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A Experiments
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Figure 1: The convergence in timing (seconds) on GCNs.
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Figure 2: The convergence in timing (seconds) on attentive GNNs.

A.1 Convergences

We show the convergences on validation in terms of timing (seconds) in Figure 1 and Figure 2.
Basically, our algorithms converge to much better results in nearly same duration compared with
other “layer sampling” approaches.

Note that we cannot complete the training of AS-GAT on Reddit because of memory issues.

A.2 Discussions on Timings between Layer Sampling and Graph Sampling Paradigms

Note that the comparisons of timing between “graph sampling” and “layer sampling” paradigms have
been studied recently in [1, 3]. As a result, we do not compare the timing with “graph sampling”
approaches. Under certain conditions, the graph sampling approaches should be faster than layer
sampling approaches. That is, graph sampling approaches are designed for graph data that all vertices
have labels. Under such condition, the floating point operations analyzed in [1] are maximally utilized
compared with the “layer sampling” paradigm. However, in practice, there are large amount of
graph data with labels only on some types of vertices, such as the graphs in [2]. “Graph sampling”
approaches are not applicable to cases where only partial vertices have labels. To summarize,
the “layer sampling” approaches are more flexible and general compared with “graph sampling”
approaches in many cases.

B Algorithms

Algorithm 2 EXP3(qti , w
t
i , r

t
i , S

t
i ).

Require: η = 0.4, sample size k, neighbor size n = |Ni|, δ =
√

(1− η)η4k5 ln(n/k)/(Tn4).
1: Set

r̂ij(t) = rij(t)/qij(t) if j ∈ Sti else 0

wij(t+ 1) = wij(t) exp(δ r̂ij(t)/n)

2: Set qij(t+ 1)← (1− η) wij(t+1)∑
j∈Ni

wij(t+1) +
η
n , for j ∈ Ni
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Algorithm 3 DepRound(k, (q1, q2, ..., qK))

1: Input: Sample size k(k < K), sample distribution (q1, q2, ..., qK) with
∑K
i=1 qi = k

2: Output: Subset of [K] with k elements
3: while there is an i with 0 < qi < 1 do
4: Choose distinct i and j with 0 < qi < 1 and 0 < qj < 1
5: Set β = min{1− qi, qj} and γ = min{qi, 1− qj}
6: Update qi and qj as

(qi, qj) =

{
(qi + β, qj − β) with probability γ

β+γ

(qi − γ, qj + γ) with probability β
β+γ

7: end while
8: return {i : qi = 1, 1 ≤ i ≤ K}

Algorithm 4 EXP3.M(qti , w
t
i , r

t
i , S

t
i )

Require: η = 0.4, sample size k, neighbor size n = |Ni|, δ =
√
(1− η)η4k5 ln(n/k)/(Tn4),

U ti = ∅.
1: For j ∈ Ni set

r̂ij(t) =

{
rij(t)/qij(t) if j ∈ Sti
0 otherwise

wij(t+ 1) =

{
wij(t) exp(δr̂ij(t)/n) if j /∈ U ti
wij(t) otherwise

2: if maxj∈Ni wij(t+ 1) ≥ ( 1k −
η
n )
∑
j∈Ni

wij(t+ 1)/(1− η) then
3: Decide at so as to satisfy

at∑
wij(t+1)≥at at +

∑
wij(t+1)<at

wij(t+ 1)
= (

1

k
− η

n
)/(1− η)

4: Set U t+1
i = {j : wij(t+ 1) ≥ at}

5: else
6: Set U t+1

i = ∅
7: end if

8: Set w′ij(t+ 1) =

{
wij(t+ 1) if j ∈ Ni\U t+1

i

at if j ∈ U ti
9: Set qij(t+ 1) = k

(
(1− η) w′

ij(t+1)∑
j∈Ni

w′
ij(t+1) +

η
n

)
for j ∈ Ni
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C Proofs

Proposition 1. µ̂i =
∑
js∈Si

αijs

qijs
hjs is the unbiased estimator of µi =

∑
j∈Ni

αijhj given that Si
is sampled from qi using the DepRound sampler Qi, where Si is the selected k-subset neighbors of
vertex i.

