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Abstract

We propose Federated Accelerated Stochastic Gradient Descent (FEDAC), a princi-
pled acceleration of Federated Averaging (FEDAVG, also known as Local SGD)
for distributed optimization. FEDAC is the first provable acceleration of FEDAVG
that improves convergence speed and communication efficiency on various types
of convex functions. For example, for strongly convex and smooth functions, when
using M workers, the previous state-of-the-art FEDAVG analysis can achieve a
linear speedup in M if given O(M) rounds of synchronization, whereas FEDAC

only requires O(M é) rounds. Moreover, we prove stronger guarantees for FEDAC
when the objectives are third-order smooth. Our technique is based on a potential-
based perturbed iterate analysis, a novel stability analysis of generalized accelerated
SGD, and a strategic tradeoff between acceleration and stability.

1 Introduction

Leveraging distributed computing resources and decentralized data is crucial, if not necessary, for
large-scale machine learning applications. Communication is usually the major bottleneck for
parallelization in both data-center settings and cross-device federated settings [Kairouz et al., 2019].

We study the distributed stochastic optimization min,,cgs F(w) := E¢up f(w; &) where F'is convex.
We assume there are M parallel workers and each worker can access F' at w via oracle V f(w; &)
for independent sample & drawn from distribution D. We assume synchronization (communication)
among workers is allowed but limited to R rounds. We denote 7" as the parallel runtime.

One of the most common and well-studied algorithms for this setting is Federated Averaging
(FEDAVG) [McMahan et al.}[2017], also known as Local SGD or Parallel SGD [Mangasarian) (1995,
Zinkevich et al.,[2010, |Coppola, 2014, Zhou and Congl 2018] in the literature)'| In FEDAVG, each
worker runs a local thread of SGD [Robbins and Monro, |1951]], and periodically synchronizes with
other workers by collecting the averages and broadcast to all workers. The analysis of FEDAVG
[Stichl 2019a} [Stich and Karimireddy} 2019, |Khaled et al., 2020}, Woodworth et al., 2020]] usually
follows the perturbed iterate analysis framework [Mania et al., 2017|] where the performance of
FEDAVG is compared with the idealized version with infinite synchronization. The key idea is to
control the stability of SGD so that the local iterates held by parallel workers do not differ much,
even with infrequent synchronization.

We study the acceleration of FEDAVG and investigate whether it is possible to improve convergence
speed and communication efficiency. The main challenge for introducing acceleration lies in the
disaccord of acceleration and stability. Stability is essential for analyzing distributed algorithms such
as FEDAVG, whereas momentum applied for acceleration may amplify the instability of the algorithm.
Indeed, we show that standard Nesterov accelerated gradient descent algorithm [Nesterov}, 2018]] may
not be initial-value stable even for smooth and strongly convex functions, in the sense that the initial

'In the literature, FEDAVG usually runs on a randomly sampled subset of heterogeneous workers for each
synchronization round, whereas Local SGD or Parallel SGD usually run on a fixed set of workers. In this paper
we do not differentiate the terminology and assumed a fixed set of workers are deployed for simplicity.
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Table 1: Summary of results on the synchronization rounds R required for linear speedup in
M. All bounds hide multiplicative polylog factors and variables other than A and T for ease of
presentation. Notation: M: number of workers; T': parallel runtime; “Asm.” stands for Assumption.

Synchronization Required for Linear Speedup

Asm. Algorithm Strongly Convex General Convex Reference
A FEDAVG T3 M3 - [Stich/[2019a]
T5Ms - [Haddadpour et al.|2019b)
M T3 M3 [Stich and Karimireddy![2019]
M TzM3 [Khaled et al.![2020]
FEDAC ~ M3 min{T3M% T5M5} Theorems[.1] -and
A FEDAVG ~max{T~2Mz,1} TzM? Theorems 3.4|and [E
FEDAC ~ max{T~§Ms,1} max{TiM3i,TsM3} Theorems[3.3/andE.3|

infinitesimal difference may grow exponentially fast (see Theorem[4.2). This evidence necessitates a
more scrutinized acceleration in distributed settings.

We propose a principled acceleration for FEDAVG, namely Federated Accelerated Stochastic Gradient
Descent (FEDAC), which provably improves convergence rate and communication efficiency. Our
result extends the results of(Woodworth et al.|[2020] on LOCAL-AC-SA for quadratic objectives to
broader objectives. To the best of our knowledge, this is the first provable acceleration of FEDAVG
(and its variants) for general or strongly convex objectives. FEDAC parallelizes a generalized
version of Accelerated SGD [Ghadimi and Lan| |2012]], while we carefully balance the acceleration-
stability tradeoff to accommodate distributed settings. Under standard assumptions on smoothness,
bounded variance and strong convexity (see Assumption [T] for details), FEDAC converges at rate

O(+4= w7+ 755) The bound will be dominated by (’)( =) for R as low as O(M 3 ), which implies the
synchronization R required for linear speedup in M is (9 M3 IIn comparison, the state-of-the-art
FEDAVG analysis [Khaled et al.|[2020] showed that FEDAVG converges at rate O(W + 75 ), which
requires O( ) synchronizatlon for linear speedup. For general convex obJective FEDAC converges
at rate O( \/m + o ) which outperforms both state-of-the-art FEDAVG O( \/— + 2 ) by
'Woodworth et al. and Minibatch SGD baseline ©( \/W R) [Dekel et al., 2012]"| We summarize
communication bounds and convergence rates in Tables[T]and 2] (on the row marked AT).

Our results suggest an intriguing synergy between acceleration and parallelization. In the single-
worker sequential setting, the convergence is usually dominated by the term related to stochasticity,
which is in general not possible to be accelerated [Nemirovski and Yudin,|1983]]. In distributed settings,
the communication efficiency is dominated by the overhead caused by infrequent synchronization,
which can be accelerated as we show in the convergence rates summary Table[2]

We establish stronger guarantees for FEDAC when objectives are 3"9-order-smooth, or “close to
be quadratic” intuitively (see Assumption 2] for details) For strongly convex objectives, FEDAC
converges at rate (’)( wT T T2 7o) (see Theorem . We also prove the convergence rates of FEDAVG
in this setting for comparison. We summarize our results in Tables[T]and 2] (on the row marked A2).

We empirically verify the efficiency of FEDAC in Section[5] Numerical results suggest a considerable
improvement of FEDAC over all three baselines, namely FEDAVG, (distributed) Minibatch-SGD, and
(distributed) Accelerated Minibatch-SGD [Dekel et al., 2012} |(Cotter et al., 2011]], especially in the
regime of highly infrequent communication and abundant workers.

>We hide varaibles other than T, M, R for simplicity. The complete bound can be found in Table[2|and the
corresponding theorems.

3“Synchronization required for linear speedup” is a simple and common measure of the communication
efficiency, which can be derived from the raw convergence rate. It is defined as the minimum number of
synchronization R, as a function of number of workers M and parallel runtime 7', required to achieve a linear
speed up — the parallel runtime of M workers is equal to the 1/as fraction of a sequential single worker runtime.

*Minibatch-SGD baseline corresponds to running SGD for R steps with batch size M T/ R, which can be
implemented on M parallel workers with R communication and each worker queries 7" gradients in total.



Table 2: Summary of results on convergence rates. All bounds omit multiplicative polylog factors
and additive exponential decaying term (for strongly convex objective) for ease of presentation.
Notation: Dy: |
strong convexity; L: smoothness Q: 3%- order-smoothness af Assumptionlis assumed).

Assumption  Algorithm  Convergence Rate (E[F' ()] —F* <) Reference
Alli>0)  FEpAVG  exp. decay +# fr + e [Woodworth et al.| 2020]
FEDAC exp. decay +—-= m 7 + min { fTZQ , #QZT ;3 } TheoremE
,u >0) FEDAVG  exp. decay +u AT + OQ;Z;Z Theorem 3.4
FEDAC exp. decay +—5— m MT + dez Yo Theorem 3.3
] 12 4
Alfp=0) FepAve 284 + 2o 4 % [Woodworth et al.| 2020
3 3
- 1 2.5 ;1 1.3
FEDAC LTDRS + \‘/’D—O + min { L;g ;203 : L;; ;gg } TheoremsHandH
] . 12 8
A2fp=0) FepAvg Dby oo + % Theorem
— 2 12,4 1.2p8
FEDAC LTLI){J + \;’% + J\L4 “% TS%[;J% + Q3T§ RDo Theorem

1.1 Related work

The analysis of FEDAVG (a.k.a. Local SGD) is an active area of research. Early research on FEDAVG
mostly focused on the particular case of R = 1, also known as “one-shot averaging”, where the
iterates are only averaged once at the end of procedure [Mcdonald et al., 2009, Zinkevich et al., 2010}
Zhang et al.,[2013] |Shamir and Srebro, [2014, [Rosenblatt and Nadler, 2016]. The first convergence
result on FEDAVG with general (more than one) synchronization for convex objectives was established
by |Stich| [2019a] under the assumption of uniformly bounded gradients. [Stich and Karimireddy
[2019], [Haddadpour et al.|[2019b], Dieuleveut and Patel [2019], Khaled et al.|[2020] relaxed this
requirement and studied FEDAVG under assumptions similar to our Assumption I} These works also
attained better rates than [Stich, |[2019a]] through an improved stability analysis of SGD. However,
recent work [Woodworth et al., 2020] showed that all the above bounds on FEDAVG are strictly
dominated by minibatch SGD [Dekel et al.}|2012]] baseline. Woodworth et al.|[2020] provided the first
bound for FEDAVG that can improve over minibatch SGD for certain cases. This is to our knowledge
the state-of-the-art bound for FEDAVG and its variants. Our FEDAC uniformly dominates this bound
on FEDAVG.

The specialty of quadratic objectives for better communication efficiency has been studied in an array
of contexts [Zhang et al.| 2015| Jain et al.,[2018]]. Woodworth et al.|[2020]] studied an acceleration
of FEDAVG but was limited to quadratic objectives. More generally, |Dieuleveut and Patel| [2019]
studied the convergence of FEDAVG under bounded 3™_derivative, but the bounds are still dominated
by minibatch SGD baseline [Woodworth et al., [2020]. Recent work by |Godichon-Baggioni and
Saadane| [2020]] studied one-shot averaging under similar assumptions. Our analysis on FEDAVG
(Theorem [3.4) allows for general R and reduces to a comparable bound if R = 1, which is further
improved by our analysis on FEDAC (Theorem [3.3).

FEDAVG has also been studied in other more general settings. A series of recent papers (e.g., [Zhou
and Cong, [2018|, [Haddadpour et al.| 20194l /Wang and Joshi, 2019, [Yu and Jin, 2019} |Yu et al.,
2019alb]) studied the convergence of FEDAVG for non-convex objectives. We conjecture that FEDAC
can be generalized to non-convex objectives to attain better efficiency by combining our result with
recent non-convex acceleration algorithms (e.g., [[Carmon et al., 2018|]). Numerous recent papers
[Khaled et al.}[2020, Li et al., |2020b| [Haddadpour and Mahdavi, [2019, Koloskova et al.,2020] studied
FEDAVG in heterogeneous settings, where each worker has access to stochastic gradient oracles from
different distributions. Other variants of FEDAVG have been proposed in the face of heterogeneity
[Pathak and Wainwright, 2020}, |L1 et al.| [2020a, |Karimireddy et al.| 2020, [Wang et al., [2020]. We
defer the analysis of FEDAC for heterogeneous settings for future work. Other techniques, such
as quantization, can also reduce communication cost [Alistarh et al.| 2017, Wen et al., 2017, |Stich



et al.,[2018|, [Basu et al., 2019, [Mishchenko et al.,|2019, [Reisizadeh et al., [2020]]. We refer readers to
[Kairouz et al.| | 2019]] for a more comprehensive survey of the recent development of algorithms in
Federated Learning.

Stability is one of the major topics in machine learning and has been studied for a variety of purposes
[Yu and Kumbier, 2020]. For example, |Bousquet and Elisseeff [2002], Hardt et al.|[2016] showed
that algorithmic stability can be used to establish generalization bounds. |Chen et al.|[2018]] provided
the stability bound of standard Accelerated Gradient Descent (AGD) for quadratic objectives. To the
best of our knowledge, there is no existing (positive or negative) result on the stability of AGD for
general convex or strongly convex objectives. This work provides the first (negative) result on the
stability of standard deterministic AGD, which suggests that standard AGD may not be initial-value
stable even for strongly convex and smooth objectives (Theorem E] This result may be of broader
interest. The tradeoff technique of FEDAC also provides a possible remedy to mitigate the instability
issue, which may be applied to derive better generalization bounds for momentum-based methods.

The stochastic optimization problem min,, cga F(w) := Eeup f(w;§) we consider in this paper
is commonly referred to as the stochastic approximation (SA) problem [Kushner et al.| 2003].
Another related question is the empirical risk minimization (ERM) problem [Vapnik, |1998]], defined

as min,,cga F(w) = + Zfil f(w; €9). For ERM, it is possible to leverage variance reduction
techniques [Johnson and Zhang, 2013] to accelerate convergence. For example, the Distributed
Accelerated SVRG (DA-SVRG) [Lee et al., [2017] can attain e-optimality within O(£% log(1/))
parallel runtime and O(log(1/¢)) rounds of communication. If we were to apply FEDAC for ERM, it

can attain expected e-optimality with (’)(ﬁ) parallel runtime and O (M %) rounds of communication
(assuming Assumption [I)is satisfied). Therefore one can obtain low accuracy solution with FEDAC in
a short parallel runtime, whereas DA-SVRG may be preferred if high accuracy is required and NN is
relatively small. Note that FEDAC is not designed or validated for the distributed ERM setting, and
we include this rough comparison for completeness. We conjecture that FEDAC can be incorporated
with appropriate variance reduction techniques to attain better performance in federated ERM setting.

2 Preliminaries

We conduct our analysis on FEDAC in two settings with two sets of assumptions. The following
Assumption|[T]consists of a set of standard assumptions: convexity, smoothness and bounded variance.
Comparable assumptions are assumed in existing studies on FEDAVG [Haddadpour et al.,|2019b|
Stich and Karimireddy, 2019} Khaled et al., 2020, [Woodworth et al.}, ZOZO]H

Assumption 1 (u-strong convexity, L-smoothness and o2-uniformly bounded gradient variance).

(a) F is p-strongly convex, i.e., F(u) > F(w) + (VF(w),u —w) + $ul|u —w|? for any u,w € R%
In addition, assume F attains a finite optimum w* € R®. (We will study both the strongly convex
case (y > 0) and the general convex case (j1 = 0), which will be clarified in the context.)

(b) F is L-smooth, i.e., F(u) < F(w) + (VF(w),u — w) + $L|lu — wl||? for any u, w € R%
(c) Vf(w;&) has o*-bounded variance, i.e., sup,,cpa Ecep |V f(w; §) — VF(w)]|? < o2

The following Assumption [2| consists of an additional set of assumptions: 3™ order smoothness and
bounded 4" central moment.
Assumption 2. In addition to Assumption[l} assume that
(a) F is Q-3"-order-smooth, i.e., F(u) < F(w) + (VF(w),u — w) + +(V2F(w)(u — w), (u —
w)) + $Qllu — wl|® for any u,w € R%.

(b) Vf(w; &) has o*-bounded 4™ central moment, i.e, SUPerd Eeep |V f(w; €) — VF(w)|* <ot

>We construct the counterexample for initial-value stability for simplicity and clarity. We conjecture that
our counterexample also extends to other algorithmic stability notions (e.g., uniform stability [Bousquet and
Elisseeft] 2002]) since initial-value stability is usually milder than the others.

°In fact, Woodworth et al.| [2020] imposes the same assumption in Assumption |1} [Khaled et al.| [2020]
assumes f(w; &) are convex and smooth for all £, which is more restricted; |Stich and Karimireddy| [2019]
assumes quasi-convexity instead of convexity; [Haddadpour et al.|[2019b] assumes P-L condition instead of
strong convexity. In this work we focus on standard (general or strong) convexity to simplify the analysis.



Notations. We use ||-|| to denote the operator norm of a matrix or the £5-norm of a vector, [n] to denote
the set {1,2,...,n}. Let w* be the optimum of F' and denote F** := F(w*). Let Dy := [Jwg — w*|.
For both FEDAC and FEDAVG, we use M to denote the number of parallel workers, R to denote
synchronization rounds, K to denote the synchronization interval (i.e., the number of local steps
per synchronization round), and 7' = K R to denote the parallel runtime. We use the subscript to
denote timestep, italicized superscript to denote the index of worker and unitalicized superscript “md”

or “ag” to denote modifier of iterates in FEDAC (see definition in Algorithm[I)). We use overline to

i ag . 1 M ag,m A A . Lo
denote averaging over all workers, e.g., w;* := 57 >, _; w;*"". We use O, © to hide multiplicative

polylog factors, which will be clarified in the formal context.

Algorithm 1 Federated Accelerated Stochastic Gradient Descent (FEDAC)

1: procedure FEDAC(a, 5,1,7) > See Eqgs. (3.1) and (3.2) for hyperparameter choices
2:  Initialize w(®"™ = w{* = wy for all m € [M]

3 fort=0,..., T —1do

4 for every worker m € [M] in parallel do

5: WM™ — Bl 4 (1 — B wie™ > Compute w;""™ by coupling
6 g — V f(wPh™ em) > Query gradient at w}™
7 V" wPT g g > Compute next iterate candidate v;%7"
8: oty (1—a Hw + o lw™ — 5 - g > Compute next iterate candidate vy"
9: if sync (i.e., t mod K = —1) then
10: Wity e M e wfE e LM 0287 b Average & broadeast
11: else
12: wity ot wit" < oy > Candidates assigned to be the next iterates

3 Main results

3.1 Main algorithm: Federated Accelerated Stochastic Gradient Descent (FEDAC)

We formally introduce our algorithm FEDAC in Algorithm[I] FEDAC parallelizes a generalized
version of Accelerated SGD by|Ghadimi and Lan|[2012]. In FEDAC, each worker m € [M] maintains

three intertwined sequences {w!™, w ™, w™>™} at each step ¢. Here w™®™ aggregates the past

iterates, w;" 4™ is the auxiliary sequence of “middle points” on which the gradients are queried,
and wj" is the main sequence of iterates. At each step, candidate next iterates v;$7" and vf} | are

computed. If this is a local (unsynchronized) step, they will be assigned to the next iterates w; ;"

and wf_%lm . Otherwise, they will be collected, averaged, and broadcast to all the workers.
Hyperparameter choice. We note that the particular version of Accelerated SGD in FEDAC is more
flexible than the most standard Nesterov version [Nesterov, |[2018]], as it has four hyperparameters
instead of two. Our analysis suggests that this flexibility seems crucial for principled acceleration in
the distributed setting to allow for acceleration-stability trade-off.

However, we note that our theoretical analysis gives a very concrete choice of hyperparameter «, 3,
and 7 in terms of 7. For pu-strongly-convex objectives, we introduce the following two sets of
hyperparameter choices, which are referred to as FEDAC-I and FEDAC-II, respectively. As we will
see in the Section[3.2.1] under Assumption[I] FEDAC-I has a better dependency on condition number
L/u, whereas FEDAC-II has better communication efficiency.

1 n 1
FEDAC-I : 776(0,—}, ’y:max{ —,77}, a=—, B=a+1; 3.1)
L \V ui TH
1 0 3 1 20% — 1
FEDAC-II : — = — == _= = . 3.2
WG(O,L}, ¥ maX{q/MKvn}, =Ty e (3.2)

Therefore, practically, if the strong convexity estimate y is given (which is often taken to be the /5
regularization strength), the only hyperparameter to be tuned is 77, whose optimal value depends on
the problem parameters.




3.2 Theorems on the convergence for strongly convex objectives
Now we present main theorems of FEDAC for strongly convex objectives under Assumption[Tjor[2]
3.2.1 Convergence of FEDAC under Assumption

We first introduce the convergence theorem on FEDAC under Assumption[I} FEDAC-I and FEDAC-II
lead to slightly different convergence rates.

