
Supplementary Materials

A Experiment

As suggested by one reviewer, we conduct the following experiment over Cartpole in OpenAI gym to
show that the actor-critic algorithm with mini-batch updates can significantly outperform that with
single-sample updates. We adopt neural softmax policy with two hidden layers of the size (128,
128). We apply the natural actor-critic (NAC) algorithm for updating the policy model, respectively
with a single episode and with a mini-batch of episodes with the batchsize B = 5. The learning
curves are shown in Figure 1. It can be seen that NAC with mini-batch episodes for each update has
considerably faster convergence speed and more stable convergence performance than NAC with
single episode for each update.
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Figure 1: The average performance for NAC over 10 seeds. The red and blue lines correspond to NAC with
each update sampling 5 and 1 episodes, respectively.

B Justification of Item 3 in Assumption 1

The following lemma justifies item 3 in Assumption 1. We denote the density function of the policy
πw(·|s) as πw(da|s)

da (if the action space A is discrete, then πw(da|s)
da = πw(a|s)).

Lemma 1. Consider a policy πw parametrized by w. Consider the following two cases:

1. Density function of the policy is smooth, i.e. πw(da|s)
da is Lπ-Lipschitz (0 < Lπ <∞), and

the action set is bounded, i.e.
∫
a∈A 1da = CA <∞,

2. πw is the Gaussian policy, i.e., πw(s) = N (f(w), σ2), with f(w) being Lf -Lipschitz
(0 < Lf <∞).

For both cases, we have

‖πw(·|s)− πw′(·|s)‖TV ≤ Cπ ‖w − w
′‖2 ,

where Cπ = 1
2 max{LπCA,

√
2Lf}.

Proof. Without loss of generality, we only consider the case when A is continuous. For the first case,
we have

‖πw(·|s)− πw′(·|s)‖TV =
1

2

∫
a

∣∣∣∣πw(da|s)da
− πw′(da|s)

da

∣∣∣∣ da (i)

≤ 1

2

∫
a

Lπ ‖w − w′‖2 da

≤ 1

2
LπCA ‖w − w′‖2 ≤ Cπ ‖w − w

′‖2 ,
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where (i) follows from Assumption 1. For the second case, we have

‖πw(·|s)− πw′(·|s)‖TV ≤
√

1

2
DKL(πw(·|s), πw′(·|s)) =

√
1

2
(f(w)− f(w′))2

=

√
1

2
L2
f ‖w − w′‖

2
2 =

√
2

2
Lf ‖w − w′‖2 ≤ Cπ ‖w − w

′‖2 .

C Proof of Proposition 1

By definition, we have

∇J(w)−∇J(w′) =
∫
(s,a)

Qπw(s, a)φw(s, a)νπw(ds, da)−
∫
(s,a)

Qπw′ (s, a)φw′(s, a)νπw′ (ds, da)

=

∫
(s,a)

Qπw(s, a)φw(s, a)νπw(ds, da)−
∫
(s,a)

Qπw(s, a)φw(s, a)dνπw′ (ds, da)

+

∫
(s,a)

Qπw(s, a)φw(s, a)dνπw′ (ds, da)−
∫
(s,a)

Qπw′ (s, a)φw′(s, a)dνπw′ (ds, da)

=

∫
(s,a)

Qπw(s, a)φw(s, a)[νπw(ds, da)− νπw′ (ds, da)]

+

∫
(s,a)

[Qπw(s, a)φw(s, a)−Qπw′ (s, a)φw(s, a)]νπw′ (ds, da)

+

∫
(s,a)

[Qπw′ (s, a)φw(s, a)−Qπw′ (s, a)φw′(s, a)]νπw′ (ds, da).

Thus, we have

‖∇J(w)−∇J(w′)‖2 ≤
∫
(s,a)

‖Qπw(s, a)φw(s, a)‖2
∣∣νπw(ds, da)− νπw′ (ds, da)∣∣

+

∫
(s,a)

∣∣Qπw(s, a)−Qπw′ (s, a)∣∣ ‖φw(s, a)‖2 νπw′ (ds, da)
+

∫
(s,a)

∣∣Qπw′ (s, a)∣∣ ‖φw(s, a)− φw′(s, a)‖2 νπw′ (ds, da)
≤ rmaxCφ

1− γ

∫
(s,a)

∣∣νπw(ds, da)− νπw′ (ds, da)∣∣
+ Cφ

∫
(s,a)

∣∣Qπw(s, a)−Qπw′ (s, a)∣∣ νπw′ (ds, da)
+
rmax

1− γ

∫
(s,a)

‖φw(s, a)− φw′(s, a)‖2 νπw′ (ds, da)

(i)

≤ 2rmaxCνCφ
1− γ

‖w − w′‖2 +
2rmaxCνCφ

1− γ
‖w − w′‖2 +

rmaxLφ
1− γ

‖w − w′‖2

= LJ ‖w − w′‖2 ,

where (i) follows from Lemma 3, Lemma 4 and Assumption 1.

D Proof of Theorem 1

In this section, we first provide the proof of a more general version (given as Theorem 4) of Theorem 1
for linear SA with Markovian mini-batch updates. We then show how Theorem 4 implies Theorem 1.
Throughout the paper, for two matrices M,N ∈ Rd×d, we define 〈M,N〉 =

∑d
i=1

∑d
j=1Mi,jNi,j .
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We consider the following linear stochastic approximation (SA) iteration with a constant stepsize:

θk+1 = θk + α
( 1

M

(k+1)M−1∑
i=kM

Axiθk +
1

M

(k+1)M−1∑
i=kM

bxi

)
, (3)

where {xi}i≥0 is a Markov chain with state space X , and Axi ∈ Rd×d and bxi ∈ Rd are random
matrix and vector associated with xi, respectively. We define A = Eµ[Ax] and b = Eµ[bx], where µ
is the stationary distribution of the associated Markov chain. Then the iteration eq. (3) corresponds to
the following ODE:

θ̇ = Aθ + b. (4)

We consider the case when the matrix A is non-singular, and we define θ∗ = −A−1b as the
equilibrium point of the ODE in eq. (4). We make the following standard assumptions, which are
also adopted by [6, 57, 53].
Assumption 3. For all x ∈ X , there exist constants such that the following hold

1. For all x, we have ‖Ax‖F ≤ CA and ‖bx‖2 ≤ Cb,

2. There exist a positive constant λA such that for any θ ∈ Rd, we have 〈θ− θ∗, A(θ− θ∗)〉 ≤
−λA2 ‖θ − θ

∗‖22,

3. The MDP is irreducible and aperiodic, and there exist constants κ > 0 and ρ ∈ (0, 1) such
that

sup
x∈S
‖P(xk ∈ ·|x0)− µ(·)‖TV ≤ κρ

k, ∀k ≥ 0,

where µ(·) is the stationary distribution of the MDP.

It can be checked easily that if Assumption 3 holds, the equilibrium point θ∗ has bounded `2-norm,
i.e., there exist a positive constant Rθ <∞ such that ‖θ∗‖2 ≤ Rθ.

We first provide a lemma that is useful for the proof of the main theorem in this section.
Lemma 2. Suppose Assumption 3 holds. Consider a Markov chain {xi}i≥0. Let Xi be either Axi
or bxi , Cx be either CA or Cb, respectively, and X̃ = Eµ[Xx]. For t0 ≥ 0 and M > 0, define
X(M) = 1

M

∑t0+M−1
i=t0

X(si). Then, we have

E
[∥∥∥X(M)− X̃

∥∥∥2
2

]
≤ 8C2

x[1 + (κ− 1)ρ]

(1− ρ)M
.

Proof. We proceed as follows:

E

[∥∥∥X(M)− X̃
∥∥∥2
2

∣∣∣∣∣Ft0
]
≤ E

[∥∥∥X(M)− X̃
∥∥∥2
F

∣∣∣∣∣Ft0
]
= E

∥∥∥∥∥ 1

M

t0+M−1∑
i=t0

X(si)− X̃

∥∥∥∥∥
2

F

∣∣∣∣∣Ft0


≤ 1

M2

t0+M−1∑
i=t0

t0+M−1∑
j=t0

E
[
〈X(si)− X̃,X(sj)− X̃〉|Ft0

]

≤ 1

M2

4MC2
x +

∑
i 6=j

E
[
〈X(si)− X̃,X(sj)− X̃〉|Ft0

] . (5)

Consider the term E
[
〈X(si)− X̃,X(sj)− X̃〉|Ft0

]
with i 6= j. Without loss of generality, we

consider the case when i > j:

E
[
〈X(si)− X̃,X(sj)− X̃〉|Ft0

]
= E

[
E[〈X(si)− X̃,X(sj)− X̃〉|sj ]|Ft0

]
= E

[
〈E[X(si)|xj ]− X̃,X(sj)− X̃〉|Ft0

]
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≤ E
[∥∥∥E[X(si)|sj ]− X̃

∥∥∥
F

∥∥∥X(sj)− X̃
∥∥∥
F

∣∣∣Ft0] ≤ 2CxE
[∥∥∥E[X(si)|sj ]− X̃

∥∥∥
F

∣∣∣Fk]
(i)

≤ 4C2
xκρ

j−i, (6)

where (i) follows from Assumption 3 and the fact∥∥∥E[X(si)|sj ]− X̃
∥∥∥
F

=

∥∥∥∥∫
si

X(si)P (dsi|sj)−
∫
si

X(si)ν(dsi)

∥∥∥∥
F

≤
∫
si

‖X(si)‖F |P (dsi|sj)− ν(dsi)|

≤ Cx
∫
si

|P (dsi|sj)− ν(dsi)| ≤ 2Cx ‖P (·|sj)− ν(·)‖TV ≤ 2Cxκρ
j−i.

