we) + o[V ()l + (Vo (we), v = Vo] (wr)
_ L{]Oz2
2

ve(82) 113

[0:(8:) = Vo (we) + Vo (we)|[5

@ 1 1
> J(we) + (50 = Lsa?) IVuT (w3 = (50 + Lsa?) [:(0r) = Vud ()],
(18)
where () follows because
1 1

(Vuwd(we), ve(0e) = Vo (we)) 2 =5 IV (w5 — 5 lve(0e) = Vo d (w)|3,
and

[v0(6:) = Vo (1) + VT (wi) |5 < 2 0(00) = VT (wi) |5 + 2|V (wr)[3 -
Taking expectation on both sides of eq. (18) conditioned on F; and rearranging eq. (18) yield

(%a — Ly0?)E[|[ V. ()3 17
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1
< E[J (we) i) = J(we) + (50 + Lsa? )EJvi(0:) = Vud (w3 |7 (19)
Then, we upper-bound the term E[||v:(0;) — V., J (wy) ||§ | 7] as follows. By definition, we have

[0:(8:) — Vo (wr)5

* * * * 2
= [0 (00) — ve(03,) + vi(85,) — 9(0, . we) + 9(O%,,w1) — Ve (w5
* * 2
< 8[ve(6) — ve(63,)[|; + 3[[0e(62,) — 907, w5 +3H9 o we) = Vad (w5, (20)
in which
[CACAREACHI]
| Bl 2
B Z [5@ St,iy Qt,is St z+1) 59;, (St,iaat,iast,i+1)} wwt(st,hat,i)
=0 2
1 24 2
< B Z [50t(5t7iaat,i,8t,i+1) — 50;t(3t,i,at,i73t,i+1)} Y, (St A1) )
i=0
1 3= 2
< B Z 00, (St,is Ari, St,i+1) — 0oz, (St.i, Gt 5t,i+1)H2
i=0
1 3= 2
=3 ; Y(Vo, (st,i+1) — Voz, (sti+1)) + (Vo (st.i) — Ve, (8”))“2
| Bl ,
= 5 2 (@ (star1) = 6(s0.)T (6 = 03, |I, < 4J6: - @1)
=0
and

lo(®%. w0 = VT wll,
2
= B (65, (5. 000, (5 0)] = Bun, [ A, (5,000, (5,0)] |

= [Bun, [ (02, (50) = A, (5,)) (5,0
2
<Bu, ] (40,00 = e, 00) i) ] < B, [, 500 s 50

= By,
2}

Ve, (9) = Vi 6|

1

=E,,, { vE {Vg;% (5") = Vr., (s’)|(3, a)] +Vr,, () — Vos, (s)

<9E,, :‘71@ {V% () = Vi, (s’)’(s,a)} ﬂ +2E [

(@) -
S 4Ccr1tlc (22)

approx?

where (i) follows from the definition (Sive = maxyew By, |V, (s) — Va:_ (s)|?]. Substituting
eqg. (21) and eq. (22) into eq. (20) yields

Ellve(6:) = VT (we) I3 |F7)
« * 2 * critic
< 38 [||on(67,) — 9(6%, wl[3 17 + 121100 — 05, |3 + 12650 @3)
To upper bound the first term on the right-hand-side of eq. (23), we proceed as follows.

E [[lon(0z,) - 065, w3 17

B-1
1
B Z 8oz, (St,is Aty St,i+1)Yw, (S0, ari) — Bu, [Ae;fut (8,a)Puw, (s, a)}

=0

2
Fi

2
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=— . E[<69;t (St.is @t s Styit1)Vuw, (Styiy Grs) — By, [Agf”t (s, a)thu, (s,a)] ,

S0z, (5,5, 01,5, St,j+1)Vuw, (51,5, a1,5) — Bu, {A%t(s,a)z/)w,,(s,a)} >’Ft}

—~
INS
S

AB (rmax + 2Rs)°

B?

