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Guide to the appendix

The appendix is organized as follows.

In Appendix [A] we present a matrix representation of system (4) describing aggregated observations
y1.¢ in terms of past inputs and noise. We also restate our matrix representation of the Kalman
predictive model.

In Appendix [B] we provide upper bounds on the matrix coefficients used in the aggregated system
representation as well as a high probability upper bound on the norm of observations ||y1.¢||2. We
also discuss our assumption on the 2-norm of the Kalman coefficient matrices (control matrix C;
and observation matrix O,) and present two examples providing bounds on the 2-norm of these
coefficients.

In Appendix |C| we first analyze the error of approximating 1(A\) by spectral methods, considering
the spectrum of the Hankel covariance matrix. A proof of Theorem 2 is presented in Appendix[C.2}

In Appendix D} we analyze convex relaxation approximation error and show that the convex relaxation
bias is small with high probability, provided that the number of filters k > log?(T).

In Appendix [E] we write a bound on regret decomposed into least squares error, improper learning

bias, regularization error, and innovation error. We further extract the term || Z,_ 11/ ? f,|12 making the
bound ready for analysis in subsequent sections.

In Appendix |F, we provide our regret analysis. In Appendix we present a high probability bound
on det(Z;) that appears multiple times throughout our analysis. In Appendix we derive a result
on self-normalizing vector martingales that assists bounding several terms. In Appendix we

provide a bound on || Z,_ 11/ ® f,||% using sub-Gaussian tail properties, a block-martingale small-ball
condition, and a filter quadratic function condition. The proof of Lemma 1 is given in Appendix
[F4] The regularization term and innovation error are analyzed in Appendix [F.5and Appendix [F.6]
respectively. The proof of the regret theorem is presented in Appendix [F7]

A few technical lemmas are presented in Appendix |G| Additional experiments are presented in
Appendix [H] In Appendix[[] a discussion on systems with long forecast memory is provided.



A Aggregated representations

We start by introducing an aggregated notation for representing linear dynamical systems and the
Kalman predictive model.

A.1 Linear dynamical systems

For the linear dynamical system of (@), define the following matrices

rC 0 0 071 [APY2 0 0 ... 0
CA C 0 0 0 Q72 0o ... 0
- |Cca  ca C 0 0 0 QY2 ... 0 |
catt cat? cats ol | o 0 0 .. QU
T D 0 0 0
CB D 0 .0
7,— | CAB CB D S (14)
|CA'"™2B CA'"3B CA'"*B ... D
[RY2 00 ... 0
0 RY2 0 ... 0
R,=| 0 0 RY2Z ... 0
L 0 0 0 ... R'Y/?

Let ICtICtT = 727;T + R{RtT , where K; is the unique solution to Cholesky decomposition. The
system observations y1.; can be written as

Yo = Kb + i1, (15)

where &; € R™ is a Gaussian random vector with covariance I, .

A.2 Kalman filter

For convenience, we restate our notation of the Kalman predictive model from Section 3. Define the
following matrices

O, =[CG'"'K CG'3K ... CK], (6)
C,=[CG"Y(B-KD) CG'"?(B-KD) ... C(B-KD)].

We refer to O, and C; as observation matrix and control matrix, respectively. Using the above
notation, the Kalman prediction m,; is given by

M1 = Owyr: + Ciry + Dy

B Norm bounds

As a preliminary step, we compute a few bounds that will be used later in the regret analysis of the
SLIP algorithm. In particular, we compute upper bounds on the norms of parameter matrices defined
in and discuss upper bounds on the norms of observation and control matrix of the Kalman
predictive model. Further, we derive a high probability upper bound on the observation norm.

B.1 Bounds on parameters

The following lemma provides upper bounds on the norm of matrices that describe a linear dynamic
system.



Lemma B.1. (LDS parameter bounds) Consider system (4). Let Rp = max{||B||2, ||C||2, || D||2}
and Re = max{||P||2, |Q|l2, | Rl|2}. Suppose that || At||y < '8V for a bounded constant v > 1.
For Ty, I, and K, defined in (14), the following operator norm bounds hold:

@) [|Tillz < REPRpy(1+y)torL,
(i) ||Z¢]|2 < Rp[1 4 tytlos™)],

(i) [[KCell2 < /Ro + RoRB(1 4 7)421osm)+2,

Proof. By Lemma|G.1]

t
ITell2 < (All2 + DRECl2 Y A%z < REZRpy(1+y)tosL,

i=1

Similarly,

t
IZell2 < IDll2 + [Cll2lBll2 > 14|z < Rp + Ryt st
=1

It follows by the sub-additive property of matrix operator norm that

I Iz = 13 < ITell3 + IRelz = [IKell2 < \/Rc + RoRp(1 4 )42 los0)+2,
|

In the regret analysis, we assume that || Oy ||z < Rot” for a finite 5 > 0. We justify this assumption
in the examples below. The following example shows that 5 = 0 when the system is single-input
single-output (SISO).

Example B.1. (Observation matrix norm bound in SISO systems) For a SISO linear dynamical
system, the following equation holds

AXT(C?
KC=——+— < KC<A.
C E+CQ+R§O— C<
We have G = A — KC. Applying the above constraint gives
G<A

The squared norm of vector Oy is given by

t—1 t—1

||(9tH§ = Z(KOGi)Q = Z(A _ G)QG%,

i=0 i=0
Under the constraint G < A < 1, the maximum of ||O;||3 is 1 obtained when G = 0 and A = 1.

In the following example, we compute a loose upper bound on ||O¢||2.
Example B.2. (Observation matrix norm bound in MIMO systems with d = m) Consider an
LDS with d = m. We begin by computing an upper bound on the norm of the Kalman gain. Let
K = AK'. By the recursive updates of a stationary Kalman gain, we write
CK'=cxtoTiesteT + Q™' < I = ||CK'||; < 1.

Lower bounding |CK||5 yields

1
Umhxcn.
Let ko = 0max(C)/0min(C) to be the condition number of C. Assume |G|y < ~,°8009). We
have

1K [l20min(C) < CK'[l2 < 1= [|K'||2 <

t
102 < D IO G Izl K ll2 < werygt =0+
=1



B.2 Bound on observation norm

One of the quantities that appear in the regret analysis of our algorithm is the squared norm of y; ;.
The following lemma provides a high probability upper bound for ||y;.¢[|3.

Lemma B.2. (Observation norm bound) Consider system (4). Let Rp =
max{||Bl|z, [Cl|2, [ Dll2}. Re = max{|[Pl2, [Qll2, [ Rll2}, and |lzellz < Re.  Suppose

that || Aty < 198 for a bounded constant v > 1. For any § > 0 and all t > 0,

P [ly1.l3 = 6(R% + 1)(R2 + Re)(1 + ) (mt + §)¢2T21080)] < ¢

Proof. From (13), we see that
11615 < 201 Zel3llerell3 + 20311415
Using Gaussian upper tail bounds [5], we have
P [[[€1.4]13 > 2mt + 38] < P [||61.4]12 > mt + 2Vmtd +20] < e™?
Using the bounds computed in Lemma the following holds with probability at least 1 — e~

y1:ell3 <2MZe )3l + 201K (31116113

17
<6(R% + 1)(R2 + Re)(1+7)* (mt + 6)t>2 1080

C Filter approximation and width analysis

In this section we first provide a series of lemmas characterizing the reconstruction error of applying
PCA to approximate the vector function p(\) = [1, A, ..., AT!]. These lemmas are later used to
prove Theorem 2.

