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Abstract

We study symmetric spiked matrix models with respect to a general class of noise
distributions. Given a rank-1 deformation of a random noise matrix, whose entries
are independently distributed with zero mean and unit variance, the goal is to
estimate the rank-1 part. For the case of Gaussian noise, the top eigenvector of
the given matrix is a widely-studied estimator known to achieve optimal statistical
guarantees, e.g., in the sense of the celebrated BBP phase transition. However, this
estimator can fail completely for heavy-tailed noise.

In this work, we exhibit an estimator that works for heavy-tailed noise up to the
BBP threshold that is optimal even for Gaussian noise. We give a non-asymptotic
analysis of our estimator which relies only on the variance of each entry remaining
constant as the size of the matrix grows: higher moments may grow arbitrarily fast
or even fail to exist. Previously, it was only known how to achieve these guarantees
if higher-order moments of the noises are bounded by a constant independent of
the size of the matrix.

Our estimator can be evaluated in polynomial time by counting self-avoiding walks
via a color coding technique. Moreover, we extend our estimator to spiked tensor
models and establish analogous results.

1 Introduction

Principal component analysis (PCA) and other spectral methods are ubiquitous in machine learning.
They are useful for dimensionality reduction, denoising, matrix completion, clustering, data visual-
ization, and much more. However, spectral methods can break down in the face of egregiously-noisy
data: a few unusually large entries of an otherwise well-behaved matrix can have an outsized effect
on its eigenvectors and eigenvalues.

In this paper, we revisit the single-spike recovery problem, a simple and extensively-studied statistical
model for the core task addressed by spectral methods, in the setting of heavy-tailed noise, where
the above shortcomings of PCA and eigenvector-based methods are readily apparent [JohO1]. We
develop and analyze algorithms for this problem whose provable guarantees improve over traditional
eigenvector-based methods. Our main problem is:

Problem 1.1 (Generalized spiked Wigner model, recovery). Given a realization of a symmetric
random matrix of the form'Y = Axx| + W, where x € R™ is an unknown fixed vector with
lz]l = v/n, A > 0, and the upper triangular off-diagonal entries of W € R™*™ are independently
(but not necessarily identically) distributed with zero-mean and unit variance £ WZQJ =1, estimate x.

The main question about the spiked Wigner model is: how large should the signal-to-noise ratio
A > 0 be in order to achieve constant correlation with x? The standard algorithmic approach to
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solve the spiked Wigner recovery problem is PCA, using the top eigenvector of the matrix Y as an
estimator for . This approach has been extensively studied (e.g. in [BBAPOS, PRS13]), usually
under stronger assumptions on the distribution of the entries of .

Assuming boundedness of 5 moments, i.e. E|W;;|> < O(1), a clear picture has emerged: the
problem is information-theoretically impossible for A\/n < 1, and for A\y/n > 1 the top eigenvector
of Y is an optimal estimator for x — this is the celebrated BBP phase transition [BBAPOS, PRS13]. If
we weaken the assumption to E [W;;|* < O(1), it is well known that E |W|| < 2y/n, so PCA will
estimate « nontrivially when Ay/n > 2. However, many natural random matrices do not satisfy these
conditions — consider for instance random sparse matrices or matrices with heavy-tailed entries.

Our setting allows for much nastier noise distributions: we assume only that the entries of W have
unit variance — E |W;;|*°! may grow arbitrarily fast with n, or even fail to exist. Under such weak
assumptions, the top eigenvector of ¥ may be completely uncorrelated with the planted spike x, for
Ay/n = O(1). In this paper, we ask:

Main Question: For which X\ > 0 is recovery possible in the spiked Wigner model
via an efficient algorithm under heavy-tailed noise distributions?

A natural strategy to deal with heavy-tailed noise is to truncate unusually large entries before per-
forming vanilla PCA. However, truncation-based algorithms can fail dramatically if the distributions
of the noise entries are adversarially chosen, as our random matrix model allows. We provide
counterexamples to truncation-based algorithms in Section A.3.

1.1 Our Contributions

In this work, we develop and analyze computationally-efficient algorithms based on self-avoiding
walks. PCA or eigenvector methods can be thought of as computing a power Y* of the input matrix,
for £ — oo. The polynomial Y* in the entries of Y can be expanded in terms of length-¢ walks in
the complete graph on n vertices. Our algorithms, by contrast, are based on a different degree-¢
polynomial in the entries of Y, which can be expanded in terms of length-/¢ self-avoiding walks. We
describe the main ideas more thoroughly below, turning for now to our results.

Spiked Matrices with Heavy-Tailed Noise: The first result addresses the main question above,
demonstrating that our self-avoiding walk algorithm addresses some of the shortcomings of PCA and
eigenvector-based methods for the spiked Wigner recovery problem in the heavy-tailed setting.

Theorem 1.2. For every § > 0, there is a polynomial-time algorithm such that for every x € R™
with ||z|ly = /n and ||z||ee < 1?7 and every n'/?X > 1+, given Y = \za" + W distributed
as in the spiked Wigner model, the algorithm returns & such that B(z,z)?> > 6 - ||z|3 - E ||2)3.

To interpret the result, we note that even if the entries of W are Gaussian, when A\y/n < 1 no
estimator # achieves nontrivial correlation with z [PWBM18], so the assumption \\/n > 1+ ¢
is the weakest one can hope for. Furthermore, under this assumption, when ¢ is close to 0, it is
information-theoretically impossible to find & such that (z, #)?/(||z||?||Z]|*) — 1. The guarantee we
achieve, that Z is nontrivially correlated to z, is the best one can hope for. (For the regime \y/n — oo,
our algorithm does achieve correlation going to 1. Improving the 1) term to be quantitatively
optimal is an interesting open question.)

Spiked Tensors with Heavy-Tailed Noise: The self-avoiding walk approach to algorithm design is
quite flexible, and in particular is not limited to spiked matrices. We also study an analogous problem
for spiked tensors. The single-spike tensor model is the analogue of the spiked Wigner model above,
but for the task of recovering information from noisy multi-modal data, which has many applications
across machine learning [AGH™ 14, RM14].

Theorem 1.3. 2 For every ¢ > 0,0 < 1 there is a polynomial-time algorithm with the following
guarantees. Let © € R™ be a random vector with independent, mean-zero entries having E 1’12 =1

and I’ = Exf <n°M, Let A\ > 0. Let Y = \-2®3 + W, where W € R"X"X% pqg independent,

2The theorem is stated for planted vectors sampled from independent zero mean prior distribution; for fixed
planted vector, similar guarantees can be obtained using nearly the same techniques as in the spiked matrix
model



mean-zero entries with ijk = 1. Then if X\ > en=>/4, the algorithm finds i: € R™ such that
E(z,2) >0 (E|]3)"? - (E|2(15)"/>

Under the additional assumption that for an arbitrarily small ¢ = (1) all entries in W have bounded
12+¢-th moments, a slightly modified algorithm finds # such that (z, #) > (1—n"W)(E ||=[3)*/?-
(E ||#]|2)'/2, as shown in appendix B.6. (We have not made an effort to optimize the constant 12;
some improvement may be possible.) The results are stated for order-3 tensors for simplicity; there is
no difficulty in extending them to the higher order case. (See appendix C.)

Prior work considers the spiked tensor model only in the case that W has either Gaussian or discrete
entries [HSS15, WAM19, BCRT19, Has19, BGLT 16a, BGL16b, RRS17], whereas our results make
much weaker assumptions, in particular allowing the entries of W to be heavy-tailed. The requirement
that A > Q(n~3/%) is widely believed to be necessary for polynomial-time algorithms [HKP*17].
Sub-exponential time algorithms are known recover x successfully for A < n=3/4=%(1) in Gaussian
and discrete settings [BGL16b, WAMI19, Has19, RRS17] — we show that a sub-exponential time
version of our algorithm achieves many of the same guarantees while still allowing for heavy-tailed
noise. Concretely, we extend Theorem 1.3 as follows:

Theorem 1.4. In the same setting as theorem 1.3, for any ¢ > n~ /84t and § < 1, when
A > en=3/4 there is an n®/)-time algorithm such that E{z, %) > § - (E lz]|3)'/2 - (B ||2]|3)"/2

In particular, the tradeoff we obtain between running time and signal-to-noise ratio A matches lower
bounds in the low-degree model for the (easier) case of Gaussian noise [KWB19], for ¢ > p—1/8+0(1),

Numerical Experiments: We test our algorithms on synthetic data — random matrices (and tensors)
with hundreds of rows and columns — empirically demonstrating the improvement over vanilla PCA.

1.2 Our Techniques

We now offer an overview of the self-avoiding walk technique we use to prove Theorems 1.2 and 1.3.
For this exposition, we focus on the case of spiked matrices (Theorem 1.2).

Our techniques are inspired by recent literature on sparse stochastic block models, in particular the
study of nonbacktracking random walks in sparse random graphs [Abb17]. We remark further below
on the relationship with this literature, but note for now that a self-avoiding walk algorithm closely
related to the one we present here appeared in [HS17] in the context of the sparse stochastic block
model with overlapping communities. In the present work we give a refined analysis of this algorithm
to obtain Theorem 1.2, and extend the algorithm to spiked tensors to obtain Theorem 1.3.

Recall that given a spiked random matrix Y = \zz " + W, our goal is to estimate the vector x.
For simplicity of exposition, we suppose x € {+1}". To estimate x up to sign, we will in fact aim
to estimate each entry of the matrix za . Our starting point is the observation that any sequence
10,41, - . -, i¢ € [n] without repeated indices (i.e. a length-¢ self-avoiding walk in the complete graph
on [n]) gives an estimator of x;,x;, as follows:

-1
_ 1\ 2 2 ¢
%HK’J‘%H = XN'm,Tj, C TG, T, = ANxi i, - (D
j=0

To aggregate these estimators into a single estimator for 2z |, we relate them to self-avoiding walks in

the complete graph on [n]. We denote by SAW, (4, j) the set of length-£ self-avoiding walks between
i, j on the vertex set [n]. Then we associate the polynomial [[;_,Yi; i, to o = (ig,da,...,ir) €
SAW, (i, j), where ig = i, iy = j, and we denote this polynomial as y,(Y).
We define the self-avoiding walk matrix:
Definition 1.5 (Self-avoiding walk matrix). Let P(Y') € R™*" be given by

P = Y )

QESAW, (4,)

Pi;(Y) Pi;(Y)

Our estimator for x;x; will simply be NTSAW . (i) By (1), XTSAW,(i)] 1S an unbiased estimator

for ;x;. The crucial step is to bound the variance of P;;(Y"). Our key insight is: because we



average only over self-avoiding walks, P;;(Y") is multilinear in the entries of W, so E Pfj(Y) can be
controlled under only the assumption of unit variance for each entry of WW. Our technical analysis
shows that IE P;(Y') is small enough to provide a nontrivial estimator of 2;2:; when (a) A\y/n > 1+

and (b) £ > Os(logn), for any § > 0.

Rounding algorithm: Once we have P(Y) achieving constant correlation with z2: T, the following
theorem, proved in [HS17], gives a polynomial time algorithm for extracting an estimator 2 for x.

Theorem 1.6. Let Y be a symmetric random matrix and x a vector. Suppose we have a matrix-valued
Sunction P(Y') such that

E(P(Y),zxT)
EIPY)[F - l=)*)

then with probability 5°V), a random unit vector & in the span of top-6—C) eigenvectors of P(Y)
achieves (x, )% > 6°W ||z

1/2

Prior-free estimation for general x: A significant innovation of our work over prior work such as
[HS17] investigating estimators based on self-avoiding walks is that we avoid the assumption of a
prior distribution on the planted vector x; instead we assume only a mild bound on the /., norm of z.
While in the setting of Gaussian I one can always assume that x is random by applying a random
rotation to the input matrix Y (which preserves W if it is Gaussian), in our setting working with fixed
x presents technical challenges.

In the foregoing discussion we assumed x to be +-1-valued — to drop this assumption, we must forego
(1) and give up on the hope that each self-avoiding walk from ¢ to j is an unbiased estimator of x;x;.
Instead, we are able to use the weak ¢, bound to control the bias of an average self-avoiding walk
as an estimator for z;z;, and hence control the bias of the estimator P;;(Y"). Compared to [HS17],
which studies the cases of random or +1-valued z, our calculation of the variance of P;;(Y’) is also
significantly more intricate, again because we cannot rely on either randomness or =1-ness of x.

Polynomial time via color coding: The techniques described already yield an algorithm for the
spiked Wigner model running in quasipolynomial time n©2(1°87) simply by evaluating all of the
self-avoiding walk polynomials. We use the color coding technique of [AYZ95] (previously used in
the context of the stochastic block model by [HS17]) to improve the running time to nOs(1), Briefly,
color coding speeds up the computation of the self-avoiding walk estimators P;;(Y") with a clever
combination of randomization and dynamic programming.

Extension to spiked tensors: The tensor analogue of the PCA algorithm for spiked matrices is the
tensor unfolding method, where an n X n x n input tensor Y = A\z®3 4 W is unfolded to an n? x n
matrix, and then the top n-dimensional singular vector of this matrix is used to estimate x. This
strategy is successful in the case of Gaussian noise, for A\ > n~3/4, To prove Theorem 1.3 we adapt
the self-avoiding walk method above to handle this form of rectangular matrix. To prove Theorem 1.4,
we combine the self-avoiding walk method with higher-order spectral methods previously used to
obtain subexponential time algorithms for the spiked tensor model [RSS18, BGL16b].

Relationship to PCA and Non-Backtracking Walks To provide some further context for our
techniques, it is helpful to observe the following relationship to PCA. Given a symmetric matrix Y,
PCA will extract the top eigenvector of Y. Often, this is implemented via the power method — that
is, PCA will (implicitly) compute the matrix Y* for ¢ ~ log n. Notice that the entries of Y can be
expanded as

(Yl)ij = Z )/i,kl : H Ykiaaka«l»l 'Yszhj

kl,...,k@_1€[ﬂ] a€[£72]

which is a sum over all length-¢ walks from ¢ to j in the complete graph. Our estimator P(Y') can
be viewed as removing some problematic (high variance) terms from this sum, leaving only the
self-avoiding walks.

This approach is inspired by recent developments in the study of sparse random graphs, where
vertices of unusually high degree spoil the spectrum of the adjacency matrix (indeed, this is morally
a special case the heavy-tailed noise setting we consider). In particular, inspired by statistical
physics, nonbacktracking walks were developed as a technique to learn communities in the stochastic
block model [MNS18, AS18, SLKZ15, DKMZ11, KMM*13, BLM15]. A k-nonbacktracking walk



i1,...,1p does not repeat any indices ¢ € [n] among any consecutive k steps; as k increases from 0 to
¢ this interpolates between naive PCA and our self-avoiding walk estimator.

The k-nonbacktracking algorithm for k& < £ is also a natural approach in the setting we study. (Our
approach corresponds to k = £.) Indeed, there are some advantages to choosing k = O(1): the
O(1)-nonbacktracking-based estimator can be computed much more efficiently than the self-avoiding
walk-based estimator. Furthermore, in numerical experiments we observe that even 1-step non-
backtracking gives performance comparable with fully self-avoiding walks. However, rigorous
analysis of the O(1)-non-backtracking walk estimator in our distribution-independent setting appears
to be a major technical challenge — even establishing rigorous guarantees in the stochastic block
model was a major breakthrough [BLM15, MNS18]. An advantage of our estimator is that it comes
with a relatively simple and highly adaptable rigorous analysis.

