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Abstract

The Empirical Revenue Maximization (ERM) is one of the most important price
learning algorithms in auction design: as the literature shows it can learn approxi-
mately optimal reserve prices for revenue-maximizing auctioneers in both repeated
auctions and uniform-price auctions. However, in these applications the agents
who provide inputs to ERM have incentives to manipulate the inputs to lower the
outputted price. We generalize the definition of an incentive-awareness measure
proposed by Lavi et al (2019), to quantify the reduction of ERM’s outputted price
due to a change of m > 1 out of IV input samples, and provide specific conver-
gence rates of this measure to zero as N goes to infinity for different types of
input distributions. By adopting this measure, we construct an efficient, approxi-
mately incentive-compatible, and revenue-optimal learning algorithm using ERM
in repeated auctions against non-myopic bidders, and show approximate group
incentive-compatibility in uniform-price auctions.

1 Introduction

In auction theory, it is well-known [30]] that, when all buyers have values that are independently and
identically drawn from a regular distribution F', the revenue-maximizing auction is simply the second
price auction with anonymous reserve price p* = arg max{p(1 — F'(p)}: if the highest bid is at least
p*, then the highest bidder wins the item and pays the maximum between the second highest bid
and p*. The computation of p* requires the exact knowledge of the underlying value distribution,
which is unrealistic because the value distribution is often unavailable in practice. Many works (e.g.,
[LL1L 151 23]) on sample complexity in auctions have studied how to obtain a near-optimal reserve
price based on samples from the distribution F' instead of knowing the exact F'. One of the most
important (and most fundamental) price learning algorithms in those works is the Empirical Revenue
Maximization (ERM) algorithm, which simply outputs the reserve price that is optimal on the uniform
distribution over samples (plus some regularization to prevent overfitting).

Definition 1.1 (c-Guarded Empirical Revenue Maximization, ERM€). Draw N samples from a
distribution F and sort them non-increasingly, denoted by v > vy > --- > wvn. Given some
regularization parameter 0 < ¢ < 1, choose:

i* = argmax{i - v;}, define ERM®(vy,...,0N) = v;~.
cN<i<N

Assume that the smaller sample (with the larger index) is chosen in case of ties.
ERMF¢ was first proposed by Dhangwatnotai et al. [[15] and then extensively studied by Huang
et al. [23]]. They show that the reserve price outputted by ERM€ is asymptotically optimal on the

underlying distribution F' as the number of samples N increases if F' is bounded or has monotone
hazard rate, with an appropriate choice of c. Other papers [3, [25] have continued to study ERM€.
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However, when ERM is put into practice, it is unclear how the samples can be obtained since many
times there is no impartial sampling source. A natural solution is endogenous sampling. For example,
in repeated second price auctions, the auctioneer can use the bids in previous auctions as samples
and run ERM to set a reserve price at each round. But this solution has a challenge of strategic issue:
since bidders can affect the determination of future reserve prices, they might have an incentive to
underbid in order to increase utility in future auctions.

Another example of endogenous sampling is the uniform-price auction. In a uniform-price auction
the auctioneer sells N copies of a good at some price p to N bidders with i.i.d. values v from F' who
submit bids b. Bidders who bid at least p obtain one copy and pay p. The auctioneer can set the
price to be p = ERM" (v) to maximize revenue if bids are equal to values. But Goldberg et al. [17]
show that this auction is not incentive-compatible as bidders can lower the price by strategic bidding.
Therefore, the main question we consider in this paper is: To what extent the presence of strategic
agents undermines ERM with endogenous sampling?

To formally answer the question, we adopt a notion called “incentive-awareness measure” originally
proposed by Lavi et al. [26] under bitcoin’s fee market context, which measures the reduction of a
price learning function P due to a change of at most m samples out of the [V input samples.
Definition 1.2 (Incentive-awareness measures). Let P : Rf — R be a function (e.g., ERM®) that
maps N samples to a reserve price. Draw N i.i.d. values vy, . ..,vyN from a distribution F'. Let
I C {1,...,N} be an index set of size |I| = m, and v = {v; |t € I}, v_r ={v; | j ¢ I}. A
bidder can change vy to any m non-negative bids by, hence change the price from P(vr,v_j) to
P(br,v_r). Define the incentive-awareness measure:

inbeERT P(b], 'U_[)

51 vr,v_gy) =
(v1,0-1) =
and worst-case incentive-awareness measures.

(STVXLOYSt(U_[) _ bup [(5[(1)[, v I)} Aworst — Ev,,mF[(syv;;orSt(U—I)}-

vr€R +

A smaller incentive-awareness measure means that the reserve price is decreased by a less amount
when a bidder bids strategically. Since the reduction of reserve price usually increases bidders’
utility, a smaller incentive-awareness measure implies that a bidder cannot benefit a lot from strategic
bidding, hence the name “incentive-awareness measure”E]

Lavi et al. [26]] defined incentive-awareness measures only for m = 1 and showed that for any
distribution F' with a finite support size, Awom — 0 as N — oo. Later, Yao [31] showed that
AWOM — 0 for any continuous distribution w1th support included in [1, D]. They did not provide
spemﬁc convergent rates of AN15¢. We generahze their definition to allow m > 1, which is crucial in
our two applications to be dlscussed Our main theoretical contribution is to provide upper bounds on
AWOM for two types of value distributions F': the class of Monotone Hazard Rate (MHR) distributions

where 5 f ;)()v) is non-decreasing over the support of the distribution (we use F’ to denote the CDF and
f for PDF) and the class of bounded distributions which consists of all (continuous and discontinuous)
distributions with support included in [1, D]. MHR distribution can be unbounded so we are the first

to consider incentive-awareness measures for unbounded distributions.
Theorem 1.3 (Main). Let P = ERMF€. The worst-case incentive-awareness measure is bounded by

o for MHR F, A%t = O (mIO%N) ifm=o(VN)and ™ < c < i.

e for bounded F, A‘X,?fff:O(DSB 2/31°g N) ifm = o(v/N) and B < ¢ < %.

The constants in the two big O’s are independent of F and c.

This theorem implies that as long as the fraction of samples controlled by a bidder is relatively small,
the strategic behavior of each bidder has little impact on ERM provided that other bidders are truthful.
We will discuss intuitions and difficulties of the proof later and give an overview in Section 4]

"Lavi et al. [26]] use the name “discount ratio” which we feel can be confused with the standard meaning of a
discount ratio in repeated games.

2W€ use a(n) = O(b(n)) to denote hmn—>+oo % =0.
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Repeated auctions against non-myopic bidders. Besides theoretical analysis, we apply the
incentive-awareness measure to real-world scenarios to demonstrate the effect of strategic bid-
ding on ERM. The main application we consider is repeated auctions where bidders participate in
multiple auctions and have incentives to bid strategically to affect the auctions the seller will use in
the future (Section [Z). We consider a two-phase learning algorithm: the seller first runs second price
auctions with no reserve for some time to collect samples, and then use these samples to set reserve
prices by ERM in the second phase. The upper bound on the incentive-awareness measure of ERM
implies that this algorithm is approximately incentive-compatible.

Kanoria and Nazerzadeh [25], Liu et al. [27], and Abernethy et al. [1]] consider repeated auctions
scenarios similar to ours. Kanoria and Nazerzadeh [25]] set personalized reserve prices by ERM in
repeated second-price auctions, so at least two bidders are needed in each auction and they will face
different reserve prices. We use anonymous reserve price so we allow only one bidder to participate
in the auctions and when there are more than one bidder they face the same price, thus preventing
discrimination. Liu et al. [27]] and Abernethy et al. [1]] design approximately incentive-compatible
algorithms using differential privacy techniques rather than pure ERM. Comparing with them, our
two-phase ERM algorithm is more practical as it is much simpler, and their algorithms rely on the
boundedness of value distributions while we allow unbounded distributions. Moreover, their results
require a large number of auctions while ours need a large number of samples in the first phase which
can be obtained by either few bids in many auctions, many bids in few auctions, or combined.

Uniform-price auctions and incentive-compatibility in the large. Another scenario to which we
apply the incentive-awareness measure of ERM is uniform-price auctions (Section [3). Azevedo and
Budish [4] show that, uniform-price auctions are incentive-compatible in the large in the sense that
truthful bidding is an approximate equilibrium when there are many bidders in the auction. In fact,
incentive-compatibility in the large is the intuition of Theorem[I.3} when NV is large, no bidders can
influence the learned price by much. The proof in [4] directly makes use of this intuition, showing
that the bid of one bidder can affect the empirical distribution consisting of the N bids only by a little.
However, their argument, which crucially relies on the assumption that bidders’ value distribution
has a finite support and bids must be chosen from this finite support as well, fails when the value
distribution is continuous or bids can be any real numbers, as what we allow. We instead, appeal to
some specific properties of ERM to show that it is incentive-compatible in the large.

Additional related works. Previous works on ERM mainly focus on its sample complexity, started
by Cole and Roughgarden [[11]. While ERM is suitable for the case of i.i.d. values (e.g., [23]), the
literature on sample complexity has expanded to more general cases of non-i.i.d. values and multi-
dimensional values, e.g. [29, 14, [19} 20], or considering non-truthful auctions, e.g. [21]]. Babaioff
et al. [5] study the performance of ERM with just two samples. While this literature assumes that
samples are exogenous, our main contribution is to consider endogenous samples that are collected
from bidders who are affected by the outcome of the learning algorithm.

Some works study repeated auctions but with myopic bidders [7, 128l 10, [9]. Existing works about
non-myopic bidders focus on designing various learning algorithms to maximize revenue assuming
bidders playing best responds [2} 13,12} [18] or using no-regret learning algorithm [8]. We complement
that line of works by showing that ERM, the most fundamental algorithm we believe, also has good
performance in repeated auctions against strategic bidders.

Other works about incentive-aware learning (e.g., [13} 24,16 [16]]) consider settings different from
ours. For example, [13]] and [24] study repeated auctions where buyers’ values are drawn from some
distribution at first and then fixed throughout. The seller knows the distribution and tries to learn the
exact values, which is different from our assumption that the distribution is unknown to the seller.

2 Main Application: A Two-Phase Model

Here we consider a two-phase model as a real-world scenario where strategic bidding affects ERM:
the seller first runs second price auctions with no reserve for some time to collect samples, and then
use these samples to set reserve prices by ERM in the second phase. This model can be regarded as
an “exploration and exploitation” learning algorithm in repeated auctions, and we will show that this
algorithm can be approximately incentive-compatible and revenue-optimal.
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2.1 The Model

A two-phase model is denoted by TP(M, P; F,T,m,K,S), where M is a truthful, prior-
independent mechanism, P is a price learning function, T' = (T}, T5) are the numbers of auctions in
the two phases, m = (mq,ms) are upper bounds on the number of auctions each bidder participates
in, K = (K3, K3) are the number of bidders in auctions, S = S; X --- X S, is the strategy space,

where s; € S; : RT* 72 R is a strategy of bidder i = 1, ..., n. The procedure is:

o At the beginning, each bidder realizes v; = (vi;1,. .., Vim; ,+m,,) ii.d. drawn from F.
Let v_; denote the values of bidders other than 7. Bidder 7 knows v; but does not know v_;.

e In the exploration phase, 77 auctions are run using M and bidders bid according to some
strategy s € S. Each auction has K bidders and each bidder 7 participants in m; ; < m;
auctions. The auctioneer observes a random vector of bids b = (b1, ..., by, i, ) with the
following distribution: let I be an index set corresponding to bidder 7, with size |I| = m; 1;
then b = (by,b_1), where by ~ s;(v;),and b_; ~ s_;(v_;).

e In the exploitation phase, 75 second price auctions (K5 > 2) or posted price auctions
(K3 = 1) are run, with reserve price p = P(b). Each auction has K, bidders and each
bidder ¢ participants in 1m; 2 < mo auctions. The auctions in this phase are truthful because
p has been fixed.

Utilities. Denote the utility of bidder ¢ as:
mi 1+m; 2

U™ (vi,br, b)) = UM (i, br,by) + Z w2 (v, P(br,b_1)), )]

t=m;1+1

where UM (vr, by, b_r) is the utility of bidder i in the first phase, and 2 (v, p) is the interim utility
of a bidder with value v in a second price auction with reserve price p among K5 > 1 bidders:

uKQ(v,p):IEXQW,XKQNF (v—max{p,Xg,...,XKz})-H[v>max{p,X2,...,XK2}} . ()

The interim utility of bidder i in the two-phase model is E,,_,~p [U;"" (v;,br,b_1)].

Approximate Bayesian incentive-compatibility. We use the additive version of the solution concept
of an e-Bayesian-Nash equilibrium (e-BNE), i.e., in such a solution concept, no player can improve
her utility by more than € by deviating from the equilibrium strategy. We say a mechanism is
e-approximately Bayesian incentive-compatible (e-BIC) if truthful bidding is an e-BNE, i.e., if for

any v; € RT“—H’”"Q, any by € RTi’l,

Eo_,or [USF (05,b1,0-1) = UF (v5,01,0-1)] <,
If a mechanism is e-BIC and lim,,_,, € = 0, then each bidder knows that if all other bidders are
bidding truthfully then the gain from any deviation from truthful bidding is negligible for her. To
realize that strategic bidding cannot benefit them much, bidders do not need to know the underlying

distribution, but only the fact that the mechanism is e-BIC. We are therefore going to assume in this
paper that, in such a case, all bidders will bid truthfully.

Approximate revenue optimality. We say that a mechanism is (1 — ¢) revenue optimal, for some
0 < e < 1, if its expected revenue is at least (1 — €) times the expected revenue of Myerson
auction. Huang et al. [23]] show that a one-bidder auction with posted price set by ERM® (for an
appropriate ¢) and with N samples from the value distribution is (1 — ¢) revenue optimal with € =

O((N~'log N)?/3) for MHR distributions and ¢ = O(y/DN~11log N) for bounded distributions.

The i.i.d. assumption. Our assumption of i.i.d. values is reasonable because in our scenario there is
a large population of bidders, and we can regard this population as a distribution and each bidder
as a sample from it. So from each bidder’s perspective, the values of other bidders are i.i.d. from
this distribution. Then the e-BIC notion implies that when others bid truthfully, it is approximately
optimal for bidder ¢ to bid truthfully no matter what her value is.

2.2 Incentive-Compatibility and Revenue Optimality

Now we show that, as the incentive-awareness measure of P becomes lower, the price learning
function becomes more incentive-aware in the sense that bidders gain less from non-truthful bidding:
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Theorem 2.1. In TP(M, P; F, T, m, K,S), truthful bidding is an e-BNE, where,

e for any P and any bounded F, ¢ = mQDA%)f?f’ml, and

e for any MHR F, if we fix P = ERM® with 7% < ¢ < 1= and my = o(/T1 K1), then

* Aworat mav

€= 0 (mau*AYRt )+ 0 <¢T> where v* = argmaxv{v[l — F()]}.