C.1 Bounds on PCA approximation error

The goal of this section is to establish a uniform bound on the norm of the reconstruction error of
approximating p(\) with (). The following lemma states a standard result on the average PCA
reconstruction error, presented here for completeness.

Lemma C.1. (Average reconstruction error bound) Let ii(\) € RT be a vector function parame-
terized by A € A. Define the following matrix with respect to probability measure p

ZngumW»mw»

Let {(o;, (bj) _1 be the eigenpairs of Z. Let [i(\) be the projection of () to the linear subspace
spanned by {(;51, .oy Or}. Then,

/Ilu A 3p(dX) Z ;.

j=k+1

Proof. Define Uy, to be a T x k matrix with columns ¢, . . . ¢y, the eigenvectors of matrix Z. The
reconstruction error can be written as

r(A) = u(A) = Uy p(N) = (I = U u(A) = Mu(X).

The average squared norm of reconstruction error is given by

/wvmmm=/uwwumwmz/ﬂmMMMFMMw>
A A A

= [T, /A N (W) T p(dMIL] ] = u[ll, 211 ] = Z 0.

j=k+1



We then use Lipschitz continuity of 1(\) over the interval [—1, 1] to establish a uniform bound on
the reconstruction error.
Lemma C.2. Let () = [1,\, A2, ... ) AT T for X € [~1, 1] and define

7= [ SunTar

Let{(0;,$7)}1_, be the eigenpairs of H, where o are in decreasing order. Let [i(\) be the projection
of 11() to the linear subspace spanned by {1, ..., ¢} Then, forany A € [-1,1] and T > 1,

T
6 = BOIE < Ty|2 D oj.
J=k+1

Proof. Let us first compute an upper bound on the Lipschitz constant of () over A € [—1,1].
The Lipschitz constant of 14(\) is bounded by the norm of Jacobian J(u(A)) = [0,1,2A, ..., (T —
1)AT=2]. Thus,

l11(N2) — (A1)l
A2 — A1

< [T M)l2 <

T—1
S 12 < T,
t=1

Define U} to be a matrix with columns ¢1,...¢x. The reconstruction error can be written as
r(A) = (I — UpU )u(N) = gp(N). A Lipschitz constant for reconstruction error norm is given by

lr(A2)]l2 = [[r(A) ]2 < |Ir(A2) — r(A1)]|2 (inverse triangle inequality)

= Mk (r(A2) = p(A1)l2
< g |l2]l ((A2) = p(A)|l2 (multiplicative property of norm)

< [(w(A2) — (A1) |2 (IT}, is contractive)
< VT3/3|A2 — A\ (Lipschitz continuity of z1(\))

Thus, an upper bound on the Lipschitz constant of ||7()\)||3 can be computed
[r2)[13 = llr )3 = (lr(A2)llz = [l ) (I (A2)ll2 + (A1) [l2)
< (\/m|A2 —A1])(2 max [r(M)]2)
< 2/T3 /3|15 max [N 2122 = A1
< 2T% | Ny — Ay
Let R, = max [7(A\)]|3. On the account of Lemma , l7(A)||% has a bounded average over the

interval [—1,1]. A bounded and (27°?)-Lipschitz function that achieves the maximum R, has a
triangular shape. It follows that

2 >0 = IrWIB<R<T 2 Y o
/ j=k+1

]
In the following lemma, we prove that the PCA reconstruction error is small due to the exponential
decay of the spectrum of the Hankel covariance matrix H.

Lemma C.3. (Uniform bound on reconstruction error) Under the assumptions of Lemma|C.2]and
foranyT > 10

1Y) = B3 < CoTV/1og Te™* 8T,
where ¢ = exp(7?/8) and Cy = 43.

Proof. We appeal to the following, which appears as Corollary 5.4 in Beckermann and Townsend [3].



Lemma C.4. Let H,, € R™*"™ be a positive semi-definite Hankel matrix. Then,

72 —2k+42
0o < 16{exp (m)} oi(Hy), for 1<j+2%k<n.  (I8)
Setting j = 1 in (I8) with the assumption 7" > 10 yields
) —2k+2 2 —2k
Ootok < 0149k < 1607 exp (4logT> < 116807 exp (4logT> .

Let ¢ = exp(7?/8). It follows that

i < 116801 c TosT T < 105120101°ET

The largest singular value of Hankel matrix H is bounded by
T

o1 <tr(H) < 22k+1727—1<10gT

where the last inequality is due to a classic bound on the 7'-th harmonic number. We conclude from
Lemma[C.2] that

T

() — B3 < T, | 210240, S =2/ losT
J=k+1

—2k/ logT
21024log TS < 43T7\/log T %/ 108 T |

C.2 Generalized Kolmogorov width analysis: Proof of Theorem 2

Proof of Theorem 2. We first prove the second claim. Let Ay, ... Ag € [—1, 1] denote the eigenvalues
of G. Let v; be the right eigenvectors of G and w,' be the left eigenvectors of G. Eigendecomposition

of G implies G* = Z?:l viw, \;. Therefore, matrix ;1(G) = [I, G, ...,GT~1] can be written as

d
:Zviwj([l oA e 1)

i=1 i=1

vlwz ®Id)

Mm

where p(\;) = [1, A, ..., A} ~'] is a row vector. We approximate ;()\) for any A € [—1,1] using
principal component analysis (PCA). The covariance matrix of p(A) with respect to a uniform
measure is given by

S| L (—1)"*+ +1
H= —uN)Tp(NdN = Hy :/ NIV =
— 1 2}’[/( ) /J/( ) J . 2 2(Z+j _ 1)
Let {¢; };?:1 be the top k eigenvectors of H. We approximate () by g(A) = Zle ("™ (N, gbj)qﬁjT:
d k
(@) = A(G) =) v (Y (1T (V). 6,06/ @ La)
i=1 j=1
d
=3 [>T s (6] @ 1) = Zaju]
j=1 i=1
Check that ay, ..., ar € R™%and uy, ..., u, € R We have

d
d(W) = |n(G) = (G2 = || Zviw;(u(x\i) — (X)) @ Lall2

< leu Ai)ll2

< dstl\p [1(A) — (M) l2-



The first inequality uses subadditive and submultiplicative properties of norm and that ||v;w, |2 <
1,[|Z4]]2 = 1. By Lemma|C.3]

di,(W) < d@(logT)1/4 (expwg/m))*k/IOgT.

Now we prove the first claim by showing that the lower bound is realized for a particular set W.
Since the case of d = 2 can be embedded as a subset for general d > 2 as the left top block, it suffices
to show it for d = 2. We further constrain the set W and only consider those G with representation

a b
o=l
where a, b € R. The eigenvalues of this matrix are complex numbers a — jb and a + jb, which satisfy
p(G) < 1ifa® + b? < 1, where p(G) is the spectral radius of G. The nice property of this type of

matrices is that there exists an explicit expression of G for integer i > 2. Define complex number
z = a + jb, then for integer ¢ > 0:
. R(* (2
o= [ 34,

(z') R(2)

where R(z) represents the real part of complex number z, and (z) represents the imaginary part of
z.