Substituting eq. (6) into eq. (5) yields

E

[∥∥∥X(M)− X̃
∥∥∥2
2

∣∣∣∣∣Ft0
]
≤ 1

M2

4MC2
x + 4C2

xκ
∑
i6=j

ρ|i−j|

 ≤ 8C2
x[1 + (κ− 1)ρ]

(1− ρ)M
,

which completes the proof.

Now we proceed to prove the main theorem. For brevity, we use Âk and b̂k to denote
1
M

∑(k+1)M−1
i=kM Axi and 1

M

∑(k+1)M−1
i=kM bxi respectively. We also define g(θ) = Aθ + b and

gk(θ) = Âkθ + b̂k. We have the following theorem on the iteration of ‖θK − θ∗‖22.
Theorem 4 (Generalized Version of Theorem 1). Suppose Assumption 3 holds. Consider the iteration
eq. (3). Let α ≤ min{ λA

8C2
A
, 4
λA
} and M ≥

(
2
λA

+ 2α
)

192C2
A[1+(κ−1)ρ]
(1−ρ)λA . We have

E[‖θK − θ∗‖22] ≤
(
1− λA

8
α
)K
‖θ0 − θ∗‖22 +

( 2

λA
+ 2α

)192(C2
AR

2
θ + C2

b )[1 + (κ− 1)ρ]

(1− ρ)λAM
.

If we further let K ≥ 8
λAα

log
2‖θ0−θ∗‖22

ε and M ≥
(

2
λA

+ 2α
)

384(C2
AR

2
θ+C

2
b )[1+(κ−1)ρ]

(1−ρ)λAε , then we

have E[‖θK − θ∗‖22] ≤ ε with the total sample complexity given by KM = O
(
1
ε log

(
1
ε

))
.

Proof of Theorem 4. We first proceed as follows:

‖θk+1 − θ∗‖22 = ‖θk + αgk(θk)− θ∗‖22
= ‖θk − θ∗‖22 + 2α〈θk − θ∗, gk(θk)〉+ α2 ‖gk(θk)‖22
= ‖θk − θ∗‖22 + 2α〈θk − θ∗, g(θk)〉+ 2α〈θk − θ∗, gk(θk)− g(θk)〉
+ α2 ‖gk(θk)− g(θk) + g(θk)‖22

(i)

≤ ‖θk − θ∗‖22 − λAα ‖θk − θ
∗‖22 +

λA
2
α ‖θk − θ∗‖22 +

2

λA
α ‖gk(θk)− g(θk)‖22

+ 2α2 ‖gk(θk)− g(θk)‖2 + 2α2 ‖g(θk)‖22
(ii)

≤
(
1− λA

2
α+ 2C2

Aα
2
)
‖θk − θ∗‖22 +

( 2

λA
α+ 2α2

)
‖gk(θk)− g(θk)‖22 , (7)

where (i) follows from the facts that

〈θk − θ∗, g(θk)〉 = 〈θk − θ∗, A(θk − θ∗)〉 ≤ −
λA
2
‖θk − θ∗‖22 ,

〈θk − θ∗, gk(θk)− g(θk)〉 ≤
λA
4
‖θk − θ∗‖22 +

1

λA
‖gk(θk)− g(θk)‖22 ,

and

‖gk(θk)− g(θk) + g(θk)‖22 ≤ 2 ‖gk(θk)− g(θk)‖22 + 2 ‖g(θk)‖22 ,
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and (ii) follows from the fact that ‖g(θk)‖2 = ‖A(θk − θ∗)‖2 ≤ CA ‖θk − θ∗‖2. Let Fk be the
filtration of the sample {xi}0≤i≤kM−1. Taking expectation on both sides of eq. (7) conditioned on
Fk yields

E[‖θk+1 − θ∗‖22 |Fk]

≤
(
1− λA

2
α+ 2C2

Aα
2
)
‖θk − θ∗‖22 +

( 2

λA
α+ 2α2

)
E[‖gk(θk)− g(θk)‖22 |Fk]. (8)

Next we bound the term E[‖gk(θk)− g(θk)‖22 |Fk] in eq. (8) as follows.

E[‖gk(θk)− g(θk)‖22 |Fk]

= E

[∥∥∥(Âk −A)θk + b̂k − b
∥∥∥2
2

∣∣∣∣∣Fk
]

= E

[∥∥∥(Âk −A)(θk − θ∗) + (Âk −A)θ∗ + b̂k − b
∥∥∥2
2

∣∣∣∣∣Fk
]

≤ 3E

[∥∥∥(Âk −A)(θk − θ∗)∥∥∥2
2
+
∥∥∥(Âk −A)θ∗∥∥∥2

2
+
∥∥∥b̂k − b∥∥∥2

2

∣∣∣∣∣Fk
]

≤ 3E

[∥∥∥Âk −A∥∥∥2
2

∣∣∣∣∣Fk
]
‖θk − θ∗‖22 + 3E

[∥∥∥Âk −A∥∥∥2
2

∣∣∣∣∣Fk
]
‖θ∗‖22 + 3E

[∥∥∥b̂k − b∥∥∥2
2

∣∣∣∣∣Fk
]
.

(9)

Following from Lemma 2, we obtain

E

[∥∥∥Âk −A∥∥∥2
2

∣∣∣∣∣Fk
]
≤ 1

M2

4MC2
A + 4C2

Aκ
∑
i 6=j

ρ|i−j|

 ≤ 8C2
A[1 + (κ− 1)ρ]

(1− ρ)M
, (10)

and

E

[∥∥∥b̂k − b∥∥∥2
2

∣∣∣∣∣Ft
]
≤ 8C2

b [1 + (κ− 1)ρ]

(1− ρ)M
. (11)

Substituting eq. (10) and eq. (11) into eq. (9) yields

E[‖gk(θk)− g(θk)‖22 |Fk] ≤
24C2

A[1 + (κ− 1)ρ]

(1− ρ)M
‖θk − θ∗‖22 +

24(C2
AR

2
θ + C2

b )[1 + (κ− 1)ρ]

(1− ρ)M
.

(12)

Then, substituting eq. (12) into eq. (7) yields

E[‖θk+1 − θ∗‖22 |Fk] ≤
(
1− λA

2
α+ 2C2

Aα
2 +

( 2

λA
α+ 2α2

)24C2
A[1 + (κ− 1)ρ]

(1− ρ)M

)
‖θk − θ∗‖22

+
( 2

λA
α+ 2α2

)24(C2
AR

2
θ + C2

b )[1 + (κ− 1)ρ]

(1− ρ)M
.

Letting α ≤ λA
8C2

A
and M ≥

(
2
λA

+ 2α
)

192C2
A[1+(κ−1)ρ]
(1−ρ)λA , and taking expectation over Ft on both

sides of the above inequality yield

E[‖θk+1 − θ∗‖22] ≤
(
1− λA

8
α
)
E[‖θk − θ∗‖22] +

( 2

λA
α+ 2α2

)24(C2
AR

2
θ + C2

b )[1 + (κ− 1)ρ]

(1− ρ)M
.

(13)

Applying eq. (13) recursively from k = 0 to K − 1 and letting α < 8
λA

yield

E[‖θK − θ∗‖22]

≤
(
1− λA

8
α
)K
‖θ0 − θ∗‖22 +

( 2

λA
α+ 2α2

)24(C2
AR

2
θ + C2

b )[1 + (κ− 1)ρ]

(1− ρ)M

K−1∑
k=0

(
1− λA

8
α
)k
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≤
(
1− λA

8
α
)K
‖θ0 − θ∗‖22 +

( 2

λA
+ 2α

)192(C2
AR

2
θ + C2

b )[1 + (κ− 1)ρ]

(1− ρ)λAM

≤ e−
λA
8 αK ‖θ0 − θ∗‖22 +

( 2

λA
+ 2α

)192(C2
AR

2
θ + C2

b )[1 + (κ− 1)ρ]

(1− ρ)λAM
. (14)

Letting α = min{ λA
8C2

A
, 4
λA
}, K ≥ 8

λAα
log

2‖θ0−θ∗‖22
ε and M ≥

(
2
λA

+

2α
)

384(C2
AR

2
θ+C

2
b )[1+(κ−1)ρ]

(1−ρ)λAε , we have E[‖θK − θ∗‖22] ≤ ε.