1.3 Organization

In section 2, we discuss algorithms for the spiked matrix model, proving Theorem 1.2. In section 3 we
describe our algorithm for the spiked tensor model, deferring the analysis to supplementary material.
In section A.4, we provide counter-example to a naive truncation algorithm. In section A.7 we discuss
results of numerical experiments for spiked random matrices.

2 Algorithm for general spiked matrix model

Here we prove Theorem 1.2 by analyzing the self-avoiding walk estimator. (Some details are deferred
to supplementary material.) We focus for now on the following main lemma, putting together the
proof of Theorem 1.2 at the end of this section.

Lemma 2.1. In spiked matrix model Y = \xx" + W with ||z| = \/n and the upper triangular
entries in symmetric matrix W independently sampled with zero mean and unit variance, we assume
)% = n'=W). Then if \n'/? =1+ 6 = 1+ Q(1), setting £ = O(log, 5 1), we have:

E(P(Y), xg;71>/2 _ 50()
n (ElIP(Y)|%)
where P(Y') is the length-{ self-avoiding walk matrix (Definition 1.5).

)

For Lemma 2.1, we will repeatedly need the following technical bound, which we prove in Ap-
pendix A.1.

Lemma 2.2. Let V C [n],

z|| = v/n and t1,t2 € N. We define the quantity Sy, 1, v as the

following:
t1+t2
St o,V = Loy,
O e = H ' lll
where (v1,v2, ...,V +t,) is uniformly sampled from all stze-(t1 + t2) ordered subsets of [n] \ V

(without repeating elements). Then assuming |V |, t1,ty = O(logn) and ||z||2, = n' =M, we have
Sty tav < (14 n=2WD)||z||2t2. Further ifty = 0, we have Sy, 1, v > 1 —n~ ),

From the case ¢, = 0, one can easily deduce the following bound on E(P(Y), zx ).
Lemma 2.3. Under the same setting as lemma 2.1, we have E(P(Y),zx ") = ( + 0(1))\nt*t

Proof. We have

—1
EP;(V)= > [][*azan.

QESAW, (4,5) t=1

gy (n=2)t I
=X (n—((— D))" aeSAWz(” [Hx t]

t=

1
-1
= (1 4+ n W)\ mf 1 xit
/ aGSAWg 4,7) ]‘_[1



where the expectation is taken uniformly over & € SAW, (%, 7). For simplicity of notation, we denote
Eaecsaw,(i,j) Hf: a:it as S;;. Then according to lemma 2.2, we have S;; = 1+ o(1). Therefore we
have (P(Y),zx ") = (1 + o(1))XfnttL. O

To prove Lemma 2.1, the remaining task is to bound the second moment E || P(Y)||%. We can
expand the second moment in terms of pairs of self-avoiding walks. For «, 8 € SAW,(4, j) and
corresponding polynomials x.(Y"), x3(Y"), there is a close relationship between E[xq (Y )x5(Y)]
and the number of shared vertices and edges of «, 5. Specifically,

ElaMxsW]=E| [ Y& [ Y

(u,v)EanB (u,v)EaAB
= H ALy Ty H (1 + )\Qxiajz)
(u,v)EaAp (u,v)€anp

= N2 H z2 H z} H (14 Nz2a?)
u€edeg(aAB,2) u€deg(aAB,4) (u,v)eans
where k is number of shared edges between «, 5 and deg(aAf3, j) is the set of vertices with degree j

in the graph aAS. The size of deg(aA3,4) is equal to the number of shared vertices which are not
incident to any shared edge. Thus for the analysis of E P (Y) = 2o pesaw, (i) Exa (Y)xs(Y)],

we classify pairs a, 8 € SAW/ (4, j) according to numbers of shared edges and vertices between «, 3.
The following graph-theoretic lemma is needed for bounding the number of such pairs in each class;
we will prove it in appendix A.1.

Lemma 2.4. Let « = g, a1, ...,apand B = By, B1, - - ., Be be two length-{ self-avoiding walks in
the complete graph on [n|, with ag = By = i and oy = By = j. Let k be the number of shared edges
between «, B, r be the number of shared vertices between «, 5 excluding i, j, and s be the number of
shared vertices which are not i, j and not incident to shared edges. Further we denote the number
of connected components in « N B not containing i, j as p. Then for a # [ we have the relation
p<r—s—k, andfora =P wehavep=s=0andr =k — 1.

We note that for self-avoiding walks «, 3, the connected components of « N 3 are all self-avoiding
walks. A simple corollary of lemma 2.2 turns out to be helpful, which we prove in appendix A.1
Lemma 2.5. Suppose we have x € R™ with norm /n. If V. C [n] has |V| = O(logn) and if we

average over size-h directed self-avoiding walks & on vertices [n] \ V, then for h = O(logn) we
have the bounds

By |7he 1 @ Walad)) <@ n Ol 0+ Nlal%)"
- (u,v)€8

<L+ n 2@+ N2z 2)"

E x?h H (14 Na22?)
ECn\V (uv)ee

E |, H (1 4+ 2N22222) | <(14n~ D)1 4+ A2||z)|2)"
(u,v)€

E | [T @+r2%22)| <@ +n W)@+ \%z)2)"
fg[”]\v (u,v) €€

where & is the label of starting vertex of €, and §_h is the label of the end vertex of €.

These bounds hold since we can expand the product into a sum of monomials and apply lemma 2.2
for each monomial.

Now for self-avoiding walk pairs (¢, §) intersecting on a given number of edges and vertices, we
bound the correlation of corresponding polynomials and hence the contribution to the variance of P.
For simple expressions, we take A = O(n~1/2).



Definition 2.6. On the complete graph K, for pairs of self-avoiding walks («, 8) and (v, &), we
say that («, 8) is isomorphic to (v, £) if there is a permutation 7 : [n] — [n] fixing ¢, j such that
m(a) = v and 7(8) = &. We partition all pairs of length-£ self-avoiding walks between vertices 4, j
into isomorphism classes. We denote the set of all isomorphism classes containing pairs length-£
self-avoiding walks between vertices i, j sharing r vertices and k edges as shape(k, r,, ).

We note that » < k is only possible when r + 1 = k = { (that is, the two paths are identical). We
prove the following lemma in A.1.

Lemma 2.7 (Self-avoiding walk polynomial correlation). In the spiked Wigner model Y = \xx' +
W, where x has norm \/n and W is symmetric with entries independently sampled with zero mean
and unit variance, for any isomorphism class S € shape(k,r,1i,j) , we have

{(1+n—“<1>>w P2 (1 4+ N2z 2) " ifr >k

E E[Xa(Y)xs(Y)] <
Xa(Y)xs(Y)] (1—|—n_Q(1)) (1+>\2||x\|§o) ifr+l=k=/

(a,8)~S W
where (o, 3) ~ S is taken uniformly over the isomorphism class S and Xo(Y) =[], )eq Yu,v-
Now we finish the proof of lemma 2.1.

Proof of Lemma 2.1. We bound the variance of the estimator P;;(Y"). As stated above,
EP%—(Y) = Z N\Z2k H z2 H z) H (1+N222%), ()
o,BESAW,(1,7) u€edeg(aAB,2) u€edeg(aAB,4) (u,w)Eanp

where k is number of shared edges between «, 8 and deg(aA S, j) is the set of vertices with degree j
in the graph aAS.

We note that for fixed i, j, 7, k there are at most n2(¢~1)=7¢O(=k) pairs of «, 5. For fixed k, 7, we
apply lemma 2.7. For k < r the contribution to summation 2 is bounded by

n2(£71)7r€0(r7k) E )\2572.1@”3:“2(()7"71@ (1 + /\QHx”io)k]
S~shape(k,r,i,5)

—n"2.n20. )20, n—TﬂO(T—k))\—Qk”nggf—k) (1 + /\2||x||c2>o)k

where S is sampled with some distribution over all shapes in shape(k, r, 4, j).

For k = r + 1 = ¢, if we take ¢ = C'log,»,, n with constant C' large enough, then the contribution to
summation 2 is bounded by

-1 (1 +/\2||x|‘go)€ < g2 p2(e-1) \2

Combining all possible &, r, we have summation 2 bounded by

-1
n2(£1)/\2£l -a) +Z( A2 (14272 12.) )Z(gow>||x||ggw>nkr)]

k=0 r==k

Since Mzlloo = n %M, we have n A2 (1+)\2||:E||§o)k < 1%5/2. Thus

= (n‘k)\_% (14 22z||% )k> < 6~9M), On the other hand, since £©() ||z|2 n~" = =21
by the assumption on ||z, we have 3 (EO k) || || 24 R k- T) <1+ n"2W, Thus sum-
mation 2 is bounded by §—©(1) \2¢,20-2

Summing over n? pairs of 7, j we have

E[P(Y)[F <670 (n*N%)

Combining with lemma 2.3 we have M’”Tf/z = 09 = (1) and the lemma follows.  []
n(E[P(Y)II3)



Finally, using color-coding method, the degree O(logn) polynomial P(Y") can be well approximated
in polynomial time, which we prove in appendix A.2

Lemma 2.8 (Formally stated in appendix A.2). For§ = An'/2 —1 > 0 and { = O(log, ;s n), P(Y)
can be accurately evaluated in 03~ time.
The evaluation algorithm 1 is based on the idea of color-coding method[AYZ95]. Similar algorithm

has already appeared and analyzed in the literature [HS17].

Algorithm 1: Algorithm for evaluating self-avoiding walk matrix
Data: Given Y € R™*" st Y = Azz" + W
Result: P(Y') € R"*" where P;;(Y) is the sum of multilinear monomials corresponding to

length ¢ self-avoiding walk between i, j(up to accuracy 1 4 n~ (1))
C <+ exp(100¢);
fori < 1to C do
Sample coloring ¢; : [n] — [¢ + 1] uniformly at random;

Construct a R2£+1"X2£+1” matrix M, with rows and columns indexed by (v, S), where
v € [n] and S is a subset of [¢ + 1];

amatrix H € R"*27'" with rows indexed by [n] and columns indexed by (v, S) where
v € [n] and S is a subset of [¢ + 1];

amatrix N € R2”'""_with rows indexed by (v, S) where S is a subset of [¢+ 1] and
columns indexed by [n];

| Record matrix p,, = HM*~2N;
Return chz1 De; /C

We describe how to construct matrices H, M, N used in the algorithm 1 given coloring ¢ : [n] —
[¢+1]. For matrix M, the entry M, ) (v, 1) = Yo, v, if SU{c(v1)} = T and c(v;) & S. Otherwise
My, ,8),(vs,7) = 0. For matrix H, the entry H,, (y,.5) = Yo, 0, if & = {c(v1)}. Otherwise
Hy, (vs,5) = 0. For matrix N, the entry Ny, 5y,0, = Yo, v, if c(v1) € S and S U {c(v1), c(va)} =
[¢ 4- 1]. Otherwise N(,, 5y, = 0.

The critical observation is that for coloring ¢ : [n] — [¢ + 1] sampled uniformly at random and ¢ # j,

we have (é('ﬁ)f; Ee¢ pe,i,j(Y) = P; j(Y). By averaging over lots of such random colorings, we have

an unbiased estimator with low variance. The proof is deferred to appendix A.2.

Combining theorem 1.6, lemma 2.1,2.8, we have theorem 1.2.

3 Algorithms for general spiked tensor model

For proving theorem 1.3, we use the sum of multilinear polynomials corresponding to a variant of
self-avoiding walk. Here we only describe a simple special case of the algorithm, which provides
estimation guarantee when \ > n~3/4,

Definition 3.1 (Polynomial time estimator for spiked tensor recovery). Given tensor Y € R"*"x",
we have estimator P(Y) € R™ where each entry is degree 2¢ — 1 polynomial given by P;(Y) =
Zaesm Xao(Y'), where x(Y") is multilinear polynomial basis x,(Y) = H(i,j,k)ea Yi;i and Sy ; is
the set of directed hypergraph associated with vertex 7 generated in the following way:

o We construct 2¢ levels of distinct vertices. Level 0 is vertex ¢. For 0 < t < ¢, level 2¢
contains 1 vertex and level 2¢ — 1 contains 2 vertices. Level 2¢ — 1 contains 1 vertex.

e We connect a hyperedge between adjacent levels ¢t — 1, ¢ for ¢ € [2¢ — 2]. Each hyperedge
directs from level t — 1 to level £.

e For vertex v which lies in level 2¢ — 2 and vertices v, v’ which lie in level 2¢ — 1, we add
the hyperedge (u, v, v’).



Figure 1: Illustration for a self-avoiding walk o € Sy ; for tensor estimation. Each colored area
corresponds to a hyperedge.

An illustration of a self-avoiding walk o € S ; is given by figure 1.

In appendix B.4 we show that by introducing width to levels, estimation under smaller SNR X is
possible by exploiting more computational power. In appendix B.5 we show that P(Y) can be
evaluated in n©(*) time using color coding method. These lead to the proofs of theorems 1.3, 1.4.

4 Conclusion

We provide an algorithm which nontrivially estimates rank-one spikes of Wigner matrices for signal-
to-noise ratios A approaching the sharp threshold A\/n — 1, even in the setting of heavy-tailed noise
(having only 2 finite moments) with unknown, adversarially-chosen distribution. For future work, it
would be intriguing to obtain strengthened guarantees along (at least) two directions.

First, [PWBM18, MRY 18] give algorithms which recover rank-one spikes for even smaller values of
A, when a large constant number of moments of the entries of W are O(1). Relaxing the bounded
moment assumptions while keeping A/n < 1 would be very interesting.

In a different direction, our experiments suggest that an estimator based on non-backtracking walk
performs as well as the self-avoiding walk estimator which we are able to analyze rigorously.
Rigorously establishing similar guarantees for the non-backtracking walk estimator — or finding
counterexamples — would be of great interest.
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Broader impact

We study an idealized mathematical model and provide theoretical analyses with only synthetic
experimental validation. Therefore a direct impact on the society is out of reach. Potentially, since
the problem we consider is closely related to stochastic block model, we speculate that our algorithm



could inspire the development of more robust and universal social network analysis. Further there is
a chance that color coding method could point out new directions for sum-product evaluation in some
types of neural network.

