Supplementary materials — NeuMiss networks: differentiable
programming for supervised learning with missing values

A Proofs

A.1 Proof of Lemmalll

Lemma 1 (General expression of the Bayes predictor). Assume that the data are generated via the linear model
defined in equation (1), then the Bayes predictor takes the form

I (Xopsary, M) = B85 + (Bovs(anys Xovsan)) + (Bmisary> B[ Xmiscan) | M, Xopsan)), (10)

where ( ﬁ;bs( MY Brmis( ) correspond to the decomposition of the regression coefficients in observed and
missing elements.

Proof of Lemmall] By definition of the linear model, we have
f3(X) =E[Y|X]
=E[B5 + (6%, X) | M, Xops(ar)]
= 85 + (Bovs(arys Xovs(an)) + (Bmisary, B[ Xmisan) | M, Xops(an))-

A.2 Proof of Lemma[2

Lemma 2 (Product of two multivariate gaussians). Let f(X) = exp (X —a) A~ (X —a)) and g(X) =

exp ((X — b) "B~ (X — b)) be two Gaussian functions, with A and B positive semidefinite matrices. Then
the product f(X)g(X) is another gaussian function given by:

FO090) = oxp (~ a0+ B (@ 0) ) exp (=5 (X — )5 (X = ) )

where i, and ¥y, depend on a, A, b and B.

Proof of Lemmal[2] 1dentifying the second and first order terms in X we get:
-1 -1 -1
X, =A"+B (11)
Yol up=A""a+ B (12)
By completing the square, the product can be rewritten as:
1 _ _ _ 1 _
F(X)g(X) = exp (—5<a14 o+ b B ), mp) exp (—5<X ) TS (X - m)
Let’s now simplify the scaling factor:
c=a A 'a+b"B'b— ,u;,rEgl,up
—a"Aa+b" B b (aTA*(A*1 +B Y 'y BN AT 4 B’l)’l) (A'a+ B~ ')
— GT(A71 _ A*l(Afl + B*1)711471)a+ bT(371 o B*l(Afl +B*1)71B71)b
—2a (AN AT +B Y B
a" (A+B) la+b" (A+B) 'b—2a" (A+B) b
—(@-b)T(A+B) (a—1b)

The third equality is true because A and B are symmetric. The fourth equality uses the Woodbury identity and
the fact that:

(AN A B Y B Y = (BA ' +B HA)

— (BA™'A+BB™'A)™"

=(B+4)"
The last equality allows to conclude the proof. O
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A.3 Proof of Proposition2.1]

Proposition 2.1 (MAR Bayes predictor). Assume that the data are generated via the linear model defined in
equation (1) and satisfy Assumption([I] Additionally, assume that either Assumption2)or Assumption 3| holds.
Then the Bayes predictor [* takes the form

f*(Xob57 M) = ﬁa + </3;b37 Xobs> + <ﬂ:nis, Mmis + Em,is,obs (Eobs)il(Xobs - ,uobs)>7 (4)
where we use obs (resp. mis) instead of obs(M) (resp. mis(M)) for lighter notations.

Lemma [1] gives the general expression of the Bayes predictor for any data distribution and missing data
mechanism. From this expression, on can see that the crucial step to compute the Bayes predictor is computing
E[Xmis| M, Xobs], or in other words, E[X;| M, Xops] for all j € mis. In order to compute this expectation,
we will characterize the distribution P(X;|M, Xops) for all j € mis. Let mis' (M, j) = mis(M) \ {;}. For
clarity, when there is no ambiguity we will just write mis’. Using the sum and product rules of probability, we
have:

P(M7 Xja Xobs)

P(X;|M, Xops) = 1
(X5 |M; Xobs) PO, Xope) (13)
_ fP(Ma X17X0b87Xmis’)deis’ (14)
B ffP(Ma Xj7Xob57Xmis/)deis’de
o fP(M|X0b57Xj7Xmis’)P(Xob57vaxmis’)deis’ (15)
N ffP(M‘Xob&XjaXmis’)P(XobS7XjaXmis’)deis’de
In the MCAR case, for all m € {0, 1}, P(M = m|X) = P(M = m), thus we have
P(M)IP(X0b87Xj7Xmis’)deis/
P(X;|M, Xobs) = 16
( J| ’ ’ ) P(M)ffP(XObS’XjaXmis’)deis’de ( )
P(XobSvXj)
= gbnrd) 17
P(Xobs) ( )
= P(X;|Xobs) (18)