+ ZE [<59;t (St,i, iy St it1) Y, (St at,i) -E,, [Ae;;t (8,a) 1w, (s, a)} )
i#£j

B0, (51,501,381 (51,5, 01,3) = Eu, [Aag, (5,000, (5,0)| >‘EH SeR)

where (i) follows from the fact that ‘69;t(8t)j7a/t,j,St)j_A'_l)’lpwt (8t,5,a¢,5)

S Tmax + 2R9 and

E,, [Ag;;)t (8, @)y, (s, a)]‘ < Tmax + 2Ry. We next upper bound the following term for the case
i > .
IEK(S(;;H (St,iy Qtis St it1)Vw, Sty aei) — By, {Ag;t (s, @), (s, a)] ,
d6z, (St,55t55 St,j+1)Vw, (St,5, ae,5) — Eu, [Aegt(saa)l/fwt(saa)} > ]'"t}
= E[E K(Se;t (8t,i5 Q05 St,i41)Vw, (81, at,:) — B, {Aegt (5,0)Puw, (s, a)} ,
O, (51313 81,501V, (51,3, 00,5) = Bu, [Aug, (5,000, (s, 0)] )| iy 7]
= E[<E[59;t(St,i,at,z‘,St,i+1)7/1wt($t,i,at,i) ]:t,j} —E,, {Ae* (8,a)w, (s ,a) )
(591*% (8t,5,t,555¢,j+1)Vw, (8¢5, at ;) — Eu, [Ae* 8, @)y, (8, a } >] ‘]—‘t}
= E[(E[ A0y, (515, 000) 0, (515, 00,0) | Fig] = B, [Aay, (5, @b, (5,0)]
B, (5t.+ .3 1,51, (51,3, 005) = Bu, [ Ao, (5,000, (s,0)| )] | 7]
E[ HE|:A9;«% (St.i5 Qi) Vw, (St,i, Gri) .7-}7]»] -E,, {A%t (8, )1, (s,a)} H2
5 (505203, 5t 1), (51, 005) = Buy, [Asy, (5,000, (s, )]

< 2(Fmax + 239)1[3[ HE [A% ($t.is v, (51,0, ar,) ]-"w-] _E,, [A% (s,0)tbu, (5, a)} H2 ‘ft}

g

(@) )
< 4(rmax + 2Rg)*kp" 7,
where () follows from Assumption 2 and the fact that

HE[AG«L (St,z’;at,i)wwt(st,iaat,i) ]:t,j] —-E,, [Aef,,t(&a)i/fwt(&a)} H2

/ Ae,*wt(ﬂ?t,i)i/)wt(xt,i)P(dﬂﬁt,ﬂft,j)—/ Ag;, (@4,0) 0w, (21,0) v, (dr,q)

2

<

Ao, (e, (1.)

< 2(Tmax + 2R0) HP(|]:t,]) - Vﬂ'w,f HTV < 2(Tma.x + QRG)'%/) (25)

where we denote x; ,, = (s¢.x, arx) for k& > 0 for convenience. Substltutmg eq. (25) into eq. (24)
yields

) ‘P(dl‘t)i|ft7j) — Vﬂ-wt (dxt,i)’

4B (Tmax + 2R5)% + 4(Tmax + 2R9)*k Y p'™
i)

1
E[|[on(03,) = 9002, w5 1F7] < 5
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1 max + 2 2kpB
< L 4B (rupa + 2Rg)? 4 Bmnx + 2R0)hp

B 1—0p
< 8(Tmax + 2Rg)?[1 + (k — 1)p]' 26)
B(1-p)
Substituting eq. (26) into eq. (23) yields
E[[ve(0:) = Vo (w) 5 1]
24(rmax + 2R, 21+ K—1 * critic
(Tima o) 1+ (r= Dol | 16, — 03, || + 12¢S5te @27)

- B(1-p)
Then, substituting eq. (27) into eq. (19) and taking expectation of F; on both sides yield

(%a — Ly B[V (w))]3)