Since the application area of the algorithm is still not clear, the positive and negative sides of algorithm
really depend on what people are using it for.
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A Spiked matrix model

A.1 Proof of lemma 2.2, lemma 2.4, lemma 2.5 and lemma 2.7

We first prove lemma 2.2

Proof of Lemma 2.2. First since the bound on infinity norm of x, we have

t1+t2
2to 2
Str v < N2 B u vy pepycmnyv | ] 25,

i=1

Denote ¢; + ¢ = t, now we take marginal on x,,,. Then the marginal is given by
t1+t2
Evy,...v0, 12,)CIn\V [ H xy, 1

—F pot 2 [V — Z;i 1:12;1 - Ziev 'Iz2
—E(v1,..,00-1)C]\V szi n — |V| _ (t _ 1)

=1
-1
(V] + )22 t
= (1 +0 (n ]E('Ul ,,,,, ve—1)Cn]\V 1_‘['%‘12’1
=1

By induction this is (1 4 n~*(1))?. In all we have Sy, ;, v bounded by (1 + o(1))]|=||%. O

Proof of Lemma 2.4. For self-avoiding walks «, 5 € SAW (4, j), the connected components of &N 3
are all self-avoiding walks. We consider quantity g = r— k. Then each of the p connected components
in o N 3 not containing ¢ or j contributes 1 to g. Since o # 3, other connected components in o N 3
can only contain one of ¢, j. Such connected components contribute 0 to g. Further each shared
vertex not incident to any shared edge contribute 1 to g and the total number of such vertices is given
by s. Therefore we haver —k =p+ s [

Proof of Lemma 2.5. We prove the first bound. We represent ¢ as an ordered set of vertices
(€0,€&1,--.,&) then we note that the product in the expectation can be expanded to the sum of
monomials:

Z Igoﬂ,‘gh H >\2x§ix§i—l

vgve, [] (1 Nagaf )
IVl scim ics

£Cm\V el éc

B!
<

Since for fixed set S C [h], the number of variables x,, with degree 4 in the monomial is bounded by
|S|+1, by lemma 2.2,we have

- s
E|o2ad, [JO%2a? )| < (@ +n D)zl Ma]w)®
€S

On the other hand we have

S|
(1+22[zl3)" Z (W%
SClh

Therefore we have

wgog, [T+ ag )| < @ +n O)z)3 1+ Nlz]3)"

The other three bounds can be proved in very similar ways. O
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Proof of lemma 2.7. We first consider the case r > k, where o # 3. For each «, 3 intersecting on k
edges and r vertices, we have the following bound:

ElaVxs(M] =X T «i  JI =0 I +\afal)

u€edeg(aAB,2) u€deg(aAB,4) (u,v)eans
where deg(aAS, j) is the set of vertices with degree j in the graph a«AS.

For any subgraph G of K, we denote by V (G) the set of vertices incident to edges in G. We denote
|deg(wAB,4)| as s and the number of shared vertices between «, 8 excluding ¢, j as . We denote
the number of connected components in « N B not containing 4, j as p. Then we have the relation
p <1 —s— kfor a # [ according to lemma 2.4. We note that & N /3 can be decomposed into a set
of disjoint self-avoiding walks, which we denote as SAW (a: N 3).

Now we take the expectation over («, 3) on isomorphism class S. This is equivalent to taking uniform
expectation over the labeling of the 2(¢ — 1) — r vertices «, 3 which are not equal to 7 or j. Then we
have

E H xi H xi H H (1+ /\xi:cg)

(V1,02,V2(0-1) 1) u€deg(aAB,2)  u€deg(alB,4)  EESAW(anB) \ (u,v)€E

<A+n " M)z)Z  E II = II [I a+xafad)

12201 —r) | cyiang) ecsAW(ang) \(uv)ee
ueV (alApB)

<A 0= )] (14 Ne]%)" < (14 n=2O) 2l 20 (14 X ]%)"

where we use lemma 2.2 in the first inequality, lemma 2.5 in the second inequality, and lemma 2.4 in
the last inequality.This proves the first claim.

For any isomorphism class S € shape(k,r,4,j) withk =r+1 = ¢, and (o, §) € S, we have a = 3.
In this case we have

E (Vs = [T (+3atad) = [T (1+3%2 a2
(u,v)Ea i€[f]
By lemma 2.5, taking expectation over the labeling of the £ — 1 vertices in a which are not equal to

i, J, we have

B JT (1 %2 a2) < (1407%0) (14 Alaf2)

V1,V2,4...,Vp—
1,V2,...,V¢ lie[f]

This proves the second claim. O

A.2 Evaluation of self-avoiding walk estimator

In spiked matrix model Y = Azz' + W, we denote § = n'/2\ — 1. For evaluation of degree
¢ = O(log, , s n) self-avoiding walk polynomial:

P,

Y= > Il Y

a€SAW,(4,5) (u,v)Ea

we use color coding strategy pretty similar to the literature in [HS17]. The algorithm and construction
of matrices has already been described in the main body. We restate the algorithm 2 for readers’
convenience.

On complete graph K, for a specific coloring ¢ € [n] — [¢ + 1], we say that a length-£ self-avoiding
walk a = (vg,v1,...,vs) is colorful if the colors of vy, v1,. .., v, are different. Then a critical
observation is that pei,j (Y) = > esaw, (i) Fe,aXa(Y), where Fi o is the 0-1 indicator of random
event that « is colorful. Taking uniform expectation on c over all random colorings, we have the
following relation:

13



Algorithm 2: Algorithm for evaluating self-avoiding walk matrix

Data: Given Y € R™*"s.tY = Azz" + W

Result: P(Y) € R"*" where P;;(Y) is the sum of multilinear monomials corresponding to
length ¢ self-avoiding walk between i, j(up to accuracy 1 4 n~(1))

C = exp(100¢);

fori < 1to C' do

Sample coloring ¢; : [n] — [¢ 4+ 1] uniformly at random;

R2Z+1nx 2(3+1

Construct a " matrix M, where rows and columns are indexed by (v, S), where
v € [n] and S is a subset of [¢ + 1];

amatrix H € R"*2"'" where each row is indexed by [n] and each column is indexed by
(v, S) where v € [n] and S is a subset of [¢ + 1];

amatrix N € R2"'n*"_where each row is indexed by (v, S) where S is a subset of [¢ + 1]
and each column is indexed by [n];
| Record matrix p,, = HM*"2N;

Return ZZC:1 De; /C

Lemma A.1. In the algorithm I, for C > exp(100¢), we have

5 (é Zt:pw’j(y) _ ICEpCJ-’j(Y)> < exp(—O(()) E (ICE Pc,i,j(Y)>

Y

where random colorings c1, ¢, . ..,cc € [n] — [€ + 1] are independently sampled uniformly at
random and the expectation of random coloring ¢ € [n] — [ + 1] on right hand side is taken
uniformly at random.

Proof. For a fixed path «, the probability that F, , = 1 is bounded by % > exp(—0O(¥)).
Therefore we have

E [pii,j (Yﬂ =E Z Xa (Y)X,B (Y)FC,QFQB (33-)
| @, BESAW,(3,5)
<E| Y. e(Mxs(V)] (3b)
Y | @, BESAW,(3,5)
r 2
< exp(O(0) E > EXa(Y)Feal (3¢)

c
QESAW(7,5)

:exp(O(E))Ig (IcE[pC,i,j(Y)])Z

For step (3b) and (3c), we use the fact that 0 < F., < 1 and E[x(Y)xs(Y)] > 0 for all
a, 5 € SAW,(i, ). For step (3c), we also use the fact that E F, , > exp(—O(¥)). Therefore

(IE:pc,i,j(Y)> 2

By averaging p.; ;j(Y") for C independent random colorings, the variance is reduced and we have

(3d)

< exp(O(f))@

2

1 1 ?
& X ress 1)~ Epeas¥) | | < & e0)E (EPuss1))

Y,c1,...,cc Y

3,5

Therefore let C' = exp(100¢), the lemma is proved. O
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This lemma implies that the average of p.(Y") for nd~ " independent random colorings p(Y") gives
accurate approximation of P(Y). The following simple corollary implies that the this matrix p(Y")
achieves the same correlation with 7z " as P(Y").

50

Lemma A.2 (Formal statement of Lemma 2.8). The algorithm 2 runs in n Y time when { =

O(log, s n). For matrix returned by algorithm 2, we have

(41!
_ Mpijm

(0 +1)! 2
((g + 1)(£+1) Pij(Y)>

§—0M)

1
~ pCtyi,'(Y)
G 2 Pevi

C1,.-,CC

2
<é zt:pct,i’j (Y)> < (1 + n_Q(l)) Ig

Y.c1,...,co

Proof of Lemma A.2. First we note that for £ = O(logg n), algorithm 2 runs in time n

For any random coloring c and length-¢ self-avoiding walk «, the probability that F,, = 1 is
(C+ DY+ 1) Thus EF,q = (€4 1)!/071. Since peiy = Yacsaw,(ig) FeaXa(Y)s by
linearity of expectation we get the first equality.

By lemma A.1, we have

’ 2
E (é« ;Pct,i,j(y) - J]Z?Pc,i,j (Y)> < exp(—O(é))I)@ (ICE Pc,i,j(y)>

Therefore

2

2
1 —-Q
— . < (1) o
Y7C1¥?.,Cc (C ;pctm] (Y)> > (1 +n ) I}@ [(I@pc,z,j (Y))

Further as stated above we have E. p.; ;(Y) = %PM (Y'). Thus we get the inequality. O

Now the proof of theorem 1.2 is self-evident.

Proof of Theorem 1.2. We denote & ZtC:1 pe, (V) as p(Y). Then by lemma A.2 and lemma 2.1, we
have

Eey,...con (B(Y),az7)
N 1/2
1 (Eer,.ocon 1PY)2)Y

=690 = (1)

By the same rounding procedure as in [HS17](or theorem 1.6), we obtain theorem 1.2 by extracting a
random vector in the span of top 1/6 O(1) eigenvectors of Y. O

A.3 Guarantee and failure of Truncation algorithm

In this section we show that while truncating entries at threshold 7(n) can help on many occasions, it
can fail for some noise distributions we consider.

The class of truncation algorithm we consider can be described as following:

Algorithm A.3. Given matrix Y € R™*", set truncation threshold 7 = 7(n). We first obtain Y’
by truncating the entries Y;; with magnitude larger than 7 to sgn(Y;;)7. Then, we obtain Y’ by
subtracting the average value of all entries in Y. Finally we extract the top eigenvector of Y. We
return this top eigenvector with probability 1/2 and all 1 vector with probability 1/2.

First we show that for many long tail distributions, PCA algorithm can be saved by such truncation.
(We defer the proof to appendix A.4.)
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Theorem A.4. Consider problem 1.1 such that the signal-to-noise ratio satisfies € = n'/?X —1 =
Q(1), the upper triangular entries of W are identically distributed, the entries of X = \xx ' are
bounded by o(1). Then, for T = %, the algorithm A.3 outputs unit norm estimator & € R" s.t

E(z,%)? = Q(n).

However, as illustrated by the following examples, this truncation strategy can fail inherently when the
noise entries are not identically distributed and their distributions are adversarily chosen (depending
on the vector ). We show that there is no choice of truncation level 7 for which Algorithm A.3
outputs a vector whose correlation with the planted vector z is nonvanishing for all choices of noise
matrix W whose entries are independently sampled with zero mean and unit variance.

First truncating at 7 = Q(y/n) fails the following example

Example A.5. For d = w(1), W;; equals to —4/ ”de with probability d/n and , / nf - With proba-
bility 1 — <. 3

This is just normalized and centralized adjacency matrix of Erdos-Renyi random graph, the spectrum
of which is well studied in the literature [BGBK17, MS16]. For d = w(1), the spectral norm is of
order w(+/n), much larger than the spectral norm of Azz . Therefore, the leading eigenvector will
not be correlated with hidden vector = as we desire.

Then we only need to consider 7 = o(y/n). We consider the example below

Example A.6. For i + j even, we let W;; sampled as in example A.5. For i + j odd, we let —W;;
distributed the same as above.

Below, we analyze a strategy where entries Y;; > 7 are truncated to 0. Similar results for truncation
to 7sgn(Y;;) are in the appendix A.S.

For d = o(n/7?), only entries perturbed by noise =/ ni_d are preserved. Then Y/, = Az;z; +

£/ Ld(—l)”j with probability 1 — % and 0 with probability d/n. Therefore the leading eigenvector

of Y’ will be well correlated with h rather than x. Since Y’ has zero mean, Y” — Y’ has small
Frobenius norm, thus the leading eigenvector of Y is close to Y.

A.4 Proof of Theorem A.4

For proof of theorem A.4, we need a result available in previous literature stating about the universality
of spiked matrix model

Theorem A.7 (Theorem 1.1 in [PRS13]). In spiked matrix model Y = Mzl + W, z € R™ has
norm \/n, W € R" " s a symmetric random matrix of i.i.d entries with zero mean and variance
bounded by 1. If the 5-th moment of entries in W is bounded by O(1), then the following guarantee
will hold w.h.p:

Ana(¥) 2 (1= o(1)) </\n+ i)

We also need a simple observation about the deterministic relation between leading eigenvalue and
leading eigenvector in spiked matrix model.

Lemma A.8. For matrix M € R™*" and matrix N = yxz® + M(where v > 0 and x € R™ has
\/n), if the leading eigenvalue X, (N) is larger than X, (M) by Q(n~), then the unit norm leading
eigenvector of N denoted by & will achieve constant correlation with x:

(€,2)* > Q(n)

Proof. We have A\pax (V) = €T (v T +M)E < Amax (M) +7(&, x)2. Since Amax(N) — Amax (M) =
Q(n7y), we have (£, x)? = Q(n). O

3There is trivial algorithm for this specific noise distribution, but it breaks down easily for other noise
distribution included in the class we consider.
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Proof of Theorem A.4. First if (:c 1)2 = Q(n?), then with probability 1/2, the algorithm outputs
\/15 1 vector. Thus E(z, 2)2 = (n). Next we only consider the case (z, 1) = o(n?).

By definition we have
Vi = Y1y, j<r + 7520(Yij) Ly, >r

Given the assumption on the |A\z;x;| = o(7), one can observe that this can be decomposed into

Y =gz + T+ M+ A

where we have

Tij = WiiLiw,<r +73g0(Wij) 1w, 1>+
Mij = 7>\$¢l’j]].|ww‘27.
Ay = (msgn(Yij) = Yi)) (L nga; 4 wis 1> — Lwy>7)

Further we denote Y/ —Y” as H. Thenwe have Y = ANz —2)(z—2)" + (T —ET) + M + A —
(H—ET — A2z "), where 7 = &=i=1%4]

Next we analyze the terms in the decomposition of Y. Specifically, we want to show that with
constant probability the largest eigenvalue of Y is larger than the one of Y — \(x — z)(z — )T
by Q(An). If this is proved then for the leading unit eigenvector of Y denoted by &, we must have
(#,2 — x)? = Q(n) with constant probability by lemma A.8. The theorem is then proved since

(Z,Z) = o(n).

First for matrix T' — [ET', the variance of each entry is bounded by 1. Further each entry is bounded
by 27. According to theorem A.7, the largest eigenvalue of matrix A(z — Z)(z — )" + T — ET is
given by An + § — o(An) and the largest eigenvalue of matrix 7' — ET is given by 2,/ with high
probability.

For matrix M,we have ELjy, >, < 1 because the variance of entries in W is bounded by 1.
Therefore the expectation E|| M || ¢ is bounded by 2. For non-zero entries (i, j) in matrix A, we
must have |Y;; —7sgn(Y;;)| < |Az;x;|. Therefore these non zero entries A,;; are bounded by |Ax; ;.
Further each entry in A is non-zero with probability bounded by —. Therefore we have E||A| »
bounded by )‘T—"

Finally we have H = h11 " where h = Eig;}"”' . We denote >, ; T;;/n* as t. Since T}; are i.i.d for
i < j, we have
4
2
E[(-Em)] < —

Further by assumption ) ;2 = 0, we have

2 (M + Aj)?
(h—1t) g%:ijng J

By linearity of expectation E|H — ET|| < E||H — t11"||p + E|[t11T —ET|r w

In all we have E||Y” — A2z — T +ET| < w. By Markov inequality with probability
1/2, we have ||[Y” — Az — T + ]E T < W‘T". As stated above, the largest eigenvalue of matrix
Axz " 4+ T — ET is given by An + X L and the largest eigenvalue of matrix T — ET is given by 2¢/n
with high probability. If we take 7 large enough constant(e.g mm(ez 1)) then with probability (1)
the spectral norm of Y is larger than An + 1 — 0.1min(¢2, 1)An and spectral norm of Y — Azz "
is smaller than 2y/n 4 0.1min(g2, 1) An.