Theorem 3.1 (Convergence of FEDAC). Let F' be u > 0-strongly convex, and assume Assumption

(a) (Full version see Theorem Forn = min{%, ( }, FEDAC-I yields

/LTR)

2 2
E[F(w;g)fF*] < exp (min{’uLT,\/MTLR}> LD0+0( MTJF%)' (3.3)

(b) (Full version see Theorem Forn = min{%, (MTR)} FEDAC-II yields

o » . pT wWI'R o? L?c?
E[F(wT) F } < exp <m1n{ e Vh }) LD0+O( it T )G9

In comparison, the state-of-the-art FEDAVG analysis [Khaled et al., [2020, Woodworth et al., [2020]
reveals the following resultm

Proposition 3.2 (Convergence of FEDAVG under Assumption |1} adapted from Woodworth et al.). In
the settmgs of Theoremfor n = min{+, O( lT)}, for appropriate non-negative {p; }{_5" with

Zt _o Pt = 1, FEDAVG yields

()

Remark. The bound for FEDAC-1 (3.3) asymptotically universally outperforms FEDAVG (3.3).
The first term in (3.3) cooresponds to the deterministic convergence, which is better than the one for
FEDAVG. The second term corresponds to the stochasticity of the problem which is not improvable.
The third term corresponds to the overhead of infrequent communication, which is also better than
FEDAVG due to acceleration. On the other hand, FEDAC-II has better communication efficiency
since the third term of (34) decays at rate R3

uT 2 Lo?
Sexp( 17 )LD0+O< MT+M2TR)' 3.5)

3.2.2 Convergence of FEDAC under Assumption— faster when close to be quadratic

We establish stronger guarantees for FEDAC-II (3.2)) under Assumption 2}
Theorem 3.3 (Simplified version of Theorem [C.1). Ler F be j1 > 0-strongly convex, and assume
Assumption then for R > \/70r n = min{+ T o( %R)}, FEDAC-II yields

S | T [uTR 2 Qo
E[F(wT) F}<exp<m1n{ VAT }>2LDO+O( Tt ) GO

In comparison, we also establish and prove the convergence rate of FEDAVG under Assumption[2]
Theorem 3.4 (Simplified version of Theorem [D.I). In the settings of Theorem [3.3] for n =
min { i S ( )} for appropriate non-negative {p; }1_3' with Zt o Pt = 1, FEDAVG yields
T—1
F(; pm> _F gexp< gf) 4LD0+(9( MQT+%). (3.7)
7Propositioncan be (easily) adapted from the Theorem 2 of [Woodworth et al.||2020] which analyzes a
decaying learning rate with convergence rate O ( T — 4+ m MT) +0 ( o R) This bound has no log factor

attached to —3-= term but worse (polynomial) dependency on initial state Do than Proposition We present
Proposition [3.2|for consistency and the ease of comparison.
8The assumption R > /L /u is removed in the full version (Theorem .



Remark. Our results give a smooth interpolation of the results of [Woodworth et al.| [2020] for
quadratic objectives to broader function class — the third term regarding infrequent communication
overhead will vanish when the objective is quadratic since Q) = 0. The bound of FEDAC (3.6)
outperforms the bound of FEDAVG as long as R > +/L/u holds. Particularly in the case of

T > M, our analysis suggests that only (5(1) synchronization are required for linear speedup in
M. We summarize our results on synchronization bounds and convergence rate in Tables[I|and
respectively.

3.3 Convergence for general convex objectives

We also study the convergence of FEDAC for general convex objectives (4 = 0). The idea is to
apply FEDAC to {>-augmented objective F)(w) := F(w) + 5 |lw — wyl|? as a A-strongly-convex
and (L + A)-smooth objective for appropriate A, which is similar to the technique of [Woodworth
et al.l 2020]]. This augmented technique allows us to reuse most of the analysis for strongly-convex
objectives. We conjecture that it is possible to construct direct versions of FEDAC for general
convex objectives that attain the same rates, which we defer for the future work. We summarize the
synchronization bounds in Table [I]and the convergence rates in Table 2] We defer the statement of
formal theorems to Section [E|in Appendix.

4 Proof sketch

In this section we sketch the proof for two of our main results, namely Theorem [3.1(a) and [3.3]
4.1 Proof sketch of Theorem[3.1(a): FEDAC-I under Assumption|l]

Our proof framework consists of the following four steps.

Step 1: potential-based perturbed iterate analysis. The first step is to study the difference between
FEDAC and its fully synchronized idealization, namely the case of K = 1 (recall K denotes the
number of local steps). To this end, we extend the perturbed iterate analysis [Mania et al., 2017] to
potential-based setting to analyze accelerated convergence. For FEDAC-I, we study the decentralized
potential ¥y := L S"M | F(wi®™) — F* 4+ Lu|w; — w*||? and establish the following lemma. ¥,
is adapted from the common potential for acceleration analysis [Bansal and Gupta, [2019].

Lemma 4.1 (Simplified version of Lemma [B.2] Potential-based perturbed iterate analysis for
FEDAC-I). In the same settings of Theorem a), the following inequality holds

2L 2 2
E[¥r] < exp (—yuT) Vo + n =9 o (Convergence rate in the case of K = 1)
2y 2M
| M 1 -
. . md __ md,m T oy ™ o ag _ ,.ag,m
+L OgaéxTE |:Mmz_1‘wt w; HH1+’W(Wt wt)+1+'y,u(wt w; )H:|

Discrepancy overhead

.1

We refer to the last term of (@.I)) as “discrepancy overhead™ since it characterizes the dissimilarities
among workers due to infrequent synchronization. The proof of Lemmad.T]is deferred to Section[B.2]

Step 2: bounding discrepancy overhead. The second step is to bound the discrepancy overhead in
(@.T) via stability analysis. Before we look into FEDAC, let us first review the intuition for FEDAVG.
There are two forces governing the growth of discrepancy of FEDAVG, namely the (negative) gradient
and stochasticity. Thanks to the convexity, the gradient only makes the discrepancy lower. The

stochasticity incurs O(n?c?) variance per step, so the discrepancy E[+ Zf\gzl |z — wi™||?] grows
at rate O(n>Ko?) linear in K. The detailed proof can be found in [Khaled et al., 2020, [Woodworth
et al.,[2020].

For FEDAC, the discrepancy analysis is subtler since acceleration and stability are at odds — the
momentum may amplify the discrepancy accumulated from previous steps. Indeed, we establish the
following Theorem [4.2] which shows that the standard deterministic Accelerated GD (AGD) may
not be initial-value stable even for strongly convex and smooth objectives, in the sense that initial
infinitesimal difference may grow exponentially fast. We defer the formal setup and the proof of
Theorem [4.2]to Section[Fin Appendix.



Theorem 4.2 (Initial-value instability of deterministic standard AGD). For any L, > 0 such that
L/ > 25, and for any K > 1, there exists a 1D objective F that is L-smooth and p-strongly-convex,
and an ey > 0, such that for any positive € < e, there exists initialization w, ug, wy®, ug® such
that \wy — ug| < g wy® — ugg| < &, but the trajectories {wy®, u;{“d, w 13K, {au?g, u?ld,ut}ffo
generated by applying deterministic AGD with initialization (wo, wg®) and (ug, uo®) satisfies

1 ag ag
lwsx — usk| > 55(1.02)1(, lwis — ugs | > e(1.02)K.

Fortunately, we can show that the discrepancy can grow at a slower exponential rate via less aggressive
acceleration, see Lemmaf.3] As we will discuss shortly, we adjust y according to K to restrain the
growth of discrepancy within the linear regime. The proof of Lemma4.3]is deferred to Section|[B.3]

Lemma 4.3 (Simplified version of Lemma|[B.3] Discrepancy overhead bounds for FEDAC-I). In the
same setting of Theorem[3.1[a), the following inequality holds

LK 2 2’)/2M 2K . n
TyLKo® (14 =5 ify e/

“Discrepancy overhead” in Eq. @.1) <
m’LKo? ify=m.

Step 3: trading-off acceleration and discrepancy. Combining Lemmas [4.1] and .3] gives

2K
21,02 2 2 2724 . n
E[Wr] < exp (—yul) Wo+"— + T2 + pLKe® (14 20) 7 ity e G Vi 42)
—_— T M LKo? if vy = n.

()

(1)

The value of v € [, /n/u] controls the magnitude of acceleration in (I) and discrepancy growth in

(II). The upper bound choice +/7/u gives full acceleration in (I) but makes (II) grow exponentially
in K. On the other hand, the lower bound choice 1 makes (II) linear in K but loses all acceleration.
We wish to attain as much acceleration in (I) as possible while keeping the discrepancy (II) grow
moderately. Our balanced solution is to pick v = max{+/n/(uK),n}. One can verify that the
discrepancy grows (at most) linearly in K. Substituting this choice of 7 to Eq. (4.2) leads to

1 1 1 3 1
. 22T 202 2 SLK2g2
E[Ur] < exp | min { —nuT, - Uo+ 0| "+ 4 o LK )
K> u2MK?2 7%

Monotonically decreasing ¢ | (1) Monotonically increasing ¢4 (7)

(4.3)

Step 4: finding 7 to optimize the RHS of Eq. (4.3). It remains to show that (A.3) gives the

desired bound with our choice of = min{{, o( NI;Q )}. The increasing o4 (n) in @.3) is bounded

by @(#;;T + %) The decreasing term ¢ (1) in @3) is bounded by ¢, (1) + @i(é(%))’

1
1y _ : T 2T o(_K
where | (1) = exp(min{—5-, — L“%K% ), and ¢ (©(5;7z)) can be controlled by the bound of

©+(n) provided O has appropriate polylog factors. Replacing K with 7/r completes the proof of
Theorem [3.1f(a). We defer the details to Section[B]

4.2 Proof sketch of Theorem convergence of FEDAC-II under Assumption 2|

In this section, we outline the proof of Theorem [3.3]|by explaining the differences with the proof in
Section[d.1] The first difference is that for FEDAC-II we study an alternative centralized potential

®y = F(w®) — F* + & pu|[wg — w*||?, which leads to an alternative version of Lemma as follows.

2
. (44

yuT 3n°Lo%  ~o? 3
< _ s DA
E[®r] < exp ( 3 ) To+ 2ypuM + 2M + m orgnf?%XTE

M
L md,m —d
17 2 VE@™) = VE(uwpd)
m=1

The second difference is that the particular discrepancy in can be bounded via 3"-order

smoothness @ since || 47 Z%zl VE(w™) = VF(wnd)||2 < % %:1 [|wmdm —qpind||4, The

proof then follows by analyzing the 4M-order stability of FEDAC. We defer the details to Section



5 Numerical experiments

In this section, we validate our theory and demonstrate the efficiency of FEDAC via experimentsﬂ
The performance of FEDAC is tested against FEDAVG (a.k.a., Local SGD), (distributed) Minibatch-
SGD (MB-SGD) and Minibatch-Accelerated-SGD (MB-AC-SGD) [Dekel et al.l 2012, |Cotter et al.,
2011]] on ¢5-regularized logistic regression for UCI a9a dataset [Dua and Graff], 2017]] from LibSVM
[Chang and Lin, 2011]]. The regularization strength is set as 1073, The hyperparameters (-, o, 3) of
FEDAC follows FEDAC-I where strong-convexity /. is chosen as regularization strength 10~2. We
test the settings of M = 22,...,2'3 workers and K = 29, ..., 28 synchronization interval. For all
four algorithms, we tune the learning-rate 7 only from the same set of levels within [10~2,10]. We
choose 7 based on the best suboptimality. We claim that the best 7 lies in the range [10~3, 10] for all
algorithms under all settings. We defer the rest of setup details to Section[A] In Fig. [T} we compare
the four algorithms by measuring the effect of linear speedup under variant K.
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Figure 1: Observed linear speedup with respect to the number of workers )/ under various
synchronization intervals K. Our FEDAC is tested against three baselines FEDAVG, MB-SGD, and
MB-AC-SGD. While all four algorithms attain linear speedup for the fully synchronized (K = 1)
setting, FEDAVG and MB-SGD lose linear speedup for K as low as 8. MB-AC-SGD is comparably
better than the other two baselines but still deteriorates significantly for K > 64. FEDAC is most
robust to infrequent synchronization and outperforms the baselines by a margin for K > 64.

In the next experiments, we provide an empirical example to show that the direct parallelization of
standard accelerated SGD may indeed suffer from instability. This complements our Theorem 4.2]
(or full version Theorem [F.I) on the initial-value instability of standard AGD. Recall that FEDAC-
I Eq. (3:I) and FEDAC-II Eq. (3:2) adopt an acceleration-stability tradeoff technique that takes

Y = max {1 / HLK, 77}. Formally, we denote the following direct acceleration of FEDAC without such
tradeoff as “vanilla FEDAC”: i € (0, 1], = \/g, a= #, f=a+1.In Fig. the vanilla FEDAC
is compared with (stable) FEDAC-I and the baseline MB-AC-SGD. We test on the UCI “adult” a9a
dataset with £5-regularization strength \ taken to be 10~%. We test the settings of M = 24,..., 213
and K = 2°,...,28 pis tuned from [0.001, 5] and the best 7 lies in this range for all algorithms
under all settings. The results show that the vanilla FEDAC is consistently worse than the (stable)
FEDAC-I when K is large.
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Figure 2: Vanilla FEDAC versus (stable) FEDAC-I and baseline MB-AC-SGD on the observed
linear speedup w.r.t. M under various synchronization intervals K. Observet that Vanilla
FEDAC is indeed less robust to infrequent synchronization and thus worse than the (stable) FEDAC-I.

We include more experiments on various dataset, and more detailed analysis in Section @

°Code repository link: https://github.com/hongliny/FedAc-NeurIPS20,


https://github.com/hongliny/FedAc-NeurIPS20

Broader Impact

This work proposes FEDAC, a principled acceleration of FEDAVG, which provably improves conver-
gence speed and communication efficiency. Our theory and experiments suggest that FEDAC saves
computational resources and reduces communication overhead, especially in the setting of abundant
workers and infrequent communication. Our analysis could promote a better understanding of feder-
ated / distributed optimization and acceleration theory. We expect FEDAC could be generalized to
broader settings, e.g., non-convex objective and/or heterogenous workers.

The opportunity for privacy-preserving learning is another advantage of Federated Learning beyond
parallelization, since the user data are kept local during learning. While we do not analyze the privacy
guarantee in this work, we conjecture that FEDAC could potentially enjoy better privacy-preserving
property since less communication is required to achieve the same accuracy. However, this intuition
should be applied with caution for high-risk data until theoretical privacy guarantee is established.
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Appendices

The appendices are structured as follows. In Section [A] we include additional experiments with
description of setup details. In Sections [B]and[C] we prove the complete version of Theorems
and[3.3]on the convergence of FEDAC under Assumption[Tjor[2] In Section[D] we prove Theorem

on the convergence of FEDAVG under Assumption[2} In Section[E] we prove the convergence of
FEDAC (and FEDAVG) for general convex objectives. In Section&we prove Theorem 4.2 on the
initial-value instability of standard accelerated gradient descent. We include some helper lemmas in
Section
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A Additional experiments and setup details

A.1 Additional setup details

Baselines. FEDAC is tested against three baselines, namely FEDAVG (a.k.a., Local SGD), (distributed)
Minibatch-SGD (MB-SGD), and (distributed) Minibatch-Accelerated-SGD (MB-AC-SGD) [Dekel
et al., 2012} |Cotter et al., 2011]]. We fix the parallel runtime 7" = 4096, and test variant levels of
synchronization interval K and parallel workers M. MB-SGD and MB-AC-SGD baselines correspond
to running SGD or accelerated SGD for 7/k steps with batch size M K. The comparison is fair since
all algorithms can be parallelized to M workers with 7/k rounds of communication where each
worker queries 7' gradients in total. We simulate the parallelization with a NumPy program on a local
CPU cluster. We start from the same random initialization for all algorithms under all settings.

Datasets. The algorithms are tested on ¢5-regularized logistic regression on the following two binary
classification datasets from LibSVM. The preprocessing information and the download links can be
found at https://www.csie.ntu.edu.tw/ " cjlin/libsvmtools/datasets/binary.htmll

1. The “adult” a9a dataset with 123 features and 32,561 training samples from the UCI Machine
Learning Repository [Dua and Graff}, 2017].

2. The epsilon dataset with 2,000 features and 400,000 training samples from the PASCAL Chal-
lenge 2008 [Sonnenburg et al., [2008]].

Evaluation. For all algorithms and all settings, we evaluate the population loss every 512 parallel
timesteps (gradient queries). We compute the suboptimality by comparing with a pre-computed
optimum F™*. We record the best suboptimality attained over the evaluations.

Hyperparameter choice. For all four algorithms, we tune the “learning-rate” hyperparameter 7
only and record the best suboptimality attained. For MB- AC-SGD, the rest of hyperparameters are
determined by the strong-convexity estimate x which is taken to be the ¢5-regularization strength .
For FEDAC, the default choice is FEDAC-I Eq. ET] where the strong-convexity estimate y is also
taken to be the /5-regularization strength \.

A.2 Results on dataset a%a

We first test on the a9a dataset with /o-regularization strength 1073. We test the setting of
K =20 ...,28 and M = 22,...,2'3. For all algorithms, we tune 1 from the same sets:
{0.001, 0.002,0.005,0.01,0.02,0.05,0.1,0.2,0.5,1,2,5,10}. We claim that the best 7 lies in
[0.001, 10] for all algorithms for all settingsm We plot the observed linear speedup figure in Fig.
in the main body. To better understand the dependency on synchronization intervals K, we plot the
following Fig. [3] The results suggest that FEDAC is more robust to infrequent synchronization and
thus more communication-efficient. For example, when using 8192 workers, FEDAC requries only
32 rounds of communication to attain 10~2 suboptimality, whereas MB-AC-SGD, MB-SGD and
FEDAVG require 128, 1024, 4096 rounds, respectively.

256 workers (M) 512 workers (M) 1024 workers (M) 2048 workers (M) 4096 workers (M) 8192 workers (M)
x =

107! = x e
s A A
A A A
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Figure 3: FEDAC versus baselines on the dependency of synchronization interval X under
various workers M. For all tested M, FEDAVG and MB-SGD start to deteriorate once K passes 2;
MB-AC-SGD is more robust to moderate K than FEDAVG and MB-SGD but sharply deteriorate once
it passes a threshold at around K = 32. This is because MB-AC-SGD does not have enough gradient
steps for convergence when the communication is too sparse. In comparison, FEDAC is more robust
to infrequent communication. Dataset: a9a, /o-regularization strength: 1073,

FEDAC-II is qualitatively similar to FEDAC-I empirically so we show FEDAC-I only.
""'We search for this range to guarantee that the optimal 7 lies in this range for all algorithms and all settings.
One could save effort in tuning if only one algorithm were implemented.
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We repeat the experiments with an alternative choice of A = 10~2. This problem is relatively
“easier” in terms of optimization since the condition number -/, is lower. We test the same levels
of M, K and tune the 7 from the same set as above. The results are shown in Figs.d and[5] The
results are qualitatively similar to the A\ = 1073 case. For K < 64, the performance of FEDAC and
MB-AC-SGD are similar, which both outperform the other two baselines FEDAVG and MB-SGD. For
K > 128, the MB-AC-SGD drastically worsen because the gradient steps are too few, and FEDAC

outperforms the other baselines by a margin.
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Figure 4: FEDAC versus baselines on the observed linear speedup w.r.t M/ under various
synchronization interval K. The results are qualitatively similar to Fig. Dataset: a9a, /5-

regularization strength: 1072,
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Figure 5: FEDAC versus baselines on the dependency of synchronization interval K under
various workers ). The results are qualitatively similar to Fig.[3| Dataset: a9a, ¢5-regularization
strength: 1072,

A.3 Results on dataset epsilon

In this section we repeat the experiments above on the larger epsilon dataset with /5-regularization
A taken to be 10™%. 7 is tuned from {0.005,0.01,0.02,0.05,0.1,0.2,0.5,1,2,5,10,20,50}. The
optimal 7 lies in the corresponding range for all algorithm under all tested settings. The results
are shown in Figs.[6 and [7] The results are qualitatively similar to the previous experiments on
a9a dataset. FEDAC is more communication-efficient than the baselines. For example, when using
2048 workers, FEDAC requires only 64 rounds of communication (synchronization) to attain 10~*
suboptimality, whereas MB-AC-SGD, MB-SGD and FEDAVG require 256, 4096 and 4096 rounds of

communication, respectively.
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Figure 6: FEDAC versus baselines on the observed linear speedup w.r.t A/ under various
synchronization interval K. The results are qualitatively similar to Fig. [T} Dataset: epsilon,
{y-regularization strength: 10~%.
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Figure 7: FEDAC versus baselines on the dependency of synchronization interval K under var-
ious workers /. The results are qualitatively similar to Fig.[3] Dataset: epsilon, {-regularization
strength: 104,

B Analysis of FEDAC-I under Assumption

In this section we study the convergence of FEDAC-I. We provide a complete, non-asymptotic version
of Theorem [3-1](a) on the convergence of FEDAC-I under Assumption [I]and provide the detailed
proof, which expands the proof sketch in Section[4.I] Recall that FEDAC-I is defined as the FEDAC
(Algorithm|T)) with the following hyperparameters choice

1 1
ne(o,L], ’ymax{MMZ(,n}, o= B=a+l (FEDAC-I)

We keep track of the convergence progress of FEDAC-I via the following decentralized potential U,.