1 1
< E[J(wer1)] — E[J(w,)] + 12<§a n LJOR)]E[H@ —0. )12+ 12(504 + LJaZ‘) rite

1 (Pmax + 2R9)%[1 + (k — 1)p]
24( 50+ Lya?) . 28
+ 2Ot + Ly« B(1—p) (28)
Letting o = ﬁ and dividing both sides of eq. (28) by 1/(16L ) yield
* |12 it
E[[[V (we) ]3] < 16L (B[ (wes1)] = E[T (wr)]) + 36E[||0; — 05, [15] + 36¢mmex
2(rmax + 2Rg)?[1 -1
B(1 - p)
Taking the summation of eq. (29) over ¢t = {0,--- , T — 1} and dividing both sides by T yield
) =
2
E[|Vud (w3 = 7 D ElIVud (w)]]
t=0
T—1 . |2
162, (ELJ (wr)] — J (wo)) =0 E[l[6: =6,
< + 36
T T
72(rmax + 2Rg)*[1 + (k — 1)p] + O ¢eritie
B(l _p) 15approx
T—1 « |12
16Lerax +36 t=0 E[Het - 9wt ||2]
T (=T T
72(Tm(x + 2R9)2[1 + (K B 1)p] critic
B + i o
Letting B > 216(T"‘a"+(21Rf;;[1+(n_l)p], E [H@t - QZth] < g forall0 < ¢t < T -1, and
T > %, then we have
(1—=7)e
=
2 critic
T Z E[||vw‘](w’t)||2] Set 0( apl::rox)'
t=0
The total sample complexity is given by
1 1 1 1 1 1
B+MT )T =0||-+-1 - | =0 ——=1 -1).
om0 |+ foe (3)) o] =0 (=paee (7))
O

G Proof of Theorem 3

We restate Theorem 3 as follows to include the specifics of the parameters.
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Theorem 6 (Restatement of Theorem 3). Consider the NAC algorithm in Algorithm 1. Suppose

Assumptions 1 and 2 hold, and let the stepsize o = We have

m
4L (1 + A)(D(wo) — E[D(wr)]) | 4Ly(1+ A) E[J(wr)] — J(wo)

J(7*) —E[J(mw,)] <

T(1—7y)A? A2(1—=7) T
81Ly (14 N) Sr= E (116 — 03, 117]
A2(1 —~)Ly T
L 3Lu(L4N) [ 8rina 108(Tmax + 2R0)*\ 1+ (k — 1)p
(1=7)Ls \M(1—7)? A? (1-p)B
162Lw(1 + >\ Czrmc + 16 V t%l/;%x + 64L¢<§;Z’r’;1x
A1 =)Ly > M1 =7)  (L=7)Ls(1+ )

A
Ve + T 31)

oo

1
* \/(1 —7)? vwwo

where X is the regularizing coefficient for estimating the inverse of Fisher information matrix.
Furthermore, let

16Ls(1+2A) 16rmaxLy(1+ )
T>
max{ 6(1_7)/\2 ) 6(1—’}/)2/\2 ,
2 - —
B > max 24(rmax + 2Rg) [1:r (K 1)p}7 28 r2. 1+ (s 1)p14 |
(1 - P) glr;lp;f)x A (]_ — ) (]_ — P) 5[;;);3{
3Ly (1+X) 327"max . 432(rmax + 2R9)2 14 (k—1)p
e(1—7)Ly \ N (1 —~)? 2 iy [

A= critic
approx*

Suppose the same setting of Theorem | holds (with M and T, defined therein) so that

critic 2

2 . approx €A (I—V)LJ

E[G—G* }<m e, , N 0o>t>T-—1.
Ht “’tH? - m{ 64 7 324Ly(1+ N) fora ==

We have

T )15 1—vy |’

with the total sample complexity given by (B + MT,)T = O((1 — v)~*e~21og(1/¢)).

T—1 critic
1 N \/ Sépron
J(’l‘('*) ZE[J('/TMH)] < e+ O ((1[’1> + O ”

t=0

Proof. We first show that NAC in Algorithm 1 convergences to a neighbourhood of a first-order
stationary point. Then we present the proof of Theorem 3/Theorem 6, in which the convergence of
NAC is characterized in terms of the function value.

Recall the definition of v;(6) in Appendix F, we define

B-1
Ut (9) [Ft(wt)—i-)\f 1 1 250 St,iy Qt, z)wwa,(st iy At,iy St 1+1)] = [Ft(wt)ﬂ‘)\j]ilvt(o)'
=0

Following from the L ;-Lipschitz condition indicated in Proposition 1, we have

L
T(wisn) 2 J(wn) + (Vo] (we) wir —we) = - [[wrr —well

0[2 2
J(w0) + (VT (w0), 10 (0)) — 22 (62
J(wy) + a(V oy J(wy), (F(wy) + X)) 7V J (wy))
+ (Vi J(wy), us(0;) — (F(wg) + M) 7'V J (wy))

)+
)+

25



LJOé

- e (62) = (F(wp) + AD) ™"V (wr) + (F(w) + M) ™ Vo] ()|
gJ(thmIIV T (we) 3+ a(Vad (we), ue(6:) — (F(we) + A1) ™'V (wy))
— Lya® [|ug(6) — (F(we) + )7 Vo d (w) |2 — Lya® || (Fwy) + M)~ Vo J (wy)|[2