We want to approximate y(G) € R?*?T by Zle a;u;, where a; € R?2%2 and u; € R2*?T| Let
W, be the subset of row vectors realized by the first row of 1 (G) for all G € R?*?2 with p(G) < 1.
We use the following property: the 2-norm of a matrix is lower bounded by the 2-norm of one of
its rows. Based on this property, the 2-norm of error in approximating 1(G) is lower bounded by
the 2-norm of error in approximating only one row of 1(G). Therefore, the generalized k-width of
approximating 1(G) in 2-norm is lower bounded by the error of approximating the first row of p(G)
by a linear combination of 2k row vectors with dimension 27". In other words,

dor(W1) < di(W). 19)

To see this, denote by wu;(1),u;(2) € R?T the first and second row of matrix u;, respectively. The
first row of p(G) can be written as Zle a;(1, Du;(1) + a;(1, 2)u;(2), a linear comibination of 2k
row vectors, where a;(1,1), a;(1, 2) are the elements of the first row of matrix a;.

To lower bound the generalized Kolmogorov width of the constrained set W7, we consider a relaxed
weighted version of the width. Precisely, let p be a probability measure on the set W7, then the
weighted squared deviation of W; from U under weight p is defined as

d3,(Wi;p) £ inf E,, inf |z —y||* < inf inf ||z —y|? = d3 . 20
2 (Wiip) = il Bonp il o —yl" < inf sup ind flo —y|" = do (1) (20)
We observe that 2, (Wi;p) in general can be computed using spectral methods. Indeed, for the

subset U, the y that achieves inf, ey |2 — y||? can be computed via a projection matrix § = Ua, Uy} ,
where Usj, consists of 2k columns of orthonormal vectors. We now have

Eanp if o =yl = Eanllw — UnUal?

= EZNP[xTx — :ETU%U;;CQ:]
= tr((I — UpUsgy,)EprplzzT]).

The minimizer Uy, of tr((I — UsUyy)Ezmplzz']) is the same as the maximizer of
tr(Uzi Uy Exnplza T]), which is given by the first 2k eigenvectors of E,.,[zx ], and the value

of the weighted squared generalized k-width is given by the sum of all eigenvalues of E.,[z2 ]
except for the first largest 2k eigenvalues (Lemma [C.T)).

We compute the weighted squared generalized k-width of the constrained set W/, and it would
serve as a lower bound of the squared generalized k-width. We choose the probability measure
of (a,b)" € R? as the uniform measure on the unit circle. We compute the matrix E,.,[zx "],



which is E[u1 (G) T 141 (G)], where p1(G) is the first row of u(G). Concretely, we write 11 (G) =
[vo;v1;. .. ;vp_1] for v € R? and equal to

v =[R(z"),S(=")],
where z = a + jband foralll € {0,1,...,7 —1}.

We claim that E[v;v,],] = 0 whenever [ # m. Indeed, when I # m, each of the 4 entries of matrix
E[vyv,]] are of the form either R(z)R(2™), I(2)I(2™), or R(2)I(2™) for some | # m. For
the complex number z = re??, we know 2! = rle/!? which implies that %(z!) = r! cos(l) and
J(2!) = rlsin(16). We now compute E[r! cos(10)r™ sin(m8)] for I # m,l > 0,m > 0 and other
cases can be computed analogously. Since we are considering a uniform distribution on the unit
circle, r = 1. We have

1
/ cos(k@) sin(mb)—do
9e[0,27] 2m

1 2m ] ]
=5 ; 5(5111((1{ +m)0) +sin((k —m)6))do
=0.

Hence, it suffices to only compute E[v;1;"]

1
Bl | = [5 ﬂ . 1)

Therefore, E[u1 (G) " p1(G)] = 0.51>7. Using Lemmad%k(Wl;p = U) is equal to the sum of
bottom 27" — 2k eigenvalues: d3, (Wq;p =U) = (2T — 2k)/2 =T — k. By (19) and (20)

d(W) > dopy(Wh) > dox(Wrip=U) = VT — k.

D Convex relaxation analysis

The approximation technique used in Theorem 2 can be applied to approximate the coefficients of the
Kalman predictive model by

|
|

1 4

|
]~
_M&

s
Il
—

O ()T, @) Con] K| (6] (¢:1) @ L),

1

<.
Il

,Tz
Mw
M~

()T 65)Cvnw] (B — KD)| (6] (t:1) @ L),

<.
Il
Il
—

where we used the fact that [\!™*, ..., \;, 1] can be approximated by truncated eigenvectors {¢; (t :
1)};’?:1. The relaxed model m; = Oyy1.4—1 + Cix1.4—1 + Dx, can be written in the form m; = O f;.

The feature vector f; is defined in (9) and the parameter matrix O is obtained by concatenating the
corresponding coefficient matrices as described below

_ d k d k
6= [ZW(MT, ¢j>0v,;ij} » [Zm(Ai)T, ;) Cvw] (B — KD)} D
=1 J= i=1 I= mxl
GRmek eRmxnk eRan
for output features for input features for x,
(22)

The following theorem provides a detailed derivation of convex relaxation as well as an analysis for
approximation error.



Theorem 3. (Convex relaxation error bound) Denote by my, the one-step-ahead predictions made
by the best linear predictor (Kalman filter) for system (4). Let Rp = max{||B||2, ||C||2, | D]l2},
Re = max{||Pl2, | Qllz, || R]j2, | K|l2}, and |[w¢]|2 < Ra. Suppose that || A"z < 415 fora
bounded constant v > 1. Let Cy = 43,Cy = 520. For any €,0 > 0, if the number of filters k satisfies

Ks T log(T) log (1200d2(1 + R3)’ (2R3 + Ro) (1 + RE) (1 4 7)* (mT + log(1/8))T* 2105 )
- 8 b)

then the following holds for 5)

€

P[18f —mull} > | <. (23)

Proof. Denote by G = UAU ! the eigendecomposition of matrix G, where A = diag(\1, ... \g)
are eigenvalues of G. Let v; be the columns of U and w; be rows of U 1. Write
t—1 ] t—1 ]
=) CG' 'Ky +» CG"Y(B - KD)x; + Da
=1 i=1
t—1

_ZCUAf " lU_lez—&—ZCUAt “'UTH(B - KD)x; + D

t—1 d t—1 d
:ZCU[ (At el®el}U Kyi + ZCU[Z PV el®el]U*1(B—KD):ci+Dxt
i=1 =1 i=1 =1

d t—1
—ZCUelQ@elU KZ)\t Ty + ) CUe@eU ' (B—KD)Y A ~"'ai+ Da
=1 i=1

t—1

—ZCUZwl KZ)\t - 1y1+ZCvlwl (B—KD Z)\t =1y, 4+ Dzxy.