Then, We show how to apply Theorem 4 to derive the sample complexity of Algorithm 2 given in
Theorem 1.

Proof of Theorem 1. We define the parameters in Theorem 4 to be Axi = φ(st,i)(γφ(st,i+1) −
φ(st,i))

>, bxi = r(st,i, at,i, st,i+1)φ(st,i) and K = Tc. Then the results of Theorem 1 follows.

E Supporting Lemmas for Theorem 2 and Theorem 3

In this subsection, we provide supporting lemmas, which are useful to the proof of Theorem 2.
Lemma 3. Consider the initialization distribution η(·) and transition kernel P(·|s, a). Let η(·) = ζ(·)
or P(·|ŝ, â) for any given (ŝ, â) ∈ S×A. Denote νπw,η(·, ·) as the state-action visitation distribution
of MDP with policy πw and initialization distribution η(·). Suppose Assumption 2 holds. Then we
have ∥∥νπw,η(·, ·)− νπw′ ,η(·, ·)∥∥TV ≤ Cν ‖w − w′‖2
for all w,w′ ∈ Rd, where Cν = Cπ

(
1 + dlogρ κ−1e+ 1

1−ρ

)
.

Proof. The proof of this lemma is similar to the proof of Lemma 6 in [57] with the following
difference. [57] considers the case with the finite action space, we extend their result to the case
with possibly infinite action space. Define the transition kernel P̃(·|s, a) = γP(·|s, a) + (1− γ)I(·).
Denote Pπw,I(·) as the state visitation distribution of the MDP with policy πw and initialization
distribution I(·), and it satisfies that νπw,I(s, a) = Pπw,I(s)πw(a|s). [21] showed that the stationary
distribution of the MDP with transition kernel P̃(·|s, a) and policy πw is given by Pπw,I(·). Following
from Theorem 3.1 in [29], we obtain∥∥Pπw,I(·)− Pπw′ ,I(·)∥∥TV ≤ (dlogρ κ−1e+ 1

1− ρ

)
‖Kw −Kw′‖ , (15)

where Kw and Kw′ are state to state transition kernel of MDP with policy πw and πw′ respectively
and ‖·‖ is the operator norm of a transition kernel: ‖P‖ := sup‖q‖TV =1 ‖qP‖TV . Note here we
define the total variation norm of a distribution q(s) as ‖q‖TV =

∫
s
|q(ds)|. Then we obtain

‖Kw −Kw′‖ = sup
‖q‖TV =1

∥∥∥∥∫
s

q(ds)(Kw −Kw′)(s, ·)
∥∥∥∥
TV

=
1

2
sup

‖q‖TV =1

∫
s′

∣∣∣∣∫
s

q(ds)
(
Kw(s, ds

′)−Kw′(s, ds
′)
)∣∣∣∣

≤ 1

2
sup

‖q‖TV =1

∫
s′

∫
s

q(ds) |Kw(s, ds
′)−Kw′(s, ds

′)|

=
1

2
sup

‖q‖TV =1

∫
s′

∫
s

q(ds)

∣∣∣∣∫
a

P̃(ds′|s, a)
(
πw′(da|s)− πw(da|s)

)∣∣∣∣
≤ 1

2
sup

‖q‖TV =1

∫
s

q(ds)

∫
a

|πw′(da|s)− πw(da|s)|
∫
s′
P̃(ds′|s, a)

= sup
‖q‖TV =1

∫
s

q(ds) ‖πw′(·|s)− πw(·|s)‖TV

18



(i)

≤ Cπ ‖w′ − w‖2 , (16)

where (i) follows from Assumption 1. Substituting eq. (16) into eq. (15) yields∥∥Pπw,I(·)− Pπw′ ,I(·)∥∥TV ≤ Cπ (dlogρ κ−1e+ 1

1− ρ

)
‖w′ − w‖2 . (17)

Then we bound
∥∥νπw,I(·, ·)− νπw′ ,I(·, ·)∥∥TV as follows:∥∥νπw,I(·, ·)− νπw′ ,I(·, ·)∥∥TV

=
∥∥Pπw,I(·)πw(·|·)− Pπw′ ,I(·)πw′(·|·)∥∥TV

=
1

2

∫
s

∫
a

∣∣Pπw,I(ds)πw(da|s)− Pπw′ ,I(ds)πw′(da|s)∣∣
=

1

2

∫
s

∫
a

∣∣Pπw,I(ds)πw(da|s)− Pπw,I(ds)πw′(da|s) + Pπw,I(ds)πw′(da|s)− Pπw′ ,I(ds)πw′(da|s)
∣∣

=
1

2

∫
s

∫
a

|Pπw,I(ds)πw(da|s)− Pπw,I(ds)πw′(da|s)|+
1

2

∫
s

∫
a

∣∣Pπw,I(ds)πw′(da|s)− Pπw′ ,I(ds)πw′(da|s)∣∣
=

1

2

∫
s

∫
a

Pπw,I(ds) |πw(da|s)− πw′(da|s)|+
1

2

∫
s

∫
a

∣∣Pπw,I(ds)− Pπw′ ,I(ds)∣∣πw′(da|s)
(i)

≤ Cπ ‖w − w′‖2
∫
s

Pπw,I(ds) +
1

2

∫
s

∣∣Pπw,I(ds)− Pπw′ ,I(ds)∣∣
= Cπ ‖w − w′‖2 +

∥∥Pπw,I(·)− Pπw′ ,I(·)∥∥TV
≤ Cπ ‖w − w′‖2 + Cπ

(
dlogρ κ−1e+

1

1− ρ

)
‖w′ − w‖2

= Cν ‖w′ − w‖2 ,

where (i) follows from Lemma 1.

Lemma 4. Suppose Assumptions 1 and 2 hold, for any w,w′ ∈ Rd and any state-action pair
(s, a) ∈ S ×A. We have ∣∣Qπw(s, a)−Qπw′ (s, a)∣∣ ≤ LQ ‖w − w′‖2 ,
where LQ = 2rmaxCν

1−γ .

Proof. By definition, we have Qπw(s, a) = 1
1−γ

∫
(ŝ,â)

r(ŝ, â)dPπw(s,a)(ŝ, â), where Pπw(s,a)(ŝ, â) =

(1 − γ)
∑∞
t=0 γ

tP(st = ŝ, at = â|s0 = s, a0 = a, πw) is the state-action visitation distribution
of the MDP with policy πw and initialization distribution P (·|s0 = s, a0 = a). Thus, Pπw(s,a)(ŝ, â)

is also the state-action stationary distribution of the MDP with policy πw and transition kernel
P̃(·|s, a) = γP(·|s, a) + (1 − γ)P (·|s0 = s, a0 = a). We denote Pπws (ŝ) as the state stationary
distribution for such a MDP. It then follows that∣∣Qπw(s, a)−Qπw′ (s, a)∣∣

=
1

1− γ

∣∣∣∣∣
∫
(ŝ,â)

r(ŝ, â)Pπw(s,a)(dŝ, dâ)−
∫
(ŝ,â)

r(ŝ, â)dP
πw′
(s,a)(dŝ, dâ)

∣∣∣∣∣
≤ 1

1− γ

∫
(ŝ,â)

r(ŝ, â)
∣∣∣Pπw(s,a)(dŝ, dâ)− P

πw′
(s,a)(dŝ, dâ)

∣∣∣
≤ 2rmax

1− γ

∥∥∥Pπw(s,a)(·, ·)− P
πw′
(s,a)(·, ·)

∥∥∥
TV

(i)

≤ 2rmaxCν
1− γ

‖w − w′‖2 ,

where (i) follows from Lemma 3.
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Lemma 5. Suppose Assumptions 1 hold, for w′, w′′ ∈ Rd. We have∥∥∥∇wEνπ∗ [ log πw′(a, s)]−∇wEνπ∗ [ log πw′′(a, s)]∥∥∥
2
≤ Lψ ‖w′ − w′′‖2 .

Proof. By definition, we obtain∥∥∥∇wEνπ∗ [ log πw′(a, s)]−∇wEνπ∗ [ log πw′′(a, s)]∥∥∥
2

=

∥∥∥∥∥
∫
(s,a)

ψw′(s, a)νπ∗(ds, da)−
∫
(s,a)

ψw′′(s, a)νπ∗(ds, da)

∥∥∥∥∥
2

≤
∫
(s,a)

‖ψw′(s, a)− ψw′′(s, a)‖2 νπ∗(ds, da)

(i)

≤
∫
(s,a)

Lψ ‖w′ − w′′‖2 νπ∗(ds, da) = Lψ ‖w′ − w′′‖2 ,

where (i) follows from Assumption 1.