Therefore for A = 1 + & with ¢ = Q(1), the spectral norm of Y is larger than the spectral norm of
Y"” — XNax —Z)(x — )" by Q(An) with constant probability. As a result, with constant probability
the leading eigenvector of Y/ must achieve 2(1) correlation with hidden vector x by lemma A.8. [J

17



A.5 Example of failure for truncation algorithm

For example A.6, we show that truncating to 7sgn(Y;;) will fail as well for any d between o(n/72)
and w(1)(note that n > 72).

We still denote h = {4-1}" as the Rademacher vector with alternating sign and « € {41}" orthogonal
to all-1 vector. We take A = ©(n~'/2). For d = o(n/7%) and d = w(1), only entries perturbed by

noise +, / —%- are not truncated. Then YI’J = Axixj + 4/ d_(—1)"* with probability 1 — % and

n—d n—d
—(—1)**J7 with probability d/n. Therefore Y’ can be decomposed into

[ d
Y' =Xzx' + 4/ ——hhT + A
n—d
d

where A;; = /=% (—1)"*J with probability 1 — £, and —7 — Az;z; with probability <.

n—

Since EA;; = —Z¢(—1)"" — 24,2, we have ||[E A|| = o(v/nd). Further for matrix A — E A,
the entries are independently distributed and the variances of entries are bounded by O(1). Further
the absolute value of entries are bounded by 27. Thus by the bound on the operator norm of Wigner

matrix, we have |[A — EA| = O(y/n) = o(v/nd). Combining these, we have ||A]| = o(v/nd).

Above computational threshold A > n~1/2 the spectral norm of Azz " is smaller than v/n. Further

matrix H = Y"” — Y also has spectral norm o(v/nd) by central limit theorem.

For unit norm leading eigenvector ¢ of matrix Y, we suppose that E(¢, 2)? > Q(n) and prove
by contradiction. Because ¢ is leading eigenvector, we have E(¢¢T,Y") > E(hhT,Y") > (1 —
0(1))v/nd. However, we have (¢,h)?/n < 1 — (¢,2)?/n. Therefore, we have (££7,Y") <
(1 —Q(1))vnd + o(vnd). This leads to contradiction.

A.6 Algorithm for evaluating non-backtracking walk estimator

In experiments, we use estimator closely related to non-backtracking walk and color coding method.

On complete graph K, for vertice labels i,j € [n]|, we define the set of length-¢ k-step non-
backtracking walks (i, vy, va, ..., v¢—1, ) as NBW,(i, j). For non-backtracking walk o and random
coloring ¢ : [n] — [¢ + 1], we denote F, , as 0, 1 indicator of the random event that each length k
chunk of walk « is colorful(i.e, not containing repeated colors). For a fixed path «, the probability

4
that ., = 1 is bounded by (1 - H%) > exp(—O(k)).

Then we use a randomized non-backtracking walk estimator P(Y') € R™*™

C
Pi(Y)=> > xa(Y)Fea 4

t=1 ae€NBW,(i,j)

where colorings ¢1,c¢a,...,cc : [n] — [¢ + 1] are taken uniformly at random, and x,(Y) =
T4 0)cq Yu,o- The expectation of this estimator is given by
P)= Y xa(V)EFua

@€NBW/(4,5)
where the expectation on ¢ : [n] — [¢ + 1] is taken uniformly at random.

We now describe how to construct matrix H, M, N. For matrix M, corresponding to index
((v1,5), (ve,T)), the entry is given by Yy, ,, if

e the color of vy is not contained in S and the color of v is not contained in T’

e ordered set T is the concatenation of color of v; and first / — 1 elements of S.

Otherwise the entry is given by 0.

For matrix H, corresponding to entry (v1, (v2,.S)), the entry is given by Y,, ., if S contains single
element: the color of v; and the color of vs is different with the color of v;.
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Algorithm 3: Algorithm for evaluating color-coding non-backtracking walk matrix

Data: Given Y € R™*"s.tY = Azz" + W

Result: Approximation for P(Y') € R™*" where P;;(Y) = 3_, cxpw, (i, j) PaXa(Y) Where

NBW,(3, j) is the set of length ¢ non-backtracking walk between 7, j and p, = E. F¢ o

fort < 1to C do

Sample a random coloring ¢; : [n] — [( + 1] ;

Construct a R Ze—o(t+1)*xn o (¢+1)" matrix M, with rows and columns are indexed by
(v, S), where v € [n] and S is an ordered subset of [¢ + 1] with size bounded by & ;

A matrix H € R Zi0(“+D)” with rows indexed by [n] and each column indexed by
(v, S) where v € [n] and S is ordered subset of [¢ + 1] with size bounded by k;

A matrix N € R 2:=0¢ %" with columns indexed by [n] and each row indexed by (v, S)
where v € [n] and S is ordered subset of [¢ + 1] with size bounded by k;

| Record p., = HM*~2N;;
Return Ztczl Pe,/C

For matrix N, corresponding to entry ((v1, S), v2), the entry is given by Yy, ,, if

e S contains & colors, and the color of v is different from the last color of S

e the color of v, is different from the color of v; and first k¥ — 1 elements of .S

and given by 0 otherwise.

Fact A.9. For a single random coloring c(v) : [n] — [€ + 1], the (i, ) entry of p.(Y) € R™*"
evaluated in the algorithm is exactly Y, cnpw, (i ;) Xa(Y)-

If P(Y') achieves constant correlation with zz ", then a random vector in the span of top-6—°(%)
eigenvectors of matrix P(Y") can be sampled in quasilinear time.

Theorem A.10 (Evaluation of color-coding Non-backtracking walk estimator). In spiked matrix
model Y = \xx™ + W, vector x € R™ has norm \/n and entries in W € R"*" are independently
sampled with zero mean and unit variance. Considering { = O(log,  sn) with § = Q(1) and
k = O(1). Then for P(Y) evaluated in algorithm, a unit norm random vector in the span of top

690 eigenvectors of P(Y') can be sampled in time O(n?log" ™ (n)§=0W),

If we assume that the matrix P(Y') achieves correlation § with xx", then this random vector &
achieves constant correlation with x: (¢, z)? = 69Mn,

Proof. For extracting the span of top §~°(1) eigenvectors, we apply power method. Since p(Y) can
be represented as a sum of chain product of matrices, we can iteratively apply matrix-vector product

rather than obtaining p(Y") explicitly. Since for matrix H, M, N, there are at most n?log" ™ (n)
non-zero elements. The resulting complexity is thus given by O(n2log"**(n)é ' exp(O(k))).

(B(P(Y),2zT))® . . —0(1)
It —EEPIY) T d, then applying theorem 1.6, a random vector in the span of top §

eigenvectors of P(Y") achieves §°(1) correlation with the spiking vector .

O

A.7 Experiments

For comparing the performance of algorithms proposed, we conduct experiments with several typical
distributions of noise: (1) the noise is distributed as example A.5. (2) the noise is distributed as
example A.6 (3) entry W;; is distributed as N(0,1) when i + j is even and as example A.5 when
i+ j is odd. In each case planted vector x is randomly sampled from N (0, Id,,). In these examples,
the smaller parameter d corresponds to the more heavy tailed noise distribution.

In experiments with size n = 10? — 103, self-avoiding walk estimator shows better performance than
naive PCA and truncation PCA algorithm. Furthermore, the non-backtracking algorithm achieves
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Figure 2: (a)(b) The performance of non-backtracking walk estimator with ¢ = 10 is no worse than
self-avoiding walk estimator with ¢ = 7 under distribution (2),(3). They drastically beat naive PCA
algorithm. (c) The performance of non-backtracking walk estimator with length ¢ = 17 can be much
better than PCA under distribution. (1) (d) Truncating at 7 = 5 can fail drastically under distribution
(2).

Each data point is the result of averaging 20 trials. For notation, N’ = An'/2, the y axis represents
#.x)2 . Iy . .
mean of squared correlation % The line “worst” represents the optimal guarantee in case

of Gaussian noise with same A, while the line “NBW?” represents the experiment results from
non-backtracking algorithm.

performance no worse than self-avoiding walk estimator under many settings. The results are shown
in figure 2.

B Order-3 spiked tensor model

B.1 Notations

For the hyperedges of p-uniform directed hypergraph, we denote the directed hyperedge between
vertices labelled by i1, i2, . . . , 7, as ordered-triplet (i1, 4o, . .. ,%p). We denote v 3 as an hypergraph
containing all of the shared edges and shared vertices between «, 3. We denote aAf3 as an hypergraph
containing all of the remaining hyperedges uniquely contained by « or 8 and vertices not incident to
shared hyperedges.

We denote the set of order-3 real tensor as R™*™*™ and the set of general order-p tensor as (R™)®P.
For vector € R™, we denote order p tensor whose (i1, iz, . . . ,ip) entry is given by z;, s, . .. T,

as z®P. We also use N (0, 1)"*"™*" to represent random tensor whose entries are i.i.d sampled from
N(0,1). We use ||-|| for the vector norm and spectral norm and ||-|| 7 for Frobenius norm.
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B.2 Strong detection and weak recovery in order-3 spiked tensor model

For spiked tensor model, we define strong detection problem. Specifically given tensor Y sampled
from general spiked tensor model, we want to detect whether it’s sampled with A = 0 or large A with
high probability.

Definition B.1 (Strong detection). Given tensor Y sampled from
e Planted distribution IP: the random tensor Y € R"*™*™ is sampled as Y = Az®3 + W,

where * € R"™ is a random vector s.t Ez; = 0, Ez? = 1, and W € R"*"*" has
independent, zero mean and unit variance entries.

e Null distribution Q: where random tensor Y € R™*™*"™ has independent, zero-mean and
unit variance entries.

with equal probability, we need to find a function of entries in Y: f(Y) € {0, 1} such that

%P[f(Y) =1]+ %Q[f(Y) =0 =1-o0(1)

We also define the notion of weak recovery and strong recovery in spiked tensor model.

Definition B.2. In spiked tensor model Y = Az®3 + W where € R"™ is a random vector s.t | x; =
0, Elf = 1,and W € R™*™*" has independent, zero mean and unit variance entries, We define

that estimator #(Y) € R™ achieves weak recovery if E(2(Y),z) > ((IEH:}E(Y)H2 IE||$||2)1/2).
Further we define that Z(Y) € R™ achieves strong recovery if (Z(Y),x) > (1 — o(1))||2(Y) |||«
with high probability.

Remark: The weak recovery here can be equivalently defined as that with constant probability

. 2
< Hig; T H§7H> > Q(1). The equivalence follows by Markov inequality.

B.3 Strong detection algorithm for spiked tensor model

It’s not explicitly stated in previous literature how to obtain strong detection algorithm via low degree
method. The following self-clear fact provides a systematic way for doing so.

Theorem B.3 (Low degree polynomial thresholding algorithm). We denote the likelihood ratio
between planted distribution P and null distribution Q as p(Y') = %. Given Y sampled from
distributions P and Q with equal probability, for polynomial P(Y) = >_ g, flaXa(Y) where
{xa(Y) : @ € S¢} is a set of polynomial basis orthonormal under measure Q and fi,, = Ep xo(Y),
if we have

e diverged low degree likelihood ratio ), g, a2 = w(l)
e concentration property Ep P2(Y) = (1 + o(1)) (Ep P(Y))?
then this implies strong detection algorithm by thresholding polynomial P(Y').
Remark: The quantity /i, is actually the projection of likelihood ratio function p(Y") with respect

to polynomial basis x(Y). For polynomial P(Y") defined here, we say that it is the projection of
likelihood ratio p(Y") with respect to the set Sy ,,.

Proof. Since ) s, 2 = w(1), we have Ep P(Y) = Eg P?(Y) = w(1). By Chebyshev’s
inequality, for Y ~ P w.h.p we have P(Y) = (1 £ o(1)) Ep P(Y) = w(y/Eq P?(Y")) while for
Y ~ Q w.h.p we have P(Y) = O(\/Eq P%(Y)) O

Our guarantee for strong detection in spiked tensor model can be stated as following:

Theorem B.4. For any small constant 6 = Q(1), ¢ > n~ Y8 gnd X\ > en3/4, there is no/eh)
time algorithm achieving strong detection in spiked tensor model, i.e distinguishing distributions
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Layer t — 1

Layer t

Layer t + 1

Figure 3: An example of possible directed hyperedge connection between adjacent layers ¢t —1,¢,t+1
for an hypergraph o € S;3. (1) When ¢ € [2¢ — 2], the direction of hyperedges are given by
(v1,v4, v5), (v2, vg, v7), (Vs, Vs, Vg), (U4, Vg, V10), (Us, U7, V11), (Us, Vg, U12). (Note that each hyper-
edge directs from the layer ¢ — 1 to the layer ¢ or from the layer ¢ to the layer ¢ + 1.) (2) When
t = 0O,the layers are given by 2¢ — 2,0, 1 by periodic indexing. The directions of hyperedges are

given by (va, vs, v1), (ve, v7,v2), (vs, Vg, v3), (Va, V6, V10), (Vs, V7, V11), (Vs, Vg, Vi2).

e Planted distribution P: the random tensor Y € R™*™*™ s sampled as Y = Az + W,
where x € R™ is a random vector s.t Ex; = 0, Ex? = 1 and Ex} < n°Y), and W €
R ™X" has independent, zero mean and unit variance entries.

o Null distribution Q: where random tensor Y € R™"*"*™ has independent, zero-mean and
unit variance entries.
For strong detection algorithm, the thresholding polynomial we use is given by the following.

Definition B.5 (Thresholding polynomial for strong detection). On the directed complete 3-uniform
hypergraph with n vertices, we define S, as the set of all copies of 2-regular hypergraphs generated
in the following way:

e we construct 2¢ levels of distinct vertices labeled by 0, 1, . .., 2¢—1. For levels ¢ € [0, 2¢(—1],
it contains v vertices if ¢ is even and 2v vertices if ¢ is odd.

e Then we construct a perfect matching between levels ¢,¢ — 1 for ¢ € [2¢ — 1] and between
levels 0, 2¢ — 1. For each hyperedge, 1 vertex comes from even level while 2 vertices come
from odd level. The hyperedges are directed from level O to level 2/ — 1 and from level ¢ to
level t + 1 for ¢ € [0,2¢ — 2].(An example of such construction is illustrated in figure 3).

Given tensor Y € R™*"*", the degree 2(v polynomial P(Y) is givenby P(Y) = 3" .5, Xa(Y),
where X (Y) is the corresponding multilinear polynomial basis Xa(Y) = []; ; 1)ca Y-

For the null distribution Q, since polynomials in the set {x,(Y") : @ € Sy, } are multilinear, they are
orthogonal with respect to each other.

For simplicity of formulation, we use periodic index below(i.e for level ¢ = —1 we mean level
20 —1).

For proving strong detection guarantee, we first need two hypergraph properties.