=1 i=1 =1 =1

LetY; = [y1,..., ] € R™*tand X; = [x1, ..., ;] € R"¥!. We can write m; and 7; as
d d
me =Y Cow! KY; 111 (M) + Y Copw) (B — KD) Xy 1pty-1:1(\) + Dy,
=1 I=1
d d
me =Y Cow! KY; 1fi—1a (M) + Y Copw) (B — KD) Xy 1fi—1:1(\r) + Dy
1=1 =1

We write by = my — my using the PCA reconstruction error r; = u; — fi
d

by =my — ’ﬁ’l/t = ZC’in;KY}_lm_l:l()\ ) + Cvl (B KD)Xt 17¢—1: 1()\ )
i=1
The Euclidean norm of bias is bounded by

[[bel2 < (ZIICH lviw 2l K |2l Y- llz + 1|2 ]lviw, 2 (| Bllz + I K [l2]| Dll2) | Xe-1 ]2 )Sup (Al

i=1

< (dRPRCIIthlIb +dRp(1+ RC)Hthle) sup [|r(A)]l2
A

< (dRPRC||Y;s—1H2 + deD(l + RC)\/iRz) (CoT\/@c*k/logT) 1/2

The first inequality uses simple properties such as sub-multiplicative and sub-additive properties of
norm. The second inequality uses the upper bound assumptions on parameters. The third inequality is
due to Lemmawhere c = exp(n?/8) and C = 43. The squared approximation error is given by

1603 < 2021+ R2)(1+ B2 (Vi1 | + tR2) CoTlog Te /s ™.

Observe that ||Y1.4]|3 < [|Y1.4]|% = ||y1.¢]|3- By (I7), the following holds with probability greater
than1l—§

Ibe]13 < 12d*(1 + R2)* (2R3 + Re) (1 + RE) (1 + )" (mT + log(1/8))T*+2 1080 A/ 1o T

10



We finish the proof by setting the number of filters k£ such that the error is smaller than e, i.e.
logT log (1200d2(1 + R%)3(2R2 + Re)(1 + RZ) (1 + ) (mT + log(1/5))T3+21e() )

€

k>
~ logc

E Regret decomposition

Recall the definitions of innovation e¢; and model bias b;
er =Y — Elyelyr.e—1, x14] = v — my and by = Ofy —my = my —my, (24)

where m; is the predictions made by the Kalman filter in hindsight and O is defined in (22). Let i,
be the predictions made by the algorithm and define

T
23 iy — mu3 (25)

to be the squared error between the Kalman filter predictions and algorithm predictions. Regret can
be written as

lye = el = llye — mel3

MH

Regret(T") =

t=1

Ime + er — 1ine||5 — llecll3

I
[M]=

~
Il

1

||mt mql3 — Z2et my)

— 2262—(7%,5 — mt).
t=1

I
] M’ﬂ

Recall the following notation

t
Zt—a1+§jf”, Et—zeu, B, 2 bif. (26)
=1

=1
The error between the predictions made by our algorlthm and Kalman filter can be written as

t—1
My — my = é(t)ft —Ofi+b = (Zyif;)z;llft —Of + by,
i=1
The second equation uses the update rule of C10) given in (T0). Simple algebraic manipulations give

(iyiflT)Zw;—llft - éft + by

@fi b+ ei]ff)z;_ﬂft —Of, +b

- (3

(z:(af’fZ J’_bfl +eifi ])Z;—llft_éft+bt

i=1

(tzi fzfl +71_71)+bfz +eif; ])Zt lft 9ft+bt
i=1

=6+ 0 AT ) 2 - B (b )2 (Z eif )2k f ~ B+ b
i=1 =1

i=1

=OZi 1 Zi i —aOZ fe + Ber Zi fr 4+ Bea Zy 5 fo — Of i + by
= Etflzf_llft + Btflzf_llft + by — aéZ,;l1ft-

11



We apply the RMS-AM inequality to obtain an upper bound on £(T')

T

L(T) = g — |3

t

Il
—

|Ber Zy M fo + Beora Z 4 fo + by — 0O Z7Y £}

I
[M]=

H_
Il
_

31 Ee1 Z, 24 fill3 + 31 Becr Z2 fo + bl + 311002, £ 3.

N

<

-
Il

1

Regret can thus be decomposed to the following terms

T
Regret(T) < Z NEe—1 Z7 5 113 (least squares error)
t=1

T
+ Z 3||B75_1Zt__11 fe + 0|3 (improper learning bias)
t=1

T

+ Z 3@z 1|2 (regularization error)
t=1
T

- Z 2e/ (1 — my) (innovation error)
t=1

We bound each of the first three terms by extracting a || Z,_ 11/ % £)12. ie. we write

T
— —-1/2 —1/2
1Bz fills < sup 1B 22718 D122 il

1 t—1

T T

_ —1/2 ~1/2

|BiaZZ i fi+ b3 < swp [1Bea Z P13 Y1222 fl3 + 3 loel3,
1<t<T t=1 t=1

T
= — ~ —1/2 —1/2
10®©Z74 fil3 < sup (1002, 2133 122 13-
1<t<T t=1

In subsequent sections, we compute a high probability upper bound on ZtT: 2z 11/ 2 f:l13 as well as

the specific terms in the above decomposition that affect least squares error, improper learning bias,
regularization error, and innovation error, proving that regret is bounded by polylog(T).

F Regret analysis

PAC bound parameters notation. We define M = (Reg,m, 7, K, 3,7,9) to be a shorthand for
the PAC bound parameters (defined in Theorem . Given a function f : N — R, we write
x Sy f(T), 2z <p f(T) to specify the dependency only on the horizon T

F.1 High probability bound on det(Z;)

We start by deriving an upper bound on log(det(Z;)) as this quantity appears multiple times when
analyzing regret. The following lemma provides a high probability bound on det(Z;) for features
defined in (©).

Lemma F.1. (High probability upper bounds on det(Z:)) Assume as in Lemma and let

Zy =od + Zle fif,". Then, for any 6 > 0

P (log(det(Z,)) = Llog [a? + k(R + 1) (2 + Ro)(1+7)* (mt + log (%) NEH2eE]) <5

12



Proof. Let [ be the feature vector dimension. We have

Zomal £ S ST <0l 4G = den(Z) ) < (o? +Z||fz||)

i=1 i=1

Recall the definition ¥y = [t)¢, ..., 1] from Algorithmand the compact representation for input
features T, = (V; ® I,,)x1.+ and output features gy = (¥ ® I,,)y;.;. Observe that ||¥;||2 < 1 since
U, is a block of eigenvector matrix of hankel matrix H. Thus the feature norm is bounded by
1613 = G113 + I1Ze—1 113 + llae 13
< kllyra—1ll3 + Ell@ra—1]3 + R2
< kllyrell5 + 2kt R3.

From Lemma|[B.2] with probability at least 1 — &
1
fill2 < 6k(R% +1)(R? + Re)(1 + ~)*(mt + log ( = ))#3T21°8() 4 2kt R?
T 5 T

1
< 8k(R% + 1)(R2 + Re)(1+ ) (mt + log (5))t2+21°g<7>.

The above bound is increasing in ¢, therefore

l
P (det(Zt) > [aQ + 8k(R2 + 1)(R2 + Re)(1 + 7)4(mt + log (%))t“?log(v)] ) <.
m

Given the PAC bound parameters M, if k =<,; polylog(T ) (and hence [ = (m + n)k +n <
polylog(T)), then the above lemma states that log(det(Z;)) <as polylog(T).