Lemma 6. For any w ∈ Rd, define θ∗w = (F (w) + λI)−1∇J(w) and θ†w = F (w)†∇J(w). We
have

∥∥θ∗w − θ†w∥∥2 ≤ Crλ, where 0 < Cr < +∞ is a constant only depending on the policy class.

Proof. By definition, F (w) ∈ Rd×d is a symmetric matrix. Thus, if rank(F (w)) = k ≤
d, then there exist matrices Γw ∈ Rd×d and Λw ∈ Rd×d such that F (w) = Λ>wΓwΛw,
where Γw = diag[λ1, λ2, · · · , λk, 0, 0, · · · , 0] and Λ>w = [ψ1, ψ2, · · · , ψk, ψk+1, ψk+2, · · · , ψd]
is an orthogonal matrices with {ψ1, ψ2, · · · , ψk} spans over the column space Col(F (w)) and
{ψk+1, ψk+2, · · · , ψk} ⊥ Col(F (w)). Without loss of generality, we assume that for all w, the
linear matrix equation F (w)x = ∇J(w) has at least one solution x∗w ∈ Rd. Then we have

θ∗w = (F (w) + λI)−1∇J(w)
= (Λ>wΓwΛw + λI)−1∇J(w)
= Λ>w(Γw + λI)−1Λw∇J(w)

= Λ>wdiag

[
1

λ1 + λ
, · · · , 1

λk + λ
,
1

λ
, · · · , 1

λ

]
Λw∇J(w)

(i)
= Λ>wdiag

[
1

λ1 + λ
, · · · , 1

λk + λ
,
1

λ
, · · · , 1

λ

]
[ψ>1 ∇J(w), · · · , ψ>k ∇J(w), 0, · · · , 0]>

= Λ>w

[
1

λ1 + λ
ψ>1 ∇J(w), · · · ,

1

λk + λ
ψ>k ∇J(w), 0, · · · , 0

]>
,

where (i) follows from the fact that ∇J(w) ∈ Col(F (w)) and {ψk+1, ψk+2, · · · , ψk} ⊥
Col(F (w)). Similarly, we also have

θ†w = F (w)†∇J(w)
= (Λ>wΓwΛw)

†∇J(w)
= Λ>w(Γw)

†Λw∇J(w)

= Λ>wdiag

[
1

λ1
, · · · , 1

λk
, 0, · · · , 0

]
Λw∇J(w)

= Λ>wdiag

[
1

λ1
, · · · , 1

λk
, 0, · · · , 0

]
[ψ>1 ∇J(w), · · · , ψ>k ∇J(w), 0, · · · , 0]>

= Λ>w

[
1

λ1
ψ>1 ∇J(w), · · · ,

1

λk
ψ>k ∇J(w), 0, · · · , 0

]>
.

Thus we have

θ∗w − θ†w = Λ>w

[( 1

λ1 + λ
− 1

λ1

)
ψ>1 ∇J(w), · · · ,

( 1

λk + λ
− 1

λ1

)
ψ>k ∇J(w), 0, · · · , 0

]>
20



= −λΛ>w
[

1

(λ1 + λ)λ1
ψ>1 ∇J(w), · · · ,

1

(λk + λ)λk
ψ>k ∇J(w), 0, · · · , 0

]>
= −λΛ>wdiag

[
1

(λ1 + λ)λ1
, · · · , 1

(λk + λ)λk
, 0, · · · , 0

]
Λw∇J(w).

We can further obtain∥∥θ∗w − θ†w∥∥2 ≤ λ

λ2min

‖Λw‖22 ‖∇J(w)‖2
(i)

≤ Cψrmax

λ2min(1− γ)
λ = Crλ,

where in (i) we define λmin = minw∈Rd min1≤i≤kw λw,i, with λw,i being the i-th element in Γw
and kw being the rank of the matrix F (w).

F Proof of Theorem 2

In this section and next section, we assume Cψ = 1 without loss of generality. We restate Theorem 2
as follows to include the specifics of the parameters.
Theorem 5 (Restatement of Theorem 2). Consider the AC algorithm in Algorithm 1. Suppose
Assumptions 1 and 2 hold, and let the stepsize α = 1

4LJ
. We have

E[
∥∥∇wJ(wT̂ )∥∥22]
≤ 16LJrmax

(1− γ)T
+ 18

∑T−1
t=0 E[

∥∥θt − θ∗wt∥∥22]
T

+
72(rmax + 2Rθ)

2[1 + (κ− 1)ρ]

B(1− ρ)
+ C1ζ

critic
approx,

where C1 is a positive constant. Furthermore, let B ≥ 216(rmax+2Rθ)
2[1+(κ−1)ρ]

(1−ρ)ε and T ≥
48LJrmax

(1−γ)ε . Suppose the same setting of Theorem 1 holds (with M and Tc defined therein) so that

E
[∥∥θt − θ∗wt∥∥22] ≤ ε

108 for all 0 ≤ t ≤ T − 1. We have

E[‖∇wJ(wT̂ )‖2
2
] ≤ ε+O(ζcritic

approx),

with the total sample complexity given by (B +MTc)T = O((1− γ)−2ε−2 log(1/ε)).

Proof. For brevity, we define vt(θ) = 1
B

∑B−1
i=0 δθ(st,i, at,i, st,i+1)ψwt(st,i, at,i), Aθ(s, a) =

EP̃[δθ(s, a, s
′)|(s, a)], and g(θ, w) = Eνw [Aθ(s, a)ψw(s, a)] for all w ∈ Rd1 , θ ∈ Rd2 and t ≥ 0.

Following from the LJ -Lipschitz condition indicated in Proposition 1, we have

J(wt+1) ≥ J(wt) + 〈∇wJ(wt), wt+1 − wt〉 −
LJ
2
‖wt+1 − wt‖22

= J(wt) + α〈∇wJ(wt), vt(θt)−∇wJ(wt) +∇wJ(wt)〉 −
LJα

2

2
‖vt(θt)‖22

= J(wt) + α ‖∇wJ(wt)‖22 + α〈∇wJ(wt), vt −∇wJ(wt)〉

− LJα
2

2
‖vt(θt)−∇wJ(wt) +∇wJ(wt)‖22

(i)

≥ J(wt) +
(1
2
α− LJα2

)
‖∇wJ(wt)‖22 −

(1
2
α+ LJα

2
)
‖vt(θt)−∇wJ(wt)‖22 ,

(18)

where (i) follows because

〈∇wJ(wt), vt(θt)−∇wJ(wt)〉 ≥ −
1

2
‖∇wJ(wt)‖22 −

1

2
‖vt(θt)−∇wJ(wt)‖22 ,

and

‖vt(θt)−∇wJ(wt) +∇wJ(wt)‖22 ≤ 2 ‖vt(θt)−∇wJ(wt)‖22 + 2 ‖∇wJ(wt)‖22 .
Taking expectation on both sides of eq. (18) conditioned on Ft and rearranging eq. (18) yield(1

2
α− LJα2

)
E[‖∇wJ(wt)‖22 |Ft]

21



≤ E[J(wt+1)|Ft]− J(wt) +
(1
2
α+ LJα

2
)
E[‖vt(θt)−∇wJ(wt)‖22 |Ft]. (19)

Then, we upper-bound the term E[‖vt(θt)−∇wJ(wt)‖22 |Ft] as follows. By definition, we have

‖vt(θt)−∇wJ(wt)‖22
=
∥∥vt(θt)− vt(θ∗wt) + vt(θ

∗
wt)− g(θ

∗
wt , wt) + g(θ∗wt , wt)−∇wJ(wt)

∥∥2
2

≤ 3
∥∥vt(θt)− vt(θ∗wt)∥∥22 + 3

∥∥vt(θ∗wt)− g(θ∗wt , wt)∥∥22 + 3
∥∥g(θ∗wt , wt)−∇wJ(wt)∥∥22 , (20)

in which ∥∥vt(θt)− vt(θ∗wt)∥∥22
=

∥∥∥∥∥ 1

B

B−1∑
i=0

[
δθt(st,i, at,i, st,i+1)− δθ∗wt (st,i, at,i, st,i+1)

]
ψwt(st,i, at,i)

∥∥∥∥∥
2

2

≤ 1

B

B−1∑
i=0

∥∥∥[δθt(st,i, at,i, st,i+1)− δθ∗wt (st,i, at,i, st,i+1)
]
ψwt(st,i, at,i)

∥∥∥2
2

≤ 1

B

B−1∑
i=0

∥∥∥δθt(st,i, at,i, st,i+1)− δθ∗wt (st,i, at,i, st,i+1)
∥∥∥2
2

=
1

B

B−1∑
i=0

∥∥∥γ(Vθt(st,i+1)− Vθ∗wt (st,i+1)) + (Vθ∗wt (st,i)− Vθt(st,i))
∥∥∥2
2

=
1

B

B−1∑
i=0

∥∥(γφ(st,i+1)− φ(st,i))>(θt − θ∗wt)
∥∥2
2
≤ 4

∥∥θt − θ∗wt∥∥22 , (21)

and∥∥g(θ∗wt , wt)−∇wJ(wt)∥∥22
=
∥∥∥Eνwt [Aθ∗wt (s, a)ψwt(s, a)]− Eνwt [Aπwt (s, a)ψwt(s, a)]