The constants in big O’s are independent of F and c.

Combined with Theorem I.3] which upper bounds the incentive-awareness measure, we can obtain
explicit bounds on truthfulness of the two-phase model by plugging in N = T1K; and m = m;.

Precisely, for any bounded F, e = O (D11/3m2m2/3%> if my = o(v/T1 K1) and 7%

¢ < 55. Forany MHR F, e = O (v*m2m1bg?’§ﬂ%) if m; = o(v/T1 K1) and = << -

Thus, for both cases, keeping all the parameters except 73 constant (in partlcular m1 and meo are
constants) implies that e — 0 at a rate which is not slower than O((T};)~ /3 log® T}) as T} — +oc.

To simultaneously obtain both approximate BIC and approximate revenue optimality, a certain
balance between the number of auctions in the two phases must be maintained. Few auctions in the
first phase and many auctions in the second phase hurt truthfulness as the loss from non-truthful
bidding (i.e., losing in the first phase) is small compared to the gain from manipulating the reserve
price in the second phase. Many auctions in the first phase are problematic as we do not have any
good revenue guarantees in the first phase (since we allow any truthful M). Thus, a certain balance
must be maintained, as expressed formally in the following theorem:

Theorem 2.2. Assume that Ko > K; > 1 and let m = mq + ms. In
TP(M,ERMS; F, T, m, K ,S), to simultaneously obtain ¢1-BIC and (1 — €3) revenue optimal-
ity (assuming truthful bidding), it suffices to set the parameters as follows:

e If F is an MHR distribution, K <ec< 2 1o M = o(/T1 Ky), then
2
e =0 (v*m2 10g37(§}§1)), and e; = O ( + {710%(3}([1(1)} ‘ )

e If F is bounded and regular, % <c< %, m = o(vT1K), then

o = O (DT DI iy = 0 (B + D'k;%j;lfﬂ).

The proof is given in Appendix [C.2} This theorem makes explicit the fact that in order to simulta-
neously obtain approximate BIC and approximate revenue optimality, 77 cannot be too small nor
too large: for approximate revenue optimality we need 77 < T and for approximate BIC we need,
e.g., T1 > (v*)*m*log® (v*m) /K, for MHR distributions, and T} > D''m° log® (D) /K, for
bounded distributions. When setting the parameters in this way, both ¢; and e2 goto 0 as T' — oo.

2.3 Multi-Unit Extension

The auction in the exploitation phase can be generalized to a multi-unit Vickrey auction with
anonymous reserve, where & > 1 identical units of an item are sold to K5 unit-demand bidders and
among those bidders whose bids are greater than the reserve price p, at most k bidders with largest
bids win the units and pay the maximum between p and the (k + 1)-th largest bid. The multi-unit
Vickrey auction with an anonymous reserve price is revenue-optimal when the value distribution is
regular, and the optimal reserve price does not depend on k or K5 according to Myerson [30]. Thus
the optimal reserve price can also be found by ERM€. All our results concerning truthfulness, e.g.,

3The requirement that F is regular in addition to being bounded comes from the fact that ERM€ approximates
the optimal revenue in an auction with many bidders only for regular distributions. In fact, the sample complexity
literature on ERM€ only studies the case of one bidder (which is, in our notation, K5 = 1). In this case, i.e., if
the second phase uses posted price auctions, we do not need the regularity assumption. To capture the case of
general K5, we make a technical observation that for regular distributions (1 — €) revenue optimality for a single
buyer implies (1 — €) revenue optimality for many buyers (Lemma. We do not know if this is true without
the regularity assumption or if this observation — which may be of independent interest — was previously known.
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Theorem [2.1] still hold for the multi-unit extension with any k£ > 1. Moreover, Theorem 2.2] also
holds because we have already considered the multi-unit extension in its proof in Appendix|C.2]

2.4 Two-Phase ERM Algorithm in Repeated Auctions

The two-phase model with ERM as the price learning function can be seen as a learning algorithm in
the following setting of repeated auctions against strategic bidders: there are 7" rounds of auctions,
there are K > 1 bidders in each auction, and each bidder participates in at most m auctions. The
algorithm, which we call “two-phase ERM”, works as follows: in the first 77 rounds, run any truthful,
prior-independent auction M (e.g., the second price auction with no reserve); in the later 7o = T — T3
rounds, run second price auction with reserve p = ERM®(by, ..., bp, k) where by, ..., bp, k are the
bids from the first 77 auctions. 73 and c are adjustable parameters.

In repeated games, one may also consider e-perfect Bayesian equilibrium (e-PBE) as the solution
concept besides e-BNE. A formal definition is given in Appendix [C.4]but roughly speaking, e-PBE
requires that the bidding of each bidder at each round of the auctions e-approximately maximizes
the total expected utility in all future rounds, conditioning on any observed history of allocations
and payments. Note that the history may leak some information about the historical bids of other
buyers and these bids will affect the seller’s choice of mechanisms in future rounds. Similar to
the e-BNE notion, we can show that the two-phase ERM algorithm obtains: (1) truthful bidding

isan O <log2 (ThK){/ DHT#)-PBE; 2) <1 -0 (7;1 + Dl‘?ﬁ?“)) revenue optimality, for
bounded distributions; and similar results for MHR distributions. By choosing T} = O(T %) to

maximize revenue, we obtain O (T~ )-truthfulness and (1 — O(T~3)) revenue optimality, where
we assume D, m, and K to be constantE]

Under the same setting, Liu et al. [27] and Abernethy et al. [1] design learning algorithms using
differential privacy techniques. We can compare two-phase ERM and their algorithms. In terms
of truthfulness notion, Liu et al. [27] assume that bidders play an exact PBE instead of ¢-PBE,
so their result is incomparable with ours. Their notion of exact PBE is too strong to be practical
because bidders need to do a large amount of computation, while our notion guarantees bidders of
approximately optimal utility as long as they bid truthfully. Although our truthfulness bound is worse
than the O(%)—bound of [I], we emphasize that their e-truthfulness notion is weaker than ours: in

their definition, each bidder cannot gain more than € in current and future rounds if she deviates from
truthful bidding only in the current round, given any fixed future strategy. But in our definition, each
bidder cannot gain more than e if she deviates in current and all future rounds. Our algorithm is
easier to implement and more time-efficient than theirs, and works for unbounded distribution while
theirs only support bounded distributions because they need to discretize the value space.

3 A Second Application: Uniform-Price Auctions

The notion of an incentive-awareness measure (recall Definition [I.2) has implications regarding
the classic uniform-price auction model, which we believe are of independent interest. In a static
uniform-price auction we have IV copies of a good and /N unit-demand bidders with i.i.d. values v
from F' that submit bids b. The auctioneer then sets a price p = P(b). Each bidder ¢ whose value v;
is above or equal to p receives a copy of the good and pays p, obtaining a utility of v; — p; otherwise
the utility is zero. Azevedo and Budish [4] show that this auction is “incentive-compatible in the
large” which means that truthfulness is an e-BNE and ¢ goes to zero as N goes to infinity. They
assume bidders’ value distribution has a finite support and their bids must be chosen from this finite
support as well. They mention that allowing continuous supports and arbitrary bids is challenging.

In this context, taking P = ERM€ is very natural when the auctioneer aims to maximize revenue.
Indeed, Goldberg et al. [17] suggest to use the uniform-price auction with P = ERM€, where ¢ = %,
as a revenue benchmark for evaluating other truthful auctions they design.

— 1 . . .
When the price function is P = ERM“~ ¥, our analysis of the incentive-awareness measure general-
izes the result of [4] to bounded and to MHR distributions. Moreover, we generalize their result to the
case where coalitions of at most m bidders can coordinate bids and jointly deviate from truthfulness.

*The O notation omits polylogarithmic terms.
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Theorem 3.1. In the uniform-price auction, suppose that any m bidders can jointly deviate from
truthful bidding, then no bidder can obtain ¢ more utility (we call this (m, €)-group BIC), where,

e for any P and any bounded F', € = DA‘X,‘?;?, and

e for any MHR distribution F, if we fix P = ERM® with 33 < ¢ < ﬁ and m = 0(\/]V), then
e=0 (U*A%‘Dﬁt) +0 (ﬁ) where v* = arg max,{v[l — F(v)]}.

The constants in big O’s are independent of F and c.

Proof of Theorem 31| for bounded distributions. Denote a coalition of m bidders by an index set
I C {1,...,N}, and the true values of all bidders by (vr,v_;). When other bidders bid v_;
truthfully, and the coalition bids by instead of vy, the reduction of price is at most

P(vr,v_g) = P(br,v_1) < P(vr,v_1)8;(vr,v—1) < P(vr,v_1)83>" (v_1) < Doy (v_y),

m m
by Definition and by the fact that all values are upper-bounded by D. Then for each bidder i € I,
the increase of her utility by such a joint deviation is no larger than the reduction of price, i.e.
E,_; [ui(vr, P(br,v—r)) —wi(vr, P(vr,v_r))] < Ey_, [P(vr,v_1) — P(br,v_1)]
< DE,_, [6W°r5t(v_1)] = DA‘}{,?:?.

m

O

The proof of this theorem for MHR distributions is similar to the proof of Theorem[2.1] thus omitted.

Combining with Theorem [1.3] we conclude that the uniform-price auction with P = ERM® (for
the ¢’s mentioned there) is (m, €)-group BIC with € converging to zero at a rate not slower than

O(m? 310]5%) for bounded distributions and O(mlo\gfﬁN ) for MHR distributions (constants in these

big O’s depend on distributions).

Theorem [3.1]also generalizes the result in [26] which is only for bounded distributions and m = 1.

4 More Discussions on Incentive-awareness Measures

4.1 Overview of the Proof for Upper Bounds on A}~

Here we provide an overview of the proof of Theorem[I.3] Details are in Appendix [B}

Firstly, we show an important property of ERM®: suppose ¢ > %, for any m values vy, any N —m
values v_j, and any m values U that are greater than or equal to the maximum value in v_;, we have
ERM€(v;,v_1) > ERM(vr,v_r). As a consequence, 6" (v_1) = 87 (vy,v_g).

Based on this property, we transfer the expectation in the incentive-awareness measure in the following
way:

1
AN =E[op (v-1)] = E[0; (01, v-1)] = / Pr[6;(Tr,v_1) > nldn
0

g/o (Pr[éI(m,v,I)>77|E]Pr[E]+Pr[E])dn:/0 Pr(; (@1, 0_1) > n AFJdn + PrlE],

where E denotes the event that the index £* = argmax;. .y {iv;} (which is the index selected by

ERM?°) satisfies k* < dN, E denotes the complement of E, and the probability in Pr[E] is taken
over the random draw of N — m i.i.d. samples from F', with other m samples fixed to be the upper
bound (can be +00) of the distribution. For any value distribution, we prove that the first part

! — 2log® N
Pr[o; (v7,v_1) > n AEldyp <0 | {/ 2% ,
/0 r[0r(Tr,v_1) >n Jdn < ( & YN

with some constructions of auxiliary events and involved probabilistic argument. And we further
3
tighten this bound to O ( m_log N) for MHR distribution by leveraging its properties.

a2 /N
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The final part of the proof is to bound Pr[E]. For bounded distribution, we choose d = 1/D.
Since the support of the distribution is bounded by [1, D], N - vy > N, while for any & < dN,

kv, < (5N)D = N < Nvy. ERMC therefore never chooses an index k& < dN (recall that

in case of a tie, ERM® picks the larger index). This implies Pr[E] = Pr[k* < dN] = 0 for
bounded distribution. For MHR distribution, we choose d = i and show Pr[E] = O (%) As the
corresponding proof is quite complicated, we omit it here.

4.2 Lower Bounds on A},*" and on the Approximate BIC Parameter, ¢,

Theorem|1.3|gives an upper bound on Awofflt for bounded and MHR distributions and for a specific
range of ¢’s. Here we briefly discuss the lower bound, with details given in Appendix [F}

Lavi et al. [26] show that for the two-point distribution v = 1 and v = 2, each w.p. 0.5, A"]\V,‘:{St =

Q(N~1/2), when ¢ = 1/N. We adopt their analysis to provide a similar lower bound for [1, D]-
bounded distributions and the corresponding range of ¢’s. Let F' be a two-point distribution where for
X~F,Pr[X=1=1-1/Dand Pr[X = D] =1/D.

Theorem 4.1. For the above F, for any c € | ERM® gives ARt = Q( L) where the
constant in ) depends on D.

N’QD}

=

Note that A‘j{’,o,{it only upper bounds the €;-BIC parameter ¢; in the two-phase model: a lower bound

on AWOfSt does not 1mmed1ately implies a lower bound on ¢;. Still, a direct argument will show that
the above distribution F' gives the same lower bound on ¢;. For simplicity let K1 = Ky = 2 and
suppose bidder ¢ participates in m; and my auctions in the two phases, respectively. Let N = T K,
and assume m; = o(v/N). Suppose the first-phase mechanism M is the second price auction with
no reserve price. Then in the two-phase model with ERM€, ¢; must be Q( ) to guarantee €;-BIC.

It remains open to prove a lower bound for MHR distributions, and to close the gap between our
O(N~'/310g® N) upper bound and the (N ~'/2) lower bound for bounded distributions.

4.3 Unbounded Regular Distributions

Theorem [2.2] shows that, in the two-phase model, approximate incentive-compatibility and revenue
optimality can be obtained simultaneously for bounded (regular) distributions and for MHR distri-
butions. A natural question would then be: what is the largest class of value distribution we can
consider? Note that for non-regular distributions, Myerson [30]] shows that revenue optimality cannot
be guaranteed by anonymous reserve price, so ERM is not a correct choice. Thus we generalize
our results to the class of regular distributions that are unbounded and not MHR. Here we provide a
sketch, with details given in Appendix [G]

Our results can be generalized to a-strongly regular distributions with o > 0. As defined in [[L1], a
distribution F' with positive density function f on its support [A, B] where 0 < A < B < 400 is

a-strongly regular if the virtual value function ¢(z) = x — = ff()x) satisfies ¢(y) — o(z) > a(y — x)

whenever y > x (or ¢'(x) > « if ¢(x) is differentiable). As special cases, regular and MHR
distributions are O-strongly and 1-strongly regular distributions, respectively. For any o« > 0, we
obtain bounds similar to MHR distributions on AWOTSt and on approximate incentive-compatibility
in the two-phase model and the uniform-price auction. Specifically, if F' is a-strongly regular then
3

Angfofst -0 (mlo\g/NN)’lfm _ 0(\/N) and m < (logN) 1 <ec< al/(i a).