Proof. Let us denote Qi,Si
as the probability of vertex vi choosing any k-element subset Si ⊂ Ni

from the K-element set Ni using DepRound sampler Qi. This sampler follows the alternative
sampling distribution qi = (qij1 , ..., qijK ) where qijs denotes the alternative probability of sampling
neighbor vjs . This sampler is guaranteed to satisfy

∑
Si:j∈Si

Qi,Si = qij , i.e. the sum over the
probabilities of all subsets Si that contains element j equals the probability qij .

E [µ̂i] = E

∑
js∈Si

αijs
qijs

hjs

 (1)

=
∑
Si⊂Ni

Qi,Si

∑
js∈Si

αijs
qijs

hjs (2)

=
∑
j∈Ni

∑
Si:j∈Si

Qi,Si

αij
qij

hj (3)

=
∑
j∈Ni

αij
qij

hj
∑

Si:j∈Si

Qi,Si
(4)

=
∑
j∈Ni

αij
qij

hjqij (5)

=
∑
j∈Ni

αijhj (6)

Proposition 2. The effective variance can be approximated by Ve(Qi) ≤
∑
js∈Ni

αijs

qijs
‖hjs‖2.

Proof. The variance is

V(Qi) = E


∥∥∥∥∥∥
∑
js∈Si

αijs
qijs

hjs −
∑
j∈Ni

αijhj

∥∥∥∥∥∥
2


=
∑
Si⊂Ni

Qi,Si

∥∥∥∥∥∥
∑
js∈Si

αijs
qijs

hjs

∥∥∥∥∥∥
2

−

∥∥∥∥∥∥
∑
j∈Ni

αijhj

∥∥∥∥∥∥
2

.

Therefore the effective variance has following upper bound:

Ve(Qi) =
∑
Si⊂Ni

Qi,Si

∥∥∥∥∥∥
∑
js∈Si

αijs
qijs

hjs

∥∥∥∥∥∥
2

≤
∑
Si⊂Ni

Qi,Si

∑
js∈Si

αijs

∥∥∥∥ hjsqijs

∥∥∥∥2 (Jensen′s Inequality)

=
∑
js∈Ni

∑
Si:js∈Si

Qi,Si
αijs

∥∥∥∥ hjsqijs

∥∥∥∥2
=
∑
js∈Ni

αijs
q2ijs
‖hjs‖2

∑
Si:js∈Si

Qi,Si

=
∑
js∈Ni

αijs
qijs
‖hjs‖2

4



Proposition 3. The negative derivative of the approximated effective variance
∑
js∈Ni

αijs

qijs
‖hjs‖2

w.r.t Qi,Si
, i.e. the reward of vi choosing Si at t, is ri,Si

(t) =
∑
js∈Si

αijs

qijs (t)
2 ‖hjs(t)‖2.

Proof. Define the upper bound as V̂e(Qi) =
∑
js∈Ni

αijs

qijs
‖hjs‖2, then its derivative is

∇Qi,Si
V̂e(Qi) = ∇Qi,Si

∑
js∈Ni

αijs
qijs
‖hjs‖2

= ∇Qi,Si

∑
js∈Ni

αijs∑
S′
i:js∈S′

i
Qi,S′

i

‖hjs‖2

= ∇Qi,Si

∑
js∈Si

αijs∑
S′
i:js∈S′

i
Qi,S′

i

‖hjs‖2

= −
∑
js∈Si

αjs
q2ijs
‖hjs‖2 (chain rule)

Before we give the proof of Theorem 1, we first prove the following Lemma 1 that will be used later.
Lemma 1. For any real value constant η ≤ 1 and any valid distributions Qti and Q?i we have

(1− 2η)Vte(Qti)− (1− η)Vte(Q?i ) ≤ 〈Qti −Q?i ,∇Qt
i
Vte(Qti)〉+ η〈Q?i ,∇Qt

i
Vte(Qti)〉 (7)

Proof. The function Vte(Q) is convex with respect to Q, hence for any Qti and Q?i we have

Vte(Qti)− Vte(Q?i ) ≤ 〈Qti −Q?i ,∇Qt
i
Vte(Qti)〉. (8)

Multiplying both sides of this inequality by 1− η, we have

(1− η)Vte(Qti)− (1− η)Vte(Q?i ) (9)

≤ 〈Qti −Q?i ,∇Qt
i
Vte(Qti)〉 − η〈Qti −Q?i ,∇Qt

i
Vte(Qti)〉. (10)

In the following, we prove this Lemma in our two bandit settings: adversary MAB setting and
adversary MAB with multiple plays setting.

In adversary MAB setting, we have

〈Qti,∇Qt
i
Vte(Qti)〉 = −

∑
j∈Ni

qij(t)
α2
ij

k · qij(t)2
‖hj(t)‖2 (11)

= −Vte(Qti) (12)

In adversary MAB with multiple plays setting, we use the approximated effective variance∑
js∈Ni

αijs

qijs
‖hjs‖2 derived in Proposition 2. For notational simplicity, we denote the approxi-

mated effective variance as Ve in the following. We have

〈Qti,∇Qt
i
Vte(Qti)〉 = −

∑
Si⊂Ni

Qti,Si

∑
js∈Si

αijs
qijs(t)

2
‖hjs‖2 (13)

= −
∑
js∈Ni

αijs
qijs(t)

2
‖hjs‖2

∑
Si:js∈Si

Qti,Si
(14)

= −
∑
js∈Ni

αijs
qijs(t)

‖hjs‖2 (15)

= −Vte(Qti). (16)

The equation (13) holds because of Proposition 3.

5



At last, we conclude the proof

(1− η)Vte(Qti)− (1− η)Vte(Q?i ) (17)

≤ 〈Qti −Q?i ,∇Qt
i
Vte(Qti)〉 − η〈Qti −Q?i ,∇Qt

i
Vte(Qti)〉 (18)

= 〈Qti −Q?i ,∇Qt
i
Vte(Qti)〉+ η〈Q?i ,∇Qt

i
Vte(Qti)〉+ ηVte(Qti). (19)

Theorem 1. Using Algorithm 1 with η = 0.4 and δ =
√
(1− η)η4k5 ln(n/k)/(Tn4) to minimize

effective variance with respect to {Qti}1≤t≤T , we have

T∑
t=1

Vte(Qti) ≤ 3

T∑
t=1

Vte(Q?i ) + 10

√
Tn4 ln(n/k)

k3
(20)

where T ≥ ln(n/k)n2(1− η)/(kη2) and n = |Ni|.

Proof. Without loss of generality, we prove the result by following the adversary MAB setting with
DepRound and EXP3.M. First we explain why condition T ≥ ln(n/k)n2(1− η)/(kη2) ensures that
δr̂ij(t) ≤ 1,

δr̂ij(t) =

√
(1− η)η4k5 ln(n/k)

Tn4
· αij(t)

q3ij(t)
‖hj(t)‖2 (21)

≤
√

(1− η)η4k5 ln(n/k)
Tn4

· n3

k3η3
(22)

≤ 1 (23)

Assuming ‖hj(t)‖ ≤ 1, inequality (22) holds because αij(t) ≤ 1 and qij(t) ≥ kη/n. Then replace
T by the condition, we get δr̂ij(t) ≤ 1.

Let Wi(t), W ′i (t) denote
∑
j∈Ni

wij(t),
∑
j∈Ni

w′ij(t) respectively. Then for any t = 1, 2, ..., T ,

Wi(t+ 1)

Wi(t)
=

∑
j∈Ni\Ut

i

wij(t+ 1)

Wi(t)
+
∑
j∈Ut

i

wij(t+ 1)

Wi(t)
(24)

=
∑

j∈Ni\Ut
i

wij(t)

Wi(t)
· exp(δr̂ij(t)) +

∑
j∈Ut

i

wij(t)

Wi(t)
(25)

≤
∑

j∈Ni\Ut
i

wij(t)

Wi(t)

[
1 + δr̂ij(t) + (δr̂ij(t))

2]+ ∑
j∈Ut

i

wij(t)

Wi(t)
(26)

= 1 +
W ′i (t)

Wi(t)

∑
j∈Ni\Ut

i

wij(t)

W ′i (t)

[
δr̂ij(t) + (δr̂ij(t))

2] (27)

= 1 +
W ′i (t)

Wi(t)

∑
j∈Ni\Ut

i

qij(t)/k − η/n
1− η

[
δr̂ij(t) + (δr̂ij(t))

2] (28)

≤ 1 +
δ

k(1− η)
∑

j∈Ni\Ut
i

qij(t)r̂ij(t) +
δ2

k(1− η)
∑

j∈Ni\Ut
i

qij(t)r̂
2
ij(t) (29)

Inequality (26) uses ea ≤ 1 + a+ a2 for a ≤ 1. Equality (28) holds because of update equation of
qij(t) defined in EXP3.M. Inequality (29) holds because W ′

i (t)
Wi(t)

≤ 1. Since 1 + x ≤ ex for x ≥ 0, we
have

ln
Wi(t+ 1)

Wi(t)
≤ δ

k(1− η)
∑

j∈Ni\Ut
i

qij(t)r̂ij(t) +
δ2

k(1− η)
∑

j∈Ni\Ut
i

qij(t)r̂
2
ij(t) (30)
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If we sum, for 1 ≤ t ≤ T , we get the following telescopic sum

ln
Wi(T + 1)

Wi(1)
=

T∑
t=1

ln
Wi(t+ 1)

Wi(t)
(31)

≤ δ

k(1− η)

T∑
t=1

∑
j∈Ni\Ut

i

qij(t)r̂ij(t) +
δ2

k(1− η)

T∑
t=1

∑
j∈Ni\Ut

i

qij(t)r̂
2
ij(t) (32)

≤ δ

k(1− η)

T∑
t=1

∑
j∈Ni\Ut

i

qij(t)r̂ij(t) +
δ2

k(1− η)

T∑
t=1

∑
j∈Ni

qij(t)r̂
2
ij(t) (33)

On the other hand, for any subset S containing k elements,

ln
Wi(T + 1)

Wi(1)
≥ ln

∑
j∈S wij(T + 1)

Wi(1)
(34)

≥
∑

j∈S lnwij(T + 1)

k
− ln

n

k
(35)

≥ δ

k

∑
j∈S

∑
t:j /∈Ut

i

r̂ij(t)− ln
n

k
(36)

The inequality (35) uses the fact that∑
j∈S

wij(T + 1) ≥ k(
∏
j∈S

wij(T + 1))1/k

The equation (36) uses the fact that

wij(T + 1) = exp(δ
∑

t:j /∈Ut
i

r̂ij(t))

From (33) and (36), we get

δ

k

∑
j∈S

∑
t:j /∈Ut

i

r̂ij(t)− ln
n

k
≤ δ

k(1− η)

T∑
t=1

∑
j∈Ni\Ut

i

qij(t)r̂ij(t) +
δ2

k(1− η)

T∑
t=1

∑
j∈Ni\Ut

i

qij(t)r̂
2
ij(t) (37)

And we have the following inequality

δ

k

∑
j∈S

∑
t:j∈Ut

i

rij(t) =
δ

k

∑
j∈S

∑
t:j∈Ut

i

qij(t)r̂ij(t) (38)

≤ δ

k(1− η)

T∑
t=1

∑
j∈Ut

i

qij(t)r̂ij(t) (39)

The equality (38) holds beacuse rij(t) = qij r̂ij(t) when j ∈ Sti and U ti ⊆ Sti bacause qtij = 1 for
all j ∈ U ti .

Then add inequality (39) in (37) we have

δ

k

∑
j∈S

∑
t:j∈Ut

i

rij(t) +
δ

k

∑
j∈S

∑
t:j /∈Ut

i

r̂ij(t)− ln
n

k
(40)

≤ δ

k(1− η)

T∑
t=1

∑
j∈Ni

qij(t)r̂ij(t) +
δ2

k(1− η)

T∑
t=1

∑
j∈Ni

qij(t)r̂
2
ij(t) (41)

Given qij(t) we have E[r̂2ij(t)] = r2ij(t)/qij(t), hence, taking expectation of (40) yields that

δ

k

T∑
t=1

∑
j∈S

rij(t)− ln
n

k
≤ δ

k(1− η)

T∑
t=1

∑
j∈Ni

qij(t)rij(t) +
δ2

k(1− η)

T∑
t=1

∑
j∈Ni

r2ij(t) (42)

7



By multiplying (42) by Q?i,S and summing over S, we get

δ

k

T∑
t=1

∑
S⊂Ni

Q?
i,S

∑
j∈S

rij(t)− ln
n

k
≤ δ

k(1− η)

T∑
t=1

∑
j∈Ni

qij(t)rij(t) +
δ2

k(1− η)

T∑
t=1

∑
j∈Ni

r2ij(t) (43)

As ∑
j∈Ni

qij(t)rij(t) =
∑
j∈Ni

∑
Si:j∈Si

Qt
i,Si

rij(t) (44)

=
∑

Si⊂Ni

Qt
i,Si

∑
j∈Si

rij(t) (45)

= −
∑

Si⊂Ni

Qt
i,Si
∇Qt

i,Si
Vt

e(Q
t
i,Si

) (46)

= −〈Qt
i,∇Qt

i
Vt

e(Q
t
i)〉 (47)

By plugging (47) in (43) and rearranging it, we find

T∑
t=1

〈Qt
i −Q?

i ,∇Qt
i
Vt

e(Q
t
i)〉+ η

T∑
t=1

〈Q?
i ,∇Qt

i
Vt

e(Q
t
i)〉 (48)

≤ δ
T∑

t=1

∑
j∈Ni

r2ij(t) +
(1− η)k

δ
ln(n/k)

Using Lemma 1, we have

(1− 2η)

T∑
t=1

Vt
e(Q

t
i)− (1− η)

T∑
t=1

Vt
e(Q

?
i ) ≤ δ

T∑
t=1

∑
j∈Ni

r2ij(t) +
(1− η)k

δ
ln(n/k) (49)

Finally, we know that ∑
j∈Ni

r2ij(t) =
∑
j∈Ni

αij(t)
2

qij(t)4
(50)

≤
∑
j∈Ni

αij(t)
n4

k4η4
(because qij(t) ≥ kη/n) (51)

=
n4

k4η4
(52)

By setting η = 0.4 and δ =
√
(1− η)η4k5 ln(n/k)/(Tn4), we get the upper bound.

References
[1] W.-L. Chiang, X. Liu, S. Si, Y. Li, S. Bengio, and C.-J. Hsieh. Cluster-gcn: An efficient algorithm

for training deep and large graph convolutional networks. In Proceedings of the 25th ACM
SIGKDD International Conference on Knowledge Discovery & Data Mining, pages 257–266,
2019.

[2] Z. Liu, C. Chen, X. Yang, J. Zhou, X. Li, and L. Song. Heterogeneous graph neural networks
for malicious account detection. In Proceedings of the 27th ACM International Conference on
Information and Knowledge Management, pages 2077–2085. ACM, 2018.

[3] H. Zeng, H. Zhou, A. Srivastava, R. Kannan, and V. Prasanna. Graphsaint: Graph sampling
based inductive learning method. arXiv preprint arXiv:1907.04931, 2019.

8


	Experiments
	Convergences
	Discussions on Timings between Layer Sampling and Graph Sampling Paradigms

	Algorithms
	Proofs