F.2 Self-normalizing vector martingales

We now prove a key result on vector self-normalizing martingales that is used multiple times
throughout our regret analysis. The result is inspired by Theorem 1 of Abbasi-Yadkori et al. [1],
which provides a bound for self-normalizing martingales with scalar sub-Gaussian noise, and extend
it to vector-valued sub-Gaussian noise with arbitrary covariance.

Theorem F.1. (Bound on self-normalized vector martingale) Ler {F;}5°, be a filtration. Let
et € R™ be F; measurable and e;|F;_1 to be conditionally Ry -sub-Gaussian. In other words, for
allt > 0and w € R™

Elexp(w'e;) | Fio1] < exp(Ry[|w]3/2).
Let f, € R be an F,_-measurable stochastic process. Assume that Z is an | x [ positive definite
matrix. For any t > 0, define

t

t
Zy=Zo+ Y fif]  and  E =) ef].

i=1 i=1
Then, for any § > 0 and for allt > 0

1/2 —1/2
det(Z;)"4 det(Zp) )} S 14

i [||Etzt‘1/2||2 < 8RZm +AR% log( :

Proof. We use an e-net argument. First, we establish control over |wTE, Z, 12 ||2 for all vectors w
in unit sphere S™~1. We will discretize the sphere using a net and finish by taking a union bound
over all w in the net.

Let \V be an e-net of unit sphere S™~! and set € = 1/2. Corollary 4.2.13 in [13] states that the
covering number for unit sphere S™~1 is given by

|/v|<( +1) = 5™,

13



w7 e; is Ry -sub-Gaussian for any w € N. Therefore, for any w € A and any u > 0, Theorem 1 in
[L] yields

Pl Bz 2] > u] < det(Z;)/? det(Zo) "2 exp ( — 222 ).
14

Using Lemma 4.4.1 in [[13]], we have

1B 27 %), < 2 sup, lwT B2, 5.

Taking a union bound over N, we conclude that

PIIEZ e 2 o] <P [sup [T B2l > 5]

u
<> P [lleEtZ s > 7]
weN

< det(Z;)Y? det(Zy) "% exp (2m — é)
2
|

The above theorem combined with the result of Lemma immediately implies that for k =<,

polylog(T), we have ||E,Z, 12 ll2 Sar polylog(T) and |\BtZ;1/2||2 < polylog(T') with high
probability.

F.3 High probability bound on || Z, /% f,||2

In this section, we show thatzt 2, 12, |12 < polylog(T). The proof steps are summarized
below.
Step 1. We show a high probability Léwner upper bound on f; f,” in terms of aoI + E[f.f,].

Step 2. We state the block-martingale small-ball condition and show that the process { f;} satisfies
this condition. We prove a high probability lower bound on Z; in terms of the conditional
covariance cov(fsy; | F;) for large enough s.

Step 3. We define a filter quadratic function condition and prove that under this condition, there
exists ¢ =<y polylog(T) such that Z; — é fea1 f;l > 0. By Schur complement lemma,

this is equivalent to ||Zt_1/2ft+1 ll2 < er =< polylog(T).
Step 1. The following lemma establishes a high probability upper bound on f; f,” based on the
covariance of feature vector f;.

Lemma F.2. (High probability upper bound on f.f,") Let f; be a zero-mean Gaussian random
vector in R! and let ¥y = agl + E[f f,'] for a real ag > 0. Then, for any § > 0 and g > 0

P (fofT = [20+ 4log(1/0)]%) = 13,

and if ¥ is invertible, the results holds for ag = 0.

Proof. Consider the random vector X, 1/2 ft. Jensen’s inequality gives

E|S; 2 fille < EUTS A = oS BT < VI

By standard bounds on tails of sub-gaussian random variables (for example, see Exercise 6.3.5 in

[13]]), for any § > 0
_ 1
IP(||Zt Y280, > Vi+y/2log 3) <5

14



Letc =2+ 4log %. Then, the above bound implies
P S i <e) 216

Using Schur complement method, ¢ — f, ¥, !, > 0 if and only if the following matrix is positive
semi-definite

o fi
[f tT c =0
Using the other Schur complement, this is only true if and only if ¥; — % fief;" = 0, which concludes
the proof. |

Step 2. To capture the excitation behavior of features, we use the martingale small-ball condition
(8, [10].

Definition 1. (Martingale small-ball) Ler { fi}:>1 be an Fi-adapted random processes taking
values in R'. We say that {f};>1 satisfies the (s, T, p)-block martingale small-ball (BMSB)
condition for Ty, = 0 if for any t > 1 and for any fixed w in unit sphere S'—1

1 S
3 ZP(|wat+i| > vVuw Teyw | F) > p.
i=1

To show the process { f: }+>1 satisfy a BMSB condition, we first show that the conditional covariance
of features is increasing in the positive semi-definite cone.

Lemma F.3. (Monotonicity of conditional covariance of features) Let ¢+, ..., ¢ for k < T be a
set of T-dimensional orthogonal vectors and let 1; = |1 (i), ..., ¢r(i)] " be a k-dimensional vector.
Consider system (4) and define the following for all t > 2

ft=1@y—1+- -+ P11 (27)

Let Fy = o{no, ... Mt—1,C1,- -, Ct}. Then, cov(frii|F) is independent of t and increases with i
in the positive semi-definite cone.

Proof. Expanding y; in definition of f; in based on system (@), we have

fevi = E[feri | Ft] = (01 @ C)npi—a
+ (2 @ C + Yy @ CA)ypi—s
+...

+ (i1 ®C + -+ @ CA™ ),
+ Y1 @ (i1 + - F i1 D (g

Recall that E[n:n,' | = Q,E[(;¢,”] = R and that the process noise and the observation noise are i.i.d.
Therefore,

cov(feril ) = (1 @ C)Q(r ® C) T
+ (1h2 ® C 411 @ CA)Q(1h @ C + 1 ® CA)T
+... (28)
+ (i1 @CH -+ ®CAT)Q(Wi_1 @C + -+ @ CATH)T
+ P @RY @I+ + i1 @ RY. | ® L.

Observe that the conditional covariance is independent of ¢. Furthermore, all terms in the above
sum are positive semi-definite; increasing ¢ only adds two additional positive semi-definite terms. It
follows that

cov(frriv1|Fe) = cov(feyil Fr)-
|

Equipped with the result of the above lemma, we now show that { f; },>1 satisfy a BMSB condition.