(i)

« 2
> J(w) + T x |V (w1) ]
14+ A

—a <(1 1V 0 () |2+

-1 2
o Jua(6) = (Fwi) + A7 w0

— Ly [[uy(6) — (F(ws) + A1)~ 9 (wy) |2 — LJ;“ V0T ()2
= )+ (57555~ o) IVud W)l
- (0‘(1;” +LJ042) [us(0:) = (F(we) + A1) "'V (wr) |2, (32)

where (i) follows because (V,J(wy), (F(w;) + M) 71V, J (wy)) > 1+/\ IV J(wt)||2 and (i)
follows from the fact that ||(F (w;) + M) 'V, J (wy) ||; < 32 [V d (wy) ||2 and Young’s inequality.
To bound the term [|us(6;) — (F(wy) + M)~ V] (we) H;, we proceed as follows:

|ue(0r) — (F(we) + M) Vo J (wy) H2
= [Jue(Be) — (F(we) + M) " 0,(8:) + (F(w) + ML) 0p(6,) — (Fwy) + M) " Vo (wy) |5
< 2|Jue(Be) — (F(we) + A1)~ oy (6y) |\2+2H (wy) + M) 7Yy (6,) — (F(wy) + M)~ 1v J(wy) H2
= 2| [(Bu(wn) + M) = (F(we) + M) wn(00)[[5 + 2 [ (F(we) + A1) (vi(60) = Vaud ()5
=2||[(F(we) + A)~" = (F (wt)+>\I) T (ve(0r) = Vi (wy) + Vi J (wy) |\2
—|—2|| (we) + A7 (v — wy) ||2
< A||[(Fe(we) + M)~ = (F (wt)+>\I) T (e(0) — Vi J (wy)) |\2
+2[|(P(w) + A0 (o = Vud )
+ 4 [|[(Fe(we) + A1) = (F(wy) + M) 7' Vi (wy ||2
< [4)1(Fi(w) + A0 = (Flw) + A 7|3 + 2 [[(Fwe) + AD 73] oe(8) = VT (w0l
+ 4 [|(Fi(we) + M) 7' = (F(wy) + M) 1H2||v J(wy)|3
[SH Fy(we) + A1) |5 + 10[|(F(we) + A7 } lor(6:) = Vo (w)13

+ 4 [|(Fi(we) + M) 7H = (F(wy) + M) 1H2 [V (we)|5

)
18 9 12 2
<2 5 10e(00) — Vi T (we) [l + 4[| (Fi(wy) + AN~ = (F(wy) + M) 7| 1Vwd (wi) [l

if lo0(00) = T ()3 + 4[| (Fyla) + A1) (Pwn) = o)) (Fawn) + M) [ 190 ()

18 _12

S FHvt(Qt)—VwJ(wt)H;—&-4H(Ft(wt)—|—/\l) 1H2||F(wt) Ft Wt || H wt +)\I 1”2||V J(UJt)HQ
18 4r2

Sz [01(8:) — Vo (w5 + N1 — )2 I (we) — Fy(wy)|l3- (33)

Substituting eq. (33) into eq. (32), rearranging the terms and taking expectation on both sides
conditioned over F; yield

(55~ ) BTl 17
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S E[J(wt+1)|.7-"t] — J(wt) + (06(1;‘>\) + LJO&Q) §E[Hvt(9t) — va(wt)”g |.7:t]

)\2

O[(l + )‘) 2 4r?nax 2
+ <2 + Lo WE[HF(W) — Fy(wy)|[5 [F]
(%)

< E[J(weg)[Fe] = J(we) + (CM i 8L+ (5~ 1))

L 2 max
2 *’J“>A%1w2 (1-p)B

18 [fa(l1+ M) 9 24(rmax + 2Rg)2[1 + (k — 1)p] . 112 critic
F <2+LJa ) < (1_p)B +6H9t_0th2+12<ap1§rox )

where (7) follows from eq. (27) and the fact that

BlIF(w) - Fwl 7] < S mpled by Lemma ). 34
Letting o = W;/\), we obtain
Za%;gEmvauwmiuu
gEumHnuuJmo+(“ﬂj”+zu&)(gﬁ@?)+4””m;+yﬁy>lafm3p
+ %8 <O‘(12“) + LJa2> 16 — 65, || + %6 (““2“) + LM) . (39)

Taking expectation over F; on both sides of eq. (35) and then taking the summation over ¢t =
{0,---,T — 1} yield