Mz

a m * 1 —_— *
&) = F 4 Sulmr - w (B.1)

Recall wy is defined as M Z —q wi. Formally, we use F; to denote the o-algebra generated by
{wr™, wae }rgt,me[ M]- Smce FEDAC is Markovian, conditioning on F; is equivalent to condition-

il’lg on {U}va w?g’m}me[M]-
B.1 Main theorem and lemmas: Complete version of Theorem a)

Now we introduce the main theorem on the convergence of FEDAC-I. E"E

Theorem B.1 (Convergence of FEDAC-I, complete version of Theorem [3.1)a)). Let F be p > 0-
strongly convex, and assume Assumption[I] then for

1 K . ,LLMT\IIO ,U,QTB\I/O
n= mln{L T2 log? <e+mm{ 7 IRZg2 ,

FEDAC-I yields

1

E[\IIT]Smin{eXp< “LT> ep< 21&)} 0

L3
202 ( MMT\IJO) 400LK2 o? 4< 2T3\I/0)
og

—— log
+ uMT T3 LK?0?

where U, is the decentralized potential defined in Eq. @)

2Note that we state our full Theorem in terms of the synchronization gap K instead of the synchronization
round R as in the simplified Theorem [3.1(a). This two quantities are trivially related as 7' = K R. In fact, our
bound Theorem [B-1]in terms of K also holds for irregular synchronization setting as long as the maximum
synchronization interval is bounded by K.

B Throughout this paper we do not optimize the polylog factors or the constants. We conjecture that certain
polylog factors can be improved or removed via averaging techniques such as [Lacoste-Julien et al., 2012} |Stich}
2019b].
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Remark. The simplified version Theorem[3.1{a) in the main body can be obtained by replacing K
with T'/ R and upper bound o by LD3.

The proof of Theorem [B]is based on the following two lemmas regarding convergence and stability
respectively. To clarify the hyperparameter dependency, we state these lemmas for general v €
[n, \/> } which has one more degree of freedom than FEDAC-I where v = max {, /HLK, 77} is

fixed.

Lemma B.2 (Potential-based perturbed iterate analysis for FEDAC-I). Let F' be i > 0-strongly
convex, and assume Assumption then for o = % B=a+1~ve [77, \/g} ne (O, %] FEDAC
yields

PLo?  ~o?

2y 2M
| M
L- E|— H md __ md m
R lM mz::l i L+p
where U, is the decentralized potential defined in Eq. (B.).

The proof of Lemma [B-2]is deferred to Section[B.2]
Lemma B.3 (Discrepancy overhead bound). In the same setting of Lemma|B.2] FEDAC satisfies

1M
md,m
Mmz_let bt H Hl—k*y,u
TyEo? (14 220) )
< J T Ko ([ 1+ = fyelnm/ul
m*Ko? ify=mn.

The proof of Lemma [B-3]is deferred to Section[B.3]

Now we plug in the choice of v = max {, /-, 77} to Lemmas and which leads to the
%

following lemma.

Lemma B.4 (Convergence of FEDAC-I for general ). Let F' be p > 0-strongly convex, and assume
Assumption then for any n € (0, %], FEDAC-I yields

) 2
um nzo no 390772LK2 o? 9
EWr] < — — T Vo+—F"——F+-—+——7F——+Tn LKo?
[ T}_exp( max{nuM/K} ) 0 2H%MK% Ii : o

(B.2)

E[Wr] < exp (—=yuT) ¥o +

— m TH Tag ,m
(@ — i) + Hw(wz‘g—wz‘gm)m ,

— _ ,m T —ag ag,m
(wy —wi™) + 1—|—7,u(wt — Wy )H]

where U, is the decentralized potential defined in Eq. (B.).

Proof of Lemma Itis direct to verify that ¥ = max {77, A/ NLK} € [77, \/ﬂ so both Lemmas

and[B.3|are applicable. Applying Lemma[B:2]yields

3 1 1
N . | nLo? n2LKz20? no? n2o?
E[Vr] < - Al T )Y ) T Prv i e
[Ur] <exp ( max {n,u e } ) 0+ mln{ o " + max 200 T MK

M
1 md,m
T
m=1

+ L - max E
0<t<T

L+ T+

— m YH a ag,m
(7 — ) + P (T — >M

(B.3)

1
3 2 242 . Lo®> niLK3
We bound max g& 12 b by 437 + —+2—r, and bound min { 57 (LIS S by
ous MK3 2u2 MK?2 ® 242

3.1 5
2 2 .
n2LK207 \hich gives

2u2
[ nLo? niLKz0? no?  nio? n:LKz02 no? n2o?
min , T +maxq ——, —3 S T ot
Q/A 2u2 2M 2M2MK2 2,u2 2M 2M2MK2
(B.4)
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Applying Lemmawith Y = max {777 ) } gives
1 M

L ~md _,,mdm H

Mmzzl e HHW

2\2K .o
<{777 NLKKUQ(l—i—?) 1ffy—,/uiK

7772K02 ify=mng

_ m ’YM ag ag,m
(wy —wi™) + 1—|—7,u(wt — Wy )H]

+ m?Ko? (B.5)
Combining Egs. (B.3), (B-4) and (B-3) yields

12 2 3
[nu n:o no?  (Te* + )n 2LKz20" 5 .,
EUr| < — — T | Vo+—F—F+— m°"LKo~.
[ T}exp( max{nu, K} ) 0+2/ﬁMK%+2M+ l“ + n o

3.1,
n2LK2o
ur

The lemma then follows by leveraging the estimate 7e* + % < 390 for the coefficient of
O

The main Theorem [B.T]then follows by plugging an appropriate 1) to Lemma[B.4]

Proof of Theorem|B.1} To simplify the notation, we denote the decreasing term in Eq. (B.2) as ¢ (1)
and the increasing term as ¢4 (7)), namely

2452 2 3 152
i nz2o no 390n2LKz20 9 9
= — — T ¥ =+ -—+ ——F—— +°LKo".
st = exp (< {2} ) o, ) o= T 0 BOEEERT i

K ) [ uMTY T3,
Mo := HT2 og e+ min 2 LK252 ,

and then 17 = min {+,7}. Therefore, the decreasing term ¢, (n) is upper bounded by ¢ (1) +

1) where
1 , uT wzT
vyl <L> = min {exp <_L> , exXp <_L5K5 ) } Uy, (B.6)
and

—1
Nolt C (uMTOy 2739, o? LK?5?
<PJ,(770) < exp (- KT> Uy = (e—l— mln{ 2 K22 Ty < uMT—I_W'

B.7)

Now let

On the other hand

02 LLMT\I/() K02 2 LLMT\I/()
() < i) <5 s log (e +—— ) + 58077 o8 (e + 02)

2 2 23 3.2 23
300LK?0% | 3(6+MT%> LK 4<Q+NT%>

w23 LK?0? u2T LK?0?
2 2 2 23
uMTV,\ 397LK2%0% (2T30,
S M IOg ( + 0_2 ) + ,U,2T3 10g e+ W s (BS)

2 .
where the last inequality is due to 2u MT < Mj‘WT and 7L§TZ < 7L§T§ since K < T.

Combining Lemma[B.4]and Eqgs. (B.6), (B.7) and (B-8) gives

E[¥r] < ¢y (L) + 1 (1m0) + @1(n)

1
. wr w2T 202 puMTU, 400LK?0? urT3v,
Smln{exp <_L> , €Xp <_L§K5>}\PO+MMT log? (e + 02 + 2T log* e+7LK2J2 ;

completing the proof of main Theorem [BT] O
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B.2 Perturbed iterate analysis for FEDAC-I: Proof of Lemma

In this section we will prove Lemma [B.2] We start by the one-step analysis of the decentralized
potential ¥; defined in Eq. (BI). The following two propositions establish the one-step analysis
of the two quantities in ¥y, namely ||@; — w*||? and 7 Z ( 7&™) — F*. We only require
minimal hyperparameter assumptions, namely a > 1 ﬁ >1,n S 1 » for these two propositions. We
will then show how the choice of «, 3 is determined towards the proof of Lemma in order to
couple the two quantities into potential W,.

Proposition B.5. Let F' be pn > 0-strongly convex, and assume Assumption[l} then for FEDAC with
hyperparameters assumptions o > 1, 8 > 1, n < 1, the following inequality holds

Ei”thrI ’LU*H2|.; ti
1
2 :VF(wind’m)

m=1

1

+ M7202

S(1 _ a_l)llw—t_ w*”? +a—l||w;'nd _ w*||2 _‘_72

M
1
2 2 (VE@™), (1= a7 (1= g7} +a7 (1= B~ " —w')
QA TR—
+27L mzl [wpT = wpem [ = o= 8@ - wir) + a7t (1 - B — wiEm)|.
Proposition B.6. In the same setting of Proposition[B.3] the following inequality holds

1 M
i > F(wi$") — F*|F,

1
+ 57]2[10'2

1 M
<(1-a™h) (M > F(wi®™) - F ) - 50 Z VE ™)

M
1 , 1 —
ot ST (VR@P), 0B + (1 - af Tt — ') = e fupt - P,

We defer the proofs of Propositions[B.5]and[B.6]to Sections and respectively.
With Propositions [B-3]and [B-6|at hand we are ready to prove Lemma[B.2]

Procy; of Lemma[B.2] Applying Proposition with the specified o = %, B8 = a+ 1yields (for
any ¢

E[|[wi1 — w*||*| 7]
2

M
< (1= ) 7 — w4yl w472 || 52 D0 @™ 4 e
m=1
1 l md m 1 m T ag,m *
o mz< T T _w>
1 -l mdm 1 — m T —ag ag,m
—|—2fyL-Mmz_:1Hwt — w; ii1+7ﬂ<wt_wt>+1+’7#(wt — w, )H (B.9)
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Applying Propositionwith the specified o = $7 B = a + 1 yields (for any t)

| M
| 3 i) -
m=1
M M 2
<(1 — ) i F(wag,m) r* 1 1 Z vF(wmd,m) _~_1 2L02
K M Z t 277 M P t 277
1 U 1 Y 1, —
+yp - — VF(w™™), wy® + W™ —w* ) — ZypPwrd — w2
e g D0 (VR g e ) o -
(B.10)
Adding Eq. with %u times of Eq. yields
1 1 1 1 i
2 2 2 2 md,m
B0 |F] < (1 -y Wi + 5 (n L+ 577 u) o’ +5 (¥r—n) M;VF(wt )

M
1 md, — TH a, ag,m
+ L~—E med—w mH wy — wt) + wit — e )
TH Mm:l t 1_’_%“( t t) 1_’_7#( t t )

2
Since 2 p < 7, the coefficient of H = fo:l VF (w™) H is non-positive. Thus

1 1
E[Ws 1| F] < (1 —yu)¥s + 3 (772L + M’YQM) o’

wy —w
(t t 1+F)/,LL t

1 M
Lyg 2 ot -
+u MmZ:1 wi — w; 1+

Telescoping the above inequality up to timestep 7" yields

T—-1
E[Wr] < (1-yp)" ¥o+ (Z(l—w)> : ( °L+ A1472H> o

t=0
M
1 md mdm
2 v
m=1

+yuL - Z{ 177uT LR

n?Lo%  ~yo?
+ [
291 2M

M
1 —3 q,
L gmps B | 5 D [t —wrt|
+ o?iXT le:l Wt
m—

where in the last inequality we used the fact that (1 — yu)? < exp(—yuT') and 5 tT:_Ol (1—~p)' <
1

) O
R

1+w T+yp

— m ’YM ag ag,m
(@7 — w) + P >HH

<exp (—yuT) ¥o +

(@7 — ) + (- w?g’mw ,

1+w L+

B.2.1 Proof of Proposition B.5]

Proof of Proposition[B.3] By definition of the FEDAC procedure (AlgorithmT)), for all m € [M]
(recall v{}  is the candidate for next step),

oty = (1= a D + o twP " — gV (wP e,

Taking average over m = 1,..., M gives

M
1N —1 md 1 md,m
W1 —w' =1 —a Hw+a 1w§nd—7'ﬁzvﬂ ¢ 160 —

m=1

21



Taking conditional expectation gives
El|wer — w’|*| 7]

M
— 1
(1—a Yw; +a twpd — - ZVF(wfld ™ —w*

M
m=1
2
+E H Z (Vf (wp ™ &) — VF(w;nd;m)) Fi (independence)
m=1
1 M 2 1
—\ar - m md,m *

(1—a Hw; +a 1wtd—'y-MmZ::1VF(wt ) —w —|—M7202, (B.11)

where the last inequality of Eq. (B-TT) is due to the bounded variance assumption (Assumption[T{c))
and independence. Expanding the squared norm term of Eq. (B.TT) and applying Jensen’s inequality,
2

— 1
(L—a™hw +a  wpd =y 5= Z VF(w™) —w*

:H(l—ofl)wt—ka Lypmd _ w*

ZVF mdm

M
1
2 - Z < w™ ™) (1 — o Yy + o twmd — w*> (expansion of squared norm)

m:l

1 X ’
i Z VF (wi™)

m=1

<= o Yfwe —w|? + a7 wpd = w|* + 47

N Z <VF (w™™) (1 — a~Vyw; + o lwpd — w> (B.12)
It remains to analyze the inner product term of Eq. (BI2). Note that
M
1 md,m — m *
_MZ<VF( dmy (1 —a Ywr + o e —w >
m=1

M
-2 Z<VF(w?ld’m)a(1—a (1= 87w +a (1= B~ wy® - w*>

(definition of wi™ )

M
= — % Z <VF(w?1d m) (1- a—l(l — 6—1))(w—t —w") + a_1(1 _ 6—1)(w?g w?g’m)>
1 M
= Y (VF@), (1 - a7 1= B + o (1= B — )

== 3 (VP@P®) ~ VE@P™), (1 - a7} (1 - 57 (0 — wf) + a7 (1 - 47 (i — wfE™))

m=1
M
— S {TR@P), (=0 (1= Bl a7 (1 - e )
m=1
M
<p 3 e = wpem o - ot - 5@ - ) + a1 - 5@ - wiE)|
m=1
M
- % > <VF(W§nd’m),(1—a”(l—b’”)) -8 )w?gm—w*>, (B.13)
m=1
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where the last equality is due to the L-smoothness (Assumption[I{b)). Combining Eqs. (B-TT)), @[)
and (B-13) completes the proof of Proposition[B-3]

B.2.2  Proof of Proposition [B.6]

Before stating the proof of Proposition[B.6] we first introduce and prove the following claim for a
single worker m € [M].

Claim B.7. Under the same assumptions of Proposition @ for any m € [M], the following
ag,m

inequality holds (recall that v;7 " is defined as the candidate next update (see Algorlthm before
possible synchronization)

ag,m * — ag,m * 1 md,m 2 1
E[FO5™) - FIF] < (- a™) (F@i™) = F) = 50| VF@pd ™)+ SntLo?

1
— iua_leind’m —w*|?+a” <VF( mdm) G w4 (1 — af~HwE™ — w*> :

Proof of Claim[B.7} By definition of FEDAC (Algorlthm' ), vp" = = WM™ . V(™ em).
Thus, by L-smoothness (Assumption Ekb))

F( ?_%_17”) < F( mdm) <VF( md, m) Vf( md,m m)>+ UQLHVf md, m7£t )H )
Taking conditional expectation gives
ag,m mdm mdm 2 1 2 md,m 2 1 2 2
E [F(u25™)|F] < F(w nHVF H + 50 LHVF(wt : )H + 5Lo
2 1
= Fw™™) _p (1 - nL) HVF md.my H + 5iPLo”

Since n < % we have 1 — 777L > . Thus

2 1
E[F(u2¢)|F] < FwPd™) nHVF wpt ™|+ gntzet. (B.14)

Now we connect F'(w™"™) with F(w®™) as follows.
F(w™) — F*
=(1—a™) (F@i*™) — F7) + ™" (Ff™™) = F*) + (1= ™) (F]™™) - Fuwi®™))
(1 ™) (F™) — ) = Lo o w2 o (VEPtm) w0
+(1—-ah) <VF(w§nd’m) W — m> (u-strong-convexity)
(1 - a7 (F@i™) — F*) = Spa ™ —
o (V™) a8 + (11— af i — w' ), (B.15)

where the last equality is due to the definition of w;"" dm . Plugging Eq. li to Eq. 1i completes
the proof of Claim[B.7} O

Now we complete the proof of Proposition [B.6]by assembling the bound for all workers in Claim[B.7]

Proof of Proposition[B:6 If t + 1 is a synchronized step, then w;%7" = v %, for all m. Then by
convexity,

1 U 1 &
;F W) = M M- F () = F (V) < Mﬂ;nv:ﬁ{“)
If t + 1 is not a synchronized step, then trivially 57 > F(w®™) = & Z%Zl F(vi$™)
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Hence in either case

S
S

1 ag,m 1 ag,m
M ZF(wt—%l ) < M ZF(vt—%l ).

Now we average the bounds of Claim[B.7|for m = 1,. M which gives
£ |3 3 rutiy) -

-1 1 M ag,m * 1 1 M md,m 2 1 2 2
<(-a™) (37 3 P = P ) = gn- 02 3 ||VR@ ™|+ gntte
m=1

1 M
LS R - |

m=1
1 & 1 1 &
+ oz_lﬂ Z <VF(w,§nd ™), aB o + (1 — aB~Hwis™ — w*> — Q,ua_lﬁ Z [|wprd™
m=1 m=1
1 & 11 & Sy
<(1-ah (M > F(wiE™) - F*) — 5|37 > VEPt™)| + 57)2L02
m=1 m=1

M
1 1 —
a3 (VE@), a8 e + (- af Tl — ) = Spa” upd - w P,
where the last inequality is due to Jensen’s inequality on the convex function || - ||. O

B.3 Discrepancy overhead bound for FEDAC-I: Proof of Lemma

In this subsection we prove Lemma [B.3|regarding the growth of discrepancy overhead introduced in

Lemmal[B.2

We first introduce a few more notations to simplify the discussions throughout this subsection. Let

my, mg € [M] be two arbitrary distinct workers. For any timestep ¢, denote A; := w;"* — w;"?,
AZE = B 282 g A . T M be the corresponding vector differences.
Let AS = e — &2 where ¢ := V f (w"™; €7 ) VF (w™™) be the noise of the stochastic

gradient oracle of the m-th worker evaluated at w™.

The proof of Lemma[B.3]is based on the following propositions.

ag
The following Proposition ' studies the growth of [% ] at each step. The proof of Proposition
t

is deferred to Section[B.3.1

Proposition B.8. In the same setting of Lemma suppose t + 1 is not a synchronized step, then
there exists a matrix H; such that ulI < H; < LI satisfying

A _ AGE .
|:At+1 *‘A(l‘v%n»Ht) A, ’YI Ag,

where A, 7y, n, H) is a matrix-valued function defined as

_ 1 I-nH  ~yu(I—-nH)
A(MavanaH)_1+,yu |:’)/(H‘LLI) I,.Y2MH:| (B16)
Let us pause for a moment and discuss the intuition of the next steps of our plan. Our goal is to
bound the product of several A(u, v, n, H;) where the H; matrix may be different. The natural idea
is to bound the uniform norm bound of A for some norm || - ||x: sup,;<g<rr A+ Itis worth
noticing that the matrix operator norm will not give the desired bound — sup,,; <z <11 [|Al|2 is not
sufficiently small for our purpose. Our approach is to leverage the “transformed” norm [Golub and
Van Loan 2013] || Al x := ||X 1 AX||2 for certain non-singular X’ and analyze the uniform norm
bound for sup,, ;<< |X7 AX 2.

Formally, the following Proposition [B.9]studies the uniform norm bound of .A under the proposed
transformation X'. The proof of Proposition[B.9]is deferred to Section
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Proposition B.9 (Uniform norm bound of A under transformation X). Let A(,~,n, H) be defined
in Eq. (B.16). and assume p > 0, y € [n, \/g] n € (0, £]. Then the following uniform norm bound
holds

2w 7
sup HX(%77)—1,4(;;77,77,H)X(77,7)||S{1+ S lfve(n,\/:],

uwl=H=LI 1 lf*}/:n’

where X (v,n) is a matrix-valued function defined as

o= ).

ag
Propositions and suggest the one step growth of ‘X (y,m) 1 [% ]
t

Proposition B.10. In the same setting of Lemma|B.3] the following inequality holds (for all possible

t)
g (1+$)2 ify € (n, \/ﬂ 7

1 ify=mn,

(B.17)

2
as follows.