On the other hand, assuming MAR mechanism, that is, for all m € {0,1}%, P(M = m|X) = P(M =
m|Xops(m)), We have, given equation (I3),

P(M|Xobs)fP(Xob37Xj7Xmis’)deis’

P(X;|M, Xops) = 19

(X5 1M, Xob) P(M|[Xobs) [ [ P(Xobs, Xj, Xmis )X pmin d X (19
P(XObS7Xj)

_ 20

P(Xob.s) ( )

= P(Xj|Xob5) (21)

Therefore, if the missing data mechanism is MCAR or MAR, we have, according to equation and 1),
E[szs(M) ‘ M7 Xobs(]%)} = E[Xmis(hf) ‘Xobs(M)] .

Since X is a Gaussian vector distributed as N'(u,Y), we know that the conditional expectation

E[Xis(am) | Xobs(ar)] satisfies

-1
E I:szs(m) | Xobs(m)} = Hmis(m) + Z:”mis(”m),obs('m) (Eobs(m)) (Xobs(m) - ,uobs(m)) ) (22)
[see, e.g.,[17]. This concludes the proof according to Lemmall]

A.4  Proof of Proposition 2.2]

Proposition 2.2 (Bayes predictor with Gaussian self-masking). Assume that the data are generated via the
linear model defined in equation and satisfy Assumptionand Assumpti()n Let Emmobs = Ymis,mis —
Sinis,obs Sops Sobs,mis, and let D be the diagonal matrix such that diag(D) = (51, ..,54). Then the Bayes
predictor writes

f*(Xobm M) = ﬂa + <6;bs7 X0b8> + <ﬂ:¢is7 ([d + Dmisz;ﬁis\obs)il
X (,[Lmzs + Dmisz;ﬁ.ﬂobs (Nmzs + Zmis,obs (Zobs)71 (Xobs - ﬂobs)))) (5)

In the Gaussian self-masking case, according to Assurnption the probability factorizes as P(M = m|X) =
P(Mpistm) = 1 Xmism)) P(Mops(m) = 0| Xobs(m))- Equationcan thus be rewritten as:

P(Mops = 0| Xops P(Mpis = 1| Xomis ) P(Xo 57X'7Xmis’ deis’
P(X M, Xgpe) = o Mots = O1Xon) | P [ Xomia) PKop, X ) 23)
P(Mobs = O‘Xobs)ffP(Mmis = 1|Xmis)P(Xob37Xj7Xmi5’)deis’de

_ fP(Mmze = 1‘Xmis)P(Xmis|Xobs)deis’ (24)
N ffP(Mmzs = 1|Xmis)P(Xmis‘Xobs)deis'de
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Let D be the diagonal matrix such that diag(D) = &, where & is defined in Assumption Then the masking
probability reads:

d
1 ~ _ ~
P(Mmzs = I‘szs) = H Kk exp (7§(szs - ﬂmis)(Dmis,mis) I(Xmis - Nmzs)) (25)

kemis
Using the conditional Gaussian formula, we have P(Xmis| Xobs) = N (Xmis|fmis|obss Dmis|obs) With

/J“mis|obs = Hmis + E7nis,obszo_bls7obs (Xobs - ,uobs) (26)
Emis|obs = Emis,mis - Emis,obsnglsEobs,rrn‘s (27)

Thus, according to equation 23), P(Mmis = 1| Xmis) and P(Xmis| Xobs) are Gaussian functions of Xims.
By Lernrna their product is also a Gaussian function given by:

1 _
P(Mmls = 1|Xmis)P(Xmis|Xobs) = KEXP (7§(szs - CLJVI)T (AM) ! (szs - a]VI)) (28)

where ans and Ajs depend on the missingness pattern and

d
Ky 1, 1~
K= H - exp <_§(Hmis - ,u’mis\obs)T(Emiﬂobs + Dmis,mis) 1(//Lmis - //Lmis|obs))
kemis \/(27‘-) Imis| |Emis|obsl
(29)
(A]\4)71 = D;L%s,mis + E;’jﬁsbbs (30)
(AM)71 am = D;L%S,misﬁmis + E;L%S\obgﬂmis\obs (31)
Because K does not depend on Xpmis, it simplifies from eq[24] As a result we get:
fN(Xm1s |(1]\/[, AM)dezs’
P(X;|M, Xops) = 32
(G Xons) = 5 F N X mrslant Ang)AX s 4 ¢
= N(Xjl(an);, (An)j,s) (33)
By definition of the Bayes predictor, we have
% (X) =55 + (Bovs(m)> Xobs(an)) + (Brmisary, Bl X mis(an) | M, Xovs(an))), (34)
where
E[szs|M7 Xobs] = (al\i)mis- (35)
Combining equations (30), (31)), (33), we obtain
-1
E[XTVLiS‘M7 Xobs} - (Id+ D"”isz;n;ﬂobs) (36)