Lemma B.6. On directed complete hypergraph with n vertices, the number of hypergraphs contained
in the set Sy, defined in B.5 is given by

[Sewl = (1= 0(1)) ((”) (;) <<2v>!>2)€

Proof. For fixed vertices, between level ¢ and level ¢t + 1 there are % ways of connecting

v
hyperedges. Therefore we have |Sy ,| = (1 — o(1)) ((”) (o) (“'(2”)')2> . O

v/ \2v v!
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Lemma B.7. For a pair of hypergraphs o, B € Sy ,,, we denote the number of shared vertices as r,
the number of shared hyperedges as k, and the number of shared vertices with degree 0 or 1 in a0 3
as s. Then we have relation 2r — s > 3k.

Further if 2r = 3k, then
o cither «, 3 are disjointk =1 =0

e or for all levels t € 0,20 — 1], the number of shared hyperedges between level t and level
t + 1 ki > 1 and are equal to the same value.

Proof. In 3-uniform sub-hypergraph o N 3, there are k hyperedges, r — s vertices with degree 2 and
at most s vertices with degree 1. By degree constraint, we have 3k < 2(r — s) + s = 2r — s.

When 2r = 3k, each shared vertice between «, § has degree 2 in o N 3. However if there exists
t € [0,2¢ — 1] such that k;_; # ki, then there are shared vertices at level ¢ — 1 with degree 1 or 0 in
subgraph oo N /3. Thus either «, 5 are disjoint(k; = 0), or for all levels ¢,k; > 1 and are all equal. [

We consider the set of hypergraph pairs «, 5 € S, such that in o

e at level ¢ there are r; vertices shared with 3
e between level ¢ + 1 and level ¢, there are k; hyperedges shared with 3.

We denote such set of hypergraph pairs as Sy, k., where k = > k;,r = Y r;. Then r is just the
number of shared vertices between «, 5 as r and k is just the number of shared hyperedges between
a, 8. Although we abuse the notations(since the set Sy , . is related to k¢, 7,), by the following
lemma we can bound the size of such set only using &, r, ¢, v.

Lemma B.8. On directed complete hypergraph with n vertices, for any set Sg , . » with £ = O(log n),
v = o(nl’Q(l)), k,r < lv, the number of hypergraph pairs contained in the set S 1 is bounded
by

|Stkr| < 1St [P0 T HREIRGM2 exp(O(r))

Proof. We generate pairs of hypergraph «, 8 € Sy, in the following way: we first choose ov N 3 and
shared vertices as a subgraph of hypergraph in Sy ,,, and then choose remaining graph respectively
for o, 8. In hypergraph a, suppose there are r; shared vertices in level ¢ and k; shared hyperedges
between level ¢ 4 1 and level ¢.

We define parity function 6(¢) = 2 if ¢ is odd and 1 if ¢ is even. Then we have relation r, >
0(t)max(k¢—_1, k¢ ). For choice of o N f3,there are

¢
n n T2t T2t T2t41 T2t+1
Nong = 2koi ) (2K !
e E) (T2t> (7”2t+1> (k2t> (kzt—l) <2k‘2t) <2k2t+1>( 20)!(2hate1)

< n"vk/? exp(O(r))

such subgraphs. On the other hand, the number of choices for the remaining hypergraph of « is
bounded by

Voo = 1] (") (o e = e = )

t=0
=[St |n7’"v’“72k exp(O(r))

Then we consider the number of 5. Denote the number of degree-1 vertices in « N 3 as s; and the
number of shared vertices with degree 0 in o N 5 as sg. Let s = sy + s1, then there are at most £°
ways of embedding o N 5 in 5. The number of choices for the remaining hypergraph of 3 is also
bounded by |S; ,|n~"v"~2* exp(—O(r)). Therefore, with respect to fixed number of vertices and
hyperedges r, k; in each level of &N 3, the total number of such hypergraph pairs S, i, ¢ ,, is bounded
by

2r—3k 20—1

|
Do [1Sealnrt e exp(O() T] 1| < 1SeclPn o b2 exp(O(r))
s=0 t=0 :



Next we prove the strong detection through lemma B.9 and B.12.

Lemma B.9. When v = 0.001n%/20Y/2)% =1+ Q(1), ¢ = Q(log, n), the projection of likelihood
ratio (1(Y') with respect 1o Sy, diverges, i.e Y, g, fi2, = w(1).

Proof. Because for any hypergraph a € Sy ,, we have |a| = 20v and i, = E xo(Y) = A**. By
lemma B.6, we have

> i = (1=o(1) ((”) (”)((%)!)2)6%@” > (1 o(1))nafoxit

OtESg,v v 2U
Fory =1+ (1) and £ = Q(log,, n), we have 3 g a2 = nS, O

For proving (E P(Y))? = (1 — o(1)) E P2(Y'), we first prove several preliminary lemmas. First we
bound the expectation of P(Y")

Lemma B.10. In spiked tensor model Y = X - x®3 + W where entries in v € R"™ are sam-
pled independently with zero mean and unit variance, entries in W &€ R"*™ ™ qgre sampled
independently with zero mean and unit variance. Then for P(Y) defined in B.5, we have

EP(Y) = (1-o(L))A**((7)(5)((20))*)"

Proof. First for each a € S, we have E[xo(Y)] = A\?**. By lemma B.6, we have |S;,| =
n\(n 4 . v
(1-0(1)) ((U) (QU)((QU)!)Q) . Since ZQESM Elxa(Y)] = A2¢|S,,,

, we get the lemma. O

Finally we need a lemma for bounding the variance of the polynomial. For this we prove a bound on
the summation over all possible k;, r;

Lemma B.11. Fort € {0,1,...,2¢ — 1}, we define ry, ky € {0,1,...,2v} satisfying that ry >

§(t) max(ki—1, k), where parity function 6(t) = 2 if t is odd and 1 if t is even. We denote

k= ?igl ki and r = Zfigl ri. We take scalars n = w(¢?) and constant 1 < 1. Then for

2r > 3k + 1, we have:
Z Z n—r+3k/2wk < 0(1)

k:>071y>6(t) max(ke—1,ke)
3r>3kt1

Proof. We note that given k; for t € [(], we have £"~3¥/2 choices for r;. Further we denote
ka =3 ;|ki+1 — k|- Then given ka, all k; can take at most ka different values. As a result, fixing

these ka different values, there are /%2 choices for k; for t € [¢]. Further we have r — 3k/2 > ka /2.
Therefore the summation is bounded by

7kA/2 ka

> (m) I X et )| =ew
ka>1 t=1 \k;>0

O

Lemma B.12. Denote v = 0.001n%/?v'/2)\? and take { = Q(log., 1) in the above estimator P(Y),
ifwe have v = 1 + Q(1) and n = w(v*Ipoly(logn)), then E P2(Y) = (1 + o(1))(E P(Y))2.

Proof. We need to show that
2

Y EaM)]| =@—o@) | > ElaY)xs(Y))

€Sy, a,BESy
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For left hand side, we already have lemma B.10. Thus we only need to bound
(Za,ﬁeSe ElXa (Y)XB(Y)]). First by direct computation we have

E[Xa(Y)Xﬁ(Y)} _ (1 + nfﬂ(l))kA4Zv72k E H xQeg(i,aAﬁ) < \v—2kp2r—3k
i€ealAp
where deg (i, «) is the degree of vertex ¢ in hypergraph «, r is the number of shared vertices and k is

the number of shared hyperedges, I' = E[z}] = n°(1) according to assumptions. Using lemma B.8,
lemma B.10, for any set S, j ¢, we have

208, p00 EXa(Y)x5(Y) < T2k p2r—3k \ ~2k2r—3k
(EP(Y))” -

v® exp(cr)

where c is large enough constant. Summing up for different r;, k; and combining the fact that if
r = 3kthenk > 2(,k; > 1, then we have

> apes,, Exa(Y)xs(Y)
(EP(Y))?

_ 3k/2 —3k/2, —k/2y—2k n
= 3 MR (g

) —r+3k/2 £2r73k

rt,kt

noNTTESKRZ s aia o _1/2)\F
:Z Z (C’UQFQ) (c/n A /) +

ke>0 17, >6(t) max(ki—1,ke)
2r>3k+1

DI
Z <c3/2n_3/2)\_2v_1/2> ¢ 11

ke>1

where parity function §(¢t) = 2 if ¢ is odd and 1 if ¢ is even. The term 1 comes from the case
r =k = 0. When y = 0.001n%?X?y!/2 > 1 and ¢ = C'log,, n with constant C' large enough, the

second term is bounded by n=*(1). Since n = w(cv®T?poly(£)), by lemma B.11 the first term is
bounded by o(1). Thus we get the theorem. O

B.4 Proof of weak recovery in spiked tensor model

The estimator P(Y) € R™ we take is defined as following.

Definition B.13 (Polynomial estimator for weak recovery). On directed complete 3-uniform hyper-
graph with n vertices and for ¢ € [n], we define Sy, ; as the set of all copies of hypergraphs generated
in the following way:

e we construct 2¢ levels of distinct vertex. Level 0 contains vertice ¢ and (v — 1)/2 vertex
in addition. For 0 < ¢ < ¢, level 2t contains v vertex and level 2¢ — 1 contains 2v vertex.
Level 2¢ — 1 contains v vertex.

e We construct a perfect matching between level ¢, ¢ + 1 for ¢ € [2¢ — 2]. For each hyperedge,
1 vertice comes from even level while 2 vertex come from odd level. Each hyperedge directs
from level ¢ to level ¢ + 1.(They are connected in the same way as Sy ,, of the strong detection
case, which is demonstrated in figure 3.)

e Level 0 and 1 are bipartitely connected s.t each vertice in level 0 excluding ¢ has degree 2
while vertice ¢ and vertex in level 1 has degree 1. Level 2/ — 2 and level 2/ — 1 are bipartitely
connected s.t vertex in level 2¢ — 1 have degree 2 while vertex in level 2¢ — 2 have degree 1.

Then given tensor Y € R™*"™*™we have estimator P(Y') € R™ where each entry is degree (2¢—1)v
polynomial of entries in Y. For i € [n], the i-th entry is given by P;(Y) =3 5, Xa(Y'), where

Xa(Y) is multilinear polynomial basis x,(Y) = H(i, ik)ea Yijr and Sy . ; is the set of hypergraphs
defined above.
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We prove that estimator P(Y") defined in B.13 achieves constant correlation with the planted vector
z. The proof is very similar to the proof of strong detection algorithm.

Lemma B.14. In spiked tensor model, Y = \x®3 + W, where the entries in x € R, W € R"X"
are independently sampled with zero mean and unit variance, we consider estimator P(Y') € R”
defined above with v = 0.001n3/2v'/2X\2 = 1+ Q(1) and ¢ = O(log, n). Then we have

BIR ()] = (1 - o= (1) G))é (0 02) () w7

Proof. Since Y, cs, . Elxa(Y)xzi] = N#7D|S, , i|, we only need to bound the size of Sy ;.
Applying combinatorial arguments to the generating process of .Sy ,, ;, we have

=0 (()2)) () () 5225

Lemma B.15. On the directed complete 3-uniform hypergraph, for i € [n] and a set of simple
hypergraph Sy ,, ;, we consider any hypergraph o, 3 € Sy ,, ;. Between «, 3, we denote the number
of shared vertices(excluding vertice i) in level t of o as ry, the number of shared hyperedges between
level t and level t + 1 of « as ky. Further we denote r =, ry as the total number of shared vertices
excluding i and k =), k; as the total number of shared hyperedges.

O

Then one of the following relations must hold:
e 2r > 3k
e 2r = 3k and o N B is a directed hyper-path starting from vertice i(ky = 1 for all t € [2£]).
o r=Fk=0,ieq,pf aredisjoint.

e 3k>2r>3k—1andks > 1 forallt

Proof. Suppose we have 2r < 3k — 1. Then by degree constraint, in hypergraph a: N /3, excluding
vertice ¢, all other vertices have degree 2. This is only possible if for all levels ¢, vertices contained in
a N B are connected to two hyperedges, implying that k&, k;—1 > 1. Further we have 2r = 3k — 1 in
the case.

Suppose we have 2r = 3k # 0 and there is t € [2¢] such that k; = 0. Then in the « N 3, exactly one
vertice(excluding vertice 7) has degree 1 and all the other vertices have degree 2. Thus there is only
one level ¢’ such that k; = 0. Thus all shared vertices in level ¢ have degree at most 1. This implies
that there is exactly one shared vertice in level ¢. This is only possible if oM 3 is a hyperpath starting
from vertice 7. O

Lemma B.16. Given Y € R™*"*" sampled from spiked tensor model Y = X\ - x®3 + W, where
entries in x are sampled independently with zero mean and unit variance and entries in W are
sampled independently with zero mean and unit variance, for any o, 3 € Sp . ; with k shared
hyperedges and r shared vertices(excluding vertice i), for any o, B € Sy, ; sharing k hyperedges
and r vertices, we have

Elxa(Y)xs(Y)] < (1+n M)A 020 By (V)i Els (V)]
when £ = O(logn) and v = O(n!/2=%1),

Proof. This follows from direct computation. Particularly, we have

ExaxsW)=E | [[ Quwjee+Win)® [ Owiagon+ W)
(i,5,k)eans (i,4,k)EaApB

< (1+n—Q(1))k>\2(2é—1)v—2kE H wjeg(jyaAB)
JjEaAB

< (1 +n "N Exa (V)2 Elxs (V)]

26



where deg(j, «Af) represents the degree of vertex j in the hypergraph aAS, and h is the number of
vertices with degree 4 in the sub-hypergraph aAj. Such vertices are shared between «, 5 but do not
incident to any shared hyperedge. By degree constraint of the shared vertices and shared hyperedges,
we have 2r — 3k > s. The claim thus follows. O

We consider the set of hypergraph pairs «, 5 € Sy ., ; such that in «

e atlevel ¢ there are 7, vertices(excluding vertice 7) shared with /3

e between level ¢ + 1 and level ¢, there are k; hyperedges shared with (.

We denote such set of hypergraph pairs as Sy ., ; i, Where k = >, ky, 7 = >, r. Then r is just the
number of shared vertices between «, 3 and k is just the number of shared hyperedges between «, 3.
Although we abuse the notations(since the set Sy, ; k,r 18 related to k¢, 7,), by the following lemma
we can bound the size of such set only using k, r, £, v.