∥∥∥2
2

=
∥∥∥Eνwt [(Aθ∗wt (s, a)−Aπwt (s, a))ψwt(s, a)]∥∥∥22

≤ Eνwt

[∥∥∥(Aθ∗wt (s, a)−Aπwt (s, a))ψwt(s, a)∥∥∥22
]
≤ Eνwt

[∥∥∥Aθ∗wt (s, a)−Aπwt (s, a)∥∥∥22
]

= Eνwt

[∣∣∣γE [Vθ∗wt (s′)− Vπwt (s′)∣∣(s, a)]+ Vπwt (s)− Vθ∗wt (s)
∣∣∣2]

≤ 2Eνwt

[∣∣∣γE [Vθ∗wt (s′)− Vπwt (s′)∣∣(s, a)]∣∣∣2
]
+ 2E

[∣∣∣Vπwt (s)− Vθ∗wt (s)∣∣∣2
]

(i)

≤ 4ζcritic
approx, (22)

where (i) follows from the definition ζcritic
approx = maxw∈W Eνw [|Vπw(s) − Vθ∗πw (s)|

2]. Substituting
eq. (21) and eq. (22) into eq. (20) yields

E[‖vt(θt)−∇wJ(wt)‖22 |Ft]

≤ 3E
[∥∥vt(θ∗wt)− g(θ∗wt , wt)∥∥22 |Ft]+ 12

∥∥θt − θ∗wt∥∥22 + 12ζcritic
approx. (23)

To upper bound the first term on the right-hand-side of eq. (23), we proceed as follows.

E
[∥∥vt(θ∗wt)− g(θ∗wt , wt)∥∥22 |Ft]

= E

∥∥∥∥∥ 1

B

B−1∑
i=0

δθ∗wt (st,i, at,i, st,i+1)ψwt(st,i, at,i)− Eνw
[
Aθ∗wt (s, a)ψwt(s, a)

]∥∥∥∥∥
2

2

∣∣∣∣∣Ft

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=
1

B2

B−1∑
i=0

B−1∑
j=0

E
[〈
δθ∗wt (st,i, at,i, st,i+1)ψwt(st,i, at,i)− Eνw

[
Aθ∗wt (s, a)ψwt(s, a)

]
,

δθ∗wt (st,j , at,j , st,j+1)ψwt(st,j , at,j)− Eνw
[
Aθ∗wt (s, a)ψwt(s, a)

] 〉∣∣∣Ft]
(i)

≤ 1

B2

[
4B (rmax + 2Rθ)

2

+
∑
i 6=j

E
[〈
δθ∗wt (st,i, at,i, st,i+1)ψwt(st,i, at,i)− Eνw

[
Aθ∗wt (s, a)ψwt(s, a)

]
,

δθ∗wt (st,j , at,j , st,j+1)ψwt(st,j , at,j)− Eνw
[
Aθ∗wt (s, a)ψwt(s, a)

] 〉∣∣∣Ft]], (24)

where (i) follows from the fact that
∣∣∣δθ∗wt (st,j , at,j , st,j+1)ψwt(st,j , at,j)

∣∣∣ ≤ rmax + 2Rθ and∣∣∣Eνw [Aθ∗wt (s, a)ψwt(s, a)]∣∣∣ ≤ rmax + 2Rθ. We next upper bound the following term for the case
i > j.

E
[〈
δθ∗wt (st,i, at,i, st,i+1)ψwt(st,i, at,i)− Eνw

[
Aθ∗wt (s, a)ψwt(s, a)

]
,

δθ∗wt (st,j , at,j , st,j+1)ψwt(st,j , at,j)− Eνw
[
Aθ∗wt (s, a)ψwt(s, a)

] 〉∣∣∣Ft]
= E

[
E
[〈
δθ∗wt (st,i, at,i, st,i+1)ψwt(st,i, at,i)− Eνw

[
Aθ∗wt (s, a)ψwt(s, a)

]
,

δθ∗wt (st,j , at,j , st,j+1)ψwt(st,j , at,j)− Eνw
[
Aθ∗wt (s, a)ψwt(s, a)

] 〉∣∣∣Ft,j]∣∣∣Ft]
= E

[〈
E
[
δθ∗wt (st,i, at,i, st,i+1)ψwt(st,i, at,i)

∣∣∣Ft,j]− Eνw
[
Aθ∗wt (s, a)ψwt(s, a)

]
,

δθ∗wt (st,j , at,j , st,j+1)ψwt(st,j , at,j)− Eνw
[
Aθ∗wt (s, a)ψwt(s, a)

] 〉]∣∣∣Ft]
= E

[〈
E
[
Aθ∗wt (st,i, at,i)ψwt(st,i, at,i)

∣∣∣Ft,j]− Eνw
[
Aθ∗wt (s, a)ψwt(s, a)

]
,

δθ∗wt (st,j , at,j , st,j+1)ψwt(st,j , at,j)− Eνw
[
Aθ∗wt (s, a)ψwt(s, a)

] 〉]∣∣∣Ft]
≤ E

[ ∥∥∥E[Aθ∗wt (st,i, at,i)ψwt(st,i, at,i)∣∣∣Ft,j]− Eνw
[
Aθ∗wt (s, a)ψwt(s, a)

]∥∥∥
2∥∥∥δθ∗wt (st,j , at,j , st,j+1)ψwt(st,j , at,j)− Eνw

[
Aθ∗wt (s, a)ψwt(s, a)

]∥∥∥
2

∣∣∣Ft]
≤ 2(rmax + 2Rθ)E

[ ∥∥∥E[Aθ∗wt (st,i, at,i)ψwt(st,i, at,i)∣∣∣Ft,j]− Eνw
[
Aθ∗wt (s, a)ψwt(s, a)

]∥∥∥
2

∣∣∣Ft]
(i)

≤ 4(rmax + 2Rθ)
2κρi−j ,

where (i) follows from Assumption 2 and the fact that∥∥∥E[Aθ∗wt (st,i, at,i)ψwt(st,i, at,i)∣∣∣Ft,j]− Eνw
[
Aθ∗wt (s, a)ψwt(s, a)

]∥∥∥
2

=

∥∥∥∥∥
∫
xt,i

Aθ∗wt (xt,i)ψwt(xt,i)P (dxt,i|Ft,j)−
∫
xt,i

Aθ∗wt (xt,i)ψwt(xt,i)νπwt (dxt,i)

∥∥∥∥∥
2

≤
∫
xi

∥∥∥Aθ∗wt (xt,i)ψwt(xt,i)∥∥∥2 ∣∣P (dxt,i|Ft,j)− νπwt (dxt,i)∣∣
≤ 2(rmax + 2Rθ)

∥∥P (·|Ft,j)− νπwt (·)∥∥TV ≤ 2(rmax + 2Rθ)κρ
i−j , (25)

where we denote xt,k = (st,k, at,k) for k ≥ 0 for convenience. Substituting eq. (25) into eq. (24)
yields

E
[∥∥vt(θ∗wt)− g(θ∗wt , wt)∥∥22 |Ft] ≤ 1

B2

4B (rmax + 2Rθ)
2
+ 4(rmax + 2Rθ)

2κ
∑
i 6=j

ρi−j


23



≤ 1

B2

[
4B (rmax + 2Rθ)

2
+

8(rmax + 2Rθ)
2κρB

1− ρ

]
≤ 8(rmax + 2Rθ)

2[1 + (κ− 1)ρ]

B(1− ρ)
. (26)

Substituting eq. (26) into eq. (23) yields

E[‖vt(θt)−∇wJ(wt)‖22 |Ft]

≤ 24(rmax + 2Rθ)
2[1 + (κ− 1)ρ]

B(1− ρ)
+ 12

∥∥θt − θ∗wt∥∥22 + 12ζcritic
approx. (27)

Then, substituting eq. (27) into eq. (19) and taking expectation of Ft on both sides yield(1
2
α− LJα2

)
E[‖∇wJ(wt)‖22]

≤ E[J(wt+1)]− E[J(wt)] + 12
(1
2
α+ LJα

2
)
E[
∥∥θt − θ∗wt∥∥22] + 12

(1
2
α+ LJα

2
)
ζcritic

approx

+ 24
(1
2
α+ LJα

2
) (rmax + 2Rθ)

2[1 + (κ− 1)ρ]

B(1− ρ)
. (28)

Letting α = 1
4LJ

and dividing both sides of eq. (28) by 1/(16LJ) yield

E[‖∇wJ(wt)‖22] ≤ 16LJ (E[J(wt+1)]− E[J(wt)]) + 36E[
∥∥θt − θ∗wt∥∥22] + 36ζcritic

approx

+
72(rmax + 2Rθ)