T-1
T & ElITuI ol

gEu@@nﬂw@+T<M‘+”4zg&>< 320 +4”@““+”%V)1+“‘1W

2 A1 —7)? A? (1-p)B
108 [a(1 4+ )) 2 216T [a(1+X) 2\ eritic
5 (M ) S ] B (A )
(36)
Dividing both sides of eq. (36) by 4(‘1’7_3) yields
L S BlIVuI w0l
t=0
16L(1 + N2 E[J(wr)] — J(wo) 108 L S E [l - 65, I3]
< 2 T 7[2(1+/\) + X7 T
32r 432(rmax + 2Rp)?\ 1+ (k — 1)p
21 A 2 )\2 max
a7 (e + e =y
216 g
+57 [2(1 4+ A)2 + N G (37)

Then, given the above convergence result on the gradient norm, we proceed to prove the con-
vergence of NAC in terms of the function value. Denote D(w) = Dk (7*(-[s), mu(]s)) =

E,.. [log ;"((‘;'ISS))] cugy, = (F(wy) + M) 7'V J(wy) and uf,, = F(w;)TV,,J (w;). We proceed as
follows:

D(wi) — D(wiy1)

=E,. [ log(Tu,., (als)) ~ log(ry, (als))
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@ T L
> B, |Vulog(mu, (als)] (wes —we) = =2 fwes — wil}

T L
=E, . [%),,(57@)] Wil — W) — 71# |wey1 — wt||§

0, [t (5.)] ue(0) — 20?6

T T L
OBy, [thu,(5,0)] wl, + 0. [Yu(5,0)| (uel0:) = ul,) = 5202 |us (00)]3

=akE, . [1&%(8, a)} Tujut +aE, . [wwt (s, a)} T(ugt — ULt) +aE, . [wwt(s, a)} T(ut(ﬁt) — ui,t)

L 2
— 5 |us(6)l3

=aE, . [Aﬂwt (s, a)] +aE, . [1/)wt(s, a)} T(uf‘Ut — uLt) +aE, . [wwt (s, a)] T(ut(et) — Uﬁ;t)

L
+aBy,. [thu, (5,) 0, = Ax,, (5,0)] = =2a? ui(60)]3

(1= )a (@) = T(m,)) + By, [, (5,0)] ", —ul,) +aE, . [V (5,0)] S () - )
2o (60
>(1- 7)a<J(7r*) - J(wwt)) +oE, .. [wwt (s, a)} T(uit —ul,) +aE, {wwt (s, a)} () - uy,)

T LT

2 L
- a\/EVW* |:d)'wt (570’)T’Ujﬂt - Aﬂ'wt (Sva)} - la2 ||Ut(9t)||§

2
(’LZZ) T .
> Ww,)) + ok, . [wwt (s, a)} (uy, —ul,) +aE, . [%Jt(s,a)} (us(0) — )
Vg : I
\/T \/ B, ¢wt s,a) Tul, — A, (s, a)} — TwaQ ||ut(9t)H§
w)

> ww, —i—a]E,, . [quf(s a)]T(uf‘v ul,) +aF, . [wwt(s a)]—r(ut(ﬂt) —ud)

m \/ Ev., wwf s,a)Tub, — Ar, (s, a)} 7—042 [ (62)]|5

(1- ﬂwt)) aCy X — o [|ug(6;) —

1
a1
1—v

where (i) follows from the L.;-Lipschitz condition indicated in Lemma 3, (i7) follows because

By, [Ar,, (s,0)] = (1 =) (J(7) = J(m0,)).

in Lemma 3.2 of [1], (¢i7) follows from the fact that

’th2

L
VEvw, [Du (s 0) T, — Ar (5,0 = 520 (@2, G9)

Vg

Vr

wo

Ugx

EV,,“,t [¢wt (saa)TuT - Aﬂ"w (5 a)} Z Euw* th (sva)TuLt - Awwt (sva)]zv

Twy 1o
(iv) follows because vy, > (1 —)vx,, in[l, 17], and (v) follows from Lemma 6. Recalling the