Lemma B.17. On directed complete hypergraph with n vertices, for any set S, ., with { =
O(logn), v = o(n), k,r < lv, the number of hypergraph pairs contained in the set Sg . ; j.r is
bounded by

[St.viser] < [Seail*n™ v =T EEE exp(O(r)

Proof. We first choose a N B and shared vertices as subgraph of hypergraph o € Sy ,, ;, and then
completing the remaining hypergraphs o\ § and 5\ «v. If in the « there are 7, shared vertices(excluding
1) in level ¢, and k; shared hyperedges between level ¢ and level ¢t + 1 for ¢t = 0,1, ...,2¢ — 1, then
the number of choices for shared vertices and o N 3 is bounded by

—1
n n 2rg + 1) <27“2£1> [( n ) <n ) <r2t1> (Tgtl)
Nang <
e <7‘0> (T2e—1>< ko 2kog—o H ror—1/) \T2t) \K2t—1/ \Kai—2
. . 20—2
2 2
2k)!
<2k2t) (2k2t1)] g( 2

This is upper bounded by Hfi62(2kt)! Hfigl (f{) exp(O(r)) < n"v*/? exp(O(r)). Next we choose
the remaining hypergraph « \ 8 and 3 \ « respectively. For o\ 3, we have

Nong = (“gln— To) (v — :2z1> ﬁ (2v —ZQH) <v —nr2t> 2ﬁ2(2(” — k)t

t=1 t=0

< [Sppiln "o vk exp(O(r))
Suppose there are s; degree 1 vertices in @M /3 and s vertices shared between «, 3 but not contained in
aNg, denoting s = sg+s1, then there are £° ways of placing N and shared vertices in hypergraph 3

and the count of remaining hypergraph is also bounded by | Sy , ;|n~"v"v~2¥ exp(O(r)). Multiplying
together we will get the claim. O

Lemma B.18. For t € {0,1,...,2¢ — 2}, we define ri,k: € {0,1,...,20} and rop—1 €
{0,1,...,v} satisfying that

o Fort e 20 —1], ry > 6(t) max(ki—1, ki), where parity function 6(t) = 2 if t is odd and 1

if t is even.
o 1o+ 1>k
We denote k = fi_ol ki and r = Zfi_ol r. We take scalars 1 = O({=19) and constant ) < 1.

Then for 2r > 3k + 1, we have:

> > "SR 2k < o(1)

k:>071y>6(t) max(ke—1,k¢)
2r>3k+1
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Proof. We note that given k; for ¢ € [], we have at most £"~(3*¥=1)/2 choices for all 7. Further
we denote ka = >, ki1 — k¢|. Then given ka, all k; can take at most k different values. As

a result, fixing these ka different values, there are ¢k choices for k; for t € [¢]. Further we have
r— (3k —1)/2 > ka/2 > 1/2. Therefore the summation is bounded by

k‘A/Q ka

S| (e) L 3 e )| = o

ka>1 t=1 \ k>0
O

Lemma B.19 (Recovery for general spiked model). In spiked tensor model Y = \x®3 + W with
the same setting as theorem 1.3, taking v = 0.001n3/2v1/2X2 = 1+ Q(1) and ¢ = O(log, n) in the

E(P(Y),z) _ ~—0(1)
®IPY)IZEI= 72— 1

estimator above, then if n = w(v2Ipoly(l)), we have

Proof. We need to show the estimator P(Y') € R™ above achieves constant correlation with the
hidden vector x. Equivalently, we want to show that for each i € [n]

2

S EaMal | =2 Y Eka(¥)xs(Y)]

€Sy v,i a,B€Sy, v,

For left hand side, we can simply apply B.14. For the right hand side, we have
ElXa(Y)xs(Y)] < AT By (V)] Elxs (V)]

E[P; (V)] = with respect to specific 7, k; is bounded by

By lemma, B.17 the contribution to GEGAE

—r+3k/2 k
—r, v, —2k\2, 1, k/2ps2r—3k y —2k n —3/2, —1/2y—2
(n~"0 v ) n v 2T A% exp(O(r)) < <W) (cn v EA )
where c is constant. When nv=2? = w(I'*poly(¥)), using the lemma B.18, the dominating term
is given by r < %k For 2r = 3k — 1, by lemma B.15 we must have £ > ¢, therefore for
en=3/2971/2X=2 < 1 and ¢ = C'logn with constant C' large enough, the contribution is n~*(1),
For 2r = 3k, by lemma B.15 either & > 2¢ or « N /3 exists as a hyperpath starting from vertex . The
first case can be treated in the same way as 2r = 3k — 1. For the second case, the contribution is

bounded by Zzi_ol (cnfg/zv’l/Q)ﬁQ)k <

1
= 1 _en-3/2p-1/2)\-2

% >1—cn3/2p~1/2)72, This is y?") when we have relation

en3/2971/2)"2 = 1 — Q(1) and n = w(v?Ipoly(log(n))). =

Therefore in all, we have

B.5 Color coding method for polynomial evaluation in order-3 spiked tensor model
B.5.1 Strong detection polynomial

For constant v, although the thresholding polynomial has degree O(logn), these polynomials can
actually be evaluated in polynomial time via color coding method as a generalization of result in
[HS17]. In the same way color coding method also improves the running time of sub-exponential
time algorithms.

We first describe the evaluation algorithm for scalar polynomial, as shown in algorithm 4.
We next describe the construction of matrices M, N, @ given random coloring ¢ : [n] — [3¢v].

We have My, s) v, 7y = 0if SU{c(v) : v € Vi} # T or {c(v) : v € V1 } and S are not disjoint.
Otherwise My, s),(v,,1) is given by Zvecvl,vg X~(Y") where Ly, v, is the set of perfect matching
induced by V; and Va(each hyperedge in Ly, v, direct from 1 vertice from V; to 2 vertice from V5).
In the same way, We have N(v;, sy, (v;,7) = 0if SU {c(v) : v € Vao} # T or {c(v) : v € Vo} and
S are not disjoint. Otherwise N(v, ), (v,,1) is given by Zveﬁvl,vg X~(Y) where Ly, v, is the set
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Algorithm 4: Algorithm for evaluating the thresholding polynomial
Data: Given Y € R"*"X" gt Y = \z®3 + W

Result: P(Y) =3_ s, Xa(Y) (up to accuracy 1 + n—01)

C = exp(300¢v);

fori < 1to C' do

Sample coloring ¢; : [n] — [3¢v] uniformly at random;

Construct a matrix M € RZ™ =Dn"x@*"=1)n*" rowe and columns of M are indexed by
(V1,S) and (Va, T) where V4 € [n]” and Va € [n]?" are set of vertices while S, T C [3¢v]
are subset of colors.;

3L _1)20 ¢ (230V _ 1),V
Matrices Q, N € RRQ Y @ Y , the rows and columns of which are indexed by
(Va,S) and (V4,T) where V4 € [n]” and Vz € [n]?Y correspond to subset of vertices while
S, T C [3¢v] are non-empty subset of colors.;

Record p, = G0 " Tr((MN) "' MQ);

(34w)!
c
Return £ >0, pe,

of perfect matching induced by V; and V(each hyperedge in Ly v, direct from 2 vertice in V5 to 1
vertice in V7).

For matrix @, the indexing and non-zero entry locations are the same as N. However the non-zero

elements are given by » veLv, v Xv (Y) where Ly, v, is the set of perfect matching induced by V3
2,V1

and V5(each hyperedge in Ly, v, direct from 1 vertice in V; to 2 vertice in V5).

Lemma B.20 (Evaluation of thresholding polynomial). There exists a n*” exp(O(fv))-time algo-

rithm that given a coloring c: [n] — [30v](where 30v is the number of vertices in hypergraph
a € Spy)and a tensor Y € R™*™ ™ eyaluates degree 2{v polynomial in polynomial time

pC(Y)z Z Xa(Y)FC,a ®)
€Sy,
(SZU)SEU

Foo = Blv)! ()=l (6)

when thresholding polynomial P(Y') defined in B.5 satisfies (E P(Y))? = (1 — o(1)) E P%(Y),
we can take exp(O(£v)) random colorings and give an accurate estimation of the thresholding
polynomial by averaging p.(Y)

Proof. A critical observation is that for each given random coloring c, the algorithm above evaluates
pe(Y).

We prove that averaging random coloring for p.(Y") will give accurate estimate for P(Y"). This

follows from the same reasoning as in matrix case. First we note that given any o € Sy ,,, the
(30v)!

EDEE As a result

probability the all 3¢v vertices in « are assigned different colors is given by

Ecpe(Y) = P(Y). Next, for single coloring we have

Ep2(Y)= Y ElFeaF:sxa(Y)xs(Y)] < exp(O(tv))E P*(Y) < exp(O(£v))(Epe(Y))”
o,BE8;,,
where we use the result that E P?(Y) = (1 + o(1))(E P(Y))2. Therefore, by averaging L

L
exp(O(¢v)) independent random colorings, the variance can be reduced such that M =
(1£0(1))P(Y) w.h.p. O

Proof of theorem B.4. Combining lemma B.3, B.12,B.20, and theorem B.3, thresholding P(Y") will
lead to strong detection algorithm. O
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B.5.2 Evaluation of estimator for weak recovery

Next we discuss about the evaluation of polynomial estimator for weak recovery. We denote

L, = 3@2E=Dvtl \which is the number of vertices in each hypergraph contained in the set Sy ,, ;. The
algorithm is described in 5.

Algorithm 5: Algorithm for evaluating estimation polynomial vector

Data: Given Y € R?*"X" st Y = \a®3 + W

Result: P(Y) € R", the i-thentry Pi(Y) = >_ g, . . Xa(Y)(up to accuracy 1 + n 1)

C = exp(1004,);

for i < 1to C' do

Sample coloring ¢; : [n] — [¢,] uniformly at random;

Construct a matrix M € R =1n"x (2" =1)n*" ywe and columns of M are indexed by
(V1,S) and (Va, T') where V4 € [n]” and Va € [n]? are set of vertices while S, T C [(,]
are subset of colors.;

. (2% —1)n2v x (2¢v —1)n? . .
Construct matrix N € RE , the rows and columns of which are indexed by

(Va,S) and (V4,T) where V4 € [n]” and Va € [n]?Y correspond to subset of vertices while
S, T C [¢,] are non-empty subset of colors.;
Construct matrix A € Rn"""/*x (2 =1n*" The rows are indexed by (i, V1) where i € [n]
and V; € [n]®*=1)/2. The columns are indexed by (Va, S) where V5 € [1n]?Y and S C [(,];
Construct matrix B € R ~Dn"*n" The rows are indexed by (Vi S) where
V1 € [n]?, S C [¢y]. The columns are indexed by [n]";

Record p., = A(NM)*"'NB1;

- c
Return & >0, pe,

We construct matrices M, N as defined in the strong detection algorithm(but replacing the size of
. .. . v Ly v

color set 3/v with £,,)). We need to construct two additional matrices A € RV 2 x (2 —1)n?

Be R(Zé"’fl)n“ ><n'”.

Then we describe how to construct matrices A, B. For i € [n],set of vertices V; in level 0,set of

vertices V5 in level 1 and set of colors T, denoting S; v, v, as the set of all possible connections
between level 0 and 1, entry A vy) (v, I given by 3o g Xa(Y) I T = {c(v) : v €

Vi Uv},v ¢ V; and O otherwise. In the same way, denoting Ly, v, as all possible connections
between level 2¢ — 2 and 2¢ — 1, we have entry B(y, s)v, givenby >~ .- xa(Y)if SU{c(v) :
1.vV2

veViuUVe} =[6,],SN{c(v) :ve V3 UVa} =0 and zero otherwise.

Lemma B.21 (Evaluation of polynomial estimator). There exists a n3" exp(O({,))-time algorithm
that given a coloring c:[n] — [£,] and a tensor Y € R™"*"*™ evaluates vector p.(Y) € R™ with
each entry p. ;(Y) a polynomial of entries inY’

pc,i(Y): Z Xa(Y)FC,a

and

QESy v,i
o
Fc,a = 7, : 1C(t¥):[€v]

For polynomial estimator P(Y) defined in 3.1, for £ = O(logn),v = O(n'/2=%W) jf
0.001\2n3/20'/2 > 1, then we can take exp(O(¢v)) random colorings and give an accurate esti-
mation of the estimation polynomial P;(Y') by averaging p..(Y). When \>n*/? = w(1), we have
13+ time algorithm for evaluation.

Proof. The critical observation is that p.;(Y) can be obtained from vector { =
A(NM)*"'NB1(1 € R™ is all-1 vector), by summing up all rows in ¢ indexed by (i, -).
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By the same argument as in the strong detection algorithm, we can obtain accurate estimate of P(Y")
by averaging exp(O(¢)) random colorings when weak recovery is achieved. Therefore, the estimator

can be evaluated in time n°®) when 0.001A\2n3/291/2 > 1,

Moreover, when A\?n3/2 = (1), it’s enough to take v = 1 and ¢ = o(logn). Thus £ =
A(NM)* ' N B1 can be evaluated in 7% exp(O(£)) = n®>+°(1) time by recursively executing matrix-
vector multiplication. Therefore the polynomial estimator achieving strong recovery can be evaluated
in time n3+o(1), O

Proof of Theorem 1.3. The estimator & can simply be given by P(Y"). By choosing v such that vy is a
large enough constant, the correlation ¢ can be achieved by lemma B.19. Further according to lemma

B.21 by the color-coding method, P(Y") can be evaluated in time n®(®) These proves the claim in
theorem 1.3. O

B.6 Equivalence between strong and weak recovery

We focus on the polynomial time regime, i.e v is constant. Our algorithm for weak recovery can
achieve any recovery rate 1 — Q(1) by increasing v when n=3/2v=1/21=2 = ©(1). But achieving
strong recovery with rate 1 — o(1) requires 73/?v'/2\? = w(1). In this section, we show that under
some mild conditions, combining concentration argument and ’all or nothing’ amplification, we can
actually obtain strong recovery algorithm when n=3/2p=1/2X\=2 = ©(1).

For this we need an assumption on the tensor injective norm. The injective norm of an order-p tensor
W € (R™)®P is defined as
1) (p)
Z Wil,...,ipuil Uy

max
||u(1)||:...:Hu(p)||:1i .
1y:-2p

W i =

Theorem B.22 (Strong recovery). In general spiked tensor model Y = )\ - x®3 + W, we take
estimation vector iy € R™, which is given by estimator 3.1 with v = 0.001n3/20/2)2 = 1 + Q(1)
and £ = O(log., n). If injective norm of W' is O (n®/4=W)) with high probability, then for constant
vifv= 0(71/2*52(1)), we have & € R" sty =3, o
we have (% L\I> =1 —n=2W with high probability

21 1=

}/i7j17j2yj1 Yjo achieves strong recovery, iL.e

Remark: We use assumption that the injective norm of W is n3/4=(1) w.h.p. Now we interpret
this assumption. For Gaussian tensor the injective norm of W is O(n!/?) with high probability. For
general tensor, this assumption is weaker than finite bounded moments.

Lemma B.23. For a tensor W € (R")®3, the injective norm is O(~/n) with high probability if the
absolute value of entries in W are all bounded by B = 0(n1/4) with high probability.

For arbitrarily small ¢ = (1), if entries W, have bounded 12 + e-th moment, then by Markov

inequality and union bound, the entries in W are all bounded by B = o(nl/ 4*9(1)) with high
probability.

Proof. For fixed unit vectors z,y, z and T' = ) .., W;;,x;y;2,, by Hoeffding bound we have

ijk
Pr[T > tB'] < exp(—ct?)

where c is constant and B’ is the maximum absolute value of entries in W. We denote the event
B’ < B as A. By assumption .4 happens with high probability. The -net of unit sphere S ,, has
size at most (O(1)/e)"(see e.g Tao’s random matrix book [Tao12] lemma 2.3.4). Thus the size of set

B={(z,y,2)|z,y, 2 € S} is bounded by (O(1)/¢)*". Taking union bound on this set we have

Pr[( ma)x B(VV, T ®y® z) > Bt] < exp(can) exp(—ct?) + o(1)
T,Y,2)E

where co is constant. Taking ¢ = C'/n with constant C' large enough, it follows that
max(; , .)es (W, ® y ® z) = O(n®4=W) with high probability.
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Finally we have

W llin = Wzeyez) =W oy @z

max
llzll=1,llyll=1,llzll=1
, where x*,y*, 2* is the maximizer. By definition of e-net, we can find (Z, 7, 2) € B such that
|2 —2*|, |l —y*|l, |12 — 2*|| <e. Thus (W, 2" Qy* @ 2z* -2 @7y ®2) <4e(W,z* @ y* ® 2*).
For small €, we have | W |l < 2max(,,, .ep(W,2 @y @ z) = o(n®/*~*1)) with high probability.
This proves the claim. O

This proof of theorem naturally follows from the weak recovery result above and the following two
lemmas.