2[1 + (κ− 1)ρ]

B(1− ρ)
. (29)

Taking the summation of eq. (29) over t = {0, · · · , T − 1} and dividing both sides by T yield

E[
∥∥∇wJ(wT̂ )∥∥22] = 1

T

T−1∑
t=0

E[‖∇wJ(wt)‖22]

≤ 16LJ (E[J(wT )]− J(w0))

T
+ 36

∑T−1
t=0 E[

∥∥θt − θ∗wt∥∥22]
T

+
72(rmax + 2Rθ)

2[1 + (κ− 1)ρ]

B(1− ρ)
+ C1ζ

critic
approx

≤ 16LJrmax

(1− γ)T
+ 36

∑T−1
t=0 E[

∥∥θt − θ∗wt∥∥22]
T

+
72(rmax + 2Rθ)

2[1 + (κ− 1)ρ]

B(1− ρ)
+ C1ζ

critic
approx. (30)

Letting B ≥ 216(rmax+2Rθ)
2[1+(κ−1)ρ]

(1−ρ)ε , E
[∥∥θt − θ∗wt∥∥22] ≤ ε

108 for all 0 ≤ t ≤ T − 1, and

T ≥ 48LJrmax

(1−γ)ε , then we have

1

T

T−1∑
t=0

E[‖∇wJ(wi)‖22] ≤ ε+O(ζ
critic
approx).

The total sample complexity is given by

(B +MTc)T = O
[(

1

ε
+

1

ε
log

(
1

ε

))
1

(1− γ)2ε

]
= O

(
1

(1− γ)2ε2
log

(
1

ε

))
.

G Proof of Theorem 3

We restate Theorem 3 as follows to include the specifics of the parameters.
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Theorem 6 (Restatement of Theorem 3). Consider the NAC algorithm in Algorithm 1. Suppose
Assumptions 1 and 2 hold, and let the stepsize α = λ2

4LJ (1+λ)
. We have

J(π∗)− E
[
J(πw

T̂
)
]
≤ 4LJ(1 + λ)(D(w0)− E[D(wT )])

T (1− γ)λ2
+

4Lψ(1 + λ)

λ2(1− γ)

E[J(wT )]− J(w0)

T

+
81Lψ(1 + λ)

λ2(1− γ)LJ

∑T−1
t=0 E

[
‖θt − θ∗wt‖

2
2

]
T

+
3Lψ(1 + λ)

(1− γ)LJ

(
8r2max

λ4(1− γ)2
+

108(rmax + 2Rθ)
2

λ2

)
1 + (κ− 1)ρ

(1− ρ)B

+
162Lψ(1 + λ)

λ2(1− γ)LJ
ζcritic

approx +
16
√
ζcritic

approx

λ(1− γ)
+

64Lψζ
critic
approx

(1− γ)LJ(1 + λ)

+

√
1

(1− γ)3

∥∥∥∥ νπ∗νπw0

∥∥∥∥
∞

√
ζactor

approx +
Crλ

1− γ , (31)

where λ is the regularizing coefficient for estimating the inverse of Fisher information matrix.
Furthermore, let

T ≥ max

{
16LJ(1 + λ)

ε(1− γ)λ2
,
16rmaxLψ(1 + λ)

ε(1− γ)2λ2

}
,

B ≥ max

{
24(rmax + 2Rθ)

2[1 + (κ− 1)ρ]

(1− ρ)ζcritic
approx

,
8r2max[1 + (κ− 1)ρ]

λ2(1− γ)2(1− ρ)ζcritic
approx

,

3Lψ(1 + λ)

ε(1− γ)LJ

(
32r2max

λ4(1− γ)2
+

432(rmax + 2Rθ)
2

λ2

)
1 + (κ− 1)ρ

(1− ρ)

}
,

λ =
√
ζcritic

approx.

Suppose the same setting of Theorem 1 holds (with M and Tc defined therein) so that

E
[∥∥θt − θ∗wt∥∥22] ≤ min

{
ζcritic

approx

64
,
ελ2(1− γ)LJ
324Lψ(1 + λ)

}
, for all 0 ≥ t ≥ T − 1.

We have

J(π∗)− 1

T

T−1∑
t=0

E[J(πwt)] ≤ ε+O

( √
ζactor

approx

(1− γ)1.5

)
+O


√
ζcritic

approx

1− γ

 ,

with the total sample complexity given by (B +MTc)T = O((1− γ)−4ε−2 log(1/ε)).

Proof. We first show that NAC in Algorithm 1 convergences to a neighbourhood of a first-order
stationary point. Then we present the proof of Theorem 3/Theorem 6, in which the convergence of
NAC is characterized in terms of the function value.

Recall the definition of vt(θ) in Appendix F, we define

ut(θ) =
[
Ft(wt) + λI

]−1[ 1
B

B−1∑
i=0

δθ(st,i, at,i)ψwt(st,i, at,i, st,i+1)
]
=
[
Ft(wt) + λI

]−1
vt(θ).

Following from the LJ -Lipschitz condition indicated in Proposition 1, we have

J(wt+1) ≥ J(wt) + 〈∇wJ(wt), wt+1 − wt〉 −
LJ
2
‖wt+1 − wt‖22

= J(wt) + α〈∇wJ(wt), ut(θt)〉 −
LJα

2

2
‖ut(θt)‖22

= J(wt) + α〈∇wJ(wt), (F (wt) + λI)−1∇wJ(wt)〉
+ α〈∇wJ(wt), ut(θt)− (F (wt) + λI)−1∇wJ(wt)〉
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− LJα
2

2

∥∥ut(θt)− (F (wt) + λI)−1∇wJ(wt) + (F (wt) + λI)−1∇wJ(wt)
∥∥2
2

(i)

≥ J(wt) +
α

1 + λ
‖∇wJ(wt)‖22 + α〈∇wJ(wt), ut(θt)− (F (wt) + λI)−1∇wJ(wt)〉

− LJα2
∥∥ut(θt)− (F (wt) + λI)−1∇wJ(wt)

∥∥2
2
− LJα2

∥∥(F (wt) + λI)−1∇wJ(wt)
∥∥2
2

(ii)

≥ J(wt) +
α

1 + λ
‖∇wJ(wt)‖22

− α
(

1

2(1 + λ)
‖∇wJ(wt)‖22 +

1 + λ

2

∥∥ut(θt)− (F (wt) + λI)−1∇wJ(wt)
∥∥2
2

)
− LJα2

∥∥ut(θt)− (F (wt) + λI)−1∇wJ(wt)
∥∥2
2
− LJα

2

λ2
‖∇wJ(wt)‖22

= J(wt) +

(
α

2(1 + λ)
− LJα

2

λ2

)
‖∇wJ(wt)‖22

−
(
α(1 + λ)

2
+ LJα

2

)∥∥ut(θt)− (F (wt) + λI)−1∇wJ(wt)
∥∥2
2
, (32)

where (i) follows because 〈∇wJ(wt), (F (wt) + λI)−1∇wJ(wt)〉 ≥ 1
1+λ ‖∇wJ(wt)‖

2
2, and (ii)

follows from the fact that
∥∥(F (wt) + λI)−1∇wJ(wt)

∥∥2
2
≤ 1

λ2 ‖∇wJ(wt)‖22 and Young’s inequality.

To bound the term
∥∥ut(θt)− (F (wt) + λI)−1∇wJ(wt)

∥∥2
2
, we proceed as follows:∥∥ut(θt)− (F (wt) + λI)−1∇wJ(wt)

∥∥2
2

=
∥∥ut(θt)− (F (wt) + λI)−1vt(θt) + (F (wt) + λI)−1vt(θt)− (F (wt) + λI)−1∇wJ(wt)

∥∥2
2

≤ 2
∥∥ut(θt)− (F (wt) + λI)−1vt(θt)

∥∥2
2
+ 2

∥∥(F (wt) + λI)−1vt(θt)− (F (wt) + λI)−1∇wJ(wt)
∥∥2
2

= 2
∥∥[(Ft(wt) + λI)−1 − (F (wt) + λI)−1

]
vt(θt)

∥∥2
2
+ 2

∥∥(F (wt) + λI)−1 (vt(θt)−∇wJ(wt))
∥∥2
2

= 2
∥∥[(Ft(wt) + λI)−1 − (F (wt) + λI)−1

]
(vt(θt)−∇wJ(wt) +∇wJ(wt))

∥∥2
2

+ 2
∥∥(F (wt) + λI)−1 (vt −∇wJ(wt))

∥∥2
2

≤ 4
∥∥[(Ft(wt) + λI)−1 − (F (wt) + λI)−1

]
(vt(θt)−∇wJ(wt))

∥∥2
2

+ 2
∥∥(F (wt) + λI)−1 (vt −∇wJ(wt))

∥∥2
2

+ 4
∥∥[(Ft(wt) + λI)−1 − (F (wt) + λI)−1

]
∇wJ(wt)