2

E
t+1

N
Hx(%n) ' {At“}

ft] < 27202 +

‘X(%n)l {Aij

where X is the matrix-valued function defined in Eq. (B:I7).
The proof of Proposition[B.10]is deferred to Section[B.3.3]

The following Proposition [B.TT]relates the discrepancy overhead we wish to bound for Lemma B3]
with the quantity analyzed in Proposition [B.T0} The proof of Proposition [B.T1]is deferred to
Section[B.3.41

Proposition B.11. In the same setting of Lemma[B.3] the following inequality holds (for all t)
1 _
H my 4 )

M
1 H d md,m S— \% 1077 H -1 Aag
— wBd — Wy — W < —||X(v,m) t
M mz::l t t 1 +w( K 1+yu Y

Ay
where X is the matrix-valued function defined in Eq. (B.17).

2

t t

)

We are ready to finish the proof of Lemma[B.3]

Proof of Lemma|B.3] Let t, be the latest synchronized step prior to ¢ (note that the initial state t = 0
is always synchronized so t, is well-defined), then telescoping Proposition[B.10|from ¢, to ¢ gives
(note that A® = A, = 0 due to synchronization)

1 27924 2(t—to) i 7
]:to‘| §2720'2(t—t0)' ( +777 ) mye (77’ \/E} )
1 1ffy =7

22\ n
< 29%0%K - (1 + T) ity € (77’ \/;} ’

1 if vy =n,

2
E

o [

where the last inequality is due to t — ¢y < K since K is the synchronization interval.

Consequently, by Proposition [B.TT|we have

M
1 T md md,m 1 — m TH ag ag,m
M =E|:Hwtdwt HH1+7u(wtwt)+1+7M(wtgwtg ) fto
2K
10 ag] |2 2 ( 272u> i ( \/ﬂ
v t m?Ko? ify=mn,
where in the last inequality we used the estimate that 21/10 < 7. O
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B.3.1 Proof of Proposition

In this section we will prove Proposition[B.8] Let us first state and prove a more general version of
Proposition[B.8|regarding FEDAC with general hyperparameter assumptions o > 1, 3 > 1.

Claim B.12. Assume Assumption[l|and assume F to be ji > 0-strongly convex. Suppose t + 1 is not
a synchronized step, then there exists a matrix Hy such that ul < Hy < LI satisfying

A= TR e sy -] S]] o

Proof of Claim|[B-I2] First note that FEDAC can be written as the following two-point recursions.

wiSy" = (1= B~ Hwis™ + B~ wp" — - VF(wi™) — nep’;
wity = a w4+ (1— ot — - VE(wih™) — el
=a (1 - "+ (1 —at+a ' Huw —v- VF(wind’m) — ey,

Taking difference gives
Ay = (1= BOARE + 5710, —n (TF@™) = VF@™)) = 5Aj;
Apr=a ' (1= BHAE+ (1—a 4 a7 57 )A =y (VE@P™) = VR ™)) - A5,

By mean-value theorem, there exists a symmetric positive-definite matrix H; suchthat u/ < H; < LI
satisfying

VF (™) = VE(w"™) = HLAP = H, (1 - B71)A% +871A,).
Thus
Ay = (1= BHAE + 57 A —nH, (1= BHAPE + 571A) —1A]
Appr=a ' (1= BFTHAE+ (1 —a ™ +a™ B7NA — yH; (1 - B7HAE + 7A) — A
Rearranging into matrix form completes the proof of Claim O

Proposition[B-8]is a special case of Claim [B:12]

Proof of Proposition|B.8 The proof follows instantly by applying Claim [B.12] with particular choice

. — — 1ty
a—wandﬂ—a—i—l— TR O

B.3.2 Proof of Proposition [B.9: uniform norm bound

Proof of Proposition Define another matrix-valued function B as

B, y,m, H) == X (v,n) " A(p, v,n, H)X (v, 7).

1T
Since X (v,n)"t = [777 I I} we can compute that
n

B(u,y,n, H) = 1 {(U-FWQM)(I_UH) ~2u(l — nH)

I+ | —n(? =01 n—7*n

Define the four blocks of B(,LL7 Y1, H) as Bll (/1'7 Y, 1, H), 812(/1'7 Y, 1, H)’ 821 (/1'7 v, 77),
Baa(t,7y,n) (note that the lower two blocks do not involve H), i.e.,

o+, Y _
2 2 2
- -
Bo1(p,v:m) = MI, Boa(p,v,m) = ﬁ :
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Casel: n <y < g In this case we have

n+%u n+ 92 Sals :
Bi1(p,y,m, < —(1- < =14 —, since nu < 1
1B11 (1, v, m, H)| T ( ) p ; (since nu < 1)
2 2,LL
1Bz (p, v, m, H)|| < A (1 —np) < R (since np < 1)
pO? =) _ e .
Ba1(p,v:m)|| = < — (smce77<’y§\/5)
[[Ba1( )= Atn =0 1
2
n—7u 1 .
Bag (i, v, m)|| = < <1 (since v < \/E)
1822 : (I+ypwn ~ 1+p a

The operator norm of B can be bounded via its blocks via helper Lemma[G.T]as

B(p,y,n,H)
<max {||Bu1(p, v, n, H)|[, [|Baa (e, v, M|} + max {[|Bra(p, v, m, H)||, [1B21 (12, v, )| }

(Lemma

2 2 92

Smax{ +M 1}+ {W’W}:l_‘_ TE
n n n n

Case II: v = 7. In this case we have

n+np
Bi1 (s, m, < /A =nu)=1-np,
[1B11( H)| T ( )
0 u (1 —np)np
1Bia(p, v, H)|| £ m————(1—np) = —————,
(1+np)n 1+nu

“821(:[1/7’7777)” :07
n—n*p 1
L+nu)n  14+nu

Similarly the operator norm of block matrix 5 can be bounded via its blocks via helper Lemma|[G.T]
as

“822(/1'7’7777)” = (

B(p,~,n, H)
< max {HBll(/-L7 Y5 H)”v ||622(:u7 s 77)H} -+ max {”BlQ(H’a Y1, H)Hv HBQl(Mv s 77)”}
(Lemma[G.T))
1-— 1-— 1— 1 _ 92,2
<max{1_w’ W} i 77#):1_77#_’_77/1( np) _ L4np—2n7p <1
I+nu 1+np L+nu L+nu
Summarizing the above two cases completes the proof of Proposition [B.9] O

B.3.3 Proof of Proposition

In this section we apply Propositions [B-8]and [B.9]to establish Proposition[B-10]

Proof of Proposition|[B.10} If t + 1 is a synchronized step, then the bound trivially holds since
A%, = Ayy1 = 0 due to synchronization.

Now assume ¢ + 1 is not a synchronized step, for which Proposition [B.g]is applicable. Multiplying
X (v,n)~! to the left on both sides of Proposmon gives

ag

A _ A I .-
X(y,m) [Aiﬂ = X(y,m) " A, ., H) {Aﬂ —X(y,n)™ [21} A

= X(y,m) " A, vy, Ho) X (y,m) ™! (X(% ) [Ajj) - [701] Af,
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where the last equality is due to

X(y,m) ™= [_ZZII ?] - X [Zﬂ N P(ﬂ '

Taking conditional expectation,

LA
e[ [ 1
ag Ty |2 2
= H?c’lAX <X1 {A& }) +E H hﬂ A7 ft] (independence)
¢
Az
<||lx~tAx|?|lat [ At ” + 27202 (bounded variance, sub-multiplicativity)
t
ag] ||2 22u)? ( ﬂ}
<2v%0?% + HX(%T])l {AAt } (1 T ) ify e \/: ' (by Proposition [B-9)
¢ 1 ify=n.
O

B.3.4  Proof of Proposition B.11]

In this section we will prove Proposition[B.TT]in three steps via the following three claims. For all
the three claims X stands for the matrix-valued functions defined in Eq. (B.17).

Claim B.13. In the same setting of Proposition|[B.11]

M
1 —_—
_ mdi mdm Ty TH ag ag,m
Mmz_let HHl-i-VM(wt )+ (™ — e )H

L+yp

YH I T A
< [”ﬁ“l} X(v,m) 'HX(%n)l{Att_

1 T T
[IW“I} X(v,m)| -

I4+yp T+yp
Claim B.14. Assume 1> 0 1 0, 1), then |\ Xy, my7 [ ]| < 2
14. >0, € [n,\/1. n € (0, 1], then || X (v,m) i) || = 5
o
YT
Claim B.15. Assume p > 0, v € [, \/>] n € (0, 1], then || X (y,n)7 {le < V2.
14+vp
Proposition [B-TT] follows immediately once we have Claims[B.13] [B-T4]and [B.T5]
Proof of Proposition|B-T1] Follows trivially with Claims [B.13] mandm
M
1 —nd _— Y ag A
— wnd — w™d MH W — w™) + W _ e [
Mmz_:IHt t 1+7M(t t) 1_‘_7”(16 t ) Ay
Now we finish the proof of the three claims.
Proof of Claim|[B.I3] Note that
| M
i Z Hwt — m’ < ||lamd)2 (convexity of || - [|?)
m=1
_ a 2 1 T a 2
_ (1 - 5 1)‘[ T Atg — 1—‘,—"ny Atg L 13 ”
= H [ Prey: A, = 11%1 A, (definition of “md”)

2
, (sub-multiplicativity)

2
NS
HX(%U) ' {Aﬂ
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and similarly

1 Y 1 YU —am 2
J— (3 — m ag _ ag,m
MWZ_:HHW(W i)+ e e
2
JH T ag
< [HW I} [AAt } (convexity of || - [|2)
T+yp t
T 2 L [a] | N
< 74 Xyl 1 X (v, ) ¢ (sub-multiplicativity)
ol Ay

Thus, by Cauchy-Schwarz inequality,

M
1 m. md,m m YH a, ag,m
MZHwtd_wt H H1+7 (W — wi") + (w;® — wj®™)

| 14+yu
1 & 1 YL 2\ *
md,m — —ag ag,m
< ( mE 1 Hw — wy H ) < 71 (wy — wi™) . (wy® —w,®™)

(Cauchy-Schwarz)

1L T 1w nrT ) A2E 2
< [WJ“I} Xy, - [*ﬁ”j} X(y,m) ~HX(W7) {Aﬂ ,
I+yp I+yp
completing the proof of Claim [B.13] O

Proof of Claim Direct calculation shows that

1 17 I Ly 1 T4 yu)I
woor[3E] =[] ] - = 0]
T+ T+ L+p TH

Since

2 2 2
s _ [ (n 2 277) (n) RGN N
H{ yul }H \/(W +’W> + (yp)? < \/( 5 + S o (since ypu < 1)

‘We conclude that

=l 1 by _ Vo
X(y,m)T | Har 7= 1 : < .
14+~yp + TH Y Y
O
Proof of Claim[B.I3] Direct calculation shows that
Yp 14+np
X( ) 1+th _ nI I 1+WLI — 1+ZLI
R =10 1 I 1|’
1+w 1+w T+yp
and
1+7],uI 1 2 1 2
= :\/< +nu> +< > < Va3, (since < )
I +WI 14 ~yu 1+yu
completing the proof of Claim [B:15] O

C Analysis of FEDAC-II under Assumption (1| or

In this section we study the convergence of FEDAC-II. We provide a complete, non-asymptotic
version of Theorem [3.3|on the convergence of FEDAC-II under Assumption[2]and provide the detailed
proof, which expands the proof sketch in Section[d.2] We also study the convergence of FEDAC-II
under Assumption[T} which we defer to the end of this section (see Section [C.4) since the analysis is
mostly shared.
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Recall that FEDAC-II is defined as the FEDAC algorithm with the following hyperparameter choice:

1 ['n 3 1 202 — 1
n € <O, L:| , "}/ma}({ ILLK,'T]}, o = ﬁ — 5, 6 ] . (FEDAC-II)

As we discussed in the proof sketch Section[d.2] for FEDAC-II, we keep track of the convergence via
the “centralized” potential ®,.

~ag * 1 —_ *
b, .= F(w;®) — F +f,u||wt—w 2. (C.1)
Recall wy; is defined as 7 SM_wp™ and wi® is defined as e M wiE™. We use F; to denote
the o-algebra generated by {w”, w28 }Tgt me[M]- Since FEDAC is Mark0v1an, conditioning on

Fy is equivalent to conditioning on {wf", w;®™ },,c (-
C.1 Main theorem and lemmas: Complete version of Theorem

Now we introduce the main theorem on the convergence of FEDAC-II under Assumption [2|

Theorem C.1 (Convergence of FEDAC-II under Assumption [2] complete version of Theorem 3.3).
Let F be i > 0 strongly convex, and assume Assumption[2} then for

win JL K o (pMTO | P MT R, pPT
= L ur? 8 o2 LK202 ' Q2K651
FEDAC-II yields

_ T 5T 402 MT®
E[®7] <min {eXp (_I?TL) , €Xp <_3L’u§K§> } Dy + T log (e 4 ,u020)

LBLERGR o pEMIRO) | eSQRKSet (T
WA 9 o Ll
[2MT3 LEK202 (PT8 Q2K654

where @, is the “centralized” potential defined in Eq. (C.I).

Remark. The simplified version Theorem[3.3|in main body can be obtained by replacing K with
T/ R and upper bound ®q by LD3.

The proof of Theorem|[C.1]is based on the following two lemmas regarding convergence and stability

respectively. To clarify the hyperparameter dependency, we state our lemma for general y € {777 \/E} ,

m
} is fixed.
Lemma C.2 (Potential-based perturbed iterate analysis for FEDAC-II). Let F' be p > 0-strongly
convex, and assume Assumption then for o = % — %, B = 20“ _1 , Y € [77, \/g}, n € (0, %]
FEDAC yields

which has one more degree of freedom than FEDAC-II where v = max {, /L mel

1 3 2L 2 2 3 1 M
E[‘I)T] < exp <_37MT> o+ 7" Lo Yo max E HVF( md) M Z VF(w{nd,m)

2yuM  2M +ﬁ 0<t<T

where ®, is the decentralized potential defined in Eq. (C.I).

The proof of Lemma|C.2]is deferred to Section|C.2] Note that Lemma[C.2]only requires Assumption [I]
(recall that Assumption [I]is strictly weaker than Assumption [2)), which enables us to recycle this
Lemma towards the convergence proof of FEDAC-II under Assumption [T (see Section[C.4).

The following lemma studies the discrepancy overhead by 4™-th order stability, which requires
Assumption 2]

Lemma C.3 (Discrepancy overhead bounds). Let F' be ;1 > 0-strongly convex, and assume As-
sumption 2} then for the same hyperparameter choice as in Lemma FEDAC satisfies (for all

t)

’ 44t Q?K20* (1 + 727“)41{ ify € (n, \/ﬂ ,
44n'Q* Ko ify=nm.
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The proof of Lemma [C.3]is deferred to Section[C.3]

Now we plug in the choice of v = max {, /-, 77} to Lemmas and which leads to the
n

following lemma.

Lemma C.4 (Convergence of FEDAC-II for general n). Let F' be pn > 0-strongly convex, and assume
Assumption then for any n € (0, %], FEDAC-II yields

1 [ 20’ | WEPLK30” | tQ Ko
E[®r] < —— — TP
[ T]_exp( Smax{n,u, K} ) 0+M%MK%+ ;ﬁM + m )

(C.2)

where @y is the decentralized potential defined in Eq. (C.I).

Proof of Lemma[C4] Tt is direct to verify that v = max {n, \ /MLK} € [n, \/ﬂ so both Lem-
mas [C.2]and [C.3are applicable. Applying Lemmal[C.2]yields

1 i . | 3nLo? 377%LK%(72
E[®r] < —= — T )P
or] <o (~mas e ¢ 1 7) °+mm{2uM’ 201

2

2 1 9 M
no nzo 3 —3 1 md,m
LA A E ||VF(wrd) - — F(w™®
+max{2M’2u§MK§}+uoglta<XT HV (wird) Mmz::lv (wy )
(C3)
: 3nLo? 3 %LK%O’Q : 3 %LK%UQ o? %02 :
We bound min { S22 M= 79 & with 2222 =% " and bound max< 25-, —1-7— & with
2uM 2u3 M 2u3 M 2M7 95 KD
1
72’%; + mgj\ﬁ By AM-GM inequality and 1 < L, we have
2 3K 302 3 g2 SLK 302 352
Eﬁnqu-i-?UlSnLKU—I—?gl
2M 4M 4pu2MK:= 4pz M 4pz MKz
Thus
3nLo® 3n2LK320° 2 pio?
min n=g , n’ T i + max WL,%
3 1 9 2 1 9 3 1 9 1 9
<3772L1K20 PR/ 71]20 < 7772L1K20 n 317720 y (C4)
2uz M 2M - 22 MKz duz M duz MK>
Applying Lemma|[C.3] yields (for all ¢)
M 2 132 42 172 4 1\4K . n
3 — 1 dom 132,402 254 (1 + L if v =
3e ||V - L S vr@rem)| | < w79 (1+%) 7T VeE
K M el 1%774Q2K204, ify=mn
<1326t Q2K 20 < QP K 20, (C.5)

where in the last inequality we used the estimation that 132e* < e°.

Combining Egs. (C.3), (C:4) and (C.3) yields

1 1 9 MILK 02 9t 02K 204
E[@T]<exp<—3max{7],u,1/7;'g}T> (I)O+M%Z\;K%+ N 7 4 n'Q o

=3

The main Theorem [C.I]then follows by plugging the appropriate 7 to Lemma[C.4]
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Proof of Theorem|C1] To simplify the notation, we denote the decreasing term in Eq. (C.2) in
Lemmaas ¢, (n) and the increasing term as ¢+ (1), namely

1 om 7]%02 QU%LK%(J'Q e"ntQ*K2o?
= —= == ¢ T | Do, = + .
%(77) CeXp ( 3 max {’17/,6 K } > 0 907\(77) ,U,%MK% M%M + [

Now let

IK 2 . /LMT@O [LQMTSCI)O ‘[LSTs(I)O
No 1= T2 log (e+ mln{ o2 + LK%?  (2K6o1

then ) := min { 1, 1o }. Therefore, the decreasing term ¢, (1) is upper bounded by ¢, (1) + ¢ (1),

where
1 . uT wuzT
— | < —— —_ (0] C.6
Pl <L>mln{exp( 3L)7exp< 3L§K§>} 0> ( )
and

-1
1 [nop [ uMT® | pPMT P p°T5®g
#4(10) < exp <_3 V KT> o= (e - mm{ o2 LK% QKo Po

0.2 LK2O.2 Q2K60'4

< C.7
_uMT+u2MT3+ usTs €7
On the other hand
352 uMT®,\  BALK?0% W2 MT3®,
< <——I1 1 —_—
9469Q2K60'4 s M5T8(I)0
Combining Lemma[C.4]and Eqs. (C.6), (C.7) and (C.8) gives
1
E[@r] < ¢, (L) + ¢1(m0) + @1 (no)
1
. wr w2T 402 uMT P
< = = /- 70
_mln{exp( 3L>,exp< 3L§K§>}©O+MMTIOg e+ o2
LSSLECOY (L MTOR0) | eBQAKS o ptTAE
2N [T3 2,2 578 25654 |
2Mrs 8\ LK, 5T T 0?K%o
where in the last inequality we used the estimate 9%e® + 1 < '8, O

C.2 Perturbed iterate analysis for FEDAC-I1: Proof of Lemma

In this subsection we will prove Lemma@ We start by the one-step analysis of the centralized
potential defined in Eq. (C-I)). The following two propositions establish the one-step analysis of the
two quantities in ®;, namely ||w; —w*||? and F'(w;®) — F*. We only require minimal hyperparameter
assumptions, namely o > 1,5 > 1,79 < % for these two propositions. We will then show how the
choice of a, 3 are determined towards the proof of Lemma|C.2]in order to couple the two quantities
into potential ®,.

Proposition C.5. Let F be i > 0-strongly convex, and assume Assumption|[l] then for FEDAC with
hyperparameters assumptions « > 1, > 1, n < % the following inequality holds

E[|[wirt — w*[|*|F]
< (1 - ;a—l) [z — w*||? + ga—lnw_ w2 + 272 HVF(@)HQ

—2 <1 + ;041) (VF@p®), (1= a™ (1= 8@ + o} (1 = 87 )uf® —w*)
2

i

,720.2

+ 7% (14 2a) i

(C.9)

M
T md 1 md,m
VEp) = 57 > VF@™)
m=1
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Proposition C.6. In the same setting of Proposition|C.3] the following inequality holds
E[F(uff) - F'I 7

L e - S A v S

<(1 5¢ F(w®) - F HaT || w

1 — -
+ ia_l <VF(w{“d), 208wy + (1 — 20871 )wi® — w*>

2 1 -2
— g |[vE@P)

(C.10)

We defer the proofs of Propositions[C.5and[C.6]to Sections [C.2.1]and[C.2.2] respectively.