Lemma B.24 (All or nothing phenomenon). In general spiked tensor model Y = X\ - z®3 + W,
if the injective norm of tensor W is O(n3/4_9(1)), then if we have unit norm estimator y € R"
satisfying (y, z/||z||) = Q(1) w.h.p, then let & € R™ with &; = Y i1 i Yir Yjar we have w.h.p

. 2
<f': L> =1—n"20

J1,J2

20 =l

This lemma follows the same proof as appendix D in [WAM19]

Lemma B.25 (Concentration property). For the above estimator P(Y') € R"™ in definition 3.1,when
we take £, v as described in theorem B.19,we have

E(P(Y),)* = (1 + o(1)) (B(P(Y),x))*

We now prove lemma B.25. The proof is very similar to the proof of strong detection in appendix
B.3.

Proof of Lemma B.25. We denote Sy, = Uig[n)Se,w,i- For a € Sy, we denote z, = z; if @ €
S¢.v,i- Then equivalently we want to show.

Y ElaMxs(Vzazs] < (1-0(1)) > Elxa(Y)zallxs(Y)zs)
a,BESy v a,BESe v

Since (ZO(ESg ElXa (Y)a:a]) = A2=1v| g, |, we only need to bound the size of Sy . Applying
combinatorial arguments to the generating process of S ,,, we have

- (V) (o)) S

Now we bound the right hand side. First for the case that «, 8 are disjoint(r = 0), we have
ElXa(Y)xs(Y)] = Elxa(Y)] E[xs(Y)]. Thus we have

Y Ela(Mxs(Vzazs] < (1—0(1)) > Elxa(Y)zallxs(Y)zs]
a,BE€Se v a,BE€Se v

For each pair of o, B € Sy, sharing k hyperedges and r vertices, we have

Bl (Y )xs(Y)] = (1 nm@0)Ex2ee o2 | T gleeead
JjEaAP

< AL R G (V)] Elxs (V)]
where deg(j, «Af) represents the degree of vertex j in hypergraph aAS.

Next we bound the number of hypergraph pairs («, 5) sharing specified vertices and hyperedges. For
this, we first choose a N B and shared vertices as a subgraph of a hypergraph « contained in S ,,. We
consider the following case:

e inlevel t € [2¢ — 1] of « there are r; shared vertices
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e between the levels ¢ and ¢ + 1 of « there are k; shared hyperedges.

Then the number of choices for these shared hyperedges and vertices is bounded by N,ng

n n 2r 2r o n r T T r A2
0 20—1 21 2%—1 2 2
2k)!
(T()) (7“2z1) (ko ) (2k2£2) 151;[1 <T2t1> (7"2t> (k2t1) <k2t2> (2k2t) <2k2t1) g) (2k2)
By Strling’s approximation, this is upper bounded by 17, (2k:)! TT;g" () exp(O(r)). Next we

t=0 \r;
choose the remaining hypergraph o \ 8 and 5 \ « respectively. For o \ 3, we have

oo () T ) o) H e

t=1 t=0
< \Sg,v,i\n”vrvfzk exp(O(r))

For bounding the number of choices for 3, suppose «, 3 share s vertices with degree 0 or 1 in the sub-
graph aN 8. Then there are £° ways of embedding a:N /3 and shared vertices in hypergraph 3. Further
the number of choices for the remaining hypergraph is also bounded by |Sy ,|[n~"v"v ™2k exp(O(r)).
E[(P(Y),)’]

Therefore the contribution to ELPO) 2D

with respect to specific r, k; is bounded by

—r+3k/2 k
—r v —2k\2 71, k/2psTO(2r—3k) y —2k < ( n ) ( —3/2, —1/2 —2)
(n~ " v =) n v 2T A" exp(O(r)) < PEYTERIO] cn” Y A
where ¢ is constant. By lemma B.18, when v = w(n'/2=(1)) the dominating term is given by
r = 3k. In this case, we must have k > ¢. For en=3/2p=1/2)=2 < 1 and ¢ = C'log n with constant

C' large enough, the contribution is =21,

Therefore in all, we have % = 1—0(1) when we have relation cn=3/2p=1/2)=2 = 1-Q(1)
and v = O(n'/2-9M), O

Proof of Theorem B.22. As aresult of lemma B.25, by Chebyshev’s inequality we have (P(Y),z) =

(1£0(1))E(P(Y),z) w.h.p. Combined with correlation in expectation and Markov inequality, we
% > ¢ - Q(1) with probability 1 — e. We set ¢ = n~*(1) and take estimator z € R”
with 2 = 7,5 YijePi(Y) P;(Y'). Then according to the theorem B.24, we get the strong recovery

guarantee. O

have

C Higher order general spiked tensor model

For clarity, we discuss the algorithms for order-3 spiked tensor model and spiked Wigner model
above. Such claims can be generalized to any constant order tensor without difficulties.

C.1 Strong detection and weak recovery in order-3 spiked tensor model

For spiked tensor model, we define strong detection problem. Specifically given tensor Y sampled
from general spiked tensor model, we want to detect whether it’s sampled with A = 0 or large A with
high probability.

Definition C.1 (Strong detection). Given tensor Y € (R")®P sampled from

e Planted distribution P: the random tensor Y € (R™)®? is sampled as Y = X - 2% + W,
where x € R™ is arandom vectors.t Ex; = 0, E xf =1l,and W € (R”)®p has independent,
zero mean and unit variance entries.

e Null distribution Q: where random tensor Y € (R")®” has independent, zero-mean and
unit variance entries.

with equal probability, we need to find a function of entries in Y: f(Y") € {0, 1} such that

%P[f(Y) =1+ %Q[f(Y) =0l=1-0(1)
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We also define the notion of weak recovery and strong recovery in spiked tensor model.

Definition C.2. In spiked tensor model Y = \-2®P+W where z € R™ is a random vector s.t | z; =
0, Exf =1,and W € (R”)®p has independent, zero mean and unit variance entries, We define
that the estimator Z(Y") € R™ achieves weak recovery if E(£(Y),z)? > Q ((E[2(Y)|*Ellz|?)).
Further we define that Z(Y) € R™ achieves strong recovery if [(Z(Y"), z)| > (1 — o(1))||2(Y) ||| =l
with high probability.

Remark: The weak recovery here can be equivalently defined as that with constant probability

. 2
< uiggn , H%\I> > Q(1). The equivalence follows by Markov inequality.

Theorem C.3. Let x € R™ be a random vector with independent, mean-zero entries having Ez? = 1
andT = Ez} <n°W. Let \ > 0and Y = \-2®P+W, where W € (R™)®P has independent, mean-
zero and unit variance entries. Then when v = O(n/?=¥V)) and c,nP/*v@P=2/1\ = 1 + Q(1),
there is n°P?) time algorithm achieving strong detection.

Theorem C.4. Let x € R™ be a random vector with independent, mean-zero and unit variance
entries and T = Bt < n°M. Let A\ > 0and Y = X\ - 2% + W, where W € (R™)®P has
independent, mean-zero entries with EW? , = L. Then when v = O(n/?=2MW) and § =

11,82,..,0
cp)\n”/4v(p’2)/4 —1 > Q(1), there is nOWY) time algorithm giving unit norm estimator & s.t
s X \2 o1
(@, ) =0 ),

Specifically this leads to polynomial time algorithm when A = Q(n~?/%).

When the order-p is odd, the analysis is very similar to the one for the case p = 3. Therefore we
mainly talk about case where order p is even and prove the guarantee of the theorem.

C.2 Strong detection algorithm for even p

For strong detection we propose the following thresholding polynomial

Definition C.5 (thresholding polynomial for even p). On directed complete p-uniform hypergraph
with n vertices, we define Sy, as the set of all copies of 2-regular hypergraphs generated in the
following way

e We construct ¢ levels of vertices, with each level containing pv/2 vertices.

e Fort € [{], we connect a perfect matching with v hyperedges between level ¢ and level ¢ + 1.
Each hyperedge directs from p/2 vertices in level ¢ to p/2 vertices in level ¢ + 1.

e Finally we similarly connect a perfect matching with v hyperedges between level £ — 1 and
level 0. Each hyperedge directs from p/2 vertices in level 0 to p/2 vertices in level £ — 1

The thresholding polynomial is given by P(Y') = > . v Xao(Y') where x,(Y) is the Fourier basis
associated with hypergraph a: Xa(Y) =3, 4, i yea Yisio
Lemma C.6. Suppose we have v = cpv(p_Q)/2A2np/2 = 1+ Q(1) with ¢, small enough constant
related to p, then taking £ = O(log., n), the projection of likelihood ratio jiI(Y") with respect to Sy,
is w(1) when v = O(n'/2=91),

Proof. Given fixed vertices in level ¢ and level t+1, we have ((pv/2)!)? /v! choices for the hyperedges
between level ¢ and level ¢ 4- 1. Therefore we have

SE,U == (1 - 0(1)) <(Z)'L}/2)')>Z nZPU/Q

v!

. Therefore by Strling’s approximation this implies Sy, > v(P=2)?/2\2nfP?/2 exp(—O(v)). There-
fore we have

>k = Nt 2y0m2e/2 exp(—O(v)) = w(1)

a€Sy
when we have ¢, v as described. O
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Lemma C.7. Suppose we have v = c,vP=2/2\2pP/2 = 1 4 Q(1), and { = O(log., n) with c,
small enough constant related to p. If n/v* = w(poly(T'()) then we have the following concentration
property:

EP*(Y) = (1+0(1))(EP(Y))*

Proof. We consider o, B € S ,,. We first choose aeM 3 and shared vertices as subgraph of « and then
select the remaining hypergraph of «, 3. As before, we have E[xq(Y)xs(Y)] < Av—2kp2r—pk,
where r is the number of shared vertices,k is the number of shared hyperedges, and I' = E[z}] =

n°1) . Considering shared vertices and hyperedges in «, if there are r, shared vertices in level ¢ and
k; shared hyperedges between level ¢ and level ¢ + 1, then there are

e () () () 5
< " P=DR/2 oxp(O(7))

such subgraphs. On the other hand, the number of choices for the remaining hypergraph of « is
bounded by

Naﬁ:ﬁ< n )by

=0 %*Tt (U*k't)'
= \Sg,q,|n7’“vr7pk+k exp(O(r))

Then we consider choices for 8. Denote the number of degree-1 vertices in a N 3 as s; and the
number of shared vertices not contained in oo N 3 as sg. Let s = sg + $1, then there are at most ¢£°
ways of putting o N B in 5. For the same reasoning, number of ways for choosing the remaining
hypergraph of /3 is also bounded by | Sy, ,|n~"v""P**¥ exp(O(r)). Therefore, with respect to fixed
number of vertices and hyperedges r¢, k; in each level of a, the total number of such hypergraph
pairs .Sy i, ¢, is bounded by

‘Sf,'u |2n7rv2r72pk+2k£s,U(p72)k/2 exp(O(r))

Therefore the corresponding contribution is given by

S el o ororspkt s =28/ -2k 200k e (O(r)

<
a,BESr k,t,v (EPX))

Since we have 2r — s > pk by degree constraints, this is bounded by

(Pk/2),—pk/2, —(p—=2)k/2 \~2k ( n

—r+pk/2
chFQ)

where c is constant. Summing up for «, 5 with respect to different r;, k; and combining the fact that
if r = pk/2 then k > 2¢, we have

Z C[)k/Qn—pk/Qv—(p_z)k/g)\_QkE( n >7r+pk/2

e,k CU2F2
¢ ke
- Z Z cPR/2 PR/ 2= (P=2)k/2 ) —2ky ( ZF2 ) —r+pk/2 N
k:>0 7y >6(t)max (ke ke—1) cv
2r>pk+1
5 (raritac -y
ki>1

When v = cpn*p/2)\*2v*1/2 > 1and ¢ = Clog, n with constant C' large enough, the second term

is bounded by n~*(!). For the first term we note that given k; for ¢ € [¢], we have ¢"~P*/2 choices
for ;. We denote ka = |ki11 — k¢|. Then we have ka = O(r — 3k/2). Then given ka we have at
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most ka different values for k;. As a result fixing these k different values, there are ¢k2 choices for
kq for t € [¢]. Therefore the first term is bounded by

—max(1/2,ka) ka

2
o | \ev poly(I'¢) t=1 \ k>0

I all, we have 3, e, Elve(Y)xs(¥)] < (1+0(1)(EP(Y))? =

Next we show that the running time can be improved using color-coding method. We describe the
evaluation algorithm 6. We describe the matrices M, IV used in the algorithm. The rows and columns

Algorithm 6: Algorithm for evaluating the thresholding polynomial
Data: Given Y € (R")®P s.t Y = \z®P + W
Result: P(Y) =Y 5,  Xa(Y)(up to accuracy 1 £ n~ (1)
for i < 1to C' do
Sample coloring ¢; : [n] — [¢v] uniformly at random;
Construct a matrix M, N € R(2F=1)nPr/2x (2172”’1)"?”/2;

Record p,, = (szfz):;v Tr(M*IN);

1 c
Return 7 > .2, pe;

of M are indexed by (V1, S) and (Va, T) where V; € [n]P*/? and V5 € [n]P"/? correspond to sets
of labels of vertices while S, T" C [¢v] correspond to subsets of colors. We have M, s),ve,1) =0
if SU{c(v) :v e Vi} # Tor{c(v) :v e Vi}and S are not disjoint. Otherwise My, sy, (v5,1) i
givenby > Svi v X~(Y') where Sy, v, is the set of perfect matching induced by V; and Va(each

hyperedge in Sy, v, direct from p/2 vertices from V; to p/2 vertices from V3).

For matrix N, the indexing is the same as M. The entry N(v, g) (v,,7) = 0if SU{c(v) : v € V1 } #

T or {c(v) : v € Vi} and S are not disjoint. Otherwise N(v; s) (v,,7) is givenby > s X»(Y)
2>V1

where Sy, v, is the set of perfect matching induced by V5 and V;(each hyperedge in hypergraph

a € Sy, v, directs from p/2 vertices from V5 to p/2 vertices from ;).

Lemma C.8 (Evaluation of thresholding polynomial). There exists a n®")-time algorithm that given

a coloring c:[n] — [plv](where plv is the number of vertices in hypergraph o € Sy ,,) and a tensor
Y € (R™)®P evaluates degree 20v polynomial below in polynomial time

pe(¥Y)= > Xa(Y)Fea (7)
€Sy
(plo)P*

Feo= W " Le(a)=[peo] 3

when thresholding polynomial P(Y) defined in C.5 satisfies (E P(Y))? = (1 — o(1))E P?(Y),
we can take exp(O(fv)) random colorings and give an accurate estimation of the thresholding
polynomial by averaging p.(Y").

Proof. The observation is that p.(Y) is just given by (pfv)P* /(plv)! times the trace of (M)~ N.
For any coloring c, the evaluation of p.(Y") can be done in time n°7?/2 exp(O(fv)).