It remains an open problem for future research whether ERM€ is incentive-compatible in the large
for regular but not a-strongly regular distributions for any o > 0. For these distributions the choice
of ¢ must be more sophisticated since it creates a clash between approximate incentive-compatibility
and approximate revenue optimality. Intuitively, a large ¢ (for example, a constant) will hurt revenue
optimality and a too small ¢ will hurt incentive-compatibility. In Appendix [G| we provide examples
and proofs to formally illustrate such a fact, and further discuss our conjecture that some intermediate
c can maintain the balance between incentive-compatibility and revenue optimality.
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Broader Impact

This work is mainly theoretical. It provides some intuitions and guidelines for potential practice, but
does not have immediate societal consequences. A possible positive consequence is: the auction we
consider uses an anonymous reserve price, while most of the related works on repeated auctions use
unfair personalized prices. We do not see negative consequences.
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A Useful Facts

In this section we present some facts about ERM® and incentive-awareness measures, some definitions about
value distributions, and some useful lemmas that will be used throughout.

A.1 TFacts about ERM and Incentive-Awareness Measures

Claim A.1. Let P = ERM€, where ¢ > % Foranyvr € R}, v_; € ]Rf_m, let U1 denote m values such
that min; > maxv_j. Then we have P(vr,v_1) > P(vr,v_1).

Proof. Let v := maxwv—_; be the largest value in v_; and U; be m copies of v. It suffices to show that
P(vr,v—1) > P(vr,v_r) since P = ERM¢ ignores the largest m samples, given cN > m. If v; > T for each
1 € I, then we have P(vr,v—_1) = P(vr,v_r) directly. If there exists some ¢ € I such that v; < T, then we
increase v; to v and show that for any such i and (v, v—;), P(T,v_;) > P(vi,v—;). Letv' = P(v;,v_;), then
one can verify (assuming ERM¢ picks the smaller value when there are ties) that (1) P(v’,v_;) = P(vi,v—;),
and (2) P(v',v—;) < P(v,v_;), implying P(v,v_;) > P(v;,v_;).

Claim A.2. Let P = ERMS, where ¢ > % Forany vy € RT, v_; € Rff’", let vy be any m values that are
greater than or equal to the maximal value in v_i. Then (Wf’r“(v,[) =6;(vr,v_1).

Proof. Recall the definition

orst
O (v=r) = sup dr(vr,v—1) = sup §1—
vy ER:’_’ UIE]RT

inbeERT ERMC(Z)], U_])
ERMC(’UI, ’Uf[)

Claim immediately implies 03" (v_r) = limy; 400 01 (vr,v_1). Moreover, since ERM¢ ignores the
highest cN > m values, we have ERM¢(77,v_;) = ERM®(9}, v_r) as long as both ¥ and o} are greater than
or equal to max v_y, no matter what they are exactly. Thus 65> (v_;) = §;(v1,v—1) = 61 (T}, v_1). O

Therefore, we will use U7 to denote any m values that are greater than or equal to max v_, for example, m
copies of max v_; or m copies of “+00”. We always have 55> (v_r1) = 67 (v, v—1).

A.2 Quantiles and Revenue Curves of Value Distributions

For a distribution F'(v), define the quantile g(v) = 1 — F(v) as a mapping from value space to quantile space.
Inversely, v(q) = ¢~ '(v) = F~*(1 — q) is the mapping from quantile space to value space (i.e., w.p. g a buyer’s
value will be at least v(q)). Define the revenue curve R(q) = qu(q) as the expected revenue for the seller by
posting price v(q). Let R* = max,{R(q)} denote the optimal revenue the seller can obtain with one bidder,
and ¢* = argmax, R(q),v" = v(q"). When there are several i.i.d. bidders with a regular value distribution, v*
is the optimal reserve price in a second price auction, and such an auction is revenue optimal [30]. Any bounded
distribution satisfies ¢* > - because for any ¢ < &, qu(q) < ¢D < 1 < 1v(1) < R*. Any MHR distribution
has a unique ¢* and ¢* > 1 [22].

A.3 Concentration Inequality

For a distribution F, draw N samples and sort them non-increasingly, v1 > v2 > -+ > vn. Let ¢; = q(v;)
denote their quantiles. The ratio j /N is the empirical quantile of value v; since j/N is the quantile of v; in the
uniform distribution over {v1, . .., vn }. The following concentration inequality shows that for each value v;,
its empirical quantile j/N is close to its true quantile g; with high probability, when m samples are fixed to be
+o00 while other N — m samples are i.i.d. drawn from F.

Lemma A.3. Draw N — m i.i.d. samples from a distribution F, and fix m samples to be +oo. Sort these
samples non-increasingly: +00 = v1 = -+ = U > Um41 > - - - > vN. With probability at least 1 — § over
the random draw of samples, we have for any j > m,

j 2In(2(N —m)é—1)  In(2(N —m)s™ 1)
A N’ < \/ N—m + N-—m +

Proof. The value v; (j > m) is the (j — m)th largest value in N — m i.i.d. samples from F, by using
Bernstein inequality (see e.g., Lemma 5 in Guo et al. [20]), we know that with probability at least 1 — 6,

. — —1 . . .
g — 4| < PRIy OO Alo note that | — 47| = §EL % < B By
j /21In(2(N—m)s—1 In(2(N—m)s—?! m

11
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triangular inequality,
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B Main Proof: Upper Bounds on Incentive-Awareness Measures

B.1 Proof of Theorem [1.3]

Recall the setting of Deﬁnition@ we draw N i.i.d. values vi,...,vnx from F', and we have an additional

parameter m which is the number of bids that can be changed in the input of the price learning function.

Theorem then states an upper bound on A‘K,‘?,rff for P = ERM°. For bounded distributions, the theorem

follows immediately from the next lemma which is our main technical lemma. Note that this lemma is useful
WOors

in establishing the bound on AR5 not only for bounded distributions but also for all other distributions.
Throughout, we assume that vy, ..., vx are sorted, so that vy > -+ > vn.

Lemma B.1 (Main Lemma). Suppose m = o(v/N). Let d be a constant, 0 < d < 1. Suppose §; < c < g
Let E be the event that the index k™ = argmax, .y {ivi} (which is the index selected by ERM°) satisfies
k* < dN. For any non-negative distribution F,

/m?2 log? N
worst < 3 mi g P E
Nm = o < dS W + r[ ]:

where the probability in Pr[E] is taken over the random draw of N — m i.i.d. samples from F, with other m
samples fixed to be +oc.

To see that this lemma immediately implies the theorem for bounded distribution, choose d = 1/D. Since the
support of the distribution is bounded by [1, D], N - vx > N while for any k < dN,

kvk S (%N)D =N S NUN.

ERM¢ therefore never chooses an index k < dN (recall that in case of a tie, ERM¢ picks the larger index).
This implies Pr[E] = Pr[k* < dN] = 0 and we have the bound in the theorem.

Remark. For MHR distributions, Lemma m shows that Pr[E] = O (%) if we choose d = 2—18, SO Lemma

worst

already gives an upper bound on AR?;;". However, we can use some additional properties of MHR distributions

to strengthen the bound on the first term in the main lemma to O ( d;% IO%N ), as explained in Appendix

B.2 Proof of the Main Lemma (Lemmal@)

Let U7 be any m values that are greater than the maximal value in v_;. By Claim oyerst(y_p) =
(5[(51, ’Uf[). Thus,

1
Nom' = E[65 (v_1)] = E[6:(V1,v-1)] = / Pr[0;(0r,v-r1) > n]dn
0

IN

/O (Pr(ss (51, v_1) > n | E]Pr[E] + Pr[E])dn

1
/ Pr[6;(Tr,v—1) > n AE]dn + Pr[E], 3)
0

where E denotes the complement of E. Then the main effort is to upper-bound Pr[6; (T, v—1) > 1 A E]. After
the random draw of v_;, we sort all values non-increasingly, denoted by v1 = - -+ = Up, > Umny1 > -+ > UN,
andletg, = -+ =7, < gm+1 < -+ < gn be their quantiles, where g; = ¢(v;). We use a concentration
inequality (Lemma to argue that for each value v;, its empirical quantile 5 /N should be close to its true
quantile ¢; with high probability, as follows:

Claim B.2. Define event Conc:

Conc= |Vj>m,|qgj — = | <2y ———— 2+ —

N|— N—m N

j 4In(2(N —m)) m:|

then Pr[Conc] < ﬁ, where the probability is over the random draw of the N — m samples v_7.

Proof. Set§ = —— in Lemma O

N—m
Now, define G (1) = Pr[6;(v1,v—1) >1n AE A Conc] for 0 < 7 < 1. We have

= 1
PI‘[(;[(@[,’U_[) >n /\E] < G(?]) -+ N_m

“

12



490 Lemma B.3. There exists a constant C = © (";LO%N ) such that > C*3 = G(n) < -&5.

491 Finally we upper-bound the integral in (3):

1 B 1 1
[ Prlsiron >0 aBlan < [ (G + ) an By @
0 0 -—m
ot e 1
< 1d +/ —dn + By L
_/0 T T N T y Lemma[B.3

2 1 s/m2logS N 1 s/m2log® N
< 303 =0 =0 —e s
- +me ( d3N >+Nm ( d® YN
492 which, together with (3), concludes the proof of Lemma[B.1]

493 B.3 Proof of Lemmal[B.3|

494 Recall that we need to upper-bound G(n) = Pr[d;(vr,v—1) > n AE A Conc] by © (m1°g3 N_1 ) We do

dAVN 73/2

495  this via a union bound of M + 1 events, where M is a number to be chosen later. Each event is parameterized
496 by ny,0: fort = 0,..., M which are chosen to satisfy the following conditions:
497 ° no = 37,m =1n,m2 =20
498 e Fort > 3, n; can be chosen arbitrarily, as long as 72 < 3 < --- < na < 1.
499 ® N1 = 1.
500 e p=1,and0; = 5 — fort =1,..., M.

Nt41

501 Define the following M + 1 events Bad(n, 0:), wheret = 0, ..., M:

vj < (1= me)vke

jos > Ko — 2 ©

Bad(n:, 8;) = | there exists j > k™ such that { .
0, VK"

502 The next lemma shows that the union of these events contains the event [6; (v, v—_1) > 1] A E.

2m

503 Lemma B.4. Suppose 5 < 1 < 1and that the parameters 1, 0 satisfy the above conditions. If 61 (Vr,v—r1) >
504 nand k™ > dN, then there exists t € {0, ..., M} such that the event Bad(n., 6;) holds.

505 The proof of this lemma is given in Appendix [B-4] Moreover, the next lemma upper-bounds the probability of
506 each of these bad events, when assuming that Conc holds as well.

507  Lemma B.5. Ifn: and 0, are at least 2 (%1 / %) (for some constant in € to be detailed in the proof),

508 then Pr[Bad(n,0;) A E A Conc] = O [ —mlos”N_ )
d46,\/n3 N

509 The proof of Lemma[B23]is in Appendix [B.3] Now,

M

Pr[6;(Tr,v—1r) >n A E A Conc] < E Pr[Bad(n:,0:) A E A Conc] Lemma (B4l
t=0
M 2
mlog® N
= E O ———— Lemma B3l
t—0 (d40t\/’l7?N>
M
mlog? N N1 1 .
=0 ——- Definition of 6
< d*v N ; n nf/Q ‘

510 Note that because 7;,0; > Z, the condition of Lemma is satisfied under the assumption that n >
3 n\2/3Y) . . .
511 © ((m log® N ) > in Lemma Finally, we choose a sequence of {7} to make the above summation small

d4V/N
512 enough:
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513
514

515

516

517
518
519

521
522
523

524

525
526
527

528

529

530
531

533
534
535
536

537

538
539
540

541
542

543

544

545

Claim B.6. There exist an integer M and parameters 13, . . ., nu that satisfy the conditions described above,
such that

M M1 1 _0 log log(N — m)
2 a0 T )

assuming n = ) (% W)

The proof of this claim is given in Appendix[B-7] To conclude the proof,

mlog? N loglog(N — m) 0 mlog® N 1
avw )7 Oayr e

Remark. This proof is inspired by a proof in Yao [31]. We improve upon that proof in two aspects: (1) Our
definition of a sequence of bad events (Lemma@ improves upon similar single bad events defined in Yao
[31] and Lavi et al. [26]]; (2) Yao [31]] only considers bounded and continuous distributions, while our proof
works for arbitrary distributions. This is because Yao [31] works in the value space when upper-bounding the
probability of bad events over the random draw of values v_; (Lemma|[B:3), but we work in the quantile space,
which circumvents the boundedness assumption and deals with discontinuity. To argue in the quantile space, we
need Conc to show that ¢;v; approximates jv; in the proof of Lemma|[B3]

Pr[§;(vr,v—1) >n A E A Conc] <O (

B.4 Proof of Lemma[B.4

Suppose 6;(vr,v—;) > n and k* > dN. By definition, there exist m bids by € RT such that
ERM®(br,v—1) < (1 — n)vi=. Without loss of generality, we can assume that all m bids are identical,
as shown in the following claim:

Claim B.7. For any sorted v = (v1 > --- > vn). Let I = {1,...,m}, let

m copies

y ) —
b" = arg min ERM“(b, ... ,b,v_r1).
beR

then b* = ERMC(b*, “eoy b*,’Uf[) = minbleugT ERMC(b[,/Ufj).

Proof. We will show that for any vector of m bids by = (b1, ..., by, ) that minimizes ERM®(br,v_1), we
can construct another vector b7 = (b, ..., b) such that ERM®(b7,v—;) = ERM€(bs,v—;) = b. Because by
minimizes ERM®(by, v_r), we can assume that there is a bid b;« such that ERM®(b;,v_1) = b;= (otherwise,
we can decrease the bids in by without increasing the price). Let b = b;«. For any b; > b, decrease b; to b, then
the price does not change. For any b; < b, increase b; to b, then the price does not increase; and if the price
decreases, then it contradicts the fact that ERM® (b, v—) is minimized. In this way, we change all bids in by to
b, without affecting the price. O

By Claim there exists b € R4 which equals ERM€(b, ..., b, v_r) and satisfies
b < (1—n)vgx. (6)
Choose index % for which v; > b > v; 1. Assume for now ¢ < N — 1, we will postpone the analysis for ¢ = N

to the end. Now we show that setting j = ¢ or ¢ + 1 will satisfy the lemma. Clearly ¢ > k™. The change of the
bids vector caused by b is:

m times
(51,...,§m,1}m+1,...,Uk*,...,vi,’l)i+1,...,1)]\7)—) (Um+1,...,Uk*,...,’l}i,b,...,b,vi+1,...,UN).