15



Lemma F.4. (BMSB condition) Consider the process { f }+>1 defined in Lemma nand let T';
cov(fryilFt). Forany 1 < s < T, the process { fi }1>1 satisfies the (s,T's/2,3/20)-BMSB condmon

Proof. Note thatw ! f;1; | F; has a Gaussian distribution with variance y/wT I';w. By an application
of Paley-Zygmund inequality, one has

3
P(lw" fryil > VwTTiw | Fe) > Pl fopi —Elw’ firi | Bl > Vw Taw | Fy) > 10

Let1 < s <s. By Lemma T'; is increasing in ¢. Therefore,

1< 1< e
S ZP(|wat+i| > VT Tgyw|F) > 5 Z P(lw" fersl > VT ow|Fy)
i=1 i=s’
1 S
3 Z P(jw' firi] > VwTTiw|F;) (T increasing)

>
i=s’
3s—s+1
> —ﬁ (Paley-Zygmund)
10 s
Choosing s” = 5/2 shows that f; satisfies (s, s/, 3/20) small-ball condition. |

The small-ball condition can be used to establish high probability lower bound on o'y, (Z:), as shown
by the following lemma.
Lemma F.5. (Lower bound on Z.) Consider the process { fi}i>1 defined in Lemma and let

Zy =al + Zle fif" for regularization parameter o > 0. For 8,y > 0 let
T = cov(fetil Fi)s  Tmax = t[21 4+ 41og(2/6)][co] + T¢].
For any 0 > O if s satisfies the following
< tp?/10
~ logdet(I'max) — llog(cr) —log(2/6)’

then

t/s|p?T
P(Zttgl—l—w#) >1-6.

Proof. According to Lemma {ft}t>1 satisfies the (s,I'5 /5, p = 3/20)-BMSB condition. The
following lemma from [[LO] gives tail probabilities for real-valued processes that satisfy a small-ball
condition. Note that our notation for small ball condition in real-valued processes slightly differs
from [10]] which results in a slight difference in the statement of the lemma below.

Lemma F.6. (Tail bounds for small-ball processes) If a real-valued process {z; }>1 satisfies the
(s, 0,p)-BMSB condition, then

(Y2t < Btje) <o - L0,

For a fixed w € S'~, the process {w ' f; };>1 satisfies (s,w ' I'y ow, p). Using the above lemma, we
have

IF’(wT(Zj;fifiT)w M Lt/sJ)<ex (—%ﬂﬁ)

For large enough ¢, we can convert this high probability bound to obtain a uniform Léwner lower
bound on Z; by a discretization argument.

Given a regularization parameter o > 0, define

S Lt/SJPQFs/Q

I‘min: I
al + 3
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Define the following events

1—‘rﬂin
&={z= . } and 82={thrmax}.

We have P(EF) < P(EF N Ey) + P(ES), where P(ES) is bounded by §/2 according to Lemma

Let S, = {w: w Tyw = 1} and let 7 be a 1/4-net of Sr, in the norm ||F3n/5x()||2 By Lemma
4.1 and Lemma D.1 in [[10], we can write

pEne) =P ({2 ¢ F‘;in} {2 < T}
<P ({30 e T: 120 <o Taw} 0 {2 < T })

< exp ( - %JPZ + log det(FmaxF;iln))
2
< exp ( - %S + log 7det(£lmax))
Setting s such that the above probability is bounded by §/2
< tp?/10
~ logdet(Tmax) — Llog(a) + log(2/6)’
we conclude that P(Ef) < §/2+§/2 = 4. |

Step 3.  So far we have computed a lower bound on Z; and an upper bound on f; f," and our goal
is to show that there exists ¢z < polylog(T) such that Z; 1 — _--fif,” > 0. This inequality,
however, does not hold for any set of orthonormal filters ¢, ..., ¢i. We identify an assumption
connecting filters with transition matrix A that ensures Z;_1 — i fef, = 0. This assumption is
based on a filter quadratic function, which we restate below.

Definition 2. (Filter quadratic function) Let ¢4, ..., ¢x for k& < T be a set of T-dimensional

vectors, let 1; = [¢1(7),...,#x(i)]" be a k-dimensional vector, and let w§d> = 1); ® I, for any
d > 1. For any matrix A € R?*?, the following matrix is called the filter quadratic function of v
with respect to A

d d d d
() = (@)@ + @37 + P )@ + 9P )T+
@0 AT D AT
In the following lemma, we show that a condition on filter quadratic function implies I's /o —
T't41/co = 0 for a constant cg.

Lemma F.7. (Filter quadratic condition) Assume as in Lemma [F3| and let r be the maximum
condition number of Q and R. For any A, if there exists tg > 1 for which there exists s such that

Q4 /2(A; ) — Qup1(As9p) = 0, Vit > to,
then T /o — 'ty 1/co = 0, where co > k.

Proof. Let wl(m) = 1; ® I;,. Recall the expression of the conditional covariance of f; given in (28):

L, = (@™ e)ui™e)’
+ (M + M CAQ™ C + ™M AT
+

(w(m) 4 1/J§m)CAt72)Q(1/J(m) 4t wgm)cAt72)T
+ o1 R( Y’”)T ot R

Define the following terms

(@ 2 (™ e)Q( Y’”cf <w<m> P CATQWIC + - ™A )T,

I 2 MR T -k T R 2)1

17



where I'; = FgQ) + F(R). In order to show tI'; /5 — Tti1/co = 0, itis sufficient to show

L 1
) - r® =m0 wd w20,

Let Ro = max{|| Rz, | Q[l2} and o = min{omin (Q), Cmin (R)}. For tI' ) — L{, we have

o™ )T 4 ™ (™) T]
< RE™)T o R T
Re[™ (™) T 4o 4 ™ (™) T,

Setting cg = R¢ /o, gives
1
T F(R)

s/2 t+1
o™ <w1 DTl @l )T = o™ ™) T+ ™ ™) = 0
The last matrix is positive semi-definite based on assumption (29) when A = 0. For tl"i /2) r§ ﬁ,
write
e C 0 ... 0 oH
(m) $3C o ¢ ... 0 P21, @
wz‘ C= . = 1. . = C%
31 CL pxa 00 o Clyna LTl g
We have
rgfg% (d)Q( (d))T N (w(d) NI w(d)Atfl)Q(w(d) NI w(d)Atfl)T] CT
By a similar argument and given assumption (29), we have tI‘i /2) FE% = 0. u

Remark 3. When A is symmetric (A = UDU "), the positive semi-definite condition filter quadratic
function can be further simplified to t€2,/5(D; ) — Q¢41(D; %) = 0 for all diagonal matrices D

In the following lemma we show a high probability upper bound on“ 12 frll2-

Lemma F.8. (||Zt %f,+1 |2 upper bound) Assume as in Lemma|F.3|and let k be the maximum
condition number of QQ and R. Define the following for all t > 1, regularization parameter o > 0,
=3/20, andﬁxO < og <200 and 6 >0

t/s|p?T,
Zy=al + Z FifT, Tmax = t[2km + 41og(4/0)] [0l +T4], Tin = ol + SL/SJ#
=1
For any A, suppose that there exists ty > 1 for which there exists s such that
tp? /10
< tQ9( A1) — Q1 (As9) = 0. 29
~ log det(Tpmax) — log(a) + log(4/8)’ o/2(A;9) = Qena(A;0) = 29)

Then, for all t > to with probability at least 1 —
12212 12115 <10(2mk + 410g(2/9)) /p’

Proof Let cp = 10k(2mk + 410g(2/5))/p With probability at least 1 — §, we lower bound
Zz 1 fifs T by Lemma and upper bound ft+1 fil 11 by Lemma

7 — — ft+1 fly=al+ Z fifi = fmftL

i=1

2 2
P P’ 1
—I —tI agl — F
=3 + 0027 1o Qo 10 ettt
(1) 2 2 1
+2 trs/Z Ft+1
0
(2)
=0
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where inequality (1) is due to the assumption ap < 200« and (2) uses the result of Lemma[F7]

Using Schur complement lemma, Z; — i fre1 f;_l is positive semi-definite if and only if the
following matrix is positive semi-definite

[ Zy ft+1:| .

f tTH Ccr.
Using the other Schur complement, this is true if and only if cp — ftj—th_ ! f, > 0. Equivalently,
1 _
Z — aftﬂf;ﬂ =0 & [z 1/2ft+1H2 < cr,

which concludes the proof. ]

The above lemma states that if k& =<j; polylog(T) then ||Z,_ 11/ >£l12 <ar polylog(T) with high
probability.