Now we are ready to prove Lemmal[C.2]

Proof of Lemma|C.2] Since v < \/E < .,/4 <1 wehavea = ;2 — 1 > 1, and therefore

1
pw =\ ul = w 2y 2

8= % > 1. Hence both Propositionsandare applicable.
Adding Egq. D with £ times of Eq. 1) gives (note that the || w™? — w*||? term is cancelled

because Lpa~T=1u-2a71)
stz (1 oo (i o) [
(Y] an
+ %Ofl <VF(W), 208wy + (1 — 208w — w*>

(1)

- (1 * ;0‘> (VFp?), (1— a1 = 57w + a7 (1 = 5w — )

2

4 1 + 1 2 (1 +2 ) VF( md) i f: VF( md,m) _|_772L0'2 + 'YQ,UUQ
PERN R YT e Y 2M " 6M
V)
(C.11)
Now we analyze the RHS of Eq. (C.T1)) term by term.
Term (I) of Eq. (C.11) Note that o~ = 224 > 21, we have
1, 1
1= a7t ) @ < (1= g @0 (C.12)
Term (II) of Eq. (C.11) Since v?1 < 1 we have
1, 1 — 12
= 5n) | vE@r| <o. (C.13)

Term (IID) and (IV) of Eq. (C.11) Since § = 22°=1 we have 208" = 22l9=D — (1 o~ 1(1 -

1)), and 1 — 20871 = 54— = a~'(1 — f~'). Therefore, the two inner-product terms are
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cancelled:

504_1 <VF(wf‘d), 208 w; 4+ (1 — 208~ Hw?® — w*>

1 1 — = .
— g (14 0 (VPP (a1 = gy a1 - e - )
1 ., 1 1 -3 2a—1— 202 —2a\ __ “
= <2a — g’y,u <1 + 50[ >> <VF(wt ), 2042 — 1wtg + (W—l wy — W
Y 1 Vb —a 2a—1— 202 — 20\ __ .
— _ 1 F m _
(3—w 3w< +3—w)> <V WD) a1 ¥ Gz )™

; -1 _ 2yp
(since o™ = wa)

=0. (C.14)

Term (V) of Eq. ll Since o = 32; WN“ and v > 1 we have
11, 1 1, (6 1
Lot aion)yet, ot B <. C.15
(2n+67u( + a)) 2n+67u(2w> 5(n+7) <7 (C.15)

Plugging Egs. (C.12), (C.13), (C.14) and (C.I3) to Eq. (C.T1) gives

M

VF Z md m

1 2Lo? 2 02
E[® 1] F] < (1—37M)‘I’t+n + 1K

2M 6M

Telescoping the above inequality up to timestep 1" yields

1 T — 1 ¢ 2Lo? 2102
E [(I)T] (1 - 3’}’/1) Py + (Z (1 — 3fyu> . (n2M + ’76,[]1\//[ >

t=0
T-1 1 T—t—1

+v Z <1 - 3fy,u> E
t=0

1 3n’Lo?  ~o? 3
< ——yuT | ® — — E
=P ( 3%u > ot ( 2ypuM * 2M + I oglta<XT

- ]_ M 2
VF(wpd) — — 3" VF(w™)

M
1 ma,m
VE@wpd) = 2 > VEw™)

m=1

where in the last inequality we used the fact that (1 — %fyu)T < exp(f%*y,uT) and
¢
mo (1=3vw) <X/ (1= 3m) ™ = 2. m

C.2.1 Proof of Proposition

Proof of Proposition|[C.3] By definition of the FEDAC procedure (Algorithm T)),

T —w' = (1—a " )w +a lwpd — - —Zw wi ) —

Taking conditional expectation gives

M
R * —1\— — 1 md,m *
E [|[wit — w*||?| 7] < ||(1— o Hwg + o twpd — 5 E VE (™) — w*|| +—~202.
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The squared norm in Eq. (C.I6) is bounded as

M
1 md,m
(1—a hw + o twpd =y o2 0 VF@w™) —w

m=1

*

M
(1 o Oé_l)’U)t +a” wmd _ ’YVF( md) w* + (VF( md M Z md))

1 — 2
§(1—|— 2a1> ‘ (1—a YHw;+a w,{nd—w* —’yVF(w,{nd)H
+7%(1 + 2a) ‘VF wmd) Z VE(wp™)
(apply helper Lemmawith (= %a‘l)
1 2 2
:(1+2a_1> ‘(1—a‘1)wt+a wnd — ¥ || 442 <1+ -a” ) HVF )H

@

an

1 -
—2v (1 + 204_1) <VF(w?“d)7 (1- a_l)wt +a” wmd w*>

]

T md 1 md,m
|VF<w;“d> — 37 2 VE@™)

+ 72 (14 2a)

(C.17)

The first term (I) of Eq. (CI7) is bounded via Jensen’s inequality as follows

1 -
(1 * 20‘1> H(l —a w4+ o wpd - w*
1 -
< (1 50) (0= 0w P+ o - )
1 3 —_—
< (150 ) - P 4 ot - w7,

2

(Jensen’s inequality)

(C.18)

where in the last inequality of Eq. (C.18) we used the fact that (1 + o' )(1—a ') =1— a7 ' -
%ofz <1-—1a1 and (1+ %oﬁl)ofl < %ail asa>1

The second term (II) of Eq. (C.17) is bounded as (since o > 1)

(14 o) e <« e

(C.19)
To analyze the third term (II) of Eq. ti , we note that by definition of w;",
I d -1 pd *
— 2y 1+§a <VF(w;“)(1—a Vg + a” twk w>
1 — —
' (1 + 2a_1> <VF(w;nd), (1-—a'1=B YY) m+at(1—p Hu® — w*> . (C.20)
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Plugging Egs. (C:17), (CI8), (C:19) and (C.20) back to Eq. (CI6) yields

E[||[we1 — w|*| 7]

1 N . 3, —— .. 3 — 2
< (1= o ) Imr = wIP 4 Sar - w4 32 )|

— 2y (1 + ;a_1> <VF( md) (1- 04_1(1 - 5_1))Wt+ a—l(l _ B—l)T?g_ w*>

2

2 (14 20) |[VEG@ET) - L $° r@pem| 27
7 (0 20) | TPGEY — 5y 32 VR )|+
completing the proof of Proposition[C.3] O

C.2.2 Proof of Proposition
Proof of Proposition|C.6] By definition of the FEDAC procedure we have

EY md,m
wt—%—liwt —n- 7va 7£t )7

m=1

and thus by L-smoothness (Assumption [I(b)) we obtain

2

M
m m md,m 77 L md,m m
F(w)$y) < Fwpd)- <VF ), - ZW T )> MZVf(wtd 1€")
m=1
Taking conditional expectation, and by bounded variance (Assumption [I[c))
M M 2
® [P < P (VRGED 3 S R 1+ B | S vy
" " ca
By polarization identity we have
< 7 Z VF md m >
1 2 |1 ’ 1 — ’
= | [vFern| + |+ Z VE@pt™)|| = |VF@pd) - - > V@™
m=1 m=1
(C.22)
Combining Egs. (C.21)) and (C.22) gives
E [F(wfE,)|7]
2
— Pty — Ly ] VF(wmd)H2 I T P IZM: VF (w0
t 2 t 2 t M — t
1 1 U ’ n?Lo?
md,m
o 2
o 1 md 2 1 m 1 md T]2L0'2
<F(wp) = 20 ||VE@P)||* + 50| VE@p?) - o 30 VEEP)| 4T €2
where the last inequality is due to the assumption that n < %
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Now we relate F'(w™) and F(w?®) as follows

F(wpd) — F*
1 -1 ag * 1 -1 T md Tag 1 —1 md *
= 1—504 (F(wt)—F)—F 1—504 (F(w75 ) — F(w; ))—|—§a (F(wt )—F)
L —aEy L ) g _ g ag
<(1-30 (F(wt )—F)—i- 1-3a <VF(w;n ), w0 >
1 ) md o+ _ P [ma | i
+ 5 VF(wPe), wy w 5 || W w (u-strong convexity)
I —ag AL rma )P
= 1—504 (F(wt)—F)—Z,uoz Hwt —w
1 - S
+ Eofl <VF(w,§nd), 20wt — (2a — 1)wy® — w*> (rearranging)
I —ag AL rma )P
= 1—504 (F(wt)—F)—Z,ua Hwt —w
1 — —
+ 5o <VF(w;nd), 208~ w7 + (1 — 2051wl — w> (C.24)
where the last equality is due to the definition of w9,
Plugging Eq. (C.24) back to Eq. (C:23) yields
E[F(uff) - F*| 7]
1 PN ot W Y | s SIS | R md
< 1—§a (F(wt)—F)—Z,ua ‘wt —w —inHVF(wt )H
1 —1 md —1— —1\,  ag * 1 md 1 <
+ e <VF(wt ), 2087w + (1 — 2087 )wy® —w >+ 37 VF (whe) i Z_1VF(
completing the proof of Proposition [C.6] O

C.3 Discrepancy overhead bound for FEDAC-II: Proof of Lemma

In this subsection we prove Lemma|[C.3|regarding the regarding the growth of discrepancy overhead
introduced in Lemma The core of the proof is the 4™-order stability of FEDAC-II. Note that most
of the analysis in this subsection follows closely with the analysis on FEDAC-I (see Section [B.3)), but
the analysis is technically more complicated.
We will reuse a set of notations defined in Section [B:3] which we restate here for clearance. Let
my,mg € [M] be two arbitrary distinct machines. For any timestep ¢, denote A; := wy™ — wy"?,
ADE = P8 28 M2 gnd Amd .= g A2 e the corresponding vector differences.
Let AS = & — "2 where ¢ := Vf(w*™; &™) — VEF(w™™) be the bias of the gradient
oracle of the m-th worker evaluated at w™<.
The proof of Lemma [C.3]is based on the following propositions.
ag
The following Proposition Estudies the growth of {AAt ] at each step. Proposition|C.7|is analogous
t
to Proposition but the A'is different. Note that Proposition[C.7]requires only Assumption 1]
Proposition C.7. Let F' be ;1 > O-strongly convex, assume Assumption [I| and assume the same
3 1

hyperparameter choice is taken as in Lemma(namely Q=50 8= 232_711, v € [n, \/g]

n € (0, %] ). Suppose t + 1 is not a synchronization gap, then there exists a matrix H; such that

pl = Hy = LI satisfying
Aag Aag I €
|:At+1:| = .A(,U/7 Y1, Ht) |: Att :l - |:n :| At’

t+1 I
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where A(p, 7y, n, H) is a matrix-valued function defined as

_ 1 (3 =) (3 = 2yu)(I — nH) 3yu(l —yp)(I —nH)
Al y,m, H) = 5= (6 + ) |(B=2ym) 2y — B —ypw)vH)  3(1 —ypu)((3 — yu) I —¥*pH) |
(C.25)

The proof of Proposition [C.7]is almost identical with Proposition [B.8|except the choice of o and 3
are different. We include this proof in Section [C.3.T|for completeness.

The following Proposition [C.8] studies the uniform norm bound of A under the proposed transfor-
mation X. The transformation X is the same as the one studied in FEDAC-I, which we restate here
for the ease of reference. The bound is also similar to the corresponding bound for on FEDAC-I as
shown in Proposition [B9] though the proof is technically more complicated due to the complexity of
A. We defer the proof of Proposition[C.8]to Section[C.3.2]

Proposition C.8 (Uniform norm bound of .4 under transformation X). Let A(u,~y,n, H) be defined
as in Eq. (C.25). and assume p > 0, v € [n, \/g], n € (0, %] Then the following uniform norm
bound holds

sup || X (v, m) " A yom, H)X (v, )| < {1 T e (n, \/ﬂ ’

WI<H=LI 1 ify=mn,
where X (v, n) is a matrix-valued function defined as

X(y,m) = [2}1 ?] :

ag
Propositions and suggest the one-step growth of || X (v, 7)™t [AAt }
t

Proposition C.9. In the same setting of Lemma|C.3} the following inequality holds (for all possible

t)
g (H%)Q ifvE(n,\/ﬂ,

1 ify=mn,

(C.26)

4
as follows.

4
E

A
—1 t+1
H/’V(%n) |:At+1:|

Ly [a
]:t‘| §77202+HX(%77) ' {Aﬂ

where X is the matrix-valued function defined in Eq. (C.26).
We defer the proof of Proposition[C.9|to Section[C.3.3]

The following Proposition [C.10]links the discrepancy overhead we wish to bound for Lemma
with the quantity analyzed in Proposition via 3™-order-smoothness (Assumption a)). The proof
of Proposition[C.10]is deferred to Section|C.3.4]

Proposition C.10. In the same setting of Lemma|C.3] the following inequality holds (for all possible
t)

2 4
< 28914 Q?
3244

where X is the matrix-valued function defined in Eq. (C.26).

)

M
v | md,m
VEwp?) = 57 Y VF@™)
m=1

X(y,m) [AAtatg]

We are ready to complete the proof of Lemma[C.3]

Proof of Lemma|[C.3] Let t, be the latest synchronized step prior to ¢. Applying Proposition [C.9]

gives
ag
<[ 5] T

t+1
2 2 A
<Ty°0” +, |E HX(%n)l [Att]

4

A {0020 e ]
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Telescoping from ¢, to ¢ gives (note that Af® = A, = 0)

4(t—to)
o8 Yy . 7
E H/Y(mn)‘1 {A& } ]-"tO] < A9y ot (t —1g)? - (1+ . ) vae (77, \/ﬂ
! 1 1f'y =7
2u )\ 7
< 490 K2 . (1—&-7) 1ffye<n,\/;}7
1 ify =n,

where the last inequality is due to t — ¢y < K since K is the maximum synchronization interval.

Consequently, by Proposition [C:10] we have
289774Q2 1 Aag
< ——FE||X ¢
]:to = 30444 (v,m) A,
2 \AK
44 QK 20! (1 n %) ify (n, \/ﬂ :
44n*Q*K?0* ify=mn,

E VF _7ZVF mdm

Fto

| S

where in the last inequality we used the estimate that ggz 49 < 44. [

C.3.1 Proof of Proposition

Proof of Proposition|C.7] The proof of Proposition follows instantly by plugging oo = ﬁ - %,
B = 222—1 _ 9=ul6+71) 4 the general claim on FEDAC Claim

a—1 3yu(l—yp)
{ (1— 81 —nH) BN —nH) }
1-8Yat=yH) B Ha'I—~H)+(1—a NI
_1[ (3 —y)(3 = 2yu)(I —nH) 3yu(l —yp)(I —nH)
9 — (6 +yp) B =2v)(2yp — B —y)vH) 3(1 —yu)((3 = yu)I — v*uH)

C.3.2 Proof of Proposition uniform norm bound

The proof idea of this proposition is very similar to Proposition [B:9] though more complicated
technically.

Proof. Define another matrix-valued function B as
B(p,y,m, H) == X (v, m) " Al v, 1, H)X (v, ).

. a5 0
Since X (y,n)~' = | "y ;| wehave
n
B(p,~,n,H)
_ 1 {(?wzu(l =) + 03 = yu)(3 —2yp)) (L =nH)  39*u(l —yp)(I —nH) |
(9= (6 +yu)yp)n —(y =) (3y +6n — yu(3y +4n)) I 3(1 —yp) (3 —yp(y +n)) I
Define the four blocks of B(u,v,n,H) as Bii(u,v,n, H), Bia(p,v,n,H), Bai(p,v,n),

Baa(1,7y,n) (note that the lower two blocks do not involve H), namely
32l = yp) + (3 = yp)(3 — 2vp)

Bui(p,v.m, H) = 0= 6+ 1000 (I —nH),
3%l —yp)
812(/1'7 Y1, H) - (9 — (6 ¥ 7#)7#)77 (I - 77H)7
_ (r=mp By +6n—yu(3y +4n))
Bl = = (9= (6+yu)ym)n !
Baa (11, 7.1) = 31 —yp) B30 —yp(y +m))

(9= (6 +yu)yu)n

39



Casel: n <y < \/g Since yu < 1, we know that the common denominator

(9= (6+yu)yp)n = 2n > 0.

Now we bound the operator norm of each block as follows.
Bound for ||B11]].  Since 372 (1 —~u) +n(3 —yu)(3—2yu) > 0, we have B11 = 0, and therefore

1B11 (i, v,m, H)|l
32l = yp) + (3 = yp)(3 — 2yp)
(9= (6 +yu)yp)n
372 (1 — yp) + (3 — i) (3 — 2yp)
(9= (6 +yu)vu)n
3(y =yl —yp)
(9= (6 +yu)yu)n
3 1-qu
no 9= 6y — P’
<1+ @, (C.27)
3n

(1 —mnu)

<1+

(since y — 1 <)

where the last inequality is due to 97617;% < § since yp < 1.

Bound for || B12|. Similarly we have
372 u(l —yp) (1= ) < 3V l—qp
(9= (6 +yu)yp)n B 9 — (6 + yu)yp

< , (C.28)

2
T

B s 7H < -

[1Br2 (s v,m, H)|| < 31

where the last inequality is due to 9_617;71’;% < & since yu < 1.

Bound for || Bs1]|. Since v > 1), we have (v — n)u (37 + 61 — yu(37 + 4n)) > 0. Note that

(v =) 3y + 6n — yu(3y + 4n))
=37+ 3yn — 60> — yu(3y* + yn — 4n?)
=47 =3’ — (v = 3yn + 60 + v un — 4n’yp),

and
v =3y + 60° + 7 un — An’yp
>y% = 3yn + 61° — 3y (since n < )
>~2 — 3yn + 31 (since yu < 1)
>0. (AM-GM inequality)
Consequently,
(v =M (3y +6n — yu(3y + 4n)) < 4v°p — 37 2. (C.29)
It follows that

| = u(y = n) 3y + 61 — yu(3y + 4n))
(9= (6+vu)yu)n
Av%pu — 3y°
< (by Eq. (C:29))
(9— (6 +yu)yp)n
P A3 2%

| Ba1 (1,7, m)

o 9—6yu—2u? T 3n

(C.30)

. . 4-3 .
where the last inequality is due to 9_67“% < % since yu < 1.
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Bound for Byy. Since v > 7 and v2u < 7, we have 3n — yu(y +1) > 3n — 292 > 7. Thus
Bas = 0, which implies

30 =) Bn—yuly+m) o yp(=6n—3y+yuBy +4n))
1Baaie ol = == 6y (9 — (6 +yp)yp)n <(é'31)

The operator norm of block matrix 5 can be bounded via its blocks via Lemma[G.]as

B(p,v,n,H)
<max {||By1(p,v,n, H) |, [ Baa (g, v, m) I} + max {{|Bia (g, v, m, H)II, 1 Bax (11,7, m)|1}

(Lemma
2 2 2 2 2
gmax{HW,l}max{w W}SHW

31 3n’ 3n n
(Egs. (C27), (C28), (C30) and (C31))

Case II: v = 7. In this case we have

1B11 (e, vsm, H)|) <1 —np,

3nu — 6n*p” + 3np°p?

9 — 6np — n*p?
“821(:”77’77)” = 07
Baa(p, ol = LB Oy S = Ty
9 —6np —n?p? 9 — 6np — n?p?

Similarly the operator norm of block matrix B can be bounded via its blocks via Lemma[G.T]as

B(p, v, n, H)
S max {”Bll(/}/a Y1, H)Ha ||822<M7 Y5 77)“} + maX{HBlQ(%% 7, H)||7 ||821(Ma e T/)H}
(Lemma
3 — 60°p” +30°u® 9 — 15nu + 6n°p® | 3nu — 6np°p® 4 3n°p®
<maxq1l-—nu+ 2,2 2,2 T 2,2
9 —6nu—np 9 —6nu—np 9—6np—np
— A3 3 — 22 _ 393,38
<maxd1_ 6np —4n°p ’ Rl I <1
9 — 6np — n?p? 9 — 6np — np?
Summarizing the above two cases completes the proof of Proposition|C.§] O

C.3.3 Proof of Proposition

In this section we apply Propositions[C.7]and [C.§]to establish Proposition|C.9]

Proof of Proposition[C-9] 1f t+ 1 is a synchronized step, then the bound trivially holds since A%, =
A1 = 0 due to synchronization.