. . 2
definition (390 = max,,ey minega; By, [w(s,a)Tp— Ax, (s,a)]”, we have

D(w;) — D(wit1)
> (1= a(J(r") = I(m,)) = aCoA = a|u(6:) = up, |,
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1 Vrx Ly 4 2
SO\ T || || Ve e Ol

oo

>(1- v)a(J(ﬂ'*) - J(ﬂ‘wt)) —aC )\ — « Hut(é't) — ui‘)t H2

1 N
S\ Eet e IRV 2 AR e A Y

>(1- 'y)a<J(7r*) - J(?%J) — aCy X — o ||ug(6;) — uy, H2
1 o+ L
~o 75 | G — o 00 = b~ B 19 )l

(39)
Rearranging eq. (39), dividing both sides by (1 — v)«, and taking expectation on both sides yield
J(7%) = E[J (mw, )]

BID(w)] ~ BD(wis)] | Elllu®) —ud, ;] J 1

Vg

(1 =7)a 1—xv (1—7)3
LwaE[Hut(et> - Uﬁ;tHz] L¢ C A

E[D(w)] — E[D(wes1)] \/EHW 6:) =, | LwaEH|Ut(9t)—U?ut||§}
(1=7)a =

C, /\
actor
approx 1 —

actor
approx
oo

I/ﬂ-wo

Lyo :
. WE[WW}(WH@] + $ (1—7)3

Recalling eq. (33), we have
T

Vps

(40)

Vitw

E[[[vn(0r) = Vi (we) 3] + E[||F(w:) — Fy(wy)|3)

=N
(1) 18 [24(Fmax + 2Ro)2[1 +
< —
S B(1 - p)
driax 81+ (k—1)p]
T2 0-pB

(1 —7)? v)
(’i - 1)[)] 4 6E[||0t o eth;] 4 12 critic :|

approx

where (i) follows from eq. (27) and eq. (34). Letting E[||6; — || < Cef;}lrf)x and

2 _ —
B2 ma | 2 £ 2R0°0 (= p) Sl + (=1 |
(1 - p) z(t:ppr((:)x A (1 - ) (1 - p) gppr(c:)x

we have

256 i
Efun (6) = w13 < 5 G @)

Note that (&ti¢ is not small in general. Without loss of generality, here we assume §§1§i[§irf)x =060(1).

Substituting eq. (41) into eq. (40) yields
J(m) = E[J (7w, )]

16 critic critic
E[D(w:)| — E[D(w approx 256L OéCa FOX L«
< [D(wy)] — [D(wi+1)] — + . ¥ - pp _¢ Q]EI:HV'UJJ(wt)”g:I
(1=7)e Al =7) M1=7)  (d=7)A

29



Vgx

Cr )\
B+ T 42)

L
(1-7)3

Substituting the value of « into eq. (42), taking summation of eq. (42) over t = {0,--- ,T — 1}, and
dividing both sides by 7" yield

2

S
gl

J(m*) — E[J (7w, )]
t=0
< ALy (1+ N)(D(wo) ~ E[D(wr)) Ly o B[V (w0)][3]
- T(1—7)\2 4(1 — ’y)LJ(C'i +A) T
N 164/ Conmiex L, 6Ly ritic 1 Upe oy O
AL=7)  (I=7Ly1+N) (L =) || Vru, PP 1 —
© 4L, (1+ N)(D(wo) — E[D(wr)]) | 4Ly(1+)) E[J (wr)] = J (wo)
= T(1—7)A\2 X2(1—~) T
T-1 « |12

81L¢(1 + )\) ZtZO E [Hgt - awt HQ}

X2(1—~)L, T

3Ly(1+X) [ 82, 108(Fmax + 2R9)2\ 1+ (5 — 1)p

(L=~)Ly \M(1—7)? A2 (1-p)B

162L¢(1 + )‘) critic 16 ;{)g}%x 64L Cglgglr‘(:)x

(-, o T X Y AL+

N D
(1—7)?

where (7) follows from eq. (37). Furthermore, letting

{ 16Ly(14+ A) 167maxLy (14 A) }
e(1—9)A2 7 (1 —~v)2)2 ’

- 3Ly(1+ ) < 32r2 . 432(rmax + 2R9)2> 1+ (k—1)p
el =)Ly \ X (1 —9)? A? (1=p) ~

E ([0 - 0515 < < XU s esT o1,

= 324L,(1+ )
A= /e

T-1 actor gmirf)x
J() = =Y ElJ(rp,)] < e+ 0 <(1VPP> LoV

Ugx

Cr
actor
approx 1—~ ’

Z/7rwO

T > max

we have

1
T
t=0

The total sample complexity is given by

armr =0 (=« os (1)) ]

ol (2)
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