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Abstract

In this supplementary material, Section 1 provides the proofs of Theorems 3.1, 3.4, 3.8, and Corollary
3.9. The proofs of technical lemmas are collected in Section 2. Section 3 presents the additional
experimental results.

1 Proofs of Theorems

This section contains the proofs of Theorems 3.1, 3.4, 3.8, and Corollary 3.9. Before starting to prove the
theorems, we first present some definitions and technical lemmas.
Recall that the optimization problem we aim to solve is

min —log det(Lw + J) + tr (SLw) + Z hx(w;). (1)

Let F(w) = —logdet(Lw + J) + tr (SLw) + >, ha(w;). The feasible set of (1) is Sy = {w|w > 0,w €
dom(F')}, where dom(F') denotes the domain of the function F. One can verify that

dom(F) = {w € RPP~V/2| det(Lw + J) > 0}. (2)
The set S,, can be equivalently written as
Sw = {w e RPPV/2 oy > 0, (Lw + J) € S¥, }, (3)

which is due to the reason that Lw + J must be positive semi-definite, because Lw is positive semi-definite
for any w > 0 following from (27), while the matrix J is rank one, and the nonzero eigenvalue of J is 1
whose eigenvector is orthogonal to the row and column spaces of Lw. The condition det(Lw + J) > 0 in (2)
implies that Lw + J is non-singular. The non-singularity and positive semi-definiteness of Lw + J together
lead to (Lw + J) € ST .

Next, we will show that S,, is a convex set. For any ¢,y € Sy, define ¢, = tx1 + (1 — t)x2, t € [0, 1].
It is clear that x; > 0. Since 8_’; . is a convex cone, one has

Lo+ =t(Lay +J)+ (1 —t)(Las + J) € S°,, (4)

indicating that x; € S,, and thus S,, is convex.
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Recall that the sequence {w*)};; is established by solving

)

w®) = arg m;r(l) —logdet(Lw + J) + tr (SLw) + Z 2Dy, (5)

7

where zi(kfl) = h;\(u?i(kfl)), i € [p(p —1)/2], and h, satisfies the conditions in Assumption 3.5. Let
|||, = max; |z;| and |||, = min; |z;|. We present the technical lemmas in Section 1.1 for establishing
the theorems.

min

1.1 Technical Lemmas

Lemma 1.1. Let f(w) = —logdet(Lw + J), with w € RP®=1/2 Then for any x € RPP=1/2 we have
"V f(w)x = vec(Lx) ((Cw +0)7'® (Lw + J)fl) vec(Lx).
Lemma 1.2. For any given w € RP®P=1/2 satisfying (Lw+ J) € SV, there must exist an unique T €
RP(P=1/2 sych that
1 _
La+3J = (Lw+b]) ! (6)

holds for any b # 0, where J = 11;1po7 in which 1y, € RP*P with each element equals 1.

Lemma 1.3. Let G = £*L£ : RPP—1)/2 _ Rp(p*”ﬂ, x — L*Lx. For any © € Rp(pfl)/z, Gx = Mx with
p(p—1) Xp(pfl)

M ecR 2 7 satisfying

4 =k,
My =<1 le (QlUQj)\k,
0  Otherwise,

where i, j € [p] satisfying k =i — j + %(2}7 —Jj) and i > j, and Q is an index set defined by

Q= {l € [p(p —1)/2] [ = Zzz} , te[pl
l

Furthermore, we have Apin(M) = 2 and Apax(M) = 2p.

Lemma 1.4. Take \ = \/4acal logp/n and suppose n > 94acal)\1211ax(£w*)slogp for some a > 2, where
co is a constant defined in Lemma 1.8. Let

w = arg gg% —logdet(Lw + J) + tr(LwS) + 2w,

where z obeys 0 < z; < X fori € [p(p —1)/2]. If ||£*((Lw* + J)y - S)|
the set € satisfying S* C & and |E| < 2s, then W obeys

max — min

holds with

£ — Lo < 2V2A (L) (Jlzs: ||+ [ (£* ((Lw" + )7 = ) ]]) < 201+ V22 (Lw")VEN,

where 8* is the support of w*.



Lemma 1.5. Under Assumption 3.5, take A\ = \/404061 logp/n and suppose n > 94acal)\fnax(£w*)slogp
for some o > 2, where ¢ is a constant defined in Lemma 1.8. Define the set E*) by

EW = (s US®}, with SV ={ie[p(p-1)/2) [0V > b}, (7)
where w\¥) for k > 1 is defined in (5), S* is the support of w* with |S*| < s and b= (2 + V2)A\2 . (Lw*)\

is a constant. If ||L*( (Lw* + J)y - S)|| < M\/2 holds and W' satisfies |supp™ (w(?))| < s, then EF)
obeys |EW)| < 2s, for any k > 1.

max

Lemma 1.6. Under Assumptions 3.5 and 3.6, take A\ = \/4o¢c0_1 logp/n and supposen > 94ozcal)\2 (Lw*)slogp

max
for some o > 2, where ¢q is a constant defined in Lemma 1.8. If HE*((E'w* + J)f1 — S) < \/2 holds
and W) satisfies |suppT (W )| < s, then for any k > 1, W) defined in (5) obeys

Hmax

™ —wr || <202, (Lw)| (L ((Lw* +T)7 = 8)) o | + 5 +3ﬁ |w*=1 —w*,
and
L) — Lw*||, < 2v2A2,, (Lw*)|| (L7 ((Lw* +T) " = 8)) || + 5 +3ﬁ||£w(’f—1> — Lw* |,

Lemma 1.7. Take A = \/4ozcal logp/n and suppose n > 8alogp for some o > 2, where ¢ is a constant
defined in Lemma 1.8. Then one has

Pl ((Lw* +T) " = 8)||.. <A2] >1-1/p°2
Lemma 1.8. Consider a zero-mean random vector X = [X1,...,X,]T € RP is a LGMRF with precision

matriz Lw* € Si. Gwen n i.i.d samples X, ..., X" the associated sample covariance matric S =
LS XWX OT satisfies, for t € [0, o],

P| |[£*S]¢ — (L (Lw* + J)fl)i| >t < 2exp(—cont?), for i=1,...,p(p—1)/2,

where to = ||L*(Lw* + )Y and co =1/ (8 [|L*(Lw* + J)*lHiax) are two constants.

Lemma 1.9. Let f(w) = —logdet(Lw + J). Define a local region of w* by
Bar(w*;r) = {w|w € Bar(w”;r) N Sw}-

where Byg(w*;r) = {w € RFPY/2| |lw —w*|,, <7}, and Sy = {w|w > 0, (Lw + J) € ST, }. Then for
any wy, ws € Byr(w*;r), we have

(Vf(w1) = V f(ws), wi — ws) > (||Lw*||y +r) 2 || Ly — Lawa||f
Lemma 1.10. [7] Suppose a positive matriz A € RP*P is diagonally scaled such that A; =1,i=1,...,p,
and 0 < A;; < 1,1 # 7. Let y and x be the lower and upper bounds satisfying
O0<y<Ay<z<l, Vi#y,
and define s by
2?2 = sy + (1 —s)y>

Then the inverse matriz of A exists and A is an inverse M-matriz if s~ > p — 2 with p > 3.

Lemma 1.11. [6] (Sub-ezponential tail bound) Suppose X is sub-exponential with parameters (v, o). Then

t2 2

IP)[X —u Z t] S @7‘:2 te [0a2%]3
e 2a t € (%, +00).




1.2 Proof of Theorem 3.1

Proof. The ¢1-norm regularized maximum likelihood estimation under the Laplacian constrained Gaussian
graphical model can be formulated as

Zoin —logdet(® +.J) + tr (©S) +A§|®U|, (8)

where S is the sample covariance matrix with the samples generated from LGMRF. As a result of Theorem
3.4, the optimization (8) can be equivalently written as

m;%—logdet(ﬁw—l—J)—l-tr(ﬁwS)—|—)\Hw||1. (9)

Due to the non-negativity constraint w > 0, (9) can be further rewritten as

min —log det(Lw + J) + (£*S + AL, w), (10)

where 1 =[1,...,1]T.

We first prove that the optimization (10) has one global minimizer if A > 0. Let f(w) = —log det(Lw +
J) + (£*S + A1, w). The feasible set of (10) is S, = {w € RPP=V/2 | > 0, (Lw + J) € St }, which is
the same with the feasible set of (1). For any w € Sy, the minimum eigenvalue of V2 f(w) can be lower
bounded by

Amin (V2f(w)) = inf &' V?f(w)x

=1

= inf (vec(Lx))T ((ﬁw +J) 7 @ (Lw + J)*l) vee(La)

llzl=1
T -1 -1
. | llﬂlﬁ (vec(Lx)) ((Lw+J) T® (Lw + J)71) vec(Lex) Cinf |Cal
z|=1 (vec(Lx)) vec(Lx) llzll=1

> Amin (Lw +J) 7P @ (Lw +J)7) - nf | L]

= Amin (Lw +J) '@ (Lw+J)7!) - inf 2" Mz

= Din ((Lw + )71
> 0,

where the second equality is due to Lemma 1.1; the third equality follows from Lemma 1.3; the last equality
follows from the property of Kronecker product that the eigenvalues of A ® B are \;u; for i,j € [p], where
A; and p; are the eigenvalues of A € RP*P and B € RP*P, respectively, and Apin(M) = 2 following from
Lemma 1.3; the last inequality follows from (3). Therefore, the optimization (10) is strictly convex, and thus
(10) has at most one global minimizer.

The existence of minimizers of (10) can be guaranteed by the coercivity of f(w). The function f(w) can
be lower bounded by

f(w) = —log (ﬁ Ai(Lw + J)) +(L*S + A1, w)

i=1

—log (ﬁ )\Z-([,w)) + (LS + A1, w)

=2

p
> —(p—1)log (2:/\Z ) +{(LS+ A1, w)+ (p—1)log(p—1)
=1



— _110g<§p: ) (L*S+ A1, w)+ (p—1)log(p —1)

i=1
p(p—1)/2
=—(p—1)log | 2 Z w | +(L*S+ A1, w)+ (p—1)log(p — 1)
t=1
p(p—1)/2 p(p—1)/2

>—(p-Dlog | > w|+A Y w+p-1)logts

t=1 t=1

(11)

where the second equality follows from (34) with b = 1; the forth equality follows from Lw -1 = 0; the last
inequality holds because w > 0, and £*S > 0, which follows from (70); the first inequality holds because
the smallest eigenvalue \; (Lw) = 0 and

ar+ag+...+ay

Z Yai-as---ap

n
holds for any non-negative real numbers of ay,...,a,. A function g: Q@ = R U {400} is called coercive over
), if every sequence xj € Q with ||xk|| — +oo obeys limy_, g(xx) = +00, where O C R™. Let

-1
h(z):—(p—l)logz+/\z+(p—l)logp :

A simple calculation yields lim,_, 1 o, h(z) = +o0 if A > 0. For any sequence wy, € cl(S,,) with ||wg|| — +o0,
where cl(S,,) is the closure of Sy, one has Y7 /2w, ], — +o0, because PP~/ 2[a,], > |lwg||. Then
one obtains

p(p—1)/2
kllﬂﬂolo Jwy) > kli%oh Z [wi]e | = lim h(z) = +oo,

z—+00
t=1

where the first inequality follows from (11). Hence, f(w) is coercive over cl(Sy). Following from the Extreme
Value Theorem in [1], if @ C R™ is non-empty and closed, and g : Q — RU{+oc} is lower semi-continuous and
coercive, then the optimization mingeq g(x) has at least one global minimizer. Therefore, by the coercivity
of f(w), (10) has at least one global minimizer in cl(Sy).

Let Q4 = {w € RFP~D/2 | >0} and Qp = {w € RPP~V/2|(Lw + J) € S, }. Q4 is a closed set and
Qp is an open set. Then S,, can be rewritten as Sy, = Q4 NQp. Consider the set V := cl(Sy) \ Sw, we have

VC {cl(QA)mcl(QB)}\{QAmQB}ZQAmaQB, (12)

where 0€)p is the boundary of Q. Notice that every matrix on the boundary of the set of positive definite
matrices is positive semi-definite and has zero determinant. Hence, one has 0Qp = {w € RP®P~D/2 |(Lw +
J) € 8%, det(Lw + J) = 0}. As a result, for any w;, € cl(Syw) \Sw, f(wp) = +00. Therefore, (10) has
at least one global minimizer and the minimizer must belong to the set S,,. On the other hand, by the
strict convexity of f(w), (10) has at most one global minimizer in S,,. Totadly7 we conclude that (10) has
an unique global minimizer in S, if A > 0.

We prove the theorem through the KKT conditions. The Lagrangian of the optimization (10) is

L(w,v) = —logdet(Lw + J) + (£*S 4+ A\, w) — v w,

where v is a KKT multiplier. Let (w,0) be any pair of points that satisfies the KKT conditions. Then we
have

L ((Lw+J))+ LS+ 1 -0 =0; (13)
w0; =0, fori=1,...,p(p—1)/2; (14)
w >0, 0> 0; (15)



As we know, for any convex optimization with differentiable objective and constraint functions, any point
that satisfies the KKT conditions (under Slater’s constraint qualification) must be primal and dual optimal.
Therefore, @ must obey w = arg min,,>o f(w). Note that the pair of points (w,¥) that satisfies the KKT
conditions is unique. To prove the optimal solution w > 0 holds for (10), we can equivalently prove that the
KKT conditions (13)-(15) hold for (w > 0,0 = 0). It is further equivalent to prove that

L ((Lw+J)™) = LS + AL (16)

holds for w > 0. Following from Lemma 1.2 with the fact that w € S,,, there must exist an unique x such
that

1
Lz + 37 = (Lab + bJ) ™! (17)
holds for any b # 0. Thus one has
L((Lw+ )N =L (Lo + J) = L7 La, (18)

where the first equality follows from (17) with b = 1; the second equality holds because J € N (L*) where
N (L*) is the null space of L* defined by N'(L*) := {X € RP*P | L*X = 0}. Combining (16) and (18) yields

x = (L*L)"N(L*S + A1), (19)
where £*L is invertible according to Lemma 1.3. Recall that S is the sample covariance matrix defined by
n T
s=%"x® (Xm) 7
k=1

where X ... X (™) are the samples independently drawn from the LGMRF in Definition 2.1. According
to the density function of LGMRF, we get 1T X®) = 0 for k = 1,...,n. Therefore, S is symmetric
and obeys S -1 = 0. It is easy to verify that S € R(L), where R(L) is the range space of L defined
by R(L) = {Ly | y € RP®P=1/2} Hence, there must exist a y € RP?P~1/2 such that § = Ly. Thus
L*S = L*Ly. One further obtains
y=(LL)'L*S.

Then a simple calculation yields

LLL)Y 'L S=Ly=S8. (20)

Next, we construct a matrix X = L& + aJ with ¢ > 0 and have

Lx+ad =L(LL)"HL*S + A1) +ad
=S+ N(L* L) M +ad

A
= —L1 21
S+ 2p£ +ad, (21)

where the first equality follows from (19); the second equality follows from (20); the third equality holds
because £*£1 = 2p1 and then one has (£*£)7'1 = 51

Let X = D-2XD~2 be the normalized matrix of X, where D is a diagonal matrix containing the
diagonals of X. Notice that each diagonal element of X is 1. Next, we will prove that, under some

conditions, X is an inverse M-matrix, that is, (X)~! is a M-matrix. We say A € RPXP is an M-matrix if

A =3I - B, (22)



where B € RP*P is an element-wise non-negative matrix and s > p(B), the spectral radius of B. According
to (21), one has

Xl.j:Sij77+g’ fOI‘i#j,
p
and

-1
Xu=Su+2—=a+2 i=1,...p
2p P

Define gij = IMaX;£; Sij, Sij = min#j Sij7 §kk = Imaxpg Skk and gkk = mink Skk- By the definition of X7
the lower bound y and upper bound z of the elements off the diagonal of X can be obtained as below,

. Xii Sij—%-i-%

X'Lj: XX: = =
VXiXis St B g s+ it
-3 +3

>——— =1y, Vi#] (23)
Sk + B A+ &

and

.. _ X a
X--<—S” % o
=3 p—1 a

Skk + 2p)\—|-p

=z, Vi#j (24)

Define s by 22 = sy + (1 — s)y?. According to Lemma 1.10, if 0 < y <2 < 1 and s7! > p — 2 with p > 3,

then X is an inverse M-matrix. We can see, provided that y = p—il and the inequalities
0<y<z<V2y<l, (25)

hold, then one has

— 1—
s1l=Y"Y 27y>p72,

2 Yy

where the first inequality follows from 2 < v/2y. Therefore, if y = pﬁ and (25) holds, then X is an inverse
M-matrix. _ - _ -

Next, we prove that if @ = Sk — (p+ 1)S;; + A with A > 2(v/2+1)(p + 1)(Skx — Si;), then y = p—il and
(25) holds. Substituting a = Sk — (p + 1)S;; + A into (23) yields y = p—il. Then it is clear that y > 0 and

v2y < 1. Comparing = and y defined in (23) and (24), respectively, one has y < z. A simple algebra yields
Q A a o
_ Si‘—%-i-g < pSkk—%-i-a
- —1 a — q —1
Ser+ A+ 2 T pSii+ A ta
1)(Skx — Sij) + 2
_(p+ )(Sk ‘J)+2< \iil:\/i%

- Q a DA -
Sk — Sij + 7(17*2 ) p

T

where the first inequality follows from gij < gkk and Sj > S’ij because S € S_’:_ and S -1 =0. It is easy to
verify that A > 2(v2+ 1)(p+ 1)(Skr — S;;) is large enough to establish the second inequality. Therefore, all
the inequalities in (25) hold.

Consequently, by Lemma 1.10, we conclude that X is an inverse M-matrix when a = St — (p+1)Si; + A
with A > 2(v2 + 1)(p + 1)(Sr — Sij). Therefore, X' = D2X"'Dz is an M-matrix. Notice that the



elements off the diagonal of an M-matrix are non-positive according to (22). As a result, the elements off
the diagonal of D:X 'D:z are non-positive, implying that the elements off the diagonal of X! are also
non-positive, because X = Lx + aJ is positive definite and thus the diagonal elements of D are positive.
The application of (17) with b= % yields

1
X '=[Lax+ad] ! = Lw+ —J.

One further obtains
1 1
[Lw+ —J];; = =W+ — <0, Vi#j,
a ap
where k=14 —j + %(2}9 — j). Therefore, we establish

wsz: = L —
ap  (Spr— (p+1)Si; + A)p

>0, VE,

concluding that (16) holds for w > 0. Note that a = Sie — (p+ 1)S;; + A > 0 because Skk > 0,X > 0,
and S;; < 0, where S;; < 0 following from S -1 = 0 and each diagonal element S;; > 0 since S is positive

semi-definite.
O

1.3 Proofs of Theorem 3.4

Proof. Let & € RP(P—1)/2 According to the definition of £, £z must obey [Lx);; = [Lx];;, for any i # j and
(Lx)-1=0.

Next, we will show that L is positive semi-definite for any & > 0 by the Gershgorin circle theorem [5].
Given a matrix X € RP*? with entries X;;. Let R;(X) = > ., [Xyj| be the sum of the absolute values of
the non-diagonal entries in the i-th row. Then a Gershgorin disc is the disc D(X;;, R;(X)) centered at X;;
on the complex plane with radius R;(X). Gershgorin circle theorem [3] shows that each eigenvalue of X
lies within at least one of the Gershgorin discs. For any & > 0, R;(Lx) = [Lx];; holds for each i because
(Lx)-1 =0 and [Lx];; <0 for any i # j. For any given eigenvalue A of L&, by Gershgorin circle theorem,
there must exist one Gershgorin disc D([Lx];;, R;(Lx)) such that

A = [La]ii| < Ri(X) = [Lx]is, (26)
indicating that A > 0. Note that the eigenvalues of Lx are real since Lx is symmetric. Therefore, one has
Lz eSS, Vx>0. (27)

Finally, we will prove that rank(Lx) = p—1 & (Lx+ J) € S}, for any & > 0. On one hand, if

rank(Lz) = p — 1, then Lx + J admits the eigenvalue decomposition UAU T, where U = [U, %1] and
A is a diagonal matrix with the diagonal elements [Xo,..., A\, 1]. Here AY_, are the nonzero eigenvalues of

Lz and Uy is a p X (p — 1) matrix whose columns are the corresponding eigenvectors of Lx. Note that the
nonzero eigenvalue \!_, > 0 because L& € SY. Therefore, one has (Lx 4+ J) € S¥ . On the other hand, if
(Lx+J) € SY ., then rank(Lx) > rank(Lx +J) —rank(J) = p—1 because Lx +J is full rank and J is rank
one. Furthermore, rank(Lx) < p — 1 because (Lx) - 1 = 0. Therefore, we conclude that rank(Lx) = p — 1,
completing the proof. O

1.4 Proofs of Theorem 3.8 and Corollary 3.9

Proof. We first prove Theorem 3.8. Take the regularization parameter A = {/4acy Yog p/n for some a > 2,
and the sample size

n > max (94acy ' A2, (Lw*)slog p, 8alog p), (28)



where ¢( is a constant defined in Lemma 1.8. Notice that the sample size n in (28) satisfies the conditions
on the number of samples in Lemmas 1.4, 1.5, 1.6 and 1.7. We choose the initial point w(® of Algorithm 1
satisfying [supp™ (w(®)| < s.

Define an event J = {| L ((Lw* + J)_l—S) Hmax < A/2}. According to Lemma 1.7, || £*( (Lw* + J) -
S) Hmax < A\/2 holds with probability at least 1 — 1/p®~2. Under the event 7, one applies Lemma 1.6 and
obtains, for any k£ > 1,

_ 3
A(k)_ £ * £ (L *+J 1_S + ~(k—1) o
w w w “ w w )
| 2 (L0 | (27 (( =8+ 55l
By induction, if d < ag + pdi—1 for any k > 1 with p € [0, 1), then
_ ok
di < 1 _pp ao + pkdo. (29)

L p= 2+3\/§ and di, = ||@w® — w*||, one obtains

Taking ag = 2A2,,, (Lw*)||(L*((Lw* + J)h - 5))s.

[ — w*[| < 2V2(VE+ 1)* N (L) (L7 ((Lw” +0) " = 8)) ]| +

w© —'w*H.

3 k
(2+ \/§>
Under the event 7, || (£*( (Lw* + J)yh - S))S* H can be bounded by

<\/acytslogp/n. (30)

Therefore, under the event J, which holds with probability at least 1 — 1/p®~2, one has

[(C*((Lw* + )" = 8)).

00|

o) _ > 2 * -1 3 k
|| wr|| < 2(3V2 + 4)\2,, (Lw*)\/acy 'slog p/n + (2+\/§) (|

Next, we prove Corollary 3.9. Under the event J, one applies Lemma 1.6 and obtains,

L™ — Lw*||, < 2V2AZ . (Lw*)|| (L7 ((Lw* + )7 = S)) .

3
A(k?fl) _ * 1
+ 2+\/§H£w Lw ||F (31)

holds for any & > 1. Taking ap = 2\/§Aﬁlax(£w*)u(£*((£w* +J)7 " - S))S* ,
||£'Li) — Lw* H by (29) one has

_ _3 _
2+\/§anddk—

+( 3 )kHﬁw(OLLw*HF.

w® — L w* * w* -1
£0® = Loy < 42+ DXLt (£ (Lo + )7 = 9)) s 1+ (57775

Similarly, according to (30), one obtains

[Lw® — Lw*||, < 4(3 +2V2)A2,,, (Lw*)\/acy ' slogp/n + (2 +3ﬁ>k||£1i)(0) — Lw*||,

holds at least 1 — 1/p>~2.
Alternative to (29), one obtains

ao + p"'dy,

and correspondingly establishes

A — 3 k—1
126" — Lw*||. <43+ 2V2)A2 . (Low >W+(m) L



To apply Lemma 1.4, we first check the necessary conditions of the lemma. Let z(©) satisfy zi(o) =

R (; (0, i € [p(p—1)/2]. Notice that zl-(o) € [0, ] for i € [p(p —1)/2] by Assumption 3.5. According to (7),
EM = {5*USW}, where SV = {i € [p(p —1)/2] \wgo) > b}. For any i € {SM}°, one has

A
2 = m(@") = W) = 3,

where the first inequality holds because uA)Z(O) < b for any i € {8(1)}6, and h) is non-increasing according to

Assumption 3.5; the second inequality directly follows from Assumption 3.5. Hence one has

> \/2.

min

min

One also obtains || < 2s by Lemma, 1.5, and S* € £ by the definition of £). Therefore, one can apply
Lemma 1.4 with £ = €M and z = 2(9 and obtains

H[/li}(l Lw* HF < 2 1+ \[) max(‘cw*)\/‘gk'
Ift> log%\@ (Ay/n/logp) = log (\/4ac51>/log %, a simple algebra yields

(rg\/g)tiluﬁw(l) - Ew*HF (B\f—i— 4 (AM/n/logp) IA2  (Lw*)V/sA < /slogp/n. (33)

Taking k > [4log(dacyt)] > log <\/4ozc )/log 2+‘[, and combining (32) and (33) together, we can
conclude that

Hﬁw(k) - £w*HF < +/slogp/n,

completing the proof. O

2 Proof of Technical Lemmas
This section contains the proofs of technical lemmas used in Section 1.

2.1 Proof of Lemma 1.1

Proof. The gradient of f(w) is Vf(w) = —L*(Lw + J)~! and its Hessian matrix is V2 f(w) with the k-th
column being

OV f(w)) OLw+J)!
2 _ — (B2
[V f(w)]:,k - Awy, L Ow,
=L ((Ew + J)_lw(ﬁw + J)—1>
3wk
=L (Lw+ J) A (Lw+ )7,
where A € RP*P is a matrix with [Ag)i = [Ak]m = 1, [Ag)ij = [Ax]ji = —1 and zeros for the other

elements, in which 4, j € Z™ obeying k =i —j + 15~ (2p ]) and i > j. Therefore, V2 f(w) can be written as

V2f(w) = [L"By, L7 By, ... L Bypo1) 2,

10



where By, = (Lw + J) ' Ap(Lw + J)~ L for k=1,2,...,p(p — 1)/2. Then one has

z'Vif(w)x =z [L*B1,L Bs,... ,L*Bpp—1) /2]

p(p—1)/2
= {BT,C* Z :L‘kBk
k=1
p(p—1)/2
=z L | (Lw+ D)7 Y mAy | (Lw+ )7
k=1

=z L ((Lw+J) "La(Lw+ )

= (Lx,(Lw+J) "La(Lw+T)" ")

= vec(Lx) " vec (Lw + J) ' La(Lw + J) )

= vec(Lax)" ((E'w +0)7 '@ (Lw + J)_l) vec(Lx),

where the forth equality follows from the definition of £, and the last equality follows from the property of
Kronecker product that vec(ABC) = (CT ® A) vec(B). O

2.2 Proof of Lemma 1.2

Proof. Let X = Lw + bJ with any b # 0 and any given w € RP(P~1/2 obeying (Lw + J) € St . Tt is easy
to verify that the column spaces as well as row spaces of Lw and J are orthogonal with each other. Hence
X admits the eigenvalue decomposition

X =Lw+b]=[U u][lg 2][U wll, (34)

where Lw = UAU T and bJ = buu' with u = ﬁllﬂ in which 1, € R? with each element equal to 1.

Notice that A is non-singular. X ~! admits the eigenvalue decomposition

0o 1 b

—1
x'=[U u]{A 0}[U w]  =UAUT 41T,
b

It is easy to check that UA~'U T is symmetric and UA-'U T - 1, = 0. Therefore, there must exist a  such
that Lz = UA_lUT.‘ One further obtains x;, = [UA_lUT]ij, for k =1,...,p(p —1)/2, where i,j € Z*
satisfying k =i —j + %(Qp —j) and i > j. Hence such x is fixed and unique for a given w. Note that x is
independent of b, and thus L& + %J = (Lw+ bJ)_1 holds for any b # 0, completing the proof. O

2.3 Proof of Lemma 1.3
Proof. Define an index set £, by

Q= {z & plp— 1)/2] [l = z} tell (3)
l

According to the definition of £, for any @ € RPP=1/2 one obtains that Lz € RP*P obeys

—T P> jv
[La|ij = [Lxlj i <J, (36)
Yieo, T i=1J

11



where k =i —j + %(2}9 — j). By the definition of £*, one further obtains that £*Lx € RP(P~1/2 satisfies

[L* Lz = [Lx)i + [Esc]jj + 2z, = Z T+ 2z, = Z x + 4z, (37)
1eQ;UQ; 1eQ;UQ;\k

where i, j € [p] satisfying k =i — j + %(Qp —j)and ¢ > j. The last equality holds because

Z T = Ea: “ [La:}jj = — Z[L:-T]vm - Z [Em]jm =2z — Z [‘Cm]zm - Z [Em]jma

1€Q;UQ; m##i m#j m#i,j m#i,j

where the last equality follows from [Lz];; = —x) according to (36).
p(p 1) ><1n(1r> 1)

According to (37), we conclude that there exists a matrix M € R such that £L*Lx = M«x

for any @ € RPP=1/2 and M obeys

4 1=k,
My =<1 l e (Qz U QJ) \k]7 (38)
0  Otherwise,

where i, j € [p] satisfying k = i—j+251(2p—j) and i > j. Note that we use the fact that {Q;\k}N{Q;\k} = @
with k=i — j + 255(2p — j).

Finally, we will compute the minimum and maximum eigenvalues of M. To compute the minimum
eigenvalue of M, one has

TM Ll P(P /2 2 P La];)?
Auin(M) = inf EMZ e 1Eelle e 20my okt 2 (Cel)” o
270 ||z || =70 || o ||
with equality when [Lz]|;1 = ... = [Lz],, = 0, which can be written as Qz = 0 with Q € RP* plez)
Obviously, there must exist a nonzero solution to Qx = 0, and thus Ay (M) = 2. To compute the

maximum eigenvalue of M, one has

M 2 P12 42 Cal2
)\max(M) = sup i 2513 sup E + E ([ m]tt)
w70 ||| 2£0 ||a:||
1)/2
B 42171) )/ 2+Z 1Z,Jegt,z¢j$z$]
= sup
@70 [Els
p(p /2 22
< sup Z ) Z 122365% #J(x + 7 )
@70 )
1)/2
:Sup4zpp )/ A (|Qt|—1)zieﬂtm
@70 l|”
Zp(p 1)/2 2 (p 2) Zt . ZiGQ r
= sup t
@70 l”
- 2pa

with equality when each element of x is equal with each other, and thus A\pax(M) = 2p. The last second
equality is obtained by plugging || = p—1 with ¢ € [p] which is easy to verify according to the definition of

Q; in (35); the last equality follows from Y27 ) >, . 27 =2 Zp(p /2 x2, because for any k € [p(p —1)/2],
k € Q; only holds with ¢t = {4, j}, where ¢, € [p| obeying k =i — +321(2p7j) and 7 > j. O
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2.4 Proof of Lemma 1.4

Proof. Take A\ = y/4acy ' logp/n and n > 9dacy ' A2, (Lw*)slog p. Define a local region
Bag (w5 Amax (Lw™)) = {w |w € Bag(w™; Apax(Lw™)) N Sw }s

where Bas(w*;r) = {w € RFP-D/2| |lw — w*|,, < r}, in which |||, = (z, Mz) = ||Lz|? with M > 0
defined in Lemma 1.3, and S, = {w € RPP~D/2|w > 0,(Lw + J) € S, }. It is easy to check that
w* € Bpg(w*; Apax(Lw™)).
Recall that w minimizes the optimization
m;% —logdet(Lw + J) + tr (LwS) + z " w, (39)
where 0 < z; < X for i € [p(p — 1)/2]. We can see the optimization problems (1) and (39) have the same

feasible set. Therefore, S,, is also the feasible set of (39) and thus w € S,, must hold.
Next, we will prove that @ € Bas(w*; Amax(Lw*)). We first construct an intermediate estimator,

wy = w* + t(w — w”), (40)

where ¢ is taken such that ||w; — w*||,,; = Amax(Lw*) if || — w*||5; > Amax(Lw*), and ¢t = 1 otherwise.
Hence [|[w; — w*|; < Amax(Lw*) always holds and ¢ € [0,1]. One further has w; € S, because both

w*, W € Sy, and S,, is a convex set as shown in (4). Therefore, we conclude that w; € Bpg(w*; Apax(Lw™)).
Applying Lemma 1.9 with w; = wy, we = w* and r = A\pax (Lw™) yields

H=L* (Lw, + )+ L (Lw* + )7 b —w*) > (2Amax (Lw*)) % || Lw, — Lw* || (41)
Let q(a) = —logdet (£(w* + a(w — w*)) + J) + a(L*(Lw* + J)~!, % — w*) and a € [0,1]. One has
d(a) = (L (Lw, +T) '+ L7 (Lw* +T)7 ", b —w), (42)
and
¢'(a) = <£* ((ﬁwa + )N (Lw — Lw*) (Lwa + J)’l) b — w*> — tr (ABAB),

where w, = w* + a(w — w*), A = (Lw, +J)~! and B = (Lw — Lw*). Note that A is symmetric and
positive definite because w; € Sy, and B is symmetric. Let C = AB. According to Theorem 1 in [2], all the
eigenvalues of a matrix X € RP*P are real if there exists a symmetric and positive definite matrix Y € RP*P
such that XY are symmetric. It is easy to check that the matrix C A is symmetric with A symmetric
and positive definite, and thus all the eigenvalues of C' are real. Suppose Ag,..., A, are the eigenvalues of
C. Then the eigenvalues of CC are A},...,\2. Therefore, ¢"(a) = Y.V A} > 0, implying that ¢'(a) is
non-decreasing with the increase of a. Then one obtains

HL (Lw* +T) = L5 (L + J) " — w*) = tq' (1) > tq' (1) > (2Amax (Lw*)) 72 || Lw; — Lw*||% . (43)

where the first inequality holds because ¢'(a) is non-decreasing and ¢ < 1, and the second inequality follows
from (41).
The Lagrangian of the optimization (39) is

L(w,v) = —logdet(Lw + J) + tr (LwS) + 2z w — v w,

where v is a KKT multiplier. Let (w,¥) be the primal and dual optimal point. Then (w,
the KKT conditions as below

) must satisfy

—L*(Lw+J) )+ LS +2z—0=0; (44)
w0; =0, fori=1,...,p(p—1)/2; (45)
w >0, O>0; (46)
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According to (44), one has
(=L (L + )+ L8, b —w) = (& — 2,1 — w). (47)

Substituting (47) into (43) yields

1Cw, — Lw* |2 < 4tA2,, (Lw*) (@ — 2 —w) + (L ((Lw* + ) = S), 0 — w*>)

— 4102 (Lw )(<ﬁ,u§f'w*>f(z,ﬁ)f'w*>+<£*((£w*+,])71fS),'uAwa*>). (48)

term I term 11 term III

Next we will bound term I, IT and III, respectively. The term I can be directly bounded by
(O, — w*) = —(0,w*) <0. (49)

where the equality follows from (45) and the inequality follows from © > 0 in (46) and w* > 0.
For term II, we separate the support of z into two parts, S* and its complementary set {S*}¢, where &*
is the support of w* with |§*| < s. Take a set & satisfying S* C £ and |€] < 2s. A simple algebra yields

(z, W — w*) = (zs+, (W — w*)s+) + (Z(sr}e, (W — W*) 50 }e)
= (zg+, (W —w*)s+) + <z{5*}c,u§{3*}c>
> —[lzs- || I(@ — w*)s- || + (250 e, Wiseye)
2 = |lzs [l [(@ — w*) s« || + (zge, Wee) , (50)

where the first inequality follows from Cauchy—Schwarz inequality and the second inequality follows from
z>0,w>0and £° C {S*}°.
For term III, we separate the support of £*((Lw* + J)~! — §) into parts, £ and £°. Then one has

(L ((Lw* +J) = 8), % —w*) = ((L*((Lw* + T) " = 8)),, (b —w*), )
(L ((Lw* + )7 = 8)) oo (0 — w¥)ee )
< [[(er (e +0)7 = 8)) |l o — ) |
+ (£ ((Lw* + T)7" = 9)) ., tee). (51)
Substituting (49), (50) and (51) into (48) yields

| Lw; — £w*||F <4t\?

max

(L ((Lw* + )7 = 8)) 0 — zee,tbee) + [z | ]| (0 — w) . | )

(cw) ([ (£ ((Lw™ + )7 = 9)) ||| (@0 — )¢ | (52)

Notice that the inequality

(£ ((Lw* +T)7" = 8)) . — zge,ee) <0, (53)
holds because w > 0, ||zg||,., > A/2 and
1" (L + )7 = 8)) ] < 1167 (B0 + D)7 = 8)] 5
where the last inequality follows from the conditions in Lemma 1.4. Combining (52) and (53) together yields
£y — Lo [ < AN (™) (2 100 = w") s | + | (€7 ((Cw™ + D)7 = 8)) | (00 — w?) ] )
< 4002 (L) (12 | + | (€7 (Lo + 0) 7" = S))gH) o — ]|, (54)
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where the last inequality follows from [|w — w*|| > [|[(w — w*)e]|| > ||(W — w*)s+]|.
On the other hand, one has

N

| Lw; — Lw*||p =t Lab — Low*||p > t(Z (e — Lw*];;) ) = V2 | — w*|. (55)
i
Combining (54) and (55) together yields
Iy — L < 2VEN (L) (2o | + (7 ((Lw* +.0)7 = ), ])- (56)
Recall that [|z||,,.,. < A and |S*| < s. Thus one has
IZs+ ]l < V/sA. (57)
One also has
* * -1 * * -1 2 3 \/§
(e (e + 07 =) < (el e (et + 7 =) 2) < v )
Substituting (57) and (58) into (56) yields
1£we — Lw*||p < 2(V2 4+ DA% (Lw)VEA < Amax(Lw?), (59)
which implies that ¢ = 1 in (40), i.e., wy = w. The last inequality is established by plugging A =
\/4dacy M log p/n with n > 94:0[00 max(ﬁw )slog p. Therefore, we conclude that
£ — L e < 22X (Lw”) (f1zs- |+ [| (£ ((Lw* + D)7 = ) [|) < 201 + VI (L") V3N,

where the first inequality is established by (56) with ¢ = 1, and the second inequality is established by
plugging (57) and (58). O
2.5 Proof of Lemma 1.5

Proof. Recall that £ = {S*US®)} and S®) = {i € [p(p—1)/2] |b; pFl) > b} with b = (24+v/2)A2 . (Lw*)\.
We prove |£()| < 2s holds by induction. For k = 1, Vi ¢ supp™ (@), i.e., wgo) < 0, one has wgo) < b,
implying that i ¢ S(. In other words, SM) C supp™ (@(?). Then one has

W = |8 USsW| <|8* Usupp (b)) < s 45 = 2s.

Therefore, || < 25 holds for k = 1.
Assume |8(k_1)| < 2s holds for some k > 2. We separate the set £*) into two parts, S* and S(k)\S*.

For any i € S¥)\S*, one has w{* ™" > b, and further obtains
~(h—1)~ 2 wF—D | (o *=) — w)
w; 5(k>\5* SII\S*
/|$(k)\8*| < Z < ) — =
€S\ S5+ b b b
A(k ) _ SN(k—1) _ 0%

Let z(*=2) satisfy zz( 2 =y, A (w; (k= 2)), i € [p(p —1)/2]. By Assumption 3.5, one has z(k ? ¢ € [0, ] for
i€ [p(p—1)/2]. For any i € {S (k—1) } , one further has

Zi(k—?) _ h/}\(ﬁ)(k—?)) > h/ (b)

7

a3 (61)
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where the first inequality holds because 7111(1“2) < b for any i € {S(k_l)}c by the definition of S*~1 and

R’ is non-increasing by Assumption 3.5; the second inequality follows from Assumption 3.5. Therefore, one
obtains

(k—2) (k—2)

> A/2,

min

min

where the first inequality follows from {5 (k_l)}c C {S (k_l)}c and the second inequality follows from (61).
One also has |£F~1)| < 25 and S* C £+~ Hence we can apply Lemma 1.4 with £ = £#~1 and z = 2(+=2)
and obtain

[w® =D — | < gﬂwﬁk—” Lw*|[p < 2+ V2N (Lw*) Vs, (62)

where the first inequality holds with the proof similar to (69). Combining (60) and (62) together yields

(2 4+ V2)N2,, (Lw*)
b

SIS < VI

where the last equality follows from b = (2 4 v/2)\ Lw*)\. Therefore, one gets

max(
1ER)| = |8* USPN\S*| = |8 + |[SPIN\S*| < s + 5 = 25,

completing the induction. O

2.6 Proof of Lemma 1.6

Proof. For any k > 1, one has |E®)| < 25 by Lemma 1.5. According to the definition of £*) in (7), one
has S* C %), Let z(k D hi\(u}iikfl)), i € [p