From now on assume ¢ + 1 is not a synchronized step, for which Proposition [C.7]is applicable.
Multiplying X (y,7) " to the left on both sides of Proposition gives (we omit the details since
the reasoning is the same as in the proof of Proposition

ag ag
oo™ |37 = xeun A x e (e |3 ) - [ A7 e

Before we proceed, we introduce a few more notations to simplify the discussion. Denote the shortcut

_ A _q [AE A€ I €
By i= X(y,m) Al yon H)X (v,m), X = X(y,m), A, = &1 {A} and A7 = M ol
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Then Eq. becomes Atﬂ = B,A, — Af. Thus
E {||At+1||4|}'t} =E {HBtAt - A§||4|_7-'t] (by Proposition[C.7)
—5 | (158l + 15717 - 2088, 59)
1B +E [IAF141F] + 4 [(BAr, A5 1] + 21BA2E [ A¢]217]
— ABAPE [(Bid, A7) F | — 4B [IA]12(B. A, A))IF
1B AN +E [|AF 117 +4E [(BiA, AD2IF] +20B,AE [I1A 1217
— 4B [| A 2(B.A, AR (by independence and E[A|F,] = 0)

<IBAN +E[IAF117] + 6B AP E [IA] 1717 ] + 41BAN E [145]%17]
(Cauchy-Schwarz inequality)

<IBAN* + 5B [IA5117: | + TIBA P E 1171717 (AM-GM inequality)

<|IBi A + 407 0t + 147202 || B, A || (bounded 4™ central moment via Lemma |G.4)

A (12 2 2 2 21HNA (12 2 2 2
< (IBAN2 +79%0%)" < (IBIPIA2 + 74%02)

Applying Proposition[C.8]
vu)? n
E [l A1) < 79207 + A () e (/i)
1 ifv=mn.
Resetting the notations completes the proof. O

C.3.4 Proof of Proposition m

In this section we will prove Proposition[C.10]in two steps via the following two claims. For both
two claims X stands for the matrix-valued functions defined in Eq. (C:26).

Claim C.11. In the same setting of Lemma|[C.3| the following inequality holds (for all possible t)

1 am| - @ o 7 A
VEwpd) = 57 > VE@™M)|| < = X0 | L ; HX(%W)_ [Att]
m=1 9—6yp—y2p?
9—9w+27;u22] T
Claim C.12. Assume ;1 > 0, v € [n, \/%] then || X (v,n)T 9;3;@‘3_72& s < 3777.
9—6yu—y2p?
Proof of Proposition|C.10} Follow trivially with Claims and[C.12]as
M 2 s\ 4 4
m 1 md,m Q2 1777 _1 |A?®
VF (w; d)_M21VF(wt ) §4<3'Y X(v,1m) ! Att
_ 2897’]4622 . Atag 4
= W X(v,m) A,
O

Now we finish the proof of these two claims.
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M

2
Proof of Claim[C.I1| Helper Lemmashows that HVF(wf‘d) — LM VF@wP™) H can

be bounded by 4"-moment of difference:

| M 2 Q0 1 M
T md md,m md,m Tmd
VF(wpd) — i Z VF(wy )| < M Z [|wy — Wy d||4 (Lemma[G.3)
m=1 m=1
2
STHATdW (convexity of || - [|*)
4
_ Q|| =1 [AE . o
= g1y A, (definition of “md”)
Q? 1-p~H1)|* i [axE)
ST X(y, )T ( ﬁ*ﬂll ) NX(y, )t Att (sub-multiplicativity)
2 2 4
_@ ||t A
=4 Sy I || X () Ay
9—6ypu—vy2p?
[
Proof of Claim|[C12] Direct calculation shows that
9797’”27}2”22[ 372“(1_25‘)2"(3_3“1,()3_27“)I
1 | 9=6yu—7’ _ Y(O—6vp—77p
X(’Y,??) S'y,JiLS'yz,u% I - 32 p(l—yp)
9—6yp—y?u? Y(9—6vn—72u?)
Since v2p < nand yu < 1, we have
0< 3°pA =) + 0B -y B=2yp) _m 12 -129p+ 2977 _ 4n
- (9 — 6y —v2p?) Ty 9-6yu—72u? T 3y’
and )
0< 3y u(lfwg)2 < 3(1*7/1)2 i <N
YO =6y —2p?) Ty 9—6yu—*u* T 3y
Consequently,
3y2 p(l—=yw)+n(3—yp) (3—2yp) 2 2 e
‘ l 7(§f267(;i7v2l;2) I] < \/<477> + (77> < ﬂ
P u(l—yp = =
7(9—6w—v2u2)1 it it it
O

C.4 Convergence of FEDAC-II under Assumption Complete version of Theorem b)
C.4.1 Main theorem and lemma

In this subsection we establish the convergence of FEDAC-II under Assumption[I] We will provide a
complete, non-asymptotic version of Theorem 3.1(b) and provide the proof.

Theorem C.13 (Convergence of FEDAC-II under Assumption [} complete version of Theo-
rem[3.1[b)). Let F' be ju > 0 strongly convex, and assume Assumption[l} then for

. [1 9K | , . [(uMT®y pPTAd
n:mln{L7/ﬁ210g <e+m1n{ = +L2K302 ,

FEDAC-II yields

T iT
E[®7] <min {exp (—g) ,exp <_3LM§K§> } Dy
40 MT® 8101L2 K302 3T
o log | e+ a 0) + g e+ o) ,
uMT o2 u3T4 L2K302
where @y is the “centralized” potential function defined in Eq. (C.I)).

+
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Remark. The simplified version Theorem[3.1{b) in the main body can be obtained by replacing K
with T'/ R and upper bound ®y by LD3.

Note that most of the results established towards Theorem [C.I|can be recycled as long as it does not
assume Assumption[2] In particular, we will reuse the perturbed iterate analysis Lemma|[C.2] and
provide an alternative version of discrepancy overhead bounds, as shown in Lemma[C.14] The only
difference is that now we use L-smoothness to bound the discrepancy term.

Lemma C.14 (Discrepancy overhead bounds). Let F' be u > 0-strongly convex, and assume

Assumption then for o = % -3 8= 23 —L, v € n, \/g], n € (0, 1], FEDAC satisfies (for all
t)

2 ) 2K
422K o? (1 n %) ify € (n, \/ﬂ 7
4’ L’ Ko? ify=mn.

M
E VF Z mdm

The proof of Lemma [C.14]is deferred to Section[C.4.2]

Now plug in the choice of v = max{1 /#LK, 77} to Lemmas and |C.14} which leads to the
following lemma.

Lemma C.15 (Convergence of FEDAC-II for general 1 under Assumptlon [). Let F be yu > 0-
strongly convex, and assume Assumptwn then for any n € (0, ] FEDAC-II yields

1 ny 7720 100n2 L2 K o2
E[®r] < —= \ /5= ¢ T )@ . C.33
[ T]_exp( Smax{nu, K} ) O+N%MK%+ p ( )

Proof of Lemma[CI3] Applying Lemma|[C.2]yields
1 i .| 3nLo? 31]%LK%02
E[®r] <exp <—3 max {nu,“K}T> <I>0+m1n{ VAT,

2 L 9
3
—|—max{m,ma}+ max E

2

1
o md . md,m
oM’ 2,5 MK VEwpt) = 57 > VEw™")

Applying Lemma[C.T4] yields (for all t)

3 4,
2E ||| VE(wnd) V(W™
- Z

_ 1\2K .
- {mu WPLAKe? (14 %) ify =, /%,

12u~n?L?Ko? ify=n
<12¢*pu'n?L*Ko2.

Note that
3nLo® 313 LK20? 2 102
min il G, U n i + max UL,%

T T (by AM-GM inequality, and p < L)

1 2
LK} o2 o \' (. nrike?\’ :
UEEL LAY o L D ince § < (3)° (3)%)
4uz M 4,2 MK?2 puiM
1 77%02 HQL%KO'2 . .
<= +2- by Young’s inequalit
S4iMKE M (by Young's inequality)
i 2 272 2
2n°L*K
< ?20 ; 1 g (since L > pand M > 1)
4duz M K2 2



Combining the above inequalities gives

1 / 102 12¢2 + 272 L2 K o?
E[®r] < exp (—3max{77,u, Zg}T) CIJO—FN%MK + ( 3;7 .

The proof then follows by the estimate 12¢? + 2 < 100. O

3

Nl

Theorem [C.13| then follows by plugging in the appropriate 7) to Lemma[C.13}

Proof of Theorem[C.13] To simplify the notation, we denote the decreasing term in Eq. (C.33) in
Lemma as ¢, (n) and the increasing term as (4 (), namely

1 i 102 1002 L2 K o2
= —— — T |® = .
o.(n) eXp< 5 max {mm/ K} > 0, r(m) KD + p

3

Let
gK . [LMT(I)O ,U,3T4q)0 . 1
Mo i= ﬁ log? (eJr mln{ = + T2K3,2 , thenn = min Z,no .
Therefore
, uT p=T 0  L[’K%?
< = B A — d .
#i(n) < min {eXp ( 3L> P ( 3LéKé> } 0% uMT AT
and

352 uMT®,\  8100L2K3%2 LT,
< <——1 1 —_—
@T(U) = QOT(TIO) _,LLMT 0g (e + 0_2 + ,LL3T4 e+

Consequently,

1 . wl M%T
E[®7] <p, (L) + 1 (n0) + ¢1(no) < min {eXP <_3L> , €Xp <_M> } ®,

402 pMT®y\  8101L2K30% [BT4d,
e (o 1)+ e (o )

+

C.4.2 Proof of Lemmam

We first introduce the supporting propositions for Lemma[C.14] We omit most of the proof details
since the analysis is largely shared.

The following proposition is parallel to Proposition E:_JL where the difference is that the present
proposition analyzes the 2"-order stability instead of 4™-order.

Proposition C.16. In the same setting of Lemma|C_14} the following inequality holds (for all possible

t)
2 I ag] ||2 vu)? ]
E [|[x(.m= |35 | 7] < 29202+ x0om [N |]] - (1+52) e (n \[]
S A 1 ify=n

where X is the matrix-valued function defined in Eq. (C.26).

Proof of Proposition|[C.16] Apply the uniform norm bound Proposition [C.8] and the rest of the
analysis is the same as Proposition [B.10] O

The following proposition is parallel to Proposition [C.10} where the difference is that the present
proposition uses L-(2"4-order)-smoothness to bound the LHS quantity.
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Proposition C.17. In the same setting of Lemma the following inequality holds (for all possible

t)
ag7 (|2
X(y,m) ! {A&t }

272
< 1mm*L
= o
where X is the matrix-valued function defined in Eq. (C.26).

Y

VE (wpd ——ZVF )

m=1

Proof of Proposition By L-smoothness (Assumption Eb)),

VF(wpd Z VEwP ™) < L2 Aard)2.
By definition of “md”, sub-multiplicativity, and Claim[C.12]
9=9yu+2y"u- r A28 2 17n2 A28 2
1A = HX(%??)T l}i:%%; I] | HX(%??)l {Aﬂ < 57 X {Aﬂ
Yu—2u?

Lemma [C.T4] then follows by telescoping Proposition[C.T6and plugging in Proposition[C.17]

Proof of Lemma[C.14] Let t, be the latest synchronized step prior to ¢, then telescoping Proposi-
tion[C.T6from ¢ to ¢ (note that A;; = A, = 0)
v2u\ n
(1"‘7) 1f7€ (7’],\/?:|,

1 ify=mn.

2
E

A
HX(%n) ! {Aﬂ ]:to‘| < 2y%0°K -

Thus, by Proposition
2

]E |

VF(wmd ——ZVF md.m)

The Lemma then follows by bounding % with 4. O

D Analysis of FEDAVG under Assumption

In this section we study the convergence of FEDAVG under Assumption[2] We provide a complete,
non-asymptotic version of Theorem [3.4] and provide the proof. We formally define FEDAVG in
Algorithm [2|for reference.

Formally we use F; to denote the o-algebra generated by {wT}TSt’mE[M]. Since FEDAVG is
Markovian, conditioning on F; is equivalent to conditioning on {w;" },,c[a)-

Algorithm 2 Federated Averaging (a.k.a. Local SGD, Parallel SGD)
1: procedure FEDAVG(7)

2: Initialize = wj* = wy for all m € [M]
3: fort=0,...,7T—1do
4 for every worker m € [M] in parallel do
5: gt Vf(wf &) > Query gradient at w;"
6: vt —wt =gt > Compute next iterate candidate v’} ;
7 if sync then
8 wiyy ﬁ Zf\g:l (A > Average and broadcast
9: else

10: wity < vt > Candidates assigned to be the next iterates
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D.1 Main theorem and lemma: Complete version of Theorem
Theorem D.1. Let F' be pu > 0-strongly convex, and assume Assumption 2] then for

L2 (L (WMT?DE pOT° DR
—mln O, € min
" 4L T 8 o2 QK204 ’

FEDAVG yields

e

uT ), 30° WEMT?DR\  3073Q°K2%0* . [  uSTSD2
< —— |4LD I I — .
< exp < 8L> o+ WMT og ( + 2 + 5T og | e+ O*K204

— F* + L E[or — o)

where p; = (1 — %nu)T’tfl, St = ZtT;()l pt, and Doy = ||[wg — w*|.

The proof of Theorem [D:T]is based on the following two lemmas regarding the convergence and
4™_order stability of FEDAVG. The averaging technique applied here is similar to [Stich, [2019b].

Lemma D.2 (Perturbed iterate analysis for FEDAVG under Assumption[2). Let F' be pn > 0-strongly
convex, and assume Assumptton then forn € (0, 3 L] FEDAVG satisfies

=

1 1 1 Q? W
§5eXp <277,uT> D + Mna T <oglta<XTM Z E Hwt W ”4]) :

where py, St are defined in the statement of Theorem|[D.1]

— F* + SE[[or — o)

The proof of Lemma[D.2]is deferred to Section[D.2]

Lemma D.3 (4"-order discrepancy overhead bound for FEDAVG). In the same settings of Lemma
FEDAVG satisfies (for any t)

M

1

i Z ([ — w{”|41 <192p* K70
m=1

The proof of Lemma [D.3]is deferred to Section[D.3]

Combining Lemmas [D.2]and [D.3] gives

Lemma D.4 (Convergence of FEDAVG under Assumption 2] for general n)). In the same settings of
Lemma(D.2] FEDAVG yields

T-1
1 1 1 19202 Q%K 2?54
E|F pt* gl E[||wT w*||?] < = exp [ —=nuT Dg+—n02+#.
P S 7 2 M %
(D.1)
Proof of Lemma([D-4] Immediate from Lemmas|[D.2]and[D3] O

Theorem [D.T] then follows by plugging an appropriate 7) to Lemma[D.4]

Proof of Theorem m To simplify the notation, denote the terms on the RHS of Eq. (@) as
1 1 1 192U4Q2K20'4
() = L exp (—2WT> D§,  er(n) = gyt + —

Let

p2MT2D2  1iST5 D3
o2 " Q2K 20%

1
th = mi
enn m1n{4L,770}
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Therefore 2, (n) < y(41) + ¢4 (10). where

1 T
- (4L> — exp <_‘£L> ALDZ, (D.2)
and
-1
BT o (oo {EMT2DE 0703 0t QU

< 2. . D.3
e1(no) < 5 0 <m1n{ o2 T Q2K 204 — 2uMT + 2u5T? (B3

On the other hand

202 u2MT2Dg 3072Q%K?%0* ., MGTSD(Q)
o1(n) < p1(mo) < WMT log (e + o2 > + (5T <e + Q2K204> :
(D.4)

Combining Lemma[D.4and Egs. (D.2), and gives

T-1 p
F Lwy
(t—o Sth)
uT 5 302 wWrMT?D2 3073Q* K%t . 4 w1 DE
Sexp <_8_L> 4LDO+MMT10g e+ 0_2 + M5T4 1 e+m .

E — F* + LE[[or - o]

O

D.2 Perturbed iterative analysis for FEDAVG: Proof of Lemma

We first state and proof the following proposition on one-step analysis.

Proposition D.5. Under the same assumption of Lemma[D.2] for all t, the following inequality holds

1 nQ? M n2o?
E [|[w1 — W*||2|]:t] < (1 - Qnu) |\W—W*||2—U(F(W)—F*)+m mz::l IIW—wZ”H‘%LW-

Proof of Proposition[D.3] By definition of the FEDAVG procedure (see Algorithm J2)), for all m €
[M], vt = wi™ —nV f(w*; &). Taking average over m = 1,..., M gives

M
—_— * 1 m. em *
Wit — W =W =1 7 va(wt P6) —w”
m=1
Taking conditional expectation, by bounded variance Assumption [Tfc),

E [0t — w*|?|F] = + —n?s2. (D.5)




2
term as follows

Now we analyze the Hwt —n- £ M VFw) - w*

2

1 M
wt—n~MZVF(w;”)—w*
m=1

2

—n-VF(wy) — w+77<VF(wt) %ZVF( )>

1
< <1+277M> [@; — nVF (@;) —w*||* + 1 ( HVF W) Z VE(w")
(apply Lemma with ¢ = 3 Low
1
< (1 g I = v r G - (14 2) £ Z 7 — w1
(by Lemma [G.3)

1 X 2 M
< (1+ o) oz - a9 F (@) - 0l + 12 > -l (D.6)

where the last inequality is due to 1 + % < % since nu < L < 1.

The first term of the RHS of Eq. (D.6) is bounded as

[z — nV F(wr) — w*®

= |[w; — w*||* — 20 (VF(w;), w; — w*) + 2| VF(wy)|? (expansion of squared norm)

—_— %112 —_— * — * P *
<@z = w*||° =0 (pllwr —w*||* = 2(F (@) — F7)) +0* - 2L(F (@) — F*))
(p-strongly convexity and L-smoothness by Assumption|T)

=(1 = np)||w; — w*||* = 2n(1 — nL)(F(w;) — F*)
<(1 —np)|[w; — w*||* = n(F(w) — F*). (since 1) < 57)

Multiplying (1 + %nu) on both sides gives (note that (1 + %n,u)(l —nu) < (1= 3np)
1 _ __ *12
1+ 3 [ —mVEF(wy) — w*|
1 —_ * (|2 1 — *
S\t gme ) (U =np) @ —w*l|° =0 { 1+ onu ) (F(we) — F7)
1 * — *
< (1= o) I - w2 = n () - ). ®.7)
Combining Egs. (D.3)), (D.6) and (D.7) completes the proof of Proposition [D.3] O

With Proposition [D.5]at hand we are ready to prove Lemma|D.2] The telescoping techniques applied
here are similar to [Stich, [2019b].

Proof of Lemma[D.2] Telescoping Proposition [D.3]yields

E o7 - ' +nz (-
T—t—1 M
1 _ . 1 1 nQ?
<(1- 277#) -+ S (1 - 5m) <Mn202 + 205 B - up| ])
t=0

1 \7 1 nQ>? 1 Y
__ #112 2 2 — m |4
< <1—277u> |lwg — w*||* + St <M77 o +701£ta<XTM Z]E[Hwt—wt I ])

T—t—1
m) (R - F)

l\JM—\
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Multlplymg — on both sides and rearranging,

T-1

1
> EHEF@)] - FY) + —— E[Jor — o]
t=0 °T ST
(1 - %UN)T __ 2 1 2 Q2
<X 2R ok - 2 - m ) .
<G Im —w' P+ pno’ + = or?iXTM ZE [z — wi[|*] (D.8)
Note that Sp := Zt 0 Pt = %,we have
2
1 14 1%
— = ) (D.9)
nSr 2(1—(1—2inuw)T) ~ 2
and
1= Lpw? 1—ipw? 1—gnuw)™ 1 1
( 277/1) — /u‘( 2771,LL) = < 'u’( 277,LL) < ~exp <_77MT> . (DIO)
nSt 2(1— (1= 3nw7T) i 2
Also by convexity
L L
t — _
E[F —-F)>E|F — — F*. D.11
Z ST( [F'(wy)] ) > <§ STU/t> ( )
Plugging Egs. (D.9). @) and (D.TT) to Eq. (D) gives
( ”fwt> — F* + LE[[r - o)
1 1 o, 1 Q°
ggexp (—277,uT> |wo — w*||* + MUU2 + " <01£1ta<xT i Z E [||w; — wi|| ])
O

D.3 Discrepancy overhead bound for FEDAVG: Proof of Lemma

In this subsection we will prove Lemma [D.3] regarding the 4th order stability of FEDAVG. We
introduce a few more notations to simplify the discussions. Let m,my € [M] be two arbitrary

distinct workers For any timestep ¢, let A, = w;™ — w;™?, and A = "' — &/"* where
%wt ; VF (w]™) be the bias of the gradient oracle of the m-th worker evaluated at
wt Let A} — VF(wy™).

We first state and prove the following proposition on one-step 4th-order stability. The proof is
analogous to the 4"-order convergence analysis of FEDAVG in [Dieuleveut and Patel, 2019].