Next we prove that averaging random coloring for p.(Y") will give accurate estimation for P(Y) in
the detection algorithm. First we note that E. p.(Y) = P(Y"). Next, for single coloring we have
Epi(Y)= Y ElFeaFesxa(Y)xs(Y)] < exp(O(tw) EPX(Y) < exp(O(f0)) E[([Ep(Y))?]
a,BESyy ¢
where we use the result that E P?(Y) = (1 + o(1))(E P(Y))?. Therefore, by averaging L =
L

exp(O(¢v)) random colorings, the variance can be reduced such that M =(1£o0(1))P(Y)
w.h.p. O
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Remark: When A = Q(n~?/%), we can take c,A\nP/4v > 1 with c, being small enough constant
dependent on order p. This leads to O(n?P¥) time algorithm with constant v. When \ = w(n—P/%),
we can simply take P(Y) = > Yiiio.iy Vi Obviously such polynomial can
be evaluated in linear time.

11 <i2<...<ip prlp—1ye-esl1®

Proof of Theorem C.3. Combining lemma C.6 and the concentration property proved in lemma C.7,
we get a strong detection algorithm by thresholding P(Y"). Using the lemma C.8, such polynomial
can be evaluated in n?(?*) time. This proves the theorem. O

Remark: When p = 2 and v = 1, this gives polynomial time strong detection algorithm for the
spiked matrix model when A = (1 4+ Q(1))n /2,

C.3 Weak recovery algorithm for even p

For weak recovery we want to propose estimator P(Y") € R™*" such that

(B(P(Y),z2T))”
(& POY)|Z[Ellzz T 2)

= ()

For even p, it can always be decomposed into two odd numbers p; and ps s.t p = p1 + p2. Let p1, p2
be such a pair of odd numbers that minimizes |ps — p1|. Then we define the estimation vector for
weak recovery as following:

Definition C.9 (Estimator for even-p weak recovery). Given tensor Y € (R™)®P, we have estimator
P(Y) € R™*" where each entry P;;(Y') is a degree (2(—1)v polynomial givenby 3, cq, = Xa(Y)
where Sy ,, ; ; is the set of hypergraph generated in the following way:

On p-uniform directed complete hypergraph on n vertices, Se ,, ; ; is the set of p-uniform hypergraph
on n vertices which can be generated in the following way

o we construct 2¢ levels of vertices. Level 0 contains vertex ¢ and (p;v — 1)/2 vertices in
addition. For 0 < t < /, level 2t contains pv vertices while for 0 < ¢t < £ — 1 level 2t + 1
contains pyv vertices. Level 2¢ — 1 contains vertex j and (pov — 1)/2 vertices in addition.
All vertices are distinct.

e We construct a perfect matching between level ¢, ¢ 4 1 for ¢t € [1,2¢ — 2],each hyperedge
directs from p; vertices in even level to po vertices in odd level.

e Level 0 and 1 are connected as bipartite hypergraph s.t each vertex in level 0 excluding ¢ has
degree 2 while vertex ¢ and vertices in level 1 has degree 1. Level 2¢ — 2 and level 2¢ — 1
are connected as bipartite hypergraph s.t vertices in level 2¢ — 1 excluding j has degree 2
while vertices in level 2¢ — 2 and vertex j has degree 1

We consider the set of hypergraph pairs «, 8 € Sy . ;,; such that in «

e at level ¢ there are r; vertices(excluding vertice ¢, j) shared with 3

e between level ¢ + 1 and level ¢, there are k; hyperedges shared with (.

We denote such a set of hypergraph pairs as Sy i j k,r» Where k = Zt ke, = Zt r¢. Then 7 is just
the number of shared vertices between «, 5 and k is just the number of shared hyperedges between
a, 3. Although we abuse the notations(since the set Sy ,, ; j ,» 1S related to k¢, r;), by the following
lemma we can bound the size of such set only using k, r, £, v.

Lemma C.10. On the directed complete p-uniform hypergraph with n vertices, for any set S¢ i j i.,r
with £ = O(logn), v = o(n), k,r < lv, the number of hypergraph pairs contained in the set
St.v,i.j.k,r is bounded by

2., =7 y2r—2(1=p)k+(p—2)k/2 pO(2r—pk) exp(O(r))

1Se,0,i,5,k,r] < 15001,
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Proof. we only need to bound the size of Sy ,, ; ;. Applying combinatorial arguments to the generating
process of Sy, ; j, we have

Soisl =@ =o (M V() (™ 1) (g 1y0) it

On the other hand, first choose N 5 and shared vertices(excluding ¢ and j) as subgraph of hypergraph
a € S¢y,4,5. For the shared vertices and hyperedges consisting in o, if there are 7, vertices in level
t € [2¢ — 1] and k; hyperedges between level r; and level 71, then the number of such intersection
is bounded by Nyng:

G G ) GG ) ) G ) G ) i)
ro) \r2e—1/) \ p1ko pakoe—2 ) 5 \rae-1/) \rae) \pikat—1) \prkae—1/) \p2kat

( rat >2ﬁ2%’ft>]€'t('mf%)'

p2kar—1 =0
This is upper bounded by
202 20—1
(p1ke)!(p2ky)! n
I 1II(, )epO0)
=0 ¢ t=0 Nt

. Next we choose the remaining hypergraph o \ 3 and 3 \ « respectively. For o \ 3, we have

=
n n n n
N = _ _
oV (plvz - To) (p“; L — 7’2@-1) g (pzv - th-1) (pw - 7’2t>

20—-2

1'07]{}15 ! 2’U*kt !
H(p( ))kt(!p( )

t=0
< |Sewijln 0w PR exp(O(r))
Suppose there are s; degree 1 vertices in aN 3 and sq vertices shared between v, 8 but not contained in
aNf, denoting s = so + s1, then there are £° ways of placing N 8 and shared vertices in hypergraph
/3 and the count of remaining hypergraph is also bounded by [Sy,, ;. j|n~"v v~ P~D* exp(O(r)).
Multiplying them together, we get the claim. O

Lemma C.11. For t € {0,1,...,2¢ — 2}, we define ri,k; € {0,1,...,pov} and r9p—1 €
{0,1,...,p1v} satisfying that

o Fort € [20 — 1), ry > §(t) max(ki_1, ki), where parity function 6(t) = pa if t is odd and
p1 if t is even.

e 79+ 12> pako

We denote k = fi_ol ki and r = Zfi_ol r. We take scalars 1 = O({=19) and constant ¢ < 1.

Then for 2r > pk + 1, we have:

> > TR <o)

k>0 ry>8(t) max(ke—1,k¢)
2r>pk+1

Proof. We note that given k; for t € [¢], we have at most £"~(P*=1)/2 choices for all 7;. Further
we denote ka = >, |ki11 — k¢|. Then given ka, all k; can take at most k different values. As
a result, fixing these ka different values, there are £¥2 choices for k; for ¢ € [¢]. Further we have
r— (pk—1)/2 > ka/2 > 1/2. Therefore the summation is bounded by

1/4 2\ "o/ . ke | | —
SO () TUIT X vt | | =)
ka>1 t=1 \ k>0
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Lemma C.12. Taking v = cpnp/2v(p_2)/2)\2 = 1+ Q(1)(where c, is a constant related to p) a
large enough constant and £ = O(log., n) in the estimator above, then if v = O(n'/2=2W), we have
E(P(Y),zz") _ 140
1/2
EIPY)I3El]4)"

Proof. We need to show the estimator P(Y) € R™ above achieves constant correlation with the
hidden vector x. Equivalently we want to show that for each 4, j € [n], we have

2

Y. Ela(Mziz]| =9 > Ela()xs(Y)]

€Sy, v,i,j a,BESe v,ij

Since we have (EQ,BESK i E[Xa(y)fﬂixj]) = A@=Dv|S, i j|, Moreover we have

Ela(Y)xs(V)] = (1 +n 20)x2Ce 002k | T gtiond)
jEaAB
< ATZRPOCT—PR By (V)i Blxs (V) @iz,
where deg(j, «AS) represents the degree of vertex j in hypergraph aAS. By lemma C.10 the

2
% with respect to specific ¢, k; is bounded by

(nfrvrv(l7p)k)2nrv(p72)k/2€sl—\0(2r7pk)/\7216 exp(O(T))

Because we have 2r — s — 2 > pk by degree constraints, we study the terms in cases of 2r — s > pk
and 2r — s <= pk. For the case 2r — s > pk, the sum of contribution is o(1) by lemma C.11. For
the case 2r — s = pk, a:N B consists of 2 hyperpaths respectively starting from ¢ and j. Further each
shared vertex is contained in o N 5. For such case the contribution is bounded by

contribution to

2
Z CP(€1+42)n*p(fl+52)/2,0*(p*z)(51+42)/2/\*2(51+42) < (Z Cf1np€1/2v(p2)61/2>\2£1>
41,42 ‘gl

1 2
< <1 — fU_(p_Q)/Qn_P/zA_2>

For the case 2r — s < pk, aN 3 contains more than 2¢ — 1 hyperedges. For £ = O(log., n) with
hidden constant large enough, the contribution is also o(1). Therefore in all we have

(E(P(Y),zzT))?
EIP(Y)|% EllzaT|%

Therefore when n = w(cv?T?polylog(n)) and v = 1 + (1) a large enough constant, we have
weak recovery algorithm by taking the leading eigenvector of matrix P(Y"). When v = w(1), taking
leading eigenvector of P(Y") gives strong recovery guarantee. [

=1 -0 P27 P/2)72 4 5(1)

Next we evaluate the polynomial estimator for weak recovery using color-coding method, as shown
in algorithm 7. We denote ¢, = w as the number of vertices in each hypergraph contained
in Sy,

Next we describe how to construct matrices M, N, A, B. The rows and columns of M are indexed
by (V4,.5) and (V2,T) where V4 € [n]P*¥ and V, € [n]P2? are set of vertices while S, T C [fv] are
subset of colors. We have My, gy (v,,7) = 0if SU{c(v) :v € V1} #T or {c(v) :v € Vi} and S
are not disjoint. Otherwise My, sy (v, 1) is given by Z%SVI% X~(Y') where Sy, v, is the set of
perfect matching induced by V; and Va(each hyperedge in Sy, v, direct from p; vertices from V; to
po vertices from V53).

For matrix IV, the indexing are the same as M. We have N(v, ), (v,,7) = 0if SU{c(v) : v € V1} #
T or {c(v) : v € Vi} and S are not disjoint. Otherwise N(v; s) (v,,7) is givenby > s x4(Y)

2>V1
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Algorithm 7: Algorithm for evaluating estimation matrix
Data: Given Y € (R")®P s.t Y = \a®P + W
Result: P(Y) € R™*", with P;;(Y) =3 g, . , Xa (Y)(up to accuracy 1 + n~(1)
C <+ exp(100¢v);
fori < 1to C do

Sample coloring ¢; : [n] — [¢,] uniformly at random;

Construct matrices M, N € R2"™ —1)n1x (2% —1)nr2",
(Pro+1)/2 5 (2w —1)nP2? Be R(le —1)nP1Y xpP2vth)/2,

bl

Construct matrices: A € R™
(p1v+1)/2 (p2v+1)/2 o

Construct matrices L(1) € Rmxn , L) e R" ;
Record matrix p., = LD A(NM)*~2NBL®);

1 C
Return 5 > .7, pe,

where Sy, v, is the set of perfect matching induced by V5 and V;(each hyperedge in hypergraph
a € Sy, v, directs from p, vertices from V5 to p; vertices from V7).

We consider a subset of hypergraphs contained in S, ; ; with 4,j € [n], denoted by H,; ; v; v, -
The set of vertices in level 0 of these hypergraphs is fixed to be {i} U V3, where V; C [n]|. The
set of vertices in the level 1 of these hypergraphs is fixed to be Vo C [n]. We denote S, v, v, as
the following set of spanning subgraphs: a hypergraph a € S; v, v, if and only if there exists a
hypergraph 8 € H; ;v,.v, such that the hyperedge set of « is the same as the set of hyperedges
between level 0 and 1 of 3.

In the same way, we consider a subset of hypergraphs contained in Sy ,, ; ; with ¢, j € [n], denoted by

L; j v, v,» With vertices in levels 2¢ — 2 and 2¢ — 1 fixed. We denote Sy, v, ; as the following set of

spanning subgraphs: a hypergraph a € Sy, v,,; if and only if there exists a hypergraph 8 € L; j v, v,

such that the hyperedge set of « is the same as the set of hyperedges between level 2¢ — 2 and 2¢ — 1

of .

By these definitions, the entry Ag; vy) (v, 1) is given by >- cq. . Xa(Y)if T = {c(v) : v €

ViUwv}, v ¢ Vi and O otherwise. The entry By, 5) v, is givenby > s Xa(Y)if SU{c(v) :
1-V2

veViUVe} =[6,],SN{c(v):ve Vi UVa} =0 and zero otherwise.

Finally, we construct the deterministic matrices L(*), L(?). The columns of matrix L(*) are indexed

by (j, V1), where j € [n] and V; is a size-n(P1?+1)/2 subset of [n]. The rows are indexed by i € [n].

The entry Lgl()j ) = 1if j = i and 0 otherwise. The transpose of L(? is indexed in the same way.

The entry LE?’)V”J. = 1if 7 = j and 0 otherwise.

Lemma C.13 (Evaluation of polynomial estimator). Given sampled colorings ¢, ca, ..., cc:[n] —

[0,] and a tensor Y € (R™)®P, the algorithm 7 return a matrix p(Y,c1,...,cc) € R™ "™ in time

nP®v) When %ﬁ;;f/z = § = Q(1), with high probability over the sampling of random
n F

colorings c1, co, ..., cc we have the following guarantee:
Y,eq,... T
By (pYseu, ., c0) 2w 1>/2 > (1 o(1))5 > Q(1).
n (EYHP(Yv Cly.v vy CC)”%‘)

Remark: When \ = w(n~?/*), using power method for extracting leading eigenvector, we have
nPto(1) time algorithm for evaluating the leading eigenvector of the matrix returned by the algorithm.

Proof. For any coloring ¢ : [n] — [{,], and any a € Sy, ; ;, we define indicator random variable
F. ., which equals to 1 if the vertices in « are assigned different colors and 0 otherwise. Then we
have > g , Xa (Y)F., , can be obtained from the matrix H = A(NM)*~2N B in the algorithm

by summing up all entries in H indexed by row (i, -) and column (3, -). Thus given random coloring
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c the algorithm evaluates matrix p.(Y') = LY A(NM)*~2NBL(?) whose (i, j) entry is given by

De,i,j (Y) = Z Xa (Y)FC,a

QE€ESy v,i,5

By the same argument in the strong detection algorithm, we can obtain accurate estimation of P(Y")
by averaging n?" exp(O(fv)) random colorings when v = c,\2n?/20p(P=2)/2 = 1 4 (1) where
cp is small enough constant related to p. Therefore when v is chosen such that y is a large enough
constant, taking the leading eigenvector of D(Y) = 1 ZtL:l pe, (Y') generates an estimator achieving
weak recovery. Since ¢ = O(log,y n), the polynomial can be evaluated in time nP®?) when we have
c][,)\an/Qv(p*Q)/2 > 1and v = O(n'/?~2(M), This leads to polynomial time algorithm when v is
constant.

O
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