Note that &* —m > dN — m > ¢N, so vi+ will not be ignored by ERM® after the change of bids. Then in
order for b to be chosen by ERM¢, we need:

i-b> (K" —m) - v = ke — mug. @)
We will choose j depending on how large v; is:

(@ Ifv; < (1 — 3n)vk= = (1 —no)vk=, we set j = i and t = 0. Clearly, iv; > ib > k™ v — muog=.
(b) Ifv; > (1 — %n)vm, then we set j = ¢ + 1 and choose the ¢ (1 < ¢t < M) such that

(1 - nt)'Uk:* 2 Vit1 > (1 — nt-‘rl)vk* . (8)
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566
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569
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To see why (i + 1)vit1 > k¥ v — 2":’7“ mug= holds, first we write b as a convex combination of v; and
vit1: b= (1 — A)v; + Avir1. From (@) and (7), we immediately get

(1 — 77)Uk* > (1 — )\)Ul + Avit1, ()]
(1 — )\)ivi =+ )\(Z + 1)U¢+1 > ]C*’Uk* — MUE*. (10)
Equation (T0) further implies A(¢ + 1)vi11 > k¥ v — (1 — A\)k* vk« — muyg=. Divide by A,
G+ Dvig1 > K vpx — %U}c*.

Then it remains to lower-bound A by 6. Intuitively, since v; is larger than (1 — Z)vg+ but b < (1 — n)vg=,
the coefficient of v; 1 cannot be too small. Formally, from @ and @), we have:

1
(L =mves > (1= A)(L = gmors + AL = 41 )vns,
1 1
= 1=0>1= 0= A1 = 5m)
o
Net1 — %77 T 2041

= A > = 0,

concluding the proof of this case.

Finally we return to the analysis fori = N. If & < 1 — 1y, then vy < k*;\’,’“* < (1 = 1n)vk~, so the above
argument (a) can be reused. Otherwise, from @V and @), we have:

(k —]Gn)w SUCPE T

1= nugs >b>
(1 =nvkx >b> 51~ N

: s : 2m
which contradicts the assumption that > =2

B.5 Proof of Lemma|[B.3

For convenience we drop the subscript ¢ and just write n = 7,0 = 6;. Recall that we need to upper-bound
Pr[Bad(n,0) A E A Conc| where:

e Bad(n, §) implies that there exists j > k™ such that v; < (1 — n)vg~ and jv; > k" vps — Gops.
e Eisk* > dN.

e Conc requires that |g; — & < 2 %N;m)) + % forany j > m.

H=_" and h = 1 (dn4 4N =m)) _ 4m> .

Define

2 N-—-m N6

Assume H, h > 0, which can be satisfied when 7 and 6 are at least (2 (% A/ W) .

Claim B.8. The event [Bad(n,0) A E A Conc] implies that there exists 7 > k* which satisfies:
1. ju; < k"o < (j+ H)vy;
2. q; — qi+ > 2h.

Proof of Claim[B.8] Choose the j in Bad(n, §) which satisfies ju; > k*vg~ — Zrug=. To see why the first

inequality holds, note that dNvg+ < k*vp= < ju; + T Uk < Nvj + og«, subtracting the first and forth
Nv

term, we get (dN — 2 v« < Nwj, further implying k*vi+ < ju; + 2 m which is the first inequality.

Now consider the second inequality. Since Bad(n, 6) requires jv; > k™ vgx — Frvg= and v; < (1 — n)vgs, we
have
s k*vps — Gog= k" — 77 >(k*7@)(1+ )= k' 4k 7@(1+ ) > k* +dN _om
] = (1—n)op=  1—7m = 0 = "% = " 0’
and dividing by N,
j Kk m
Lt sap—o .
NN =M 2
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Using the condition Conc on j and k*, we can derive the relationship between ¢; and gx+ by simple calculation:

q‘j—qk*Z(dﬁ—Qm)—Q(Q 4111(2(]\/'m))+m> > 2h.

N6 N-m N
O
Divide the quantile space [0, 1] into [0, d/2] and (1 — d/2)/h equal-length intervals with length h,
WJJ:[Qg]UhLU§u~-UIL%Q, (11)

where I; = (d/2+ (I — 1)h,d/2 + h]. Thus a uniformly random draw of quantile falls into I; with probability
h. Define i} and iZ ;1)

ij =argmax {iv; | ¢; € I} or i = 0 if there is no such i.
i1>cN

ity = arig;l}\}ax {ivi| @ € L U--- UL} or i%qy = 0 if there is no such 4.

def . def .4
And A; = i) vir, Acasr) = L) Vit ) Moreover, define event W; for each [,

Wi = [{itpa # 0} A {iZa4n) # 0} A {Aire < Acpny < Ao + Horg )]

where V42 def v(d/2 + (I + 1)h) is the upper bound on the values with quantiles in I;+o. We argue that if
the event [Bad(n,0) A E A Conc] holds then there must exist an index [ such that W, holds. To see this,
consider the index j that is promised to exist in Bad(n, #) and choose the index { such that g; € I;; 2. Note that
[E A Conc] implies ¢; > qx+ > d/2, so both g; and gx+ must fall in /; U I U - - -. To see why W; must hold,
note that:

o Ao < A4 since g; — qr+ > 2h, implying gr € To41) and Ao 41y = k™ v,
] A<(l+1) < Aiyo + Hupqo since kv < (5 4+ H)vy < i7+20i?+2 + HUpyo.

Therefore, a union bound over Pr[W;] suffices to prove that Pr[Bad(n,#) A E A Conc] is small. The idea
to bound Pr[W/] is a refinement of Yao [31]]: Note that there is an interval ;11 with length h between I;4 2
and I ;1) and consider the number X of quantiles falling into I;41. There is enough randomness in X as
its variance is Q(hN), implying that the difference between the rankings of any pair of quantiles in [; 2 and

I (141 varies broadly. As aresult, it’s unlikely that A ;41 will fall in the short interval [A; o, Ay o+ H12].
Formally, we will prove that

Lemma B.9. Foranyl, Pr[W;] < O(}f/fj%v).

The proof of Lemma|B.9]is in Appendix To conclude,

1-d/2

= a 1 Hlog? N mlog? N
Pr[Bad(n,0) A E A Cond] < PMWS—OC———J:O _mlog’N_
; h™ \ Vhd®N d6+\/(dn)*d®N

where the last equality is because H = O(Z) and h = Q(dn) under the assumption that 1) and 6 are at least

VCRVES )

B.6 Proof of Lemma[B.9]

We need to upper-bound Pr[W;] over the random draw of v_7, or in quantile space, g—7, which are N — m

i.i.d. random draws from Uniform|0, 1]. Let N1, be the number of quantile draws that are in L def [0,d/2]U
I U---UI41. Suppose we draw the quantiles in the following procedure: first determine Ny, then draw
N —m — Ny, quantiles that are not in L; finally draw N1, quantiles that are in L.

Note that Ny, follows a binomial distribution, and a Chernoff bound implies that

Pr[Ny > g(N —m)] >1—exp (—W) ) (12)

We thus assume Nz, > d(N —m)/4.
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Then draw N — m — N, quantiles from [0, 1]\ L, s0 ¢}, 5, v;+ _ and A;12 are determined. Suppose i}, 5 # 0;

142
otherwise, W; does not hold.
Now we draw N quantiles, gV, ..., ¢™Ne) from L. Consider the increment of Ac@+1), as a sequence
Am,t =1,..., NL. After the time ¢ — 1 when AG-D > Aj4o, the index i*<(l+1) is no longer (). When one

more sample ¢ is generated, there are three cases:

(t—1)

1. If ¢V ¢ [0,d/2], A=Y increases by at least U;42. This is because each term v, increases to

(i + 1)112@ > ivgt_l) + Vj4o, forany ¢ such that ¢; € I, ..., I;.

2. If¢g"W e L U--- U I, then A“~Y does not decrease.

3. If ¢ e I11, AP does not change.

Let s be the number of quantiles that are not in I,41, and A1), ..., A®) be those steps, and write B®
(A<ti) — Ajpo)/Uig fori=1,...,s. Wehave A (11) = T142B™) + A;, 9. Then our task is to analyze the
probability that B*) € [0, H].

We can think of the generation of B®) as follows: regardless of s, first generate an infinite sequence
BW B® . where at each step i the value B(*) is increased by 1 with probability at least Pr[q € [0, d/2] |
g € L] > d/2. Then pick an index s by a binomial distribution Bin(Np,1 — Pr[g € ;11 | ¢ € L]). Then
the s-th value in the infinite sequence { B} is chosen as B(*). Note that Bin(Ny,1 — Pr[g € I;11 | ¢ € L))
is dominated by Bin(Nr,1 — h), so the probability that B takes on any one of the values in the sequence

{B®} is at most Pr[s = i] = O(1/+/hNL).

Then we consider the length of the sub-sequence where B ¢ [0, H]. Intuitively, the expected number of steps

for B to increase by H, is at most H/(d/2). The probability that it takes more than 2H (log N1,)?/d steps
implies that the sum of 2H (log N1.)?/d i.i.d. Bernoulli variables whose success probability is at least d/2 does
not reach H, which can be bounded by a Chernoff bound:

2 2
Pr[Length > 2H(IO+NL)] < Pr[Bin (M, g) < H|
< ex —lH(l Np)? 1—¥2
< exp | —5 H(log Ny, (log N2)?

=0 (exp (f%(log NL)2))
=0 (N;%“)g“) :

Assuming Length < (2H (log N1.)?)/d, the probability that B(*) € [0, H] can be bounded by a union bound:

> Pr[s:i}gLength.o( thL) go(%).

i:B(1) €[0,H]

Therefore,

2
Pr[Wi] < O <7H(log Vi) ) +0 (NL‘é 1°gNL)

<o (BN (A ) T s (A2
_0 (H(log N)Q) .

B.7 Proof of Claim [B.6

We need to show that there exist an integer M and parameters 79 = %77 <m=n<m=2n<<n<--<
Ny < My+1 = 1, such that

M

Znt+1 1 :O(loglog(N—m))
= "o e

17



633

634
635

636

638

639

640

641

642
643
644

645

646
647

648
649

650
651
652
653
654

We start with:

st Mexr/n 1 o m1/n
t41 t4-1 t+1
— = =— (o) +S (13)
; R 3/2 < (ne/m)¥2 3/ ( ; (nt/n)3/2>
Let 1:41/1 = (n:/n)>/? for any t > 2. We can recursively compute 7, until the maximum step ¢ = M which
satisfies a7 < 1. Then (T3) is upper-bounded by ng% (O(1) + M). By our construction of {7}, we have

M:(@)%A4—2:2%AI—2 '
n n n

Thus,
M <logs,, log, % +2 = O(log log %) = O(loglog(N — m)),

where the last equality follows from the assumption that 7 = €2 (% A/ W) . Thus, the summation (T3)

becomes

i M1 1 0 (loglog(N - m))
3/2 3/2 '
t=o m/ n*/

as required.

C Missing Proofs From Section 2]

C.1 Proof of Theorem [2.1] (for Bounded Distributions)

Proof of Theorem[2.1|for bounded Distributions. First consider the reduction of reserve price caused by the
deviation of bidder 4. The true values of all bidders in the first phase are (v, v—_r), where bidder 4’s true values
are vy € RT“ . When other bidders bid v_ truthfully, and bidder ¢ bids by instead, the reserve price p changes
from P(vr,v_r) to P(br,v_1) and the change is at most

P(vr,v_1) = P(br,v—1) < P(vr,v_1)d1(vr,v-1) < P(vr,v_1)om3 (v-1) < Doy (v_1),

1
by Deﬁnition@and by the fact that all values are upper-bounded by D. Consider the increase of utility in the
second phase. We claim that for any two possible reserve prices p2 < p1, for any v € R4, forany K2 > 1, we

have
w2 (v, p2) — w2 (v, p1) < p1 — po. (14)

To see this, first re-write u™2 (v, p) in @) as
52(0,p) = Bx,.,.... x50, ~F [(v — max{p, X*})*],
where X* %' max{Xs,..., Xx, } and (z)* %< max{z, 0}. Note that (z)" — (y)* < |z — /. thus
w2 (v,p2) — w2 (v, p1) = E [(v — max{pz, X"} — (v — max{p1, X"})7]
< E[Jmax{p:, X"} — max{ps, X"}] < E[|p1 — p2[] = p1 — po.

u

For the first phase we have U7 (v;, by, v_1) < UM (vi,vr,v—r) since M is truthful. Thus, by (I) and (T4)
the difference in interim utilities is at most

E,_, [UiTP(vivvaU—I) - UzTP(vi:vIvv—I)]

<E,_, [U{V‘(vi,bf,v,l) - Ui/\A(vivUIzvff)]

mi 1+m; 2

+E’U—i Z |:uK2 (Ui,tvp(bhv—f)) - uK2 (ULMP(UI:’U—I))

t=m; 1+1
<0+ E”—i [mQ(P(vI7 U—I) - P(bh U—I))] < Ev—i [sz(S:VﬂcirSt (U—I)] = mQDAyf;g;,mN

which indicates that truthful bidding is an e-BNE, where € = my DA?;’}?;,M. This concludes the proof for
bounded distributions. O

Remark. The proof for MHR distributions is trickier since the difference P(vr,v—;) — P(br,v_1) can be
unbounded. Intuitively, the probability that P(v;,v—) will be higher than (1 + o(1))v™ (v* is defined in the
statement of the lemma) is exponentially small, and the main effort is to show that the expected difference
P(vr,v—r) — P(br,v—r) multiplied by this exponentially small probability is negligible. Full details are given
Appendix[D.2]
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C.2 Proof of Theorem

The bound on approximate truthfulness, i.e., €1, follows from Theorem[2.T]and Theorem[I.3] where we first

obtain the bound on ¥f§§i My from Theorem by setting N = 711 K and m = m; and then replace mam;

with O(7?) for MHR distribution and replacing mgm?/ ® with O(m®/?) for bounded distribution.

It remains to consider revenue, where we will use sample complexity results to obtain the convergence rate of the
revenue loss, i.e., €2. Let revi, revs be the expected revenues of the two phases in TP(M, P; T, m, K, S),
and rev* be the revenue obtained by using Myerson’s auction in all rounds, i.e., rev* = Ti MyeXt + Th MyeX?
where Mye” is the revenue of Myerson’s auction with K i.i.d. bidders from F. For revi, we only have
revy > 0 since we do not any revenue guarantee for the arbitrary first-phase mechanism M. Now consider
reva, let 72 (p) denote the expected revenue of a second price auction with reserve price p. Since the values in
the two phases are independent, we have

reve =Tz - By, op, i, ~F [er (ERM®(v1, . .. ,UTIKI))] .