∥∥2
2

≤
[
4
∥∥(Ft(wt) + λI)−1 − (F (wt) + λI)−1

∥∥2
2
+ 2

∥∥(F (wt) + λI)−1
∥∥2
2

]
‖vt(θt)−∇wJ(wt)‖22

+ 4
∥∥(Ft(wt) + λI)−1 − (F (wt) + λI)−1

∥∥2
2
‖∇wJ(wt)‖22

≤
[
8
∥∥(Ft(wt) + λI)−1

∥∥2
2
+ 10

∥∥(F (wt) + λI)−1
∥∥2
2

]
‖vt(θt)−∇wJ(wt)‖22

+ 4
∥∥(Ft(wt) + λI)−1 − (F (wt) + λI)−1

∥∥2
2
‖∇wJ(wt)‖22

≤ 18

λ2
‖vt(θt)−∇wJ(wt)‖22 + 4

∥∥(Ft(wt) + λI)−1 − (F (wt) + λI)−1
∥∥2
2
‖∇wJ(wt)‖22

=
18

λ2
‖vt(θt)−∇wJ(wt)‖22 + 4

∥∥(Ft(wt) + λI)−1(F (wt)− Ft(wt))(F (wt) + λI)−1
∥∥2
2
‖∇wJ(wt)‖22

≤ 18

λ2
‖vt(θt)−∇wJ(wt)‖22 + 4

∥∥(Ft(wt) + λI)−1
∥∥2
2
‖F (wt)− Ft(wt)‖22

∥∥(F (wt) + λI)−1
∥∥2
2
‖∇wJ(wt)‖22

≤ 18

λ2
‖vt(θt)−∇wJ(wt)‖22 +

4r2max

λ4(1− γ)2
‖F (wt)− Ft(wt)‖22 . (33)

Substituting eq. (33) into eq. (32), rearranging the terms and taking expectation on both sides
conditioned over Ft yield(

α

2(1 + λ)
− LJα

2

λ2

)
E[‖∇wJ(wt)‖22 |Ft]

26



≤ E[J(wt+1)|Ft]− J(wt) +
(
α(1 + λ)

2
+ LJα

2

)
18

λ2
E[‖vt(θt)−∇wJ(wt)‖22 |Ft]

+

(
α(1 + λ)

2
+ LJα

2

)
4r2max

λ4(1− γ)2
E[‖F (wt)− Ft(wt)‖22 |Ft]

(i)

≤ E[J(wt+1)|Ft]− J(wt) +
(
α(1 + λ)

2
+ LJα

2

)
4r2max

λ4(1− γ)2
8[1 + (κ− 1)ρ]

(1− ρ)B

+
18

λ2

(
α(1 + λ)

2
+ LJα

2

)(
24(rmax + 2Rθ)

2[1 + (κ− 1)ρ]

(1− ρ)B
+ 6

∥∥θt − θ∗wt∥∥22 + 12ζcritic
approx

)
,

where (i) follows from eq. (27) and the fact that

E[‖F (wt)− Ft(wt)‖22 |Ft] ≤
8[1 + (κ− 1)ρ]

(1− ρ)B
(implied by Lemma 2). (34)

Letting α = λ2

4LJ (1+λ)
, we obtain

α

4(1 + λ)
E[‖∇wJ(wt)‖22 |Ft]

≤ E[J(wt+1)|Ft]− J(wt) +
(
α(1 + λ)

2
+ LJα

2

)(
32r2max

λ4(1− γ)2
+

432(rmax + 2Rθ)
2

λ2

)
1 + (κ− 1)ρ

(1− ρ)B

+
108

λ2

(
α(1 + λ)

2
+ LJα

2

)∥∥θt − θ∗wt∥∥22 + 216

λ2

(
α(1 + λ)

2
+ LJα

2

)
ζcritic

approx. (35)

Taking expectation over Ft on both sides of eq. (35) and then taking the summation over t =
{0, · · · , T − 1} yield

α

4(1 + λ)

T−1∑
t=0

E[‖∇wJ(wt)‖22]

≤ E[J(wT )]− J(w0) + T

(
α(1 + λ)

2
+ LJα

2

)(
32r2max

λ4(1− γ)2
+

432(rmax + 2Rθ)
2

λ2

)
1 + (κ− 1)ρ

(1− ρ)B

+
108

λ2

(
α(1 + λ)

2
+ LJα

2

) T−1∑
t=0

E
[∥∥θt − θ∗wt∥∥22]+ 216T

λ2

(
α(1 + λ)

2
+ LJα

2

)
ζcritic

approx.

(36)

Dividing both sides of eq. (36) by αT
4(1+λ) yields

1

T

T−1∑
t=0

E[‖∇wJ(wt)‖22]

≤ 16LJ(1 + λ)2

λ2
E[J(wT )]− J(w0)

T
+

108

λ2
[
2(1 + λ)2 + λ2

] ∑T−1
t=0 E

[∥∥θt − θ∗wt∥∥22]
T

+
[
2(1 + λ)2 + λ2

]( 32r2max

λ4(1− γ)2
+

432(rmax + 2Rθ)
2

λ2

)
1 + (κ− 1)ρ

(1− ρ)B

+
216

λ2
[
2(1 + λ)2 + λ2

]
ζcritic

approx. (37)

Then, given the above convergence result on the gradient norm, we proceed to prove the con-
vergence of NAC in terms of the function value. Denote D(w) = DKL

(
π∗(·|s), πw(·|s)

)
=

Eνπ∗
[
log π∗(a|s)

πw(a|s)

]
, uλwt = (F (wt) + λI)−1∇wJ(wt) and u†wt = F (wt)

†∇wJ(wt). We proceed as
follows:

D(wt)−D(wt+1)

= Eνπ∗
[
log(πwt+1(a|s))− log(πwt(a|s))

]
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(i)

≥ Eνπ∗
[
∇w log(πwt(a|s))

]>
(wt+1 − wt)−

Lψ
2
‖wt+1 − wt‖22

= Eνπ∗
[
ψwt(s, a)

]>
(wt+1 − wt)−

Lψ
2
‖wt+1 − wt‖22

= αEνπ∗
[
ψwt(s, a)

]>
ut(θt)−

Lψ
2
α2 ‖ut(θt)‖22

= αEνπ∗
[
ψwt(s, a)

]>
uλwt + αEνπ∗

[
ψwt(s, a)

]>
(ut(θt)− uλwt)−

Lψ
2
α2 ‖ut(θt)‖22

= αEνπ∗
[
ψwt(s, a)

]>
u†wt + αEνπ∗

[
ψwt(s, a)

]>
(uλwt − u

†
wt) + αEνπ∗

[
ψwt(s, a)

]>
(ut(θt)− uλwt)

− Lψ
2
α2 ‖ut(θt)‖22

= αEνπ∗
[
Aπwt (s, a)

]
+ αEνπ∗

[
ψwt(s, a)

]>
(uλwt − u

†
wt) + αEνπ∗

[
ψwt(s, a)

]>
(ut(θt)− uλwt)

+ αEνπ∗
[
ψwt(s, a)

>u†wt −Aπwt (s, a)
]
− Lψ

2
α2 ‖ut(θt)‖22

(ii)
= (1− γ)α

(
J(π∗)− J(πwt)

)
+ αEνπ∗

[
ψwt(s, a)

]>
(uλwt − u

†
wt) + αEνπ∗

[
ψwt(s, a)

]>
(ut(θt)− uλwt)

+ αEνπ∗
[
ψwt(s, a)

>u†wt −Aπwt (s, a)
]
− Lψ

2
α2 ‖ut(θt)‖22

≥ (1− γ)α
(
J(π∗)− J(πwt)

)
+ αEνπ∗

[
ψwt(s, a)

]>
(uλwt − u

†
wt) + αEνπ∗

[
ψwt(s, a)

]>
(ut(θt)− uλwt)

− α
√

Eνπ∗
[
ψwt(s, a)

>u†wt −Aπwt (s, a)
]2
− Lψ

2
α2 ‖ut(θt)‖22

(iii)

≥ (1− γ)α
(
J(π∗)− J(πwt)

)
+ αEνπ∗

[
ψwt(s, a)

]>
(uλwt − u

†
wt) + αEνπ∗

[
ψwt(s, a)

]>
(ut(θt)− uλwt)

−

√∥∥∥∥ νπ∗νπwt

∥∥∥∥
∞
α

√
Eνπwt

[
ψwt(s, a)

>u†wt −Aπwt (s, a)
]2
− Lψ

2
α2 ‖ut(θt)‖22

(iv)

≥ (1− γ)α
(
J(π∗)− J(πwt)

)
+ αEνπ∗

[
ψwt(s, a)

]>
(uλwt − u

†
wt) + αEνπ∗

[
ψwt(s, a)

]>
(ut(θt)− uλwt)