F.4 Proof of Lemma 1

We now prove that || Z,_/* f,||2 < polylog(T) implies S 12,2 £,112 < polylog(T). We
first present a lemma inspired by Lemma 2 in [[7].

Lemma F.9. (Upper bound on Z;‘Zl ||Zi_1/2fiH§) Let f1, ..., fi be l-dimensional vectors and Z
an | x 1 positive definite matrix. Define Z, = Zy + 22:1 fifi". Then,

! _ det(Z,)
;ffTZi 1fi < log (det(ZO))'

Proof. First, note that Z; is positive definite and has a positive determinant for all ¢ > 1. Using
matrix determinant lemma, we have

det(Zt) — det(Zt_l)
det(Zt)

det(Zo—1) = det(Zy — fof]T) = det(Z) (1 — T Z7 ') = 17 27 i =

Since Z; = Z;_1, we have det(Z;) > det(Z;—1). We write

ZfT 1fz—21 s <Zl Gtz ) =% (i)

where we used the fact that 1 — z < log(1/z) forx < 1. |

We are now ready to prove Lemma 1.

Proof of Lemma 1. The first claim is already proved in Lemma[F.4] We focus on proving the second
claim. Recall the result of Lemma@l, which states that

th 25 < og (G

Using matrix determinant lemma, the above is equivalent to

T Trr—1
Te Zioaft det(Zr)
Yz < (Gatan)

By Lemmal[F.1] log det(Z;) is bounded by polylog(T) with high probability since k& =<, polylog(T").
Furthermore, by Lemma | Z, 1/2 f:l13 <ar polylog(T) with high probability. Concretely,

P(1Z,{? f2]13 < 10k(2mk + 410g(2/6)) /p*) > 1 -6,
P (log(det(Zt)) < mklog [a2 + 8K(RZ + 1)(R2 + Re) (1 +7)*(mt — log(5))t*+2 1°g<v>]) >1-6.
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Therefore, we can apply Lemma|G.2]by combining the two bounds and taking a union bound

Rz (T) 2 mklog [0 + 8E(R% + 1) (B2 + Ro)(1 + ) (mT — log(8)) T2/,

T
P{Z 12222 < (1 L 10k (2mk ;:2410g(4/6))(RZ(T) _mklog(a))} S

F.5 Regularization term

The following lemma computes an upper bound on the 2-norm of the relaxed model parameters o.
Lemma F.10. (Model parameter bound) Consider system (@) and let k be the number of spectral

filters and © be the parameters defined in @22). If | Oy |2, ||Cell2 < R and || D||2 < Rp then,
161l < 2kRx + Rp.

Proof. Parameter matrix O is the concatenation of coefficients of features Yt—1,T¢—1,T¢. By matrix
norm properties,

1912 < HDllerZIIZCUz Ai), @i)ll2 + HZC% (B = KD){u(Ai), ) l2-
1= =1
Recall that {\;}¥_,, {v;}F_,, and {w," }¥_, are the top k eigenvalues, right eigenvectors, and left

eigenvectors of G, respectively. Write

d T
| chiw:K</‘(>‘i)v¢j>”2 =Y CG" K1)z = 01,2 < Rx,

t=1

and similarly,

||chz (B — KD){(u(Xi), ¢5) |2 = lICro;ll2 < Rk

Summing all terms gives the final bound. ]

Lemma F.11. (Regularization term bound) Assume as in Lemma and let Z; = ol + fif . If
a < 1/||©|3, then

~ —1/2
la®2, 1?3 < 1.

~1/2

Proof. The regularization term implies Z; = oI and thus ||Z, /°||3 < 1/«a. By norm properties

~ >—1/2 = —1/2
la®2Z, /2|13 < 2|83 2, {7113 < 1.

F.6 Innovation error

The following lemma, based on the analysis given by Tsiamis and Pappas [L1l], shows that the
innovation error is bounded by /L(T) (defined in 23))).

Lemma F.12. (Innovation error bound) Ler L(T) = Zthl 7y — my||3 be the squared error
between Kalman predictions in hindsight and predictions by Algorithm[I} Assume that the innovation
covariance matrix has a bounded norm ||V||2 < Ry. For all 6 > 0, the following holds with
probability greater than 1 — §:

izej(mt —my) < 8R% (L‘(T) + 1)1/2 [2 +log (%)}

t=1
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Proof. Write
T m
Z 63(% —my) = Z Z et,i(mt,i — My ).
t=1 t=1 i=1
Let s = m/|s/m] + r and define the following filtration
Fs={e11,--s€|s/m|r}-
A scalar version of Theorem [F.1|states that the following holds with probability at least 1 — §

T 12 T 1 T
(Z [0 — me ) + 1) 3 e (i —my) < 4RY [2 +log (5) +log (Z e — me )2 + 1)}
t=1

t=1 t=1

Therefore, with probability at least 1 —

T
; 2¢/ (1ny —my) <8R (L(T) +1) V2 [2+ 1og (%)} .
F.7 Proof of Theorem 1

Proof of Theorem|[I] Recall the regret decomposition given in Appendix

T

—1/2 —1/2 ~rr—1/2 —1/2

Regret(T) < sup ([ B 2 {15+ 1Br 213 + 1062, 13) (2 1242 1013)
S t=1

T
+T sup ||bt|\§—z2e;r(mt—mt).
1<t<T et

Let §; = §/8. We describe bounds on each term in the above regret bound. All lemmas and theorems
used in this proof contain explicit dependencies on horizon 7" as well as PAC bound parameters. While
one can combine these results to write a regret bound with explicit dependencies on all parameters,
we refrain from writing in such detail here for a clear presentation.

Bounding ||E;_1 Z:{ %12, According to Theorem with probability at least 1 — 07, the term
| E—12,%/*||2 is bounded by

|Ev1Z {2112 S poly(Re,m) [Tog(1/01) + log(det(Z,)) ~ Hog(a) .
I = (m + n)k + n is the feature vector dimension. We substitute the regularization parameter « and

the number of filters k according to Theorem |l|assumption (iii). Given the values for k, o and by
Lemma [FI] with probability at least 1 — §; we have

1
log(det(Z1)) S poly(Re, m, ) polylog(y, 5-) 1og”(T).
Taking a union bound gives

_ 1
P |:HEt—IZt—11/2||% < poly(Re, m, §) polylog(y, =) logG(T)] >1-26. (30)

Bounding ||B;_1 Zt__:l:{ 2||2.  Recall the definitions B; = S, bif;” from and b; = O f, —my
from (24). We choose the number of filters k to satisfy (23)) with failure probability 6; > 0 and
e=1/ T which results in k 2, 1og2 (T) satisfied by assumption (iii). Therefore, we can apply

'Setting e = 1/7 is later used for a uniform bound on ||b; ||3 and is not critical in this part of the proof.
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Theoremwhich states that ||b;||3 < 1/T with probability at least 1 — §;. Combining this result with
the result of Theorem [FT| with a union bound yields

=1 1/2 ~1/2
P [II(;biff)Zt‘{Qllz < %(Qerlog (det(zt) det(aly) ))} >1—20;.