We need to compare 72 (ERM®(v1, . .., vry &, )) with Mye™2. Since bidders have i.i.d. regular value dis-
tributions, Myerson’s auction is exactly the second price auction with reserve price p = v*. When Ky = 1,
Myerson’s auction becomes a post-price auction. Let e¥*™P!¢(.) be the inverse function of the required number
of samples for ERM® to guarantee (1 — e**™P!¢)-optimal revenue (as obtained in Huang et al. [23]) in the
posted-price auction, i.e., the expected revenue of a one-bidder auction with a posted price p determined by
ERME€ with N samples is at least (1 —e**™P'¢(N')) times the optimal expected revenue. Then for the one-bidder
case, we have

revs = To(1 — € *™'*(T1 K1 ))Mye'.

For general K>, while the sample complexity literature does not analyze the revenue of the same reserve price
p = ERM®(v1,...,vn K, ) in a second price auction with Ky > 2 bidders, we are able to generalize the
existing revenue guarantee to the case of multiple bidders (and multiple units) under the assumption that the
distribution is regular. The generalization is made by the following lemma, which we believe is of independent
interest:

Lemma C.1. For any regular distribution F, if the expected revenue of a posted price auction with price p and
with one bidder whose value is drawn from F is (1 — €)-optimal, then the revenue of a Vickrey auction with
reserve price p selling at most k > 1 units of a item to K > 2 i.i.d. unit-demand bidders with values from F is
also (1 — €)-optimal.

The proof is in Appendix Thus for Ko > 2, we also have: reve = To(1 — esample(Tl Kl))MyeK2.

Finally,
1 revi + revs S 0+ TQMyeK2 -(1- esam‘”le(TlKl))
ey =
? rev* - TiMyeXt + ThMyeX?
Ty MyeX1

2 1— Ii ye - 65ampl€(TlKl)
TiMye™! 4+ ToMye™?2
T

>1-— ?1 _ gsample (T1Ky) (Mye™2 > Mye™* since K5 > K1)

From Huang et al. [23], we know that for bounded distributions, €**™?!¢(N) = O(y/ 2 ) when ¢ < 55+

and for MHR distributions (MHR implies regularity), e*'*(N) = O([!%X]3) when ¢ < -L. This implies
the bounds on e as stated in the theorem, and concludes the proof.

C.3 Proof of Lemmal[C.1]

It’s more convenient to work in the quantile space. Let v(g), R(q) = quv(q) be the value curve and revenue
1—F(v)
f(v)

curve of F. It’s well-known that the derivative R'(q) equals to the virtual value ¢(v(q)) = v — and by

Myerson’s Lemma, the expected revenue with allocation rule z(-) equals to the virtual surplus:
K
rev =" E[R(q)zi(q)].
i=1

Let 2 k(q) be the allocation to (the probability of winning of) a bidder whose value has quantile ¢ in a
Vickrey auction selling & units to K bidders without reserve price. Specifically, z''*(¢) = 1; for general K,
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1 (q) = (1 — ¢)¥ 1, for general K, k, z%°*(¢q) = k: v (%71 (1 — @) 1" With reserve price po, let
Kk
e

0
o = q(po), then the allocation becomes " (q) (q) for ¢ < go and 2% (g) = 0 otherwise. So the

revenue of po is
q0
reo(ti, k) = & [ R (@ (o),
0
and the optimal revenue is:

*

q
rev' (K0 = K [ R (@) (o),
0
where ¢* satisfies: R'(¢) > 0,Vq < ¢* and R'(¢q) > 0,Vq > ¢*. And define:

-
loss(K, k) = rev* (K, k) —rev(K, k) = K/ R'(q)xK’k(q)dq.

Since po is (1 — €)-optimal with K = 1, k = 1 (the posted-price auction), we have:
loss(1,1) < e-rev*(1,1).
Now for general K, k:

e If go > ¢". The loss:

loss(K, k) K/ R (q)z""*(¢)dq
<K / F(q")dg

— Ka¥ (q*)/q0 “R'(q)dg = Ka**(¢")loss(1,1),

since 2%°¥ (q) is non-increasing in g (actually, the monotonicity of z** (¢) is the only property that is
used throughout the proof), and the optimal revenue:

i
rev' (K, k) > K / R (@)™ (¢")dg
0

)
= K" q) [ R0 = KaH g ren (1,1),
0

loss(K k) loss(1,1)
rev* (K,k) < rev*(1,1) <e

e If go < ¢”. The loss:

which gives:

-
loss(K, k) = K/ R (q)z™"(¢)dq < Kz™*(qo)loss(1,1),

and the optimal revenue:
rev* (K, k) = K/ q)z"™* (q )dq+K/ R (q)z"*(g)dgq

>K/ R K’“qo)dq+K/ R (@)7"* (g)dq

= Kz™"(qo)rev(1,1) + loss(K, k),

which gives:

loss(K, k) < loss(K, k) _ 1
rev (K, k) = KxE:*(qgo)rev(1,1) + loss(K, k) KIK[:;S?;)(TZI;(LU +1
1 1
< j—
— rev(1,1) — l—e¢
loss(1,1) +1 € +1

C.4 Perfect Bayesian Equilibrium

Here we consider the setting of 7"-round repeated auctions where each auction contains X > 1 bidders and each
bidder participates in at most 7 rounds of auctions. We use v; = (v!) to denote bidder i’s profile of values,
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where v} is her value at round ¢ if she participates in that round. Similarly denote by b; = (b!) the bids of
bidder i. Values are i.i.d. samples from some distribution F'.

In repeated auctions, the seller can adjust the mechanism dynamically based on the bidding history of buyers,
and buyers can use historical information to adjust their bidding strategies. The solution concept of an e-perfect
Bayesian equilibrium (e-PBE) captures this dynamic nature. For each bidder i, we use h! to denote the history
she can observe at the start of round ¢. For example, hf includes her bid b} , whether she receives the item, how
much she pays, etc, at round ¢’ < ¢ if she participates in round ¢'. We assume that bidder i cannot observe the
bids in the auctions she does not participate in. We allow bidder  to anticipate her values in future rounds, so she
can make decision on her entire value profile v; = (v}). Bidder #’s strategy is thus denoted by o; = (o}) where
o! maps v; and h! to a bid b} = of(v;, hi). Let Ui[t:T] (0;v;, ht) be the total expected utility of bidder 4 in
rounds ¢,t + 1,..., T, given her value profile v;, the history h} at round ¢, and bidders playing o = (03, 0—;).
Definition C.2. A profile of strategy o = (0;,0—;) is an e-perfect Bayesian equilibrium (e-PBE) if for each
bidder i, each round t, any history h, any values v;, the strategy o; approximately maximizes bidder i’s
expected utility from round t to round T up to € error, i.e., Ui[t:T] (o; v, ht) > Ui[t:T] (0}, 0—i;vi, ht) — € for
any alternative strategy o;.

Definition C.3. The seller’s mechanism (or auction learning algorithm) is e-perfect Bayesian incentive-
compatible (e-PBIC) if truthful bidding (i.e., ot (vi, ht) = v!) is an e-PBE.

We emphasize that the expected utility Ui[t:T] (o;v;, ht) is conditioned on k. This is because, the history hf
which includes the allocation of item and the payment of bidder ¢ can leak information about other bidders’ bids
(or values). Other bidders’ bids will influence the mechanism the seller will use in future rounds. Thus, based on
this information, bidder ¢ can update her belief about other bidders’ bids and the seller’s choice of mechanisms
by Bayesian rule, then she can compute her expected utility on her updated belief.

PBIC of the two-phase ERM algorithm. As discussed, the two-phase ERM algorithm is a learning
algorithm that learns approximately revenue-optimal auctions in an approximately incentive-compatible way
against strategic bidders in repeated auctions. The algorithm, obtained by adopting the two-phase model with
ERM as the price learning function and setting K1 = K2 = K, works as follows:

e in the first 73 rounds, run any truthful, prior-independent auction M, e.g., the second price auction
with no reserve;
e in the later 7> = 7" — T3 rounds, run second price auction with reserve p = ERM®(b1,...,br, k)
where b1, . .., bp, k are the bids from the first 77 auctions.
T1 and c are adjustable parameters of the two-phase ERM algorithm.
Theorem C.4. The two-phase ERM algorithm is e-PBIC, where,

e for any bounded F, ¢ = MD AT i, and

e forany MHR F, ifTE1 <c< LtandmK = o(VT1K), then e = O (v AFR% k) + O (\/%),

where v* = arg max, {v[l — F(v)]}.
The constants in big O’s are independent of F' and c.

Combining with the bounds on A¥’5" in Theorem 1.3 we have

Corollary C.5. The two-phase ERM algorithm is €1-PBIC, where,

e for any bounded F,
5| DML Km?®

61 =0 | log*(ThK) =
1

e forany MHR F),
e1=0 <10g3(T1K)v*m2 K,)
T
szE1 <c< £ andmK = o(vVTiK).

The constants in big O’s are independent of I and c.

The guarantee of (1 — €2) revenue optimality is the same as Theorem 2.2}
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e For bounded and regular distribution, e2 = O (% + ,/%).

2
e For MHR distribution, ez = O (% + [IWST&%K)] 3)'

In the rest of this section we prove Theorem [C.4] for bounded distributions. The proof is similar to that of
Theoremexcept that we need to consider the effect of history A% on the conditional distribution of the values
of other bidders when considering perfect Bayesian equilibrium. The extension to MHR distributions is similar
to the extension of Theorem [2.1]to MHR distributions (discussed in Appendix and hence omitted.

Proof of Theorem[CA for bounded distributions. Assume that other bidders bid truthfully and bidder ¢ deviates
from truthful bidding to other strategy, consider the increase of bidder ¢’s total expected utility from round ¢ to
T, for each ¢, given any history h¢ and any values v;. If ¢ > T4, then the auctions in ¢ and later rounds are in the
second phase and never change due to the deviation of bidder %, thus deviation does not increase her utility.

Then we consider ¢ < 77 . Strategic bidding does not increase bidder ¢’s utility inrounds ¢, ¢t +1, . .., T} because
these rounds are in the first phase and the mechanism in the first phase is truthful. Thus, strategic bidding can
increase her utility only in the second phase. Let ' > T} be a second-phase round in which she participates.
The auction at round ¢’ is a second-price auction with reserve price determined by ERM® from bids in rounds 1

to 74. Denote by v 171 the values of all bidders in rounds 1 to T . If bidder ¢ bid truthfully, then the reserve
price at round ¢’ is py = ERM®(v[Y71]). Let A C [1 : T1] be the set of rounds in which bidder i participates
from round 1 to round 7% . Then we can partition B jnto two parts: v and TN where v denotes
bidders’ values in the rounds in A, and v!"*711\ denotes the values in the rounds not in A. There are |A|K
values in v, | A| of which are bidder ¢’s values. By deviating, bidder ¢ can change her values in v4 to some
arbitrary bids. We denote by b** the bids of bidder ¢ and the values of other bidders in v**. After deviation, the
reserve price is changed to p2 = ERMC(bA, v[liTl]\A). By (T4), the increase of bidder ¢’s utility due to the
change of reserve price is at most p; — p2, which is further upper-bounded by

pL—p2 = ERMC('UA7 U[lle]\A) _ ERMC(bA, U[I:Tl]\A)

< ERMC('UA v[l:Tl]\A) . 51(’UA v[l:Tl]\A)

< ERMC('IJA v[l:Tl]\A) . 5‘\2;140‘35{': (v[lle]\A)

<D- 6[‘;{"?(1)[1@1]\“).
We then argue that given any history h!, TN are still i.id. samples from F', from bidder ¢’s perspective.
Note that bidder ¢ does not participate in the auctions in rounds [1 : 7T1]\ 4, and the auctions she does participate
in before round ¢ is prior-independent, which implies that the allocation of item and the payments of bidders
in any round depend only on the bids of bidders in that round but not on any information like bids from other

rounds. Moreover, other bidders’ values across different rounds are independent. Therefore, the auctions bidder ¢
participates in leaks no information about other bidders’ values in rounds [1 : 71 ]\ A.

Therefore, the increase of bidder i’s expected utility at round ¢’ is at most
E[p1 —p2 | hi,vi] <E [D SO (T | hE,'Ui]
wors : A
=E,nrnap [D T (u TN )]
=D AR Ak

worst
<D -ApKmKi,

worst

where the last inequality is because |A| < 77 and ARY > ARt for mi > mo.

Since bidder ¢ participates in at most 7 auctions, the sum of increases of expected utility from round ¢ to 7" is at
most MDA R 5k - O

D Analysis for MHR Distributions

Recall that a distribution F' is MHR if its hazard rate § f Ef()gﬂ) is monotone non-decreasing.

D.1 Properties of MHR Distributions

Recall that R(q) = qu(q) is the revenue curve of distribution F’, where g(v) = 1 — F(v). And ¢" =
arg max, R(q) is the quantile of the optimal reserve price v* = arg max, [l — F'(v)]v = v(g").
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For MHR distributions, we first introduce a lemma which says that ¢* is bounded away from 0 by a constant.
Lemma D.1 (Hartline et al. [22]). Any MHR distribution has a unique q*, and q* > i

Moreover, the revenue curve decreases quadratically from ¢*.

Lemma D.2 (Huang et al. [23], Lemma 3.3). For any MHR F, for any 0 < q < 1, R(¢*) — R(q) >
1

1@ —a)*R(¢").
The following lemma shows that samples from an MHR distribution are rarely too large.

Lemma D.3. Let F' be an MHR distribution. Let X = max{v1, ... 7vN} where v, ...,vn are N i.i.d. samples
from F. For any x > v*, we have Pr[X > z] < Ne—®/v"+1

Proof. Note that 1 — F(z) = exp {— N f(v) dv} < exp {— fo A dv}‘ By the definition of v* we

1—F(v) v* 1-F(v)
know (v*[1 — F(v*)]) = 0, or 1f§’<:3*> = L. By the definition of MHR, we have 1f§wz()x) > L for any

x > v”, thus

1—F(x)§exp{—/ U—l*dv}:exp{—x;*v }

Then the lemma follows from a simple union bound:
Pr[X > 2] = Pr(3i,v; > 2] < N[1 — F(z)] < Nexp {—vi +1}.

O

We will use above lemmas to prove some further lemmas which characterize the behavior of ERM® on samples
from a MHR distribution, where ¢ can be any value between m /N and 1/(2¢). The samples we consider consist
of m copies of 400, denoted by v;, and N — m random draws from F'. We sort the samples non-increasingly
and use

Vo1 = (Um41 > Umg2 > -+ > UN)
to denote the random draws. Let gm+1 < gm+2 < -+ - < gn denote their quantiles where ¢; = ¢(v;).