X [fimis + DimisZratajons (mis + Smissons (Sors) ™ (Xovs = tove))]  37)

A.5 Controlling the convergence of Neumann iterates

Here we establish an auxiliary result, controlling the convergence of Neumann iterates to the matrix inverse.

Proposition A.1 (Linear convergence of Neumann iterations). Assume that the spectral radius of X is strictly
less than 1. Therefore, for all missing data patterns m € {0, 1}%, the iterates S(()?S(m) defined in equation (6)
converge linearly towards (Eobs(m))_l and satisfy, for all ¢ > 1,

17 = Sopsm) Sty ll2 < (1= Vobsm)) ‘I = Sopsm) Sy ll2

obs(m

where Voys(m) 1S the smallest eigenvalue of Lops(m)-

Note that Proposition[A.T can easily be extended to the general case by working with ¥/p(%) and multiplying
the resulting approximation by p(X), where p(X) is the spectral radius of X.

Proof. Since the spectral radius of ¥ is strictly smaller than one, the spectral radius of each submatrix Xops(m)
is also strictly smaller than one. This is a direct application of Cauchy Interlace Theorem [8] or it can be seen
with the definition of the eigenvalues

P(Xobs(m)) =  max uTEobs(m)u = max 7' Yz < maxz' Yz = p(X) .
ueRlobs(m)] zer? z€R4
Tmis=0
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Note that S

Zi;t (Id — Sops)* 4+ (Id — Sops)" Sgbs(m) can be defined recursively via the iterative
formula

obs(m)
0 0—1
Sobs(m) = (Id - EObS(m))Sobs(m) + Id (38)

The matrix (Zobs(m))_l is a fixed point of the Neumann iterations (equation ). It verifies the following
equation

(Zobstm)) ™ = (Id = Lopsm)) (Bobsm)) " +1d . (39)
By substracting|38|to this equation, we obtain
(Sobstm)) ™" = Sobsm) = (Id = Sopa(m) ) ((Zobs(m)) ™ = Sopatm)) - (40)
Multiplying both sides by Y55 (m) yields
(Id = Sobs(m) Sovs(m)) = (Id = Sopa(m))(Td = Zobs(m) Sopsim)) - (41)

Taking the ¢2-norm and using Cauchy-Schwartz inequality yields
||Id Eobs(m Sobs m)||2 < ||[d - Z20175(m)H2||Id - Zobs(m Sebs(m)H? . (42)

Let v,p5(m) be the smallest eigenvalue of ¥op(m), Which is positive since ¥ is invertible. Since the largest

eigenvalue of X ,p4(m) is upper bounded by 1, we get that || /d — ng = (1 — Vops(m)) and by recursion we
obtain

11d = Sops(mySepsimll2 < (1= Vobs(m)) 1 = Sobs(m) Sobsmy 12 - 43)
O

A.6 Proof of Proposition 3.1]
Proposition 3.1. Let v be the smallest eigenvalue of .. Assume that the data are generated via a linear model

defined in equation (1) and satisfy Assumption[I) Additionally, assume that either Assumption[2)or Assumption|3]
holds and that the spectral radius of X is strictly smaller than one. Then, for all { > 1,

. 1— 2211 3% |2
(fé( obs )_.f (Xob57M))2 < ME ||[d Siga(M) obs(l\l)Hi 3

According to Proposition and the definition of the approximation of order p of the Bayes predictor (see
equations (7))

f;i(,l(jz) = <ﬂ;bs7XobS> + </B:nisu Hmis + Zmis,obssgi)s (Xobs - Mobs)) )

Then
E[(f% (X)) = f5(X))%] (44)
- ]E|:<Bmzs ) Z:mis,obs (Sﬁbs - E;bls)(Xobs - /Jobs)>2] (45)