Proposition D.6. In the same setting of Lemma[D.3} for all t,

VE[[As1]* < VE[A* + V1927%0°

Proof of Proposition|D.6] 1f t + 1 is a synchronized step, then the result follows trivially. We assume
from now on that ¢ 4 1 is not a synchronized step, then

El|As[I[F] = E [[A: = n(AY + A7) F]
=E[(1Ad? - 2080, AT + A7) + 72 |AT +A7)%)°| 7]
=E (A" = 4nl| A2 (A, AY) +4” E [(Ag, AY + AD?[F] + 207 | AP E [ AY + AF|J*[F]

— A E [(Ar, AY + A7) AT + AFPIF] + 0t EJAY + A7 7]
SE A" = 4nllAd2(Ar, AY) + 60| AP E [ AY + AF[*[F]
+ 4P| A E [AY + AS|PIF] + 7 E [|AY + Af|[*|F;] (Cauchy-Schwarz inequality)

SE|A* = dnl| AP (A, AY) + 82| ANPE [JAY + AFIP1F] + 30 E [[|AY + Af 1|7
(D.12)
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where the last inequality is due to
AP | A E[AY + AFIPIF] < 20| AP E [AY + AFI1*[F] + 20" E [ A + A1 F]
by AM-GM inequality.

Note that by L-smoothness and convexity, we have the following inequality by standard convex
analysis (¢f., Theorem 2.1.5 of [Nesterov,|[2018]),

AT |2 = [[VF(w™) = VF(w™)|? < L{w™ — w2, VF(w™) — VF(w}"2)) = L<A‘2’DAfV3§'

Consequently
E[IAY + AFIPIF] = IA7 17 + E [IAFIP[F] < [AY] + 20 < L(Ay, AY) + 207,
Similarly

E[|AY + Af|[4F] < 8|AY[|* + 8E [||Af[|*|F] (AM-GM inequality)
<8[|AY[|* + 640* (by Lemma [G.4)
<8L%|AZ|12|AY ||* + 640 (by L-smoothness)
<BL?||A7|I*(A, AY) 4 645, (by Eq. (D.13))

Plugging the above two bounds to Eq. (D.12)) gives

Ell A7) < [A* = 4n(1 = 2nL — 60° L) | Adl|*(Ar, AY) + 1607 A *0? + 192" 0.
(D.14)

Since nL < 1 we have (1 — 2nL — 67°L?) > 0. By convexity (A;, AY) > 0. Hence the second
term on the RHS of Eq. (D.T4) is non-positive. We conclude that

El Avral[*Fe] < Al + 1600 | A]* + 19270,
Taking expectation gives

B A ] < EfIAY) + 16707 E[| Acl?) + 19270
2
<E[|| "] + 1670 VEIAT + 1929"0" = (VETA + vVI029%0?)

Taking square root on both sides completes the proof. O
With Proposition at hand we are ready to prove Lemma|D.3

Proof of Lemma|D.3] Let t, be the latest synchronized prior to ¢, then telescoping Proposition[D.6|
yields (note that A;, = 0)

VEA* < V1920262 (t — to) < V192> K o2,

where the last inequality is because K is the synchronization gap. Thus
1 M . mnd 4 47-2 4
= DO [l[wr —w || < EAd)] < 1920 K",
m=1
where the first “<” is due to Jensen’s inequality. O

E Analysis of FEDAC for general convex objectives

E.1 Main theorems

In this section we study the convergence of FEDAC for general convex (1 = 0) objectives. Let F' be
a general convex function, the main idea is to apply FEDAC to the ¢3-augmented F) (w) defined as

1
Fy(w) := F(w)—i—i)\Hw—onQ, (E.1)
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where 1w is the initial guess. Let w? be the optimum of F) (w) and define F} := F) (w?).

One can verify that if F satisfies Assumption [T]with general convexity (¢ = 0) and L-smoothness,
then F’ satisfies Assumption with smoothness L + A and strong-convexity A (variance does not
change). If F’ satisfies Assumption then F) also satisfies Assumptionwith the same (Q)-3"-order-
smoothness (4"-order central moment does not change).

Now we state the convergence theorems. Note that the bounds in Table[2]can be obtained by replacing
K =T/R. Recall | Dy := ||lwg — w*||.

Theorem E.1 (Convergence of FEDAC-I for general convex objective, under Assumption|). Assume
Assumption|l|where I is general convex. Then for any T' > 24, applying FEDAC-1 ro F) (E)

with
o LiK3o% 2LK o ( , T?
A = max T 1 s T e IOg (S +f s
Mz2T2 Dy TD3

and hyperparameter

G UKL ALMTDE MTD; L¥K$D; LiKkiD?
= min —_—, T min
g L+ X T2 o2 7 K202 " NiTo3 T \iToz
vields
- 1 _2LKD2 (., T? 20Dy . o o LM2TzD,
]E[F(ng)—F]g T2 log” | e % +mlog e’ + -

1005L3 K303D; 4 (4  L3TD;

% Jog* [ e* + o

T K3os

The proof of Theorem [E-]is deferred to Section[E.2]

Theorem E.2 (Convergence of FEDAC-II for general convex objective, under Assumption][T). Assume
Assumption@ where F is general convex. Then for any T > 103, applying FEDAC-II to F\ (E.I)

with
o L:Kio? 18LK . o[ , T2
A = max Fp— s T ) log € —‘r? s
MzT3 Dy TDg

and hyperparameter

1 9k, _ (ALMTD} NT*D? LiD;
7 = min — log” | e + min 5 Y
g E

L+ )\ T2 " LK302 37353
yields
_ .1 _10LKD2 T2 50Dy LM:Tz D,
E[F(ng)fF} STolog (62+K)+M§T§ log | e+ -
1.3 1.3 1 i
14ULEKA G DGy <e4 | LATDg )
T Kigz

The proof of Theorem [E-2]is deferred to Section[E3]

Theorem E.3 (Convergence of FEDAC-II for general convex objective, under Assumption[2). Assume
Assumption@ where F is general convex. Then for any T > 103, applying FEDAC-II to F\ (E.I)

with
L3K30% Q3Ko3 18LK T2
S (R Ay AT AR L S Y
M=T:Dy MpiTD; TiDy 7T K

14We assume this constant lower bound for technical simplification.
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and hyperparameter

. { 1 9K < , {/\LMTD% N2 MT3D? )\5LT8D3}> LéKéMéDog}
7 = min log? ( e 4 min , S
3 3

L+ )\ \T2 o2 7 K202  (Q?KSo* \To
yields
10LK D2 T2 50Dy LM32T=D,
E [F - F*} < O pg? (e 4+ =— —— 1 _—
(wy®) — < Tz og” | e* + i74 +M§T§ og e+ .

1.2 2% a3
PREIAVSIAN P M3TD] L Qs KoiD§ g (54 LTADEY

Ms3T K303 T3 3
The proof of Theorem [E-3]is deferred to Section[E.4]

For comparison, we also establish the convergence of FEDAVG for general convex objective under
Assumption 2]

Theorem E.4 (Convergence of FEDAVG for general convex objective, under Assumptlon@ Assume
Assumpnonlwhere F is general convex, then for any T > 100, applying FEDAVG to F (E:I) with

2
A= max{ o QiKiol 1;L10g(e+T)}

M:T:D,’ TgDO?’

and hyperparameter 1

, 1 lon (ot i { XMT2D NOT D3
= Imin min
K AL+ N )\T & o2 QK204

o[r(G8m) -

where py —(1—*77)‘)T =1 S —Zt o Pt

The proof of Theorem [E-4]is deferred to Section[E.3]

vields

50LD? 60D 3076 K D
< TO log(e+T)+—— % log (e + T+ QKo
2

0 log* (¢ +T)

E.2 Proof of Theorem on FEDAC-I for general-convex objectives under Assumption

We first introduce the supporting lemmas for Theorem [E.T]
Lemma E.5. Assume Assumptmnlwhere F is general convex, then for any A > 0, foranyn < =~ + <
applying FEDAC-I to F) gives

1 1 ) 77% o2 no?

E[F() - F*| <5AD3 + SLDfexp | —\/ 2T | + 0+ I
(wy) — =50 + 2 0 €XP i + NSV 4 5

390n3 LK 2 0

% + TP LKo? + 39002 A2 K20% + T’ AKo?.  (E2)

2

The proof of Lemma [E-3]is deferred to Section[E.2.1] Now we plug in 1.

Lemma E.6. Assume Assumption[l\where F is general convex, then for any \ > 0, for

)

i d LK e ALMTDZ X2T3D2 LYK3DS LEKiDE
= ESNSVER o2 K22 [)7 \iTo3 ' AiTob |’
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applying FEDAC-I fo Fy gives

1 30 ALMT D3
E[F(w;g) F*| <-AD3 + 2AMTlog <2+02°>
592LK>” | 4<e4+)\2T3D8>
273 K202
412L: KoDy 1 1
= N L LD? | ————T]. E3
T T2 OeXp< 1+ L/NK ) (E-3)

Proof of Lemma[EZ6] To simplify the notation, we name the terms of RHS of Eq. (E2) as

1., nA
== —/ =T
vo(n) 5L Do exp< 7 )

nzo?

— o
390n% LK 2 0
ps(n) == Ta pa(n) = 7772LK027
p5(n) == 39003 AT K 202, p6(n) == T*AKo™.
Define
K 2 (2 i [AMTDE NTOD _L*KEiD{  LiKiD]
=T og” (& +min o2 K202 [)0 T 31,2 0 BT Tires
then 7 = min {771, 72,13, L%_/\} Now we bound ¢1(n), . . ., ©s(n) term by term.
) < orlm) < 02 (o MMTDS
oglet+ —F—
P = 21U = 53T 8 o2 ’
Ko? _ ALMTD? o2, ALMTD?
< < — 1 < 1 |,
w2() < 2(m) < g3 1o ( R ST\t T 2
(since K <T)
B00LK%0* | NT°D}
903(77) < @3(771) )\2T3 K252 s
TLK30? 2T?’D2 TLK?0% )\QT?’D%
()04(77) < P4 (771) )\2T4 IOg K202 = 273 IOg + W ’
(since K <T)
390L% K Dyor
< =
@s(n) < o5(n2) Ry )
7L%K%Doo 7L: K Dyo )
ws(n) < we(n3) < TEAKo? = N7 S —arr (since K <T)
In summary

6 2 2 2 2 23 2 1
o of o ALMTDg 397TLK~*o af 4 XNT°Dg 397Lz K Dgyo
2 iln) < tog (e - N2T3 ¢t K AT
(E.4)
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On the other hand o (1) < @o(m) + ©o(n2) + 0(n3) + wo( ), Where

)\LMTD2 A2T3D2\\ ' o2 | 195LK0?
= 2AMT T3

1
wo(n1) = §LD3 <e 4+ min

{ T K202
3! 3LK3D? 3L:KDyo
< S LD? = = — ;
800(772) -2 0 < > 2)\2T‘3 A2 T3
4! N3\ 12LK2D? 12L%K%JD0 12L2 K Dyo
5) < —LD2 [\ 22T = = )
#ols) < 5 0( K > AT AFT2 T AT
In summary
1 A o? 195LK202 1512 K Dyo
< -LD? - T : E.5
vo(n) < 3 OeXp< L+ VK >+ DMT T aers T e E-5)
Combining Lemmal[E-3]and Eqs. (E-4) and (E3) gives
R 6 1
E|Ff) - F] < > piln) + 5205
1., 302 o[, ALMTD2\ 592LK202 [, AT3D2
<3P0+ oxarr 8 <e L s 08\ O T
412L3 KoDy 1 1
e 0 L LD? ) —T].
T T3 OeXp< 1+ L/NK >
O

The main Theorem [E.I| then follows by plugging in the appropriate 7).

Proof of Theorem|E. I} To simplify the notation, we name the terms on the RHS of Eq. (E.3) as

Yol 5= 3AD3 1) = gt (¢4 MATEE),
a0 = BPEICT gt (4 ST = 2D,
Pa(A) = %LD% exp (— (1'|‘£/>\)KT> .

Let .

then A := max {1, A2, A3} . By helper Lemma 11 and 15 are monotonically decreasing w.r.t A
for A > 0. 13 is trivially decreasing. Thus

30D LMz:TzD
"ll)l()\) S wl(Al) S m 10g2 <e2 —+ 0-(]) , (E6)
592L K303y (4 LiTDS
Ua(V) Sa(he) £ = log e+ — 5 ) (ED)
1208 K308 D}
Us(X) S¥s(he) = ——F— (E.8)



Now we analyze ¥4 (A3). Note first that % = %,—Ig log? ((32 + T?z) . Since T' > 24 we have T?z > 24,
By helper Lemma 2~ log?(e? + x) is monotonically decreasing over (0, +00), thus

)\3 2K 2 2 T2 1 202
T = 75 o8 <e t5 ) S gles (e”+24) < 1.

Hence

We conclude that

1 1 1 72\ ""  LKD?
\) < 1py(X3) = =LD2 | —————=T | < LD} (*+—=) < 9.
Va(d) = va(ds) = 3 06Xp< 1+ L/ 2K )-2 0(e TK) =
(E.9)
Finally note that
YolN) < SAD2 + SagDR + Eagp2 = 720 +L%K%G%D§ L LEDG e (2 T
0oV = 5Dy + 50 Do+ 54 D6 = et oT 72 %\ TR
(E.10)
Combining Lemma[E.6|and Egs. (E.6), (E7), (E=), (E.9) and (E.I0) gives
L 4
E[Fif) - F7] < 3wy
=0
OLKD2 (., T? 20Dy . of 5 LMzT2Dy
< 1 )+ == e
- T2 Oge+K +M%T%Oge+ o
1005L K303 D§ LiTD§
01 4 4 0 .
* T I S
O

E.2.1 Proof of Lemma

We first introduce a supporting proposition for Lemma E.5]
Proposition E.7. Assume F' is general convex and L-smooth, and let Uy be the decentralized
potential Eq. (B.1) for Fy, namely

Mo R 1
> (Anwi™) = Fy) + Ao — wi |

m=1

1
\I/t Z:M

Then
ag * 1 2 1 * |2
Wr > F(wif) = F* = 5ADG,  Wo < o Lljwo —w"|.

Proof of Proposition[E.7} Since w} optimizes F)(w) we have F)(w}) < Fj(w*) (recall w* is
defined as the optimum of the un-augmented objective F'), and thus

~ 1 1
F = F(wy}) + 5/\||w§\ —wo* < F(w*) + iAHw* — wol|?. (E.11)
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Consequently, ¥ is lower bounded as

M M
_ 1 r- ag,m ALY 1 —_— * (|2 1 " ag,m 1k
Vregp 2 (P(ie™) = F) + 5Al07 — wi? = 3 (An(wis™) - F3)
| M
:M;KF( wi®™) + >\||w“g’ —w ||> Fy
M
1 ag * ag,m *
> 57 3 [P - 4 5 (s - wolP ~ - wol?)| by Ea. €TD)
m=1
1 “ ag,m * 1 * 2
2 57 2 Flwp™™) = F7) = SAllw” —wo|
m=1
1
> F(wy®) — F* — 5)\||w* — wo? (by convexity)
1
= F(w5®) — F* — 5/\Dg

The initial potential ¥q is upper bounded as

I [k 1 *
o = Fx(wo) — FX + 5/\”11),\ — wol|?

1 1 s
F(wp) — (F(wj‘\) + f)\||wf\ - w0|2) + 5A||w; —wol[?  (by definition of F (EI))
F

= F(wo) = F(w}) < F(wo) — F* (by optimality F'(w}) > F™*)
1

§L||w0 —w ||2 2LD(2). (by L-smoothness of F)

O

Lemma [E.3]then follows by applying Lemma[B.4]and Proposition

Proof of Lemma[E.3] By Lemma on the convergence of FEDAC-I, for any 7 € (0, ),
12 2 3 12
A nzo no 390nz2(L+ N K20 5 5
E[Wr| < —\ /=T |¥ —_— + — L+ MK
[T]_exp< e ) °+2)\%MK%+2M I + M (L+ N Ko

Applying Proposition [E7] gives

1 nA 1 77%02 no?

E {F wE F} <> LD? )+ oapz T 17
(wr’) = =g o exp e °+2>\%MK%+2M

39003 LK % 02

+ % FTPLK0? 4+ 39003 A KB o? + TP AK 02,

2
O

E.3 Proof of Theorem on FEDAC-II for general-convex objectives under Assumption

We omit some technical details since the proof is similar to Theorem [E.I] We first introduce the
supporting lemma for Theorem [E.2]

Lemma E.8. Assume Assumpnonlwhere F is general convex, then for any A > 0, foranyn < =+~ + 5

applying FEDAC-II to F) gives

+200m2\K 0.

w2e 1 1 T2 352 ) 212K o2
E F(w;’g) - F*} < 5)\D8+§LD(2) exp < n ) no i 00n o

9K AN MK? A
(E.12)
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The proof of Lemma [E-8]is deferred to Section [E3.1}
Lemma E.9. Assume Assumption[Ijwhere F is general convex, then for any X > 0, for

G U 9K (L (ALMTDE NT'DR LiD;
= min Y, T—= min
! s o2 LK% [) XiT3o3’

L+ X \T?

applying FEDAC-II to Fy gives

T2 ) 200L3 KD o3

: 1 1
E |F(w?®) — F*| <=AD2 + ~LD? —
[(“’T) }—2 0+ b Poexp 91+ L/ VK AT
L Ao ALMTDR\ | 16201L2K%  \( ,  X'T*D3
A\MT & o2 A3TA % \¢ T LK%
(E.13)

Proof of Lemma[E9} To simplify the notation, define the terms on the RHS of Eq. (EI2) as

1 77)\T2 77%0'2
.= LD} - =17
o(n) = 3 oexp< oK > ,pi(n) NSYTEs
2002 L2K o>
p2(n) = —————, ©3(n) == 200> \K o2
Define
9K | 2 (o4 i d ALMTDY NTDj LiD]
= T min [ S~ .
m Vi 72 " K302 ) "2 2722

Then n = min {1, 72}. Since ¢1, Y2, @3 are increasing we have
302 ALMTD3
log({e+ ———.
g

< <
e1(n) < p1(m) < MT
() < oay) < SGHOLEIG? | (XTUD;
DAV 0 et (e A2 0
P2 = P2n) = T Ns LK302 )’
4
200LE KD o3
< < 07
e3(n) < p3(n2) < N
On the other hand, since ¢y is decreasing we have @o (1) < vo(n1) + po(n2) + @o(%ﬂ), where
o? L2K30?
<
wolm) < 33T + e
_92 4
o[ [1XT?\ " _9KLD} _9LiKDjo}
0 0K .

21
wo(n2) < §LD

mAT2 A3 T3
Combining the above bounds completes the proof.

Theorem [E.2]then follows by plugging in an appropriate \.

Proof of Theorem[E2] To simplify the notation, define the terms on the RHS of Eq. (EI3) as

w(A)~—1AD2 w(A)-—lLDQex Y
WA= 940 LA = 5o exp 91+ L/ VK |’

4
209L3 KDi o3 402 ALMTD?
ISECA Y I (0 = s (o 240520 ).

16201L2K302 . , [ ,  A3T*D?
ValN) = gl ( +LK30—2>'
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Define

LiKig? 18SLK T2
) VSR VP LN ——— log® <e2+>.
MzT7z D, D(?T T K

Then A = max {A1, A2, Az }. By helper Lemmawg, 14 are decreasing; s is trivially decreasing,
thus

1 3.3
209L:KiDZo?
T )

46D, L
PY3(\) < 3(A1) = mbg <e+ —

Pa(A) < ha(A2) =

Ya(A) < Pa(A2) =

1,38 1 1 1
16201L2;<4D02m log ( i, LzTD02> |

For ¢ () since T’ > 1000 we have Z- ® > 1000, thus

A 18K T2
—3:8—log2 (62+) <

log? (€2 +1 1
i T2 7% ) = 7000 08 (e* 4 1000) <

Thus 1 + A% < %, and therefore

2\ 1 2
0y < 0w = 5108 (@ + ) < St

2 272
Finally
5 oDy  L3KiDic* OLKD? T2
Z o, 0 4 01og2 (&2 + = ).
P 2M T3 2T T2 K
Consequently,
1OLKD , T2 50D, LM3:T3:D,
Z’(/) 1 (e +K>+Mlog e—‘rf
3 1 1
16411L2KiDéoz . ,( , L2TDE
1
T % (e TR )
completing the proof. O

E.3.1 Proof of Lemma

LemmalE.8]is parallel to LemmalE.5|where the main difference is the following supporting proposition.