Lemma D.4. Let F' be an MHR distribution. Suppose m = o(v/N). Fix m values v to be +oo, and randomly
draw N — m values v_j from F. Let k* = argmax,. y{iv:}, ie., the index selected by ERM®, where

% <c< i Then we have
log N *
1— 05V
< 0 <\ﬁv )) Rlq"),
with probability at least 1 — O (%)

Proof. Let v def 2\/W+% = O(V%) asinClaim We have |q; — %‘ <« for any

j > m with probability at least 1 — 5. We thus assume |q; — L1 <.

R(qr~)

Y

The intuition is follows: The product juv; divided by N approximates R(g;) = ¢;v; up to an O(vy) error. Our
proof consists of three steps: The first step is to show that with high probability, there must be some sample
with quantile ¢; that is very close to ¢ so its revenue R(¢;) ~ R(q*) ~ %v:. The second step is to argue
that all samples with quantile ¢; < i are unlikely to be chosen by ERM® because ¢; is too small and the gap

between g* and - leads to a large loss in revenue, roughly speaking, Zv; ~ R(q;) < (1 — 3(£)*)R(¢") =

(1 — (1)) %v;. The final step is to show that if a quantile ¢; > o= is to be chosen by ERM®, then it must have
equally good revenue as g;.

Formally:

1. Firstly, consider the quantile interval [¢* — -, ¢*]. Each random draw g;, if falling into this interval,
will satisfy:

i * * * * ok

N Vi 2 (@ =i 2 (67 = 29)vi 2 (¢ = 2y)v" = (1= 2ey)q 07, (15)
where the last but one inequality is because ¢; < ¢* and the last one follows from ¢* > % The
probability that no quantile falls into [¢* — -, ¢*] is at most

(1-7)" = <1 -0 ( 1°§VN>> = o)
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2. For the second step, first note that the ¢; € [¢" — -, ¢*] in the first step will be considered by ERM®
since i > (¢; — )N > (¢* —27)N > (1 — 2y)N > ¢N. Then suppose ERM® chooses another
quantile ¢; instead of g;, we must have

7 i

1

We will show that such probability is small if q; < 5

+ . Pick a threshold quantile % where
T = N4, Consider two cases:

e If 0 < g; < 5. We argue that ERM® picks g; with probability at most o(3; ). Note that

J 1
VUi S (g5 +7)v; < (f +7)vj, W)

together with (T6) and (T3)), we obtain (% + v)v; > (1 — 2e7)q*v*, implying

1-2 Tv*
v > ey Tw
e 14T

= Q(Tv"),

since Ty = O Vj\lr(ig/iv ) — 0. According to Lemma the probability that there exists
v; > Q(Tv") is at most

Q(Tv™) 1

N ———— 41 =0(=).

SN R T

o If 1 <¢; < i + ~v. We argue that ERM® will never choose such ¢;. Note that

T

£0; < (g +7)vy < (L+T)g505, (18)

together with (T6) and (I3)), we obtain (1 + Ty)g;v; > (1 — 2ey)q*v*. Then by Lemmal[D.2]
1—-2ey _ qvj 1 2 1.1 2

< <l—(g—q)?<1-~(——7> 19

15Ty S o ST g@ ) <=2 =7 (19)

However, the left hand side of @) approaches to 1 since y and 7y approach 0 while the right
hand side is strictly less than 1, a contradiction. So this case never happens.

3. Finally, if ¢; > 2—16 + . We argue that if ERM® picks g; instead of g;, then R(g;) approximates
R(qi) well, satisfying the conclusion in the lemma. This is because

J
R(gj) = qjv; > (N —7)v;

J J 1
> (1 2ey) L, Lsgi—y> —
= (1= 2e7) s N=UTT =5

7
>(1- 26’7)NW Eq. (I6)
> (1= 2e7)(1 - 2e9)q"" . ()

(1=O0(M)R(q).

Combining above three steps and the event in the beginning of the proof, we have R(gw+<) > (1 —
O(y/ %))R(q*) except with probability at most
1

To(x) +o(5) = O():

N-—m
O

Lemma D.5. Let F' be an MHR distribution. Suppose m = o(v/N). Fix m values v to be 400, and randomly
draw N — m values v_1 from F. Let k* = arg mabeN{ivi}, i.e., the index selected by ERM€, where

¥ <ce< 21—6 Lete = ¢ %. Then with probability at least 1 — O (%), the following inequalities hold:
L g > q" —O(e);
2. k* > [¢" — O(e)]N > £ N;
3. v < [14+O0(e)]v™.
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Proof. For inequality (1), by Lemmaand Lemma with probability at least 1 — O(%), we have

R(q") — R(qx~) SO( logN>.

1 *\2
—(gr+ — <
g — )" < R(q") N

. . * log N
Taking the square root, we obtain gx+ > q¢* — O ({‘/ gT) .

Assume that (1) holds. To prove (2), note that by Claim we have % > qpx — O (1/ %) >q" —O(e)

except with probability at most O(4 ), and ¢* > 1.
Finally, inequality (3) follows from

o _ Rla) ¢ o d O(e)

— <1 Y
v* g R(g*) = @ ~ ¢ = O(e) q* = O(e)

<1+ O(ee).

D.2 Detailed Proof of Theorem 2.1l for MHR Distributions

Let AU (v, br,v—1) = UiTP(vi, br,v_g) — UrF (vi,vr,v—r). Similar to the proof for bounded distributions,
we have for any v;, br,v_r,

AU (vi,br,v—1) < ma - (ERMC(’U],U_]) — ERMC(bI,U_1)> < ms - ERM®(vy,v_7) - 5:Vnir5t(11_[).

By Claim|A.2, we have ERM€(vr,v—;) < ERM€(v1,v_1) where U1 can be any m; values (e.g., +00) that
y y g

are greater than the maximal value in v_;, when ¢ > T’l’}l .

Let N = T1 K1, define two threshold prices 71 = v/Nv* and T = [1 + O(€)]v* where € = /2% as in

Lemma|[D:3] Note that for sufficiently large N, Ty > T5. With the random draw of v_; from F, denote the
random variable ERM®(v,v_1) by P, we have:

Eo_, [AU(vs,b1,0-1)] = Eo_, [AU(vs, b1,0_1) | P < Tb] - Pr[P < T)]
<HEU71 [AU(vi,bI,’l)_[) ‘ Ty < P < Tﬂ . PI‘[TQ <P < Tl]
+E._, [AU(vi,br,v_1) | P > T1] - Pr[P > T3]

def

= E; + Es + Es. (20)

1. For the first term E1,

Ei =E,_ , [AU(vi,br,v_1) | P < T3] - Pr[P < T3]
<E,_, [ma- P65 (v_1) | P < T3] - Pr[P < T3]
<ma-To-Ey_, [557 (v_1) | P < Tp] - Pr[P < T3]
<ma-[L+0()" - Eo_; [657 (v-1)]

=0 (mg-v" Axofstl)

2. For the second term, we claim that Eo = O(T”?—\/l* .

~
By Lemma we have Pr[P > [1 4+ O(e)]v*] < O(+). Therefore,

Es = Ev,; [AU(’UZ'J)],’U?[) ‘ To < P< Tﬂ 'PY[T2 < P< Tl]
SEU_I[’ITIQ'P-l‘T2<PST1}-PI‘[T2<P§T1}
S’ITLQ'Tl-PI‘[P>T2]

Smymv*-O(i)

N
()
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3. For the third term, we claim that E3 = o(

Let B be the upper bound on the support of F' (B can be +00). Let Fp(z) be the distribution of P.
For convenience, suppose it is continuous and has density fp(x). We have:

Es =E, , [AU (v, br,v—1) | P > T1] - Pr[P > Ti]
SEv,I [m2P1|P>Tl]PI‘[P>T1]
=mg-E, ,[P|P>Ti] -Pr[P >Ti]

B
:mg-/ zfp(z)dz

Ty

=ma- (/Bu — Fp(a)dz + T1[1 — Fp(Tl)]) .

T

Let max{v_r} denote the maximum value in the N — m1 samples v_;. By Lemma we have for

any x > v”, ,
1 — Fp(x) = Pr[P > ] < Pr[max{v_r} > 2] < Ne o= ",
Thus,
B P ] T
[1 - Fp(x)]de+Ti[1 — Fp(Th)] < v'Ne 7 +TiNe »*
T
=v"N(1+ \/N)e_m'H
U*
= 0(7)5
as desired.

Combining the three items,

* A WOTS mZU*
E._, [AU(vs, br,v—1)] = O (mgv ANﬂntl) +0 ( i > .

D.3 An Improved Bound on Incentive-Awareness Measure for MHR Distributions

Here we improve the upper bound on AX’" for MHR distributions by proving:

Lemma D.6 (Tigher bound for MHR distributions). Moreover, if ' is MHR, let d = 2—1? and suppose 5z < ¢ <
1
10, we have

worst m 1Og3N

The main idea is to limit the range of the quantile ¢; of the “bad value” v; in Bad(n;, 6 ) in Lemma Recall
that in the proof of Lemma|[B.3] we assume ¢; can take any value in [0, 1], divide [0, 1] into O(1/h) intervals (as
in (T)), and take a union bound to upper-bound the probability that a bad ¢; exists. For MHR distributions,

however, we will show that gjv; is a (1 — O(y/°6™)) approximation to R(g"), thus we can use Lemma
to reduce the possible range of g; from 1 to O({/°&%).

D.3.1 Proof of Lemma [D.6)
We repeat the argument for Lemma[B-T]until Claim[B-2} before which we have:

1
PN G / Pr(s; (vr,v_1) > n AEldy + Pr[E]. @
0

Lety = O(\/@ ) be the upper bound on |g; — %| in Conc. With the random draw of N — m samples v_

from F' (and assume other m samples U are equal to max{v_;}), we have |g; — 4| < 7 for any j > m with
probability at least 1 — ﬁ Moreover, by Lemmaand Lemma with probability at least 1 — O(%)

we have R(qi+) = qr=vi+ > (1 — €)R(q") and gr= > ¢* — O(y/€) > o, where e = O(1/ %), Combine
the above two inequalities with Conc and denote the combined event by Conc’, i.e.,

Conc’ % Conc A [R(gr=) > (1 —€)R(¢")] A |:qk* > ¢ — O0(Ve) > i] .
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We have Pr[Conc’] < O(%). Re-define G(n) = Pr[6;(vr,v—1) >n A E A Conc’], and re-write (@):

Pr[§;(Dr,v_1) >0 AE] < G(n) + O (%) : (22)

The following steps of bounding G(n) = Pr[0;(Tr,v—1) > n A E A Conc’] are the same as before (in
particular, Lemmain Lemma|B.3), until upper-bounding Pr[Bad(n,8) A E A Conc’] (Lemma|B.5)), where

. 4/ log N
we improve the bound by a factor of |/ =%—.

Lemma D.7 (Improved Lemma for MHR distributions). Let d = 2—18 If n and 0 are at least
O —m = 2
Q (g./%), then Pr[Bad(n,0) A E A Conc’] = O (W%%).

Proof. The proof is the same as that of Lemma[B.3](in Appendix [B-3), except that before dividing the quantile
space [0, 1], we argue that the space to be divided can be shortened to [¢* — O(1/€), ¢" + O(Ve€)].

Consider the index j that is promised to exist in Bad(, 0),

R(q;) = qjv;
J
> (N — Y)vj Conc'’
k* m . N m
> ﬁvk* — N@Uk* — YU Juj > kT vgs — gvk* and v+ < v
> (qr= — y)vr — %vk* — YR~ Conc’
m
= [Qk* (27 + m)] Uk
© gy m
= 1T Ng} R(qr)
L Ar>
m * 1 Y - /
> [1 —2e(2v + N—a)] (I1-¢e)R(q") Qi > % and R(gr+) > (1 — €)R(q") in Conc
[ log N . log N
=1|1-0 o8 R(¢") Definition of y and e, and 0 = Q | m o8 .
N N
By Lemma|D-2] we have

. log N 4/log N
lg; —q"| <2 O( N ) O( N )

Now we modify the analysis after Claim Consider those intervals I;’s with length h in (TT) that intersect

with
" 1/log N " 1/log N
q O( N ),q —|—O< N .

There are at most O <% v/ %) such intervals and we denote the set of (indices of) those intervals by £. The

I, =

definitions of i, i*<(l+1>, A1, A< 141y, and Wi remain unchanged. By choosing the index [ such that ¢; € I; 12,
we know that if the event [Bad(n, ) A E A Conc’] holds then W; must hold for some [ such that [ + 2 € L.

By Lemmawe have Pr[W;] < O( fy:j%v ). Taking a union bound over I, we obtain

= 14/logN Hlog? N iJlog N mlog?N
Pr[Bad(n,6) A E A Conc'] < O 7\4/ == 1 =0 \/7 ,
[Bad(n,€) I< (h N Vhd3N N d9./(dn)3d®N

where the last equality is because H = O(Z) and h = Q(dn) under the assumption that 7 and 6 are at least
Q(m log(N—m) 0

N-—-m

Then we improve Lemma[B3|based on Lemma[D.7

Lemma D.8 (Improved Lemma . If nis at least (%, / W), then G(n) = O (ngﬁf;/iv n31/2 )
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912 Proof. Modify the end of Appendix[B3]
M

Pr[6;(Tr,v_1) > A E A Conc'] < ZPr[Bad(m,@t) A E A Conc'] Lemma[B4]

t=0
M 2

= ZO (\4/ log N mlog” N_ i\f > Lemma[D7]
t=0 N di9,\/niN
M

-Yoft log N mlog” N 11 Definition of 6;
pors N dWN ny/n}

—ofs log N mlog® N EM: N1 1
N d*VN =0 77? /2
913 Note that because 7, 0; > Z, the condition of Lemmais satisfied when n = Q(% W)

914 By Claim we can choose a sequence of {7; } such that
M

M1 1 o log log(N — m)
Z 3/2 3/2 '
t=0 yr n

n

915 Therefore,

_ — , mlog?tt /4 N log log(N — m)) mlog® N 1
Pr(é;(vr,v—1) >n A E A Conc’] <O ( TN 72 =0 BN )

916 O

917 We finish the proof of Lemmaby computing the integral in ZT). Let C = © (7;‘41‘;\]’;: /iv) be the bound on

918 G(7n) in Lemma m and let A = O(% W) = 0(%4/ %) be the condition on the lower bound on
919 7in Lemma Then G(n) < UTC;Q when 7 > max{C?/3, A}. If C*/3 > A, then we have

/Olpr[a,(m,u_f) >0 AEldy < /01 <G(x) +0 (%)) dz by @2)

2
Cc3 1
g/ 1dx+/2%dx+0(%)
0 c3 x2

2 C c 1 1
—ci+ & Coiio(L)

-0 m?/3 log? N
= &N )

920 If A > C?/3, then we have:

1
/ Pr[61(5171)7[) >n Ai]dn
0

+O(%)>dx by 2)

IN
c\H
S

Q

&

m [log N mt/21og? VAN 1
<0 (d N ) +®< dA—1/2 N3/4—-1/4 +0 N

921  which, together with (Z1)), concludes the proof of Lemma[D.6]
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E Analysis for a-Strongly Regular Distributions

E.1 Useful Lemmas

Lemma E.1 (Cole and Roughgarden [11]). Any a-strongly regular distribution has a unique q*, and q¢* >
ata,

Lemma E.2 (Huang et al. [23], Lemma 3.5). For any a-strongly regular distribution F, for any 0 < ¢ < 1,
R(¢") — R(q) > §(¢" — 9)*R(q").