−

√√√√ 1

1− γ

∥∥∥∥∥ νπ∗νπw0

∥∥∥∥∥
∞

α

√
Eνπwt

[
ψwt(s, a)

>u†wt −Aπwt (s, a)
]2
− Lψ

2
α2 ‖ut(θt)‖22

(v)

≥ (1− γ)α
(
J(π∗)− J(πwt)

)
− αCrλ− α

∥∥ut(θt)− uλwt∥∥2
− α

√√√√ 1

1− γ

∥∥∥∥∥ νπ∗νπw0

∥∥∥∥∥
∞

√
Eνπwt

[
ψwt(s, a)

>u†wt −Aπwt (s, a)
]2 − Lψ

2
α2 ‖ut(θt)‖22 , (38)

where (i) follows from the Lψ-Lipschitz condition indicated in Lemma 5, (ii) follows because

Eνπ∗ [Aπwt (s, a)] = (1− γ)
(
J(π∗)− J(πwt)

)
,

in Lemma 3.2 of [1], (iii) follows from the fact that∥∥∥∥ νπ∗νπwt

∥∥∥∥
∞

Eνπwt
[
ψwt(s, a)

>u†wt −Aπwt (s, a)
]2 ≥ Eνπ∗

[
ψwt(s, a)

>u†wt −Aπwt (s, a)
]2
,

(iv) follows because νπwt ≥ (1− γ)νπw0
in [1, 17], and (v) follows from Lemma 6. Recalling the

definition ζactor
approx = maxw∈W minp∈Rd2 Eνπw

[
ψw(s, a)

>p−Aπw(s, a)
]2

, we have

D(wt)−D(wt+1)

≥ (1− γ)α
(
J(π∗)− J(πwt)

)
− αCrλ− α

∥∥ut(θt)− uλwt∥∥2
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− α

√√√√ 1

1− γ

∥∥∥∥∥ νπ∗νπw0

∥∥∥∥∥
∞

√
ζactor

approx −
Lψ
2
α2 ‖ut(θt)‖22

≥ (1− γ)α
(
J(π∗)− J(πwt)

)
− αCrλ− α

∥∥ut(θt)− uλwt∥∥2
− α

√√√√ 1

1− γ

∥∥∥∥∥ νπ∗νπw0

∥∥∥∥∥
∞

√
ζactor

approx − Lψα2
∥∥ut(θt)− uλwt∥∥22 − Lψα2

∥∥uλwt∥∥22
≥ (1− γ)α

(
J(π∗)− J(πwt)

)
− αCrλ− α

∥∥ut(θt)− uλwt∥∥2
− α

√√√√ 1

1− γ

∥∥∥∥∥ νπ∗νπw0

∥∥∥∥∥
∞

√
ζactor

approx − Lψα2
∥∥ut(θt)− uλwt∥∥22 − Lψα

2

λ2
‖∇wJ(wt)‖22 .

(39)

Rearranging eq. (39), dividing both sides by (1− γ)α, and taking expectation on both sides yield

J(π∗)− E[J(πwt)]

≤ E[D(wt)]− E[D(wt+1)]

(1− γ)α
+

E[
∥∥ut(θt)− uλwt∥∥2]

1− γ
+

√√√√ 1

(1− γ)3

∥∥∥∥∥ νπ∗νπw0

∥∥∥∥∥
∞

√
ζactor

approx

+
LψαE[

∥∥ut(θt)− uλwt∥∥22]
1− γ

+
Lψα

(1− γ)λ2
E[‖∇wJ(wt)‖22] +

Crλ

1− γ

≤ E[D(wt)]− E[D(wt+1)]

(1− γ)α
+

√
E[
∥∥ut(θt)− uλwt∥∥22]

1− γ
+
LψαE[

∥∥ut(θt)− uλwt∥∥22]
1− γ

+
Lψα

(1− γ)λ2
E[‖∇wJ(wt)‖22] +

√√√√ 1

(1− γ)3

∥∥∥∥∥ νπ∗νπw0

∥∥∥∥∥
∞

√
ζactor

approx +
Crλ

1− γ
. (40)

Recalling eq. (33), we have

E[
∥∥ut(θt)− uλwt∥∥22] = E[

∥∥ut(θt)− (F (wt) + λI)−1∇wJ(wt)
∥∥2
2
]

≤ 18

λ2
E[‖vt(θt)−∇wJ(wt)‖22] +

4r2max

λ4(1− γ)2
E[‖F (wt)− Ft(wt)‖22]

(i)

≤ 18

λ2

[
24(rmax + 2Rθ)

2[1 + (κ− 1)ρ]

B(1− ρ)
+ 6E[

∥∥θt − θ∗wt∥∥22] + 12ζcritic
approx

]
+

4r2max

λ4(1− γ)2
8[1 + (κ− 1)ρ]

(1− ρ)B
,

where (i) follows from eq. (27) and eq. (34). Letting E[
∥∥θt − θ∗wt∥∥22] ≤ ζcritic

approx

64 and

B ≥ max

{
24(rmax + 2Rθ)

2[1 + (κ− 1)ρ]

(1− ρ)ζcritic
approx

,
8r2max[1 + (κ− 1)ρ]

λ2(1− γ)2(1− ρ)ζcritic
approx

}
,

we have

E[
∥∥ut(θt)− uλwt∥∥22] ≤ 256

λ2
ζcritic

approx. (41)

Note that ζcritic
approx is not small in general. Without loss of generality, here we assume ζcritic

approx = Θ(1).
Substituting eq. (41) into eq. (40) yields

J(π∗)− E[J(πwt)]

≤ E[D(wt)]− E[D(wt+1)]

(1− γ)α
+

16
√
ζcritic

approx

λ(1− γ)
+

256Lψαζ
critic
approx

λ2(1− γ)
+

Lψα

(1− γ)λ2
E[‖∇wJ(wt)‖22]
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+

√√√√ 1

(1− γ)3

∥∥∥∥∥ νπ∗νπw0

∥∥∥∥∥
∞

√
ζactor

approx +
Crλ

1− γ
. (42)

Substituting the value of α into eq. (42), taking summation of eq. (42) over t = {0, · · · , T − 1}, and
dividing both sides by T yield

J(π∗)− 1

T

T−1∑
t=0

E[J(πwt)]

≤ 4LJ(1 + λ)(D(w0)− E[D(wT )])

T (1− γ)λ2
+

Lψ
4(1− γ)LJ(C2

ψ + λ)

∑T−1
t=0 E[‖∇wJ(wt)‖22]

T

+
16
√
ζcritic

approx

λ(1− γ)
+

64Lψζ
critic
approx

(1− γ)LJ(1 + λ)
+

√√√√ 1

(1− γ)3

∥∥∥∥∥ νπ∗νπw0

∥∥∥∥∥
∞

√
ζactor

approx +
Crλ

1− γ

(i)

≤ 4LJ(1 + λ)(D(w0)− E[D(wT )])

T (1− γ)λ2
+

4Lψ(1 + λ)

λ2(1− γ)
E[J(wT )]− J(w0)

T

+
81Lψ(1 + λ)

λ2(1− γ)LJ

∑T−1
t=0 E

[∥∥θt − θ∗wt∥∥22]
T

+
3Lψ(1 + λ)

(1− γ)LJ

(
8r2max

λ4(1− γ)2
+

108(rmax + 2Rθ)
2

λ2

)
1 + (κ− 1)ρ

(1− ρ)B

+
162Lψ(1 + λ)

λ2(1− γ)LJ
ζcritic

approx +
16
√
ζcritic

approx

λ(1− γ)
+

64Lψζ
critic
approx

(1− γ)LJ(1 + λ)

+

√√√√ 1

(1− γ)3

∥∥∥∥∥ νπ∗νπw0

∥∥∥∥∥
∞

√
ζactor

approx +
Crλ

1− γ
,

where (i) follows from eq. (37). Furthermore, letting

T ≥ max

{
16LJ(1 + λ)

ε(1− γ)λ2
,
16rmaxLψ(1 + λ)

ε(1− γ)2λ2

}
,

B ≥ 3Lψ(1 + λ)

ε(1− γ)LJ

(
32r2max

λ4(1− γ)2
+

432(rmax + 2Rθ)
2

λ2

)
1 + (κ− 1)ρ

(1− ρ)
,

E
[∥∥θt − θ∗wt∥∥22] ≤ ελ2(1− γ)LJ

324Lψ(1 + λ)
, for all 0 ≥ t ≥ T − 1,

λ =
√
ζcritic

approx,

we have

J(π∗)− 1

T

T−1∑
t=0

E[J(πwt)] ≤ ε+O

( √
ζactor

approx

(1− γ)1.5

)
+O


√
ζcritic

approx

1− γ

 .

The total sample complexity is given by

(B +MTc)T = O
[(

1

(1− γ)2ε
+

1

ε
log

(
1

ε

))
1

(1− γ)2ε

]
= O

(
1

(1− γ)4ε2
log

(
1

ε

))
.
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