01

With a similar argument used in bounding || E;_1Z,_ 11/ %||2, we have
log®(T)

- 1
P |I1Be1 Z, {3 < poly(Re, m. §) polylog(, 1) [z1-30. 06D

Bounding ||aéZ:{ 2|2, By assumption (iii) and as a result of Lemma we have

1062, {?3 < 1.
Bounding Z;r:l HZ;_1{ %£2. Lemma 1 provides the following bound on the excitation term

T
_ 1
P |12 {213 £ wpoly(Re, m. §) polyloa(y, 5-)log”(T)| > 1 =61, (32)
t=1
where the number filters & is substituted by assumption (iii).

Bounding T sup; <, [|be[3.  Applying Theoremwith parameters 61 > 0,¢ = 1/T, we have
P [T sup ||be]|3 < Te < 1] >1-—94;. (33)
1<t<T

Recall from Appendix [E|that £(T') is bounded by

T
—1/2 —1/2 ~rr—1/2 —1/2
o) < sup (IBaZ P18+ 1B 22713+ 1002 218) (Yo 1222 £03) + T sup ol
1<t<T P 1<t<T

Lemma[E12] with §; states that

T
1
T4 < - .
P [tgzl e; (my —my) < poly(Re) polylog (61) L(T) + 1} >1—94. (34)

Combining the bounds given in (30), (1), (32), (33), (34), taking a union probability bound, and
setting 6 = 86, gives

P [Regret(T) < rlog"*(T) poly(Re, 3, m) polylog(, %)} >1-04.

G Auxiliary lemmas

In this section, we present a few lemmas that we use throughout the theoretical analysis of our
algorithm, presented here for completeness.

The following lemma provides an upper bound on the norm of block Toeplitz matrices [12]].
Lemma G.1. (Triangular Block Toeplitz Norm) Let T; € R™"™2 fori =1,2,...,n. Define the
following triangular block Toeplitz matrix

T T2 T3 .. Tonor Ta

0 T T2 ... Taco Tuox
T=|:

0O 0 0 ... Ty T2

0O 0 0 ... 0 T

Then,

1Tl <D (1 7ello-
i=1
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The following is a simple result for upper bounding a series.
Lemma G.2. Lett € N and let z, to be a non-negative sequence bounded by a non-decreasing

poly-logarithmic function g(t). Suppose that the following sum
T

Zt
Zl+2f

t=1

is bounded by h(T'), a non-decreasing poly-logarithmic function of T. Then, Zf:l z¢ is bounded by
a non-decreasing function poly-logarithmic in T

Proof. Let z,,, = {max }zi. We have z,, < g(m) < g(T'). Therefore,
te{l,...,T
) L 1+ 2 z
< ™ < (1 T < T)R(T 35
Do <Y T < (1 +g(M)Y o < (4 g(T)A(D), (35)
t=1 t=1 t=1
which is the desired conclusion. [ |

H Additional experiments

Comparison with the EM algorithm. We conduct an experiment in a scalar LDS to compare the
performance of our algorithm with the EM algorithm that estimates system parameters (Figure[l] left).
The parameters estimated by the EM algorithm are later used by the Kalman filter for predictions.
In this experiment, we set the horizon 7' = 200 due to the large computation time required by the
EM algorithm. The number of filters k is set to 5 for all other three algorithms. The experiment was
simulated 100 independent times and the average error together with the 99% confidence intervals
are presented.

102 Comparison with EM Hyperparameter sensitivity
= 1w o
: £
g I
=102 =7
[ 107
I
10~
0 50 100 150 10 2 30
t k
—— Expectation maximization (EM) Truncated filtering (Tsiamis and Papas, 2020)
——  Wave filtering (Hazan et al., 2017) —— SLIP (ours)

Figure 1: Left: Performance of our algorithm compared with wave filtering, truncated filtering, and
expectation maximization in a scalar system with parameters A = B = C' = D = 1, noise covariance
matrices @ = R = 0.001, inputs z; ~ N(0,2), and horizon T' = 200. Right: Hyperparameter
sensitivity of our algorithm in the same systems with inputs z; ~ A/(0, 0.5) and horizon 7" = 10000.

For the system considered in this experiment, EM performs poorly. System-identification-based
methods such as EM, besides being significantly slower, do not have regret guarantees and they can
fail in some examples; a similar observation was made by Hazan et al. [4].

On hyperparameters. The SLIP algorithm has two hyperparameters: the number of filters £ and
the regularization parameter «. In the experiments, we set & > 0 only when the empirical feature
covariance matrix is singular, which we observe only happens in the first two time steps. For the
number of filters k, Theoremprovides a guideline of choosing k of order log? (T'). The right plot in
Figure[T|demonstrates the sensitivity of the SLIP algorithm with respect to the number of filters .
The system considered for this experiment is scalar with Gaussian inputs and the horizon is set to
10000. As before, the experiment was simulated 100 independent times. We vary & from 5 to 35 and
measure the average prediction error from 5000 to 10000 (N = 5000 in the plot). We observe that
the SLIP algorithm is robust with respect to parameter k.
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I Systems with long forecast memory

As discussed in the paper, system (@) exhibits long forecast memory when p(G) is close to one. The
closed-loop matrix G itself is related to parameters A, C, ), and R. In the following example, we
discuss when long forecast memory is instantiated in a scalar dynamical system.

Example 1.1. Consider system @) with d = m = 1. The following holds for a stationary Kalman
filter

AC?PT

KC=—-— _
¢ C?Pt+R

==0<KC<A ford=m =1,

where P is the variance of state predictions fzt|t,1 [l6]]. The above constraint yields G = A— KC <
A, which implies that the forecast memory can only be long in systems that mix slowly. We write
c?pt )
C?2P+ + R”’
The above equation suggests if R > C? P, then G is close to A. In words, linear dynamical systems

with small observed signal to noise ratio C'/ V'R have long forecast memory, provided that they mix
slowly.

G:A(l ford=m=1.

Another parameter that affects the forecast memory of a system is the process noise variance Q). When
Q is small and A is close to one, latent state hy is almost constant. In this setting, the observations in
the distant past are informative on hy and therefore should be considered when making predictions.

In multi-dimensional systems, the chance of encountering a system with long forecast memory is
much higher as it suffices for only one variable or direction to exhibit long forecast memory. Systems
represented in the discrete-time form of Equation (@) are often obtained by discretizing differential
equations and continuous dynamical systems, for which choosing a small time step results in a better
approximation. However, reducing the time step directly increases the forecast memory. These types
of issues has motivated a large body of research on alternative methods such as continuous models
[9] and adaptive time steps [2]. It is therefore desirable to have algorithms whose performance is not
affected by the choice of time step, which is one of our goals in this paper.
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