Lemma E.3. Let F' be an a-strongly regular distribution. Let X = max{v1,...,vn} where vi,...,vN are
1
N i.id. samples from F. For any © > v*, we have Pr[X > z] < N (Mﬁ) e
_ — _ [ _f _ [z _f) s *
Proof. Notethat 1 — F(z) = exp fo 1_F(v)dv < exp fv* 1_F(v>d1) . By the definition of v™* we
know (v*[1 — F(v*)])) =0, or 1[?{;)*) = -L. By the definition of a-strong regularity, we have
/
177}7(37) -1 d¢ <l-a
f(x) dz
and |- Flz) _1-F(")
— F(x — F(v X
< +(1—-—a)(zx—2v").
o = ey e
Thus
v f) / ’ 1 1 . . .
> - dv = In(v"+(1—a)(z—2v")) —Inv
/v* T=F@©) = Jo T (1= a)(v —v7) g "+ (1 —a)( ) ]
and .
1 v + (1 —a)(z—v*) v* T-a
1-F(z) < — 1 = .
(x)iexp{ I—a v* 1-a)z+ av*
Then the lemma follows from a simple union bound:
* =
v —x
Pr[X = Pr[3i,v; <N[1-F <N|——F—— .
r[X > z] r[Fi, v > 2] < NJ (z)] < ((1—a)x—|—av*)
O
Claim EA4. (Improved Claim@) Define event Conc:
) J 3In(2(N —m))  m
— .| < el i
Conc [V]>m, q; N'_2 o N —m +N ,
then Pr[Conc] < — L where the probability is over the random draw of the N — m samples v_.
(N—m) 2«
Proof. Setd = —L—_in Lemma O
(N—m) 2a

Lemma E.5. Let F' be an a-strongly regular distribution. Suppose m = o(v/ N). Fix m values v to be 400,
and randomly draw N — m values v_; from F. Let k™ = argmax;. .y {iv:}, i.e., the index selected by ERM°,

1 1/(1—a)
where (%) 8 <c< ®—5——. Then we have

R(qi+) > <1 -0 ( lo]gVN>> R(q"),

with probability at least 1 — O (ﬁ) The constants in the big O’s depend on c.
NZa

Proof. Let~ et 21/%W +5% =0 (\/ %) as in Claim We have |g; — %| < ~ for any

——L5—=. We thus assume |q; — &| < ~. For simplicity, we define

(N—m) 2«
e(a) = o/~ and Lemmaimplies q" > e(w).

j > m with probability at least 1 —
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The intuition is follows: The product jv; divided by N approximates R(q;) = ¢;v; up to an O(~) error. Our
proof consists of three steps: The first step is to show that with high probability, there must be some sample with
quantile g; that is very close to ¢" so its revenue R(q:) ~ R(q") ~ +v:. The second step is to argue that all

samples with quantile g; < % are unlikely to be chosen by ERM because g; is too small and the gap between
q" and @ leads to a large loss in revenue, roughly speaking, %Uj ~ R(q;) < (1 - g(M)Z)R(q*) ~

3 72
(1 — (1)) 4 vi. The final step is to show that if a quantile ¢; > is to be chosen by ERM®, then it must
have equally good revenue as g;.

e(a)
2

Formally:

1. Firstly, consider the quantile interval [¢* — v, ¢*]. Each random draw g;, if falling into this interval,
will satisfy:

%vi > (g —7)vi > (¢ —27)vi > (¢" = 27)v" > (1 — 2v/e(@))q"v", (23)

where the last but one inequality is because ¢; < ¢* and the last one follows from ¢* > e(«). The
probability that no quantile falls into [¢* — -y, ¢*] is at most

Nem _ log N N _ 1
(1=7) —<1O< N )) —O(ﬁ)'

2. For the second step, first note that the g; € [¢* — -, ¢*] in the first step will be considered by ERM*
sincei > (¢ —v)N > (¢" —2v)N > (e(a)) — 2y) N > ¢N. Then suppose ERM€ chooses another
quantile ¢; instead of g;, we must have

%’Uj Z %’Ui. (24)

We will show that such g; does not exist.

ol

Suppose ERM® chooses ¢;, then j must satisfy j/N > ¢ > (&%)

()

1
If (188) 5 — 5 < g; < <52 + 4, note that

, and as a result, g; >

v < (@t < 1+ ajvs, (25)

together with (24) and (23), we obtain (1 + W q;v; > (1 — 2v/e(a))qg*v*. Then by
log Ny _,
Lemma[E2]

1—2v/elc V5 « " aela
—Tt— T q*v 3
(I%TN) R
However, the left hand side of (26) approaches to 1 while the right hand side is strictly less than 1, a
contradiction. So this case never happens.

3. Finally, if ¢; > < 2°‘> + 7. We argue that if ERM¢ picks ¢; instead of g;, then R(gq;) approximates
R(qi) well, satisfying the conclusion in the lemma. This is because

R(g;) = a5 > (55 =Ny

2y 3 J e(a)
> ( _e(a))ﬁvj NZU T2
2y (1
= e(a))ﬁvi Eg. @
> (1= - T Eq. @)

= (1= 0M)R(q").
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Combining above three steps and the event in the beginning of the proof, we have R(gw+) > (1 —
O(y/ 6N ))R(q*) except with probability at most

1 1 1
(N )sgza + O(ngza ) = O(N3;2a )
—m @ @ P

O

Lemma E.6. Let F' be an a-strongly regular distribution. Suppose m = o(~/N). Fix m values v to be 400,
and randomly draw N — m values v_g from F. Let k* = arg maxi>cN{ivi}, i.e., the index selected by ERMS,

1 1/(1—a
where (%) 5 <eL % Lete = ¢ %. Then with probability at least 1 — O <ﬁ> the
N Za

following three inequalities hold:

L g > q" — O(e);

Ql/(1=a)

2k > [g" — O(e)N > 2=

3. v <14 0(e)]v™.

The constants in the big O’s depend on o.

Proof. Define e(a) = o'/ 1= We have ¢* > e(a).
For inequality (1), by Lemmaand Lemma with probability at least 1 — O(—3255), we have

«@ w2 _ R(@") — R(gr~) log N
30 T = TR SO( N>'

Taking the square root, we obtain gx+ > ¢* — O ({‘/ ngN) .

To prove (2), note that by Claim we have % >qe-— 0 (\ / %) >q" — O(e).

Finally, (3) follows from

v R(ge+) ¢* 7 q" O(e) ( € )
Uk _ <1.4 < — 14+ <14+0(-).
v* ar-  R(q*) g~ q* — O(e) g — O(e) e(a)

E.2 Detailed Proof of Theorem 2.1 for a-Strongly Regular Distributions

Let AU (vs, br,v—1) = UFF (vi, br,v—1) — U¥ (v4,vr,v—1). Similar to the proof for bounded distributions,
we have for any v;, br,v_r,

AU(’vi,b[,LL[) S ma - (ERMC(’U[,Ufj) — ERMC(b[,’Ufj)) S mao - ERMC(U]7'U7[) . (SynolrSt('Uf[).

By Claim we have ERM®(vr,v—1) < ERM®(v1,v_r) where U7 can be any m, values (e.g., +00) that

are greater than the maximal value in v_;, when ¢ > T'lnél .

. (1—o)
Let N = Ty K4, define two threshold prices 71 = N3 = v* and Ty = [1 + O(e)]v* where € = 4/ % as
in Lemmal[E.@

Note that for sufficiently large IV, 77 > T%. With the random draw of v_r from F, denote the random variable
ERM*(v1,v_1) by P, we have:

Ev,i [AU(’UZ‘,bbUf])] = ]Ev,f [AU(’thh’l}f[) ‘ P S TQ] . PI“[P S TQ]
-HEU_I [AU(’U“Z)[/U?[) ‘ T, < P< Tﬂ . PI‘[TQ < P< Tl]
+Ev_1 [AU(’UZ',Z)],’Ufj) ‘ P> Tl} . PI‘[P > Tl}

'R, + E, + Es. 27)
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998 1. For the first term Eq,

Ei =E,_, [AU(vi,br,v_1) | P < Ts] - Pr[P < Ty]
<Ey_, [m2- P oy (v_g) | P < Tp] - Pr[P < T3]
<mg-Tp-EBy_; [657 (v_1) | P < T3] - Pr[P < T3]
<ma- (140" - Eu_, [ (v_1)]

=0 (ma v ARIR)

999 2. For the second term, we claim that E; = O( mj%* ).
1000 By Lemma we have Pr[P > [1 4 O(€)|v*] < O( 3 2 ). Therefore,

Eo :EU71 [AU(’Uz’,bI,U_[) ‘ Ty < PSTﬂ -PI‘[TQ < PSTl]
SEU71 [mz-P-l‘T2<P§T1}'PI[T2<P§T1}
<mg-T1-Pr[P > T3]

(1-a)
SmQ'Nglzu 'l)”‘O(%)

2a

1001 3. For the third term, we claim that Es = o( mj%* ).
1002 Let B be the upper bound on the support of F' (B can be +00). Let Fp(x) be the distribution of P.
1003 For convenience, suppose it is continuous and has density fp(z). We have:

Es :]Ev,l [AU(,vi,bI7U7]) | P > Tl] . PI"[P > Tl]
<E,_, [m2-P~1|P>T1]-P1"[P>T1]
=my By, [P|P>T] Pr[P>Ti]

— s /B 2fp(z)de

T
B
=ma- (/ [1— Fp(z)|dz 4+ Th[1 — Fp(Tl)]) )
T
1004 Let max{v_r} denote the maximum value in the N — m; samples v_;. By Lemmal|E.3| we have for
1005 any x > v”,
1
* -«
1— Fp(z) =Pr[P > z] < Prmax{v_;} >z] <N (O—Oé;)m) .
1006 Thus,
/ 1—FP dx-i—Tl[l—Fp(Tl)]
1 1
/ o TdednN (O )T
- (1 — o)z + av* S (1—-a)T1 + av*
1
VT * i«
SE (v)T _ —|—T1N<U—)
a [(1—-a)Th + av*]T-= (1—a)T1 + av*
1
N ’U* 1—a
=2 (T N
o (T1 + av™) <(1—a)T1—|—ow*)
’U*
= O 5
()
1007 as desired.

1008 Combining the three items,

E,_, [AU(vr,br,v_1)] = O (mav* AYEL) + 0 (”\1/2]% ) ,

1009 where the constants in O’s depend on av.
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F Lower Bounds

F.1 Discussion

worst

A lower bound on AW‘"“. Theorem 1.3 gives an upper bound on ARY?5" for a specific range of ¢’s. When one
considers respective lower bounds, a preliminary question would be: how does the choice of c affect the possible
lower bound? The following result shows that it is enough to prove a lower bound for one specific c in the range
of allowed c’s. The same lower bound will then hold for all ¢’s in that range.

Proposition F.1. Let AN/ (c) denote the worst-case incentive-awareness measure of ERMC. Suppose
m = o(vVN).

e For bounded distributions, AN 5’ (c) = ANt (%), for any ¢ € [, 55].

e For MHR distributions, AN’5s' (c) is bounded by AN r' (%) + O(%), forany c € [%, L.

Proof. Fix any d € (0,1) and any ¢ € [, 2]. Recall that AN (c) = Eo_,~r [0 (v-1, )], where,
letting U1 be a vector of m identical values that are equal to max v_r, then by Claim[A2]

1nbeeRT P(b[, v-r1, C)
P(ﬁh V-1, C)

Let k™ (v,c) = argmax; y{iv@;)} where v = (Ur,v_r), i.e. the index of P(v,c) in v. We show that, if
E*(v,c) > dN for c = %, then

67v¥lorst (’Uf[, C) — 1 _

e P(wr,v_1,¢) = P(vr,v_1, %) forany ¢’ € [%,d]. To see this, note that
E™(

v, —) = arg max{iv(; } = arg max{iv;)} = argmax{iv} = k" (v, ),
N >N i>dN i>c' N
where the second equality follow from our assumption that k™ (v, %) > dN > m and the third
equality is because 2 < ¢’ < d.

. inbeGRm P(br,v_1,c) = inbeERm P(br,v_r, %) forany ¢’ € [%, g] Fix ¢ = % and consider
any ¢’ € [2,2]. Let by € R be any b1ds such that P(br,v_r,¢) < P(v1,v_1,c). Let v’ =
(br,v_1). Consider k*(v”, c), we have v(k*@ o) < V(k*(v,c))s SO k*(v”, ¢) must be greater than
the index of V(g (4, in v, The index of V(ke* (v,¢)) N v® is at least k* (v, ¢) — m, thus k* (v®, ¢) >
k*(v,c) —m > dN —m > $N. We claim that P(br,v_r,c’) = P(br,v_r,c). To see this, note
that

k" (br,v_r, m) = arg max{wm} = arg max{w(z)} = arg max{w( v} =k (br,v-1,c),
N > ~N i>4 dn ' N
where the second equality is because k* (v°, X)) > %N , and the third equality follows from 3 <
d < e,
>3

Thus, op>" (v—1,¢) = S5 (v—s, ) for any c € [2, 4]. Define E(c) = [k* < dN], then

Nom () = E[55 (v-1,0)]
= E[65" (v-1,¢) | E(c)] - Pr[E(0)] + E[d5" (v-1,¢) | E(c)] - Pr[E(c)]

c)
WOrs m WOrs

= B[ (v-1, ) | B(0)] - Pr[E(0)] + B0 (v-1, ¢) | E(0)] - Pr[B(c)].
For bounded distributions, consider d = 5 and ¢ € [, 55 ]. We have proved in Theoremthat Pr[E(c)] =

for any ¢ € [%, 4]. Thus ARt (c) = E[S,fom( v_r, ) | E(c)] - Pr[E(c)] = AR (%).