Proposition E.10. Assume F' is general convex and L-smooth, and let ®; be the centralized potential
Eq. (C.1) for F\ (with strong convexity estimate | = \), namely

@ = (B@) ~ ) + Al — il

Then 1 1
br > F(wi?) — F* — §AD3, Py < §L\|w0 —w* |
Proof of Proposition|E.I0} The proof is almost identical to Proposition[E.7] O

Proof of Lemma[E-8] Follows by applying Lemma and plugging in the bound of Proposi-
tion[E-T0] The rest of proof is the same as Lemma [E.5| which we omit the details. O
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E.4 Proof of Theorem on FEDAC-II for general-convex objectives under Assumption

We omit some of the proof details since the proof is similar to Theorem [E-T] We first introduce the
supporting lemma for Theorem [E.3]

Lemma E.11. Assume Assumption |2| where F' is general convex, then for any A\ > 0, for any

n < L%M applying FEDAC-II to F), gives

—aF 1 1 / 77)\T2
ag *| < 2 2
E [F(’IUT ) - F } *2 )‘DO + *2 LDO exXp ( 9 )

77%0'2 QH%LK%UQ QH%A%Kéaz 69774Q2K2U4
1 1 1 + + ’
A MK?3 Az M M A

n (E.14)

Proof of Lemma[ET]] Follows by Lemma [C.4] and Proposition [ET0] The proof is similar to
Lemma[E3lso we omit the details. O

Lemma E.12. Assume Assumption[2lwhere F' is general convex, then for any X > 0, for

. 1 9K . [(ALMTD3 NMT?*D} N LT®D? L¥KSM5D]
7 = min { ——, ——log” | e + min , , , — ,
L+ X\ \T?2 o2 K202 Q2K604 XiTo3

applying FEDAC-II to Fy gives

— 1 1 T2 402 ALMTD?
a8\ _ p*| < = 2 - 2 _ 0
E[F(wT) F] 2)\D0—|—2LDOexp< 5 >+)\ Tlog (e—l—o_2 )

1+ L/NK M
55LK 20> og? (¢ 1 NMT3DZ\  83L:KDyo  e®Q?KSq* log® (o 4 X LTD3
A2 MT3 K202 Az M3T3 A5T8 Q2KS654
(E.15)

Proof of Lemma[E12] To simplify the notation, define the terms on the RHS of Eq. (E.14) as

1 NAT?2 nto? 23 LK 302
= =~ LD? — , =, =
wo(n) = 5LD; eXP( oK ) 1(n) RSV p2(n) NIY;
Qn%)\%K%g2 et Q% K20t
paln) = T paln) = LT
Define
2
9K . (ALMTD2 XNMT3D? NLT8D? LsK3Ms3D¢
N o= —log2 e+ min 0 . 2 Ny = ——
T2 o2 K202 7 Q2K604 ’ \To3
Then n = min {n;,n2}. Since ¢1, ..., @4 are increasing we have
() < o1(m) < 807 | (o4 ALMTD}
<P177_<P17]1_/\MT0g e P )
SALK%0% A2MT3D?
w2(n) < pa(m) < B e+ TKig2 )
2L% K Doo
< =
w3(n) < p3(n2) RV a R

9469Q2K60'4 )\SLT8D2

#al) < palm) £ ——5rs—log’ ( 622[(60—40)
On the other hand (1) < @o(m1) + ¢o(12) + wo( 73 ), Where

( )< o2 N LK?202 +Q2K604

POUN) = o\ " 2xemTs T ToNTE
-3

3o AT 8ILK2Dj _ 81L2K Dyo
277" 9K pINSTS  AEMETE

Combining the above bounds completes the proof. O

wo(n2) <
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Theorem[E.3]then follows by plugging in an appropriate \.

Proof of Theorem[E3] To simplify the notation, define the terms on the RHS of Eq. (EI3) as

1 1 T2
\) = —\D? A\) = —LD? Y
Yo(A) = 3ADo, niN =3 OeXp( 9(1+L/)\)K>’
402 ALMTD? 55LK 20> A2 MT3D?
200 = yypoe (o 20 ) ) = S o (o + X )
83L2 K Dyo eBQ2KS0t o (o MNLITSD?
Ya(A) = T Vs (A) = Wlog (e + W) :
Define
LiK3o3 iKo3 18LK T2
)\1 1 g y = 43 30’23 ) )\3 = Q31 7 ) )‘4 = 2 10g2 (62 + > °
METED, MATD} Dy} r K

Then A = max {A1, A2, A3 }. By LemmalG.5] ¢2, 13, 15 are increasing. v is trivially decreasing,
thus
40Dy LM=T2 D,
A A —1 _—
Pa(A) < ha(A1) = NirE o8 e+ ;

2

P3(A) < Y3(A2) = T

A) < g(hg) = ————F—

DA < n(he) = 00

¥s(A) < 5(A3) =

For ¢ () since T’ > 1000 we have Z- ® > 1000, thus

ﬁ*—18K102 6‘2+sz <
L~ 712 % K ) = 1000

log? (e* +1000) < 1

Thus 1 + AL < %, and therefore

1 72\ ! LKD2
n) <) = 310 (24 ) <

272
Finally
! oDy  L3K3Dios QiKDSo3 OLKDZ 2
Z + 1 4 + 5 | 7
=1 2M2T2 2MsT 273 T
Consequently,
4 1,1
_ 10LKDj T2 50Dy LMz=Tz D,
A 0 log® (% + — 1
;@b( <0 g(+K)+ éT§o<+
1390L3 K308 D¢ og? & 4 LIMITDS\  e¥QiKoiD] og? [ 4 T2 D5
MsT Kioh T3 QiKod
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E.5 Proof of Theorem on FEDAVG for general-convex objectives under Assumption

We omit some of the proof details since the proof is similar to Theorem [E-T] We first introduce the
supporting lemma for Theorem [E.4]

Lemma E.13. Assume Assumption[2lwhere F' is general convex, then for any X > 0, for
= min 2 log | e + min NMTEDG \°T°Dj
n= 4(L + )\) T g o2 T Q2K204

applying FEDAVG to Fy gives

T-1 p T
[ *
o2 ,  A2MT2D? 3073Q2K204 i (5, XT°D3
3T o8 < i NT4 NeEer (£16)

where p, = (1 — 3n\)T=t=1, Sy i= S/} i, and Dy = |[w5 — w*|).

Proof of Lemma[E13} Apply Theorem[D.I] The rest of analysis is similar to Lemmas [E.5]and [E.6]
O

Proof of Theorem[E-4] To simplify the notation, define the RHS of Eq. (E.I6) as

Yo(\) := 3AD2, ¥1(N) := 2LD3 exp (—M) ,
Define o,
VLA WAL S LA T )
Mz=Tz Dy TgDS T
Then A = max {\1, A2, A3 }. We have (by helper Lemmawg7 13 are decreasing)
30 Dg

Pa(X) < aha(A1) < ﬁl g(?+T),

3073Q3 K03 D}

3
Since 7' > 100 we have (by helper Lemma|G.5| 2! log(e + ) is decreasing)

A3 16 16
—_ = — < —
7 = log( +7T) < 100 log(e +100) < 1

P3(A) < P3(A2) <

9 log (65+T).

and thus
1(A) < ¢1(As) < 2LDG exp< T) —2LD(e+T) ' < 220

Finally

5
TKieiDS
01 log (62 +T) + 3076Q3 K303 D¢ log

2/ 2 3

4(65+T).

O
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F Initial-value instability of standard accelerated gradient descent

F.1 Main theorem and lemmas

In this section we show that standard accelerated gradient descent [Nesterovl 2018] may not be
initial-value stable even for strongly convex and smooth objectives in the sense that the initial
infinitesimal difference may grow exponentially fast. This provides an evidence on the necessity of
acceleration-stability tradeoff.

We formally define the standard deterministic AGD in Algorithm [3|for L-smooth and p-strongly-
convex objective F' [Nesterov, [2018]].

Algorithm 3 Nesterov’s Accelerated Gradient Descent Method (AGD)

1: procedure AGD(wg®, wo, L, 1)
2: k< L/u

3 fort=0,...,T —1do

4: wind \/Elﬂwt + \/\E/ilwtag

5 wi$y — wpd — LVF(wpd)

6 Wiy (1 - ﬁ) w + ﬁw{“d - I%MVF(w,{“d)

Now we introduce the formal theorem on the initial-value instability.

Theorem F.1 (Initial-value instability of deterministic standard AGD, complete version of Theo-
rem . For any L,y > 0 such that L/ > 25, and for any K > 1, there exists a 1D objective F'
that is L-smooth and ji-strongly-convex, and an €y > 0, such that for any positive € < £, there exists
wo, U, wyS, ug® such that lwo —uo| < &, (Wi —ug®| < &, but the sequence {wi®, wid, w, }3X, out-

put by AGD(w(®, wo, L, ;1) and sequence {uy®, ud, u, }3 X, output by AGD(ug®, uo, L, 1) satisfies

1 a, a,
lwsx — usk| > 55(1.02)K, [k — u3| > e(1.02)%.

Remark. It is worth mentioning that the instability theorem does not contradicts the convergence
of AGD [Nesterov, 2018]. The convergence of AGD suggests that w;®, wy, uy®, and u; will all
converge to the same point w* as t — oo, which implies lim;_, o ||w;® — ui®|| = ||wy — we|| = 0.
However, the convergence theorem does not imply the stability with respect to the initialization — it
does not exclude the possibility that the difference between two instances (possibly with very close
initialization) first expand and only shrink until they both approach w*. Our Theorem[.2] suggests
this possibility: for any finite steps, no matter how small the (positive) initial difference is, it is
possible that the difference will grow exponentially fast. This is fundamentally different from the
Gradient Descent (for convex objectives), for which the difference between two instances does not
expand for standard choice of learning rate n = % (where L is the smoothness).

We first introduce the supporting lemmas for Theorem Lemma[F2] shows the existence of an
objective F" and a trajectory of AGD on F such that F”(w”®) = L (including also the neighborhood)
once every three steps and F"/(wd) = p otherwise. The proof of Lemma is deferred to
Section[E2]

Lemma F.2. Forany L > p > 0, and for any K > 1, there exists a 1D objective F that is L-smooth
and p-strongly convex, a neighborhood bound § > 0, and initial points wo and w® such that the

sequence {w®, wi w, }2571 output by AGD(wi?, wo, L, p) satisfies for anyt = 0,...,3K — 1,
ift mod 3 # 1, then F" (w) = p, for all w € [w™ — §,w™? + 4],
ift mod 3 = 1, then F"(w) = L, for all w € [w? — 5, w™ + §].

The following Lemma [F3]analyzes the growth of the difference of two instances of AGD. The proof
is very similar to the analysis of FEDAC.

Lemma F.3. Let F' be a L-smooth and ;1 > 0-strongly convex 1D function. Let (w?il, Wit1),
(uy%,,uiq1) be generated by applying one step of AGD on F with hyperparameter (L, i) from
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(wi®, wy) and (uf®,uy), respectively. Then there exists a (; within the interval between w™ and
u™, such that

] o (1= 2F(@) i (1= 17(@) El

A (1-1F@) #50-1F@)| Lwe—w

W41 — Ut41

Proof of Lemma[F3] This is a special case of Claim [B.12] with no noise. O

With Lemmas [F2] and [F3] at hand we are ready to prove Theorem The proof follows by
constructing an auxiliary trajectory for around the one given by Lemma

Proof of Theorem|[F1| First apply Lemma Let F be the objective, (wg ,wo) be the initial point
and ¢ be the neighborhood bound given by Lemma Since {w}®, wi wf}BK ! is a continuous
function with respect to the initial point (wg®, wp), there exists a &g such that for any (vg®, vo) such
that |uG® —wg®| < &¢ and |U0 —wp| < e, trajectory {v;®, v, v, 125 output by AGD (v5®, vo, L, 1)
satisfies maxo<;<3r [V — wid| < 6.

Thus, by Lemmal[F3] forany ¢t = 0,...,3K — 1,

a a IS T V- e a
vy v | Ve ke 1 DY [ — v if t mod 3 # 1;
Wi41 — V41 0 v wy — vy |’ )

ag ag ag  ag
Wity = V| _ | O 0] [w® — v} ) B
{wtﬂ—vtﬂ] - {1_\/E ol | wy—v | iftmod 3 =1.

Hence forany £k =0,..., K — 1,

Wy, — Vs

ag 88
Ws(k+1) ~ Y3(k+1) | _
W3k — U3k

W3(k+1) — U3(k+1)

_Fw—lf* ,32<f—1>?;Hag d

1 3 1 1 ag ag
—_—92(1= 2 2k | | W3k — Y3k .
Ve/) 3V 5 ] [wsk — vk

‘ [l

Note that [ 2 "“} is idempotent, i.e., [

L\.’)\»—‘%

1
12
ZVE

w2 _ 28 1 3\ K 1 1 w2 _ 8
sk TUsk| — [ _9 (1 R N N
W3K — V3K VE sVE 5 Wo — Vo

Thus for any given € < &g, put ug® = wy® — €, and uy = wp — £, we have

i) - (- ) L)

3
1
2 (1 — \/E> ‘ > 1.02. Therefore

For x > 25 we have

|wyk — ugi| > (1 02)% e, Jwsk —ugk| > (1.02)" -,
completing the proof. O

As a sanity check, the proof framework above for instability does not apply to the convergence of
AGD. For instability, we only need to locally change the curvature to “separate” two instances. This
trick does not break the convergence proof where the progress depends on the global curvature. We
refer readers to|Lessard et al.| [2016] for the relative discussion.
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F.2 Proof of Lemma

In this section we prove Lemma[F2]on the existence of objective F and the trajectory with specific
curvature at certain intervals. The high-level rationale is that Lemma[F.2|only specifies local curvatures
of F, and therefore we can modify an objective at certain local points to make Lemma[F2]satisfied.
Here we provide a constructive approach by incrementally updating F'.

We inductively prove the following claim.

ClaimF4. Foranyk =0, ..., K, there exists a function Hy, valued in [,u, L] a neighborhood bound
0, > 0, and a pair of initial pomts (wo®, wo), such that for objecnve Fi(w fo fo Hy(z)dzdy,
the sequence output by AGD (wg®, wo, L, 1) on Fy, satisfies |wid e = wt2d| > 25k if t1 # to, and for
anyt=0,...,3K — 1,
iftmod 3 # 1ort > 3k, then F"'(w) = Hy(w) = pforallw € [w™ — 5, w™ + 6;]; (F.1)
iftmod 3 =1andt < 3k, then F"(w) = Hy(w) = L for all w € [w™ — &, w™ + &;].
(E.2)

To simplify the notation, we refer to Egs. (FI) and (E2) as “curvature conditions” and denote
Ulayr) = {y:ly —a| <r}andU(w;r) = {y: [y —2[ < 7}

Inductive proof of Claim[F4) For k = 0, we can put Ho(w) = p (then Fy(w) = pw?) and select
any arbitrary initial points (wg®, wo) as long as wtld # wg‘d for t; # to, which is trivially possible.

Suppose Claimholds for k, now we construct Hy1 and 1. Let {wt T wi“k , Wy, k}tKO ! be

the trajectory output by AGD (w(‘}g, wo, L, ) on Fy,. For some positive g5, < %51@ to be determined,
consider

() = Hiw) + (L~ 01 fo Uit spsen] . Frnw) = [ [ Hatldod.

Let {w;% 1 W ,fH, Wy k+1}t s ! be the trajectory output by AGD (w®, wo, L, ) on Fj41. Since
the trajectory is continuous with respect to ¢, there exists a £ < %5 & such that for any e, < £ (which
we assume from now on), it is the case that [@}"2, | — wi| < 30y for all ¢ < 3k + 1. Then let

Hy1(w) = Hy(w) + (L — p)1 [w € U(D5y pyrien)] s Fr(w) / / Hpy1(x)dzdy.

and let {wt k1 Wi kd+1, wy kJrl}t 0 ! be the trajectory output by AGD (wg®, wo, L, ) on Fyyq.

Consequently,

(a) By construction of Hy,; and Hyy1, we have Hyyi(w) = Hyp1(w) = Hy(w) and
VEii1(w) = VEii1(w) forall w ¢ U(wgr}fil’k; Ok ).

(b) Since Wy, ¢ U(wid, 4;0k), by (a), we can inductively show that W}, = w}’d,
for t < 3k + 1, namely the trajectories for Fj,; and Fk+1 are identical up to timestep
t < 3k+1.

(c) Since |’J)g‘,f+l fw?)’,f\ < 16, by (b), we further have |w{’)‘,§+1 - wgﬂ < %&f fort < 3k+1.
Thus, by (a), the curvature conditions will be satisfied for wf‘,g ypand Hypuptot < 3k+1
and any neighborhood bound ;41 < %51@ since Hy1 = Hy, for w ¢ U(wg,‘erl 13 Ok)-

(d) By (b), we have wg}cil’ kil = wg;ciL 41 since all previous gradients evaluated are identical

for Fy41 and Fk+1. Thus, by construction of Hy; the curvature conditions hold for
d
wgf}ﬂ“’kﬂ and Hyy;.

(e) Similarly, for sufficiently small e, we have [w}’, | — w}"d| < 50y for t > 3k + 1, and the
curvature conditions also hold for ¢ > 3k + 1.
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Summarizing (c), (d), and (e) completes the induction. O]
Proof of Lemma[F2] Follows by applying Claim [F4] O

G Helper Lemmas

In this section we include some generic helper lemmas. Most of the results are standard and we
provide the proof for completeness.

Lemma G.1. Let A = i; ﬁ;;] be an arbitrary 2d x 2d block matrix, where A1, Aqa, As1, Ags

are d X d matrix blocks. Then the operator norm of A is bounded by

Al < max {|[A11][, [|A22[|} + {l| Asz2[l, [[A21]l} -

Proof of Lemma[G.1| Let A;; = U;;%;; VZ-JT- be the SVD decomposition of matrix A;;, fori = 1,2,
and j = 1, 2. Then

A _ UV _ |Un Y11 Vi T
Az U3aY02 Vo, U2 Yoo Vaa| 7

thus

T | | e | B (N ) B (VRN
Similarly

{ A12} _ { U12212V1T2] _ { U12:| {221 } |:V21 }T

Aoy U1 Y21 Vo U Y12 Via|
thus

1| o R | B (NN B VPN
Consequently, by the subadditivity of the operator norm,

an<{ [ | L 2| < mes s hazi + max gl panl.

Lemma G.2. Let x,y € R, then for any ¢ > 0, the following inequality holds

lz+yl* < (1 +Ollel® + (1 + ¢ Hyll*.

Proof of Lemma[G.2} First note that ||z + y||* = ||z||? + ||y||* + 2(z, y), then the proof follows by
2(z,y) < ¢||z||*> + (7 1|y||* due to Cauchy-Schwartz inequality. O

Lemma G.3. Let F: R* — R be an arbitrary twice-continuous-differentiable function that is
Q-3rd-order-smooth. Then for any w', ..., w™ € RY, the following inequality holds

2

Q2 M
m 4
§m2”w -o|",

m=1

M
_ 1 m
VF@®) - 57 W; VF(w™)
where W := Z%Zl w™.
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Proof of Lemma|G.3]

2

2

(since SM_wm—w=0)

M
m=1
M
1 m — 2 — m —\ |12 y . .
SM Z HVF(U’ ) = VFE(w) — V2F(w)(w™ — w)H (Jensen’s inequality)
m=1
Q> &
< AN Z [Jw™ — E||4 . (Q-3rd-order-smoothness)
m=1

O

Lemma G.4. Let X andY be two i.i.d. R%-valued random vectors, and assume EX = 0, E || X ||* <
o, Then
E|X +Y|>?<25% E|X+Y|P<40®, E|X +Y|* <8

Proof of Lemma|G.4} The first inequality is due to E | X + Y||> = E||X||? + E ||Y||* = 202 where
E | X|?* < o? follows by applying Holder’s inequality to the assumption E || X ||* < o4,
The 4™ moment is bounded as
E|X + Y| = E [|IX]* + Y] + 2(X, )]
R [+ VI 2 XY + AL Y2 AR Y + AR V)
=E[|X||*+ |Y|* + 2| X]|]*|Y]|* + 4(X,Y)?] (by independence and mean-zero assumption)
<E [4]|X]|* + 4|V ||*] < 8c™. (Cauchy-Schwarz inequality)

The 3" moment is bounded via Cauchy-Schwarz inequality since

E|X+Y|?<VE|X +Y|2E|X + Y|4 < 40
O

Lemma G.5. Let p(z) := ﬁ log? (a + bx), where a,p,q > 1, b > 0 are constants. Then suppose
a > exp(p/q), it is the case that p(x) is monotonically decreasing over (0, +00).

Proof of Lemma|G.3] Without loss of generality assume b = 1, otherwise we put 1)(z) = ¢(x/b)
then ¢ has the same form (up to constants) with b = 1. Taking derivative for ¢(x) = 2~ %1og? (a + x)
gives

7q1 p—l
) = P8 OED) ot log(a 4 )

=9 og? Ha + z)

= . (pr —gq(a+ z)log(a +x)).

—1= 1 ogP~ 1 (atx)

Since a > 1 and z > 0 we always have * = > 0. Suppose a > exp(p/q) then

px — q(a+ x)log(a+ x) < pxr — gz log(a) < pxr — gz - = < 0.

ISHRS]

Hence ¢’ (x) < 0 and thus ¢(z) is monotonically decreasing. O
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