- ]E[(ﬂ:nis)—rxmismbs (Sﬁbs - E;1715)()(70175 - Mobs)(Xobs - uobs)T(Sfbs - E;bls)zobs,misﬁ:nis} (46)

- E[(ﬁfnis)—rzmis,obs (Sﬁb,s - obs) ]E[( obs — Mobs)(Xobs - ,uobs) | ](Sobs - Obls)zobs,misﬁq:ns]

Zobs
@)
= B[ (Bnis) " S obs (Sts = Ta) Dot (Sbs = T) Dot misBinis | (48)
= E[[|(Sobe) (Sobs) ™ (SoveSene = Idobs) Savsmis B I3 49)
= B[] (Sobs) ¥ (Idabs — Sovs Sts)Sobemis Brais 3] (50)
<= NSN3 18 IZE [ 1 dobs — ZobsSabsll3] (51)
< 18 IBE[(L = vobs)* | date — oo S5l (52

An important point for going from (50) to (51) is to notice that for any missing pattern, we have

[Zobsmisll2 < ISz and [[E5]l2 < 1572 -
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The first inequality can be obtained by observing that computing the largest singular value of ¥,45,mis reduces
to solving a constrained version of the maximization problem that defines the largest eigenvalue of X:

[1Zobs,misllz = ma 1Z0bs, misTmis|l2 < max [[Zobs, -zl < max [|Zzfs < max HZmllg =%z .
Il m'Ls‘H2* llzll2= llzll2=1 llz]2=1
Ioba*O Tops=0

where we used ||Zops,- 2|3 = ZiEObS(EIx)Z < Zf:l(E:x)z = ||Zz|)3.
A similar observation can be done for computing the smallest eigenvalue of 3, Amin (X):

Amin(X) = min z Sz < min 2 'Y= min xj,,szobsxobs = Amin(Zobs) -
lzllz=1 llzllz=1 lZobsll2=1
Tmis=
and we can deduce the second inequality by noting that Amin(2) = == L =g and Amin (Zops) = ﬁ

obs

A.7 Proof of Proposition[3.2]

Proposition 3.2 (equivalence MLP - depth-1 NeuMiss network). Let [X © (1 — M), M] € [0,1]¢ x {0,1}*
be an input X imputed by 0 concatenated with the mask M.

o Let Hrerv = (W € R¥?¢ ReLU) be a hidden layer which connects [X ® (1 — M), M] to d
hidden units, and applies a ReLU nonlinearity to the activations.

o LetHom = (W e R4y, @M) be a hidden layer that connects an input (X — pu) © (1 — M) to
d hidden units, and applies a © M nonlinearity.

Denote by hi***Y and h,?M the outputs of the k" hidden unit of each layer. Then there exists a configuration
of the weights of the hidden layer Hreru such that Hon and Hrerv have the same hidden units activated
for any (Xovs, M), and activated hidden units are such that hkRELU (Xops, M) = thM(Xobs, M) + ci, where
ck € R

Obtaining a M nonlinearity from a ReLU nonlinearity. Let Hpgerv =
([W(X),W(M)} € ]RdXQd,ReLU> be a hidden layer which connects [X, M] to d hidden units, and

applies a ReLU nonlinearity to the activations. We denote by b € R? the bias corresponding to this layer. Let
k € [1,d]. Depending on the missing data pattern that is given as input, the k" entry can correspond to either a
missing or an observed entry. We now write the activation of the k*" hidden unit depending on whether entry k
is observed or missing. The activation of the k*" hidden unit is given by

ar =W OX + WM + b, (53)
= W) Xops + W 1inis + b (54)

Emphasizing the role of WIEJZ) and W}iXk) , we can decompose equation depending on whether the k"
entry is observed or missing

Ifk € mi57 ap = W]Eiil),sxobs + ng,]\;[) + Wé]\;{“s\{k}lk,mzs\{k} + bk (55)

Ifk € obs, ar =W X+ W0 Xovey (k) + Wi Lomis + bi. (56)

Suppose that the weights W as well as Wisljyj), 1 # j are fixed. Then, under the assumption that the support
of X is finite, there exists a bias by, which verifies:

VX, ar =W X+ W) o Xovsv (k) + Wi Lmis + 0 <0 (57)

i.e., there exists a bias b} such that the activation of the k" hidden unit is always negative when k is observed.
Similarly, there exists W, ‘,2M> such that:

VX7 Ak = ng,)gngObs + W]::élw) + ngAi)m\{k}lkvm"S\{k} + b;; 2 0 (58)

i.e., there exists a weight W, ’,EM) such that the activation of the k'™ hidden unit is always positive when k is

missing. Note that these results hold because the weight W,sﬂ,f) only appears in the expression of ax when entry

k is missing. Let hy, = ReLU (ax). By choosing by, = b}, and W,EA,;[) = W,::,SM), we have that:
Itk € mis, hr=ax (59)
Ifk €obs, hp=0 (60)
As aresult, the output of the hidden layer H rerv can be rewritten as:
hy =ar O M (61)

i.e., a ®M nonlinearity is applied to the activations.
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Equating the slopes and biases of Hr. v and Hepre Let Hon = (W € R¥? 1, OM) be the
layer that connect (X — p) ® (1 — M) to d hidden units via the weight matrix W, and applies a © M nonlinearity

to the activations. We will denote by ¢ € R the bias corresponding to this layer.

The activations for this layer are given by:

ak = Wk,obs (Xobs - ,U/obs) + ¢k (62)
= Wk,obonbs - Wk,obsﬂobs + ck (63)

Then by applying the non-linearity we obtain the output of the hidden layer:

Itk € mis, hr =ax (64)
Ifk€obs, hp=0 (65)

It is straigthforward to see that with the choice of by = b}, and W,EJZI) = W,:”,EM) for HreLu, both hidden layers
have the same output h;, = 0 when entry £ is observed. It remains to be shown that there exists a configuration
of the weights of H r.r v such that the activations a; when entry k is missing are equal to those of Hoas. To
avoid confusions, we will now denote by a,(cN) the activations of He s and by aECR) the activations of HReru.
We recall here the activations for both layers as derived in[63]and[55]

(N)

WOS oo0s WOS oo0s c
Ifk‘emis,{ by k,o0b b k,obs [bobs T+ Ck

(X) (M) (M) . (66)
=W, obonbé Wk,k + W mze\{k}lkamis\{k} + b

By setting W< ) = = Wy,., we obtain that both activations have the same slopes with regards to X. We now turn
to the biases. We have that:

Wit + WD g Temis ey + 0k = W1 - W) 1 4 b (67)

We now set:
Vj € obs, W,E;-VI) = Wijipj (68)
W1 4 bp = e (69)

implies an equation invloving W, M) and b,

to obtain that both activations have the same biases. Note that[68]sets the weights W, ; for all j # k (since obs
can contain any entries except k). As a consequence, equation @

where all other parameters have already been set. Since W, ,;(M and by, are also chosen to satisfy the inequalities
[57 and[58, it may not be possible to choose them so as to also satify equation[69. As a result, the functions
computed by the activated hidden units of H rer,u can be equal to those computed by H s up to a constant.

B Additional results

B.1 NeuMiss network scaling law in MNAR

B.2 NeuMiss network performances in MAR

The MAR data was generated as follows: first, a subset of variables with no missing values is randomly selected
(10%). The remaining variables have missing values according to a logistic model with random weights, but

whose intercept is chosen so as to attain the desired proportion of missing values on those variables (50%). As
can be seen from ﬁgure@ the trends observed for MAR are the same as those for MCAR.

17



(0]
-
E .
- NeuMiss
93 network
© depth
2]
' o1
o o3
o
? ) . o5
o Gaussian self-maskin o7
1072 107! 10° 9
# params / # samples
n=1-104 d=10 n=1-104 d=20 n=1-104 d=50
— n=2-10% d=10 — n=2-10% d=20 — n=2-10% d=50
— n=1-10%,d=10 — n=1-105, d=20 — n=1-105%, d=50
o 0.0
3
© .
- NeuMiss
e network
& -0.1 depth
' oqa o1
g o o3
g —0.2 o5
o Probit self-masking o7
S —— S 9
102 101 10° °©
# params / # samples
n=1-10% d=10 n=1-10% d=20 n=1-10% d=50
— n=2-10% d=10 — n=2-10% d=20 — n=2-10% d=50
— n=1-10° d=10 — n=1-10° d=20 — n=1-10°, d=50

Figure 5: Required capacity in various MNAR settings — Top: Gaussian self-masking, bottom:
probit self-masking. Performance of NeuMiss networks varying the depth in simulations with
different number of samples n and of features d.
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Figure 6: Predictive performances in MAR scenario — varying number of samples n, and number
of features d. All experiments are repeated 20 times.
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