For MHR distributions, let d = 2=, as proved in Lemma Pr[E] O(+) for ¢ € [, L]. Then
0 < B (o-p.0) | B PiE(0) < 1 PelE(e)] = OF]). T AR ) - Ay (] < o(2)
forany c € [2, £

Lavi et al. [26] show a lower bound that can be compared to our upper bounds in Theorem [I.3] Specifically,
they show that for the two-point distribution v = 1 and v = 2, each w.p. 0.5, AN™ = Q(1/V/N). Itis easy to
adopt their analysis to any two-point distribution with v1 = 1 and v2 > 1. Since this is a bounded distribution,
we obtain the following corollary:

33



1044
1045

1046

1047
1048
1049
1050
1051

1052
1053

1054

1055

1056
1057
1058

1059

1060
1061

1062
1063

1064

1065

1066

1067

1068
1069

1070

1071
1072
1073
1074
1075

1076

Corollary F.2. For the class of bounded distribution with support in [1, D], and any choice of Ty < ¢ < %,

ERM° gives AN (c) = Q(ﬁ) where the constant in Q depends on D.

worst

It remains open to prove other lower bounds on ARy,,", especially for MHR distributions.

worst

A lower bound on the approximate truthfulness parameter, ¢;.  Since ARX’"" only upper bounds the
approximate truthfulness parameter €1, a lower bound on A¥’5* does not immediately implies a lower bound on
€1. However, an argument similar to above shows the same lower bound directly on €;. Consider the two-point
distribution F' where for X ~ F, Pr[X = 1] = 1— % and Pr[X = D] = . For simplicity let K1 = K = 2
and suppose bidder ¢ participates in m1 and ms auctions in the two phases, respectively. Let N = T7 K; and
assume m; = o(v/N). Suppose the first-phase mechanism M is the second price auction with no reserve price.
Then,

Proposition F.3. In the above setting, e1 = ) (%) forany c € [+, %] where the constant in ) depends
on D.

The proof is in Appendix [F2] Once again, it remains open (and interesting, we believe) to prove a lower
bound for MHR distributions, and to close the gap between our upper bound for bounded distributions which is

O(N~31log? N).

F.2 Proof of Proposition Lower Bound for the Two-Phase Model

Consider the two-point distribution F* where for X ~ F, Pr[X = 1] = 1 — & and Pr[X = D] = +. For
simplicity let K1 = K> = 2, and suppose bidder ¢ participates in m; and ms auctions in the two phases,

respectively. Let N = 71 K; and assume m1 = o(v/N). Suppose the first-phase mechanism M is the
second price auction with no reserve price. We argue that to satisfy e;-approximate truthfulness, e; must be

Q ma(D-1)? forc € [, ;1]
N/CEE YA N’2DY
Suppose the values of bidder ¢ across two phases are all D’s, i.e.,

—_—
vi=(D,...,D,D,...,D),

and bidder ¢ bids m1 (D — €)’s with e = %2 in the first phase (assume N > D?),
mi
——
br=(D —¢€,...,D —¢).

Recall the definition of the interim utility of bidder ¢:
E.,_, [UiTP('vi,bI,U_I)] =E, , [UiM(vz'7bI7U—I) +m2uK2 (D,P(b],v_j))] .

o First consider the increase of interim utility in the second phase. If the reserve price is D, then bidder
s utility is

u™*(D, D) = 0. (28)
If the reserve price is 1, then her utility becomes
1 1 (D—-1)2
Ko
DH)Y=1-=)-D-1)+—=-0=——. 2
WD) = (1= 5) D=1+ 0=—F 29)

We then consider the probability that the reserve price is decreased from D to 1 because bidder ¢
deviates from D to D — e. This probability is over the random draw of N — m; values v_;. Suppose
there are exactly (N +1—m1) D’sin v_;. Then when bidder ¢ bids truthfully, there are (5N +1)
D’sin (vy,v—r) in total, which results in P(v;,v_;) = D because (5N +1)-D > N - 1. However,
if bidder ¢ deviates to by, then P (b, v_r) becomes 1, because

D

1 D 1
- (D—€)=N{1+=)1-= 1 —N+1-mi) - D<N-1.
(FN+1D- (D=9 =N1+ A~ <N-1 and (FN+1-m) D<N

Thus, the reserve price is decreased from D to 1 with probability at least:

Pr[Bin(N — ma, %) = %NJr 1—mi] =9 S . (30)
Li- LN

34



1077

1078
1079
1080

1081

1082

1083

1084

1085

1086

1087
1088
1089
1090
1091
1092
1093
1094
1095
1096

1097
1098
1099

1100
1101
1102
1103

1104

1105

1106
1107
1108

1109

1110

1111

1112
1113

Combining (30), 29) and (28), we obtain

E, [mguK2 (D, P(b1,v_1)) — mau’2(D, P(vI,v,I))]

1 - (D-1)%  \_ ma(D —1)?
>0 Dy 2( 5 0) Q((D—mv)' (31)

e Then we upper bound the utility loss due to non-truthful bidding in the first phase for bidder i. Note
that since M is the second price auction with no reserve price, no matter bidder ¢ bids D or D —e > 1,
her interim utility is the same:

1\2
E.,_, [Uz‘/\A(vuvuvq)} =m <(1 - %)(D —1)+ % : o) = w’
)2
Eo_; [UiM(”ivthfI)] =m ((1 - %)(D —-1)+ % 4 0) — w.
Thus
E,_, [UiM(vi,bI,v—I) - U,-M(vi,vf,v_I)] =0. (32)

Finally, by (31) and (32)), we have

_ 2
E._,; [UZ-TP(UubI,UfI) - U;TP(’UnUI,v*I)} >0 (%) ,

which gives a lower bound on €;.

G Unbounded Regular Distributions

G.1 Discussion

Theorem [2.2]shows that approximate truthfulness and revenue optimality can be obtained simultaneously for
bounded (regular) distributions and for MHR distributions. A natural question would then be: what is the largest
class of value distribution that we can consider? If K1 > 1 or K2 > 1 (i.e., each auction includes multiple
bidders, at least 2), then running a second price auction with an anonymous reserve price may not be optimal if
the distribution is non-regular [30]. Moreover, even in the one-bidder case, the sample complexity literature
analyzes the ERM algorithm only for regular or for non-regular and bounded distributions. For other classes
of distributions, ERM does not seem to be the correct choice. Thus, the class of general unbounded regular
distributions is the largest class we can consider. Still, our results do not cover this entire class since MHR
distributions is a strict sub-class of regular distributions and for regular but non-MHR distributions we assume
boundedness.

Our results can be generalized to the class of a-strongly regular distributions with o > 0. As defined in [11]], a
distribution F’ with positive density function f on its support [A, B] where 0 < A < B < 400 is a-strongly
1}2()1) satisfies ¢(y) — ¢(z) > a(y — «) whenevery > x
(or ¢'(z) > aif ¢(z) is differentiable). As special cases, regular and MHR distributions are 0-strongly and
1-strongly regular distributions, respectively. For o > 0, we obtain bounds similar to MHR distributions
on A‘}{,‘?ﬁt and approximate incentive-compatibility in the two-phase model and the uniform-price auction.
Specifically, Theorem@can be extended to any a-strongly regular distribution with a > 0 as follows:

Theorem G.1. If F is a-strongly regular for 0 < a < 1, then A3t = O (m%), when m = o(v/N)

1/(1-a)
1

1/3
and %} f; (10%;V') / f; c f; a

regular if the virtual value function ¢(x) = z —

. The constants in O and o depend on c.

Note that this bound holds only for large enough /N’s since /(=% 5 0as o — 0. However, for any fixed
a > 0 there exists a large enough N such that the relevant range for appropriate ¢’s will be non-empty[’| The
worst

proof of the upper bound on AR5 is similar to the proof for MHR distributions (Lemma , except that, we
need ¢ > (%) Y3 10 guarantee Pr[E] = O(%) (Lemma ; thus we omit the proof.

Similarly, both of Theoremwhich says that the two-phase model is (O(mav* AFIRY | )+O( &”%I;))-BIC

and Theorem [3.1|which says that the uniform-price auction is (m, (O(v* AR"Y) + O(:}—%)))—group BIC, hold
for any a-strongly regular distribution with o > 0. The proof of the former is in Appendix[E-2]and the latter is
omitted.

5The constant in the big O depends on a, so it is constant only if the distribution function is fixed. However,
it goes to infinity as o — 0.
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Figure 2: For equal-revenue distribution,
AP (in black) on the y-axis as a function of
N on the z-axis, with ¢ = ©((log N/N)'/3).
Three other functions are plotted for refer-
ence.

Figure 1: For equal-revenue distribution,
ARP* (in black) on the y-axis as a function

of N on the z-axis, with ¢ = 1/N. Three
other functions are plotted for reference.

It remains an open problem for future research whether ERM® is incentive-aware in the large for regular
distributions that are not c-strongly regular for any o > 0. For these distributions additional technical challenges
exist since the choice of ¢ in ERM® creates a clash between approximate truthfulness and approximate revenue
optimality. Unlike MHR and bounded regular distributions for which we can fix ¢ = m /N to obtain approximate
truthfulness and revenue optimality, for arbitrary unbounded distribution we have to choose ¢ more carefully. If
c is too large, for example, a positive constant, then we cannot obtain nearly optimal revenue.

Specifically, to obtain close-to-optimal revenue for all bounded distributions on [1, D] it is easy to verify that we
need ¢ < 1/D. Since the class of unbounded regular distributions contains all bounded regular distributions for
all D € Ry, it follows that ¢ cannot be a constant. We therefore need to consider a non-constant ¢(N'). In fact,
it has been shown in [23]] that if ¢(N) — 0 as N — oo then approximate revenue optimality can be satisfied.
However, if ¢ is too small, truthfulness will be violated, as discussed in the following two examples (assume
m = 1 for simplicity).

Example G.2 (Small ¢ hurts truthfulness). Suppose we choose ¢(N) = %, that is, ERM€ ignores only the
largest sample. Consider the equal-revenue distribution F(v) = 1 — %for v € [1,+00). Note that this is a
0-strongly regular distribution but not a-strongly regular for any o > 0 since for any x, ¢(x) = 0. Similarly to
Yao [31l], we prove in Appendixthat ART* does not go to 0 as N — +oo. This is also visible in Fig.
which shows in black %‘:{St (on the y-axis) as a function of N (on the x-axis). This was obtained via simulation,
for c = 1/N. Three other functions are plotted in other colors, for reference. However, whether AN7** — 0

crucially depends on the choice of c, as can be seen in Fig. EI where A}'(f”{s': seems to converge to zero with

c = O((log N/N)'/3).

Example G.3 (Does an intermediate ¢ hurt truthfulness as well?). Now assume ¢ = ©((log N/N)'/®), and
consider the “triangular” distribution F(v) =1 — v%rl forv € [0,400). This distribution can be seen as the
limit of a series of bounded regular distributions whose upper bounds and optimal reserve prices both tend to
~+00. Note that it is a regular distribution but not a-strongly regular for any o > 0. We do not know whether
AX‘?{“ — 0as N — oo (see Fig.|3). In particular, our main lemma ( Lemma may not suffice to analyze this
distribution as Pr[E] (as defined in that lemma) is unlikely to go to zero as N goes to infinity (see Fig. {|for
simulation results).

G.2 Proof of Example AR # 0 for the Equal-Revenue Distribution and ¢ = 1/N

We show that when F is the equal-revenue distribution, F'(v) =1 — 1, (v € [1,+00)), and ¢ = 1/N, AR}
does not goto 0 as N — +oo0.

Recall Deﬁnition AN =Ey_[687 (v_1)]: we draw N — 1i.i.d. valuesv_; = {vs,...,vn} from F,
and a bidder can change any value v; = v; to any non-negative bid b;. Let the other values v_; = {1)2, AU N}
be sorted as v(zy > --+ > v(n). Let A\ = 10, A" = 1, and let Ty_1 be the event that v(2y > A(N — 1) and
V() < )\I(N — 1). Let Vv _1 be the event that maX3§i§N{i . U(i)} < )\(N — 1).

‘When v_; satisfies event Ty _1 A Vn_1, then

et y_) > 1 — 5 (33)
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Figure 4: Pr[k* < 2cN] as a function of
Figure 3: A%‘?{St for the triangular distribu- N for the triangular distribution, with ¢ =
tion, with ¢ = ©((log N/N)'/3) (log N/N)'/3 /5. Our simulations show that

Pr[E] > Pr[k* < 2¢N] > 0.815.

This is because when Tv_1 A Vn_1 happens, there exists some v1 > A(N — 1), resulting P(vr,v—
A(N —1), while the bidder can strategically bid by < A’ (N —1) and change the price to P(br,v—r) < X' (N—1).

Moreover, we will show that the probability that the event Tv—1 A Vy—1 happens satisfies

[

2
N

Pr[TN 1 A VN_ 1]>09

Combining (33) and (34), we know
/
Amorst > (1_ >\7) (

The proof of (34) is separated into two parts. Firstly,

N-1\ 1 1 oy 1 2
Pr[TNﬂ:( 1 )/\(Nl)(l_/\’(Nl)) Z 3¢

Then we show that
Pr[VN_1 | TN_1] < 0.1.
Let 23, . . ., zn bei.i.d. random draws according to F conditioning on z < A (N —1), i.e., forany ¢t € [1, N —1],
recalling that A" = 1,
1 1 1

(- — )-
-5t N-1

P%[z>t|z<)\'(N—1)]:

Let YT = maxs<i<n{i - z¢;) } where z(3) > - -+ > z() is the sorted list of z;’s. Clearly,
Pr[Vy—_1 | Tn—-1] = Pr[YN2T > AV — 1)].

For any t > 1, let M, be the number of z;’s (3 < ¢ < N) satisfying z; > ¢, and B; be the event that
te (M +2) > 280 ety = 2L for 1 < k < [logy (N — 1)]. As the event Y7'°F > (N — 1) implies

Vlgkg Llogs (N—1)] B, , we have

Llogs (N—1)]
PrY§“t > AN —1)] < Y Pr[B,]. (35)
k=1

Note that E[M;] = &1 — 1. Using Chernoff’s bound, we have

AN — 1) _1
AR < E
2t se

N—-1

Pr[By] = Pr[M; > 3%, (36)

Combining (33) and (36), we know

— [logQ(N—l)j 19k A 2 = 1 A 2
PrlVi_1 | Tv ] = PIYFT > AN -1 < Y e 3@ a7 o N emsh a7 < o,
k=1

and this completes the proof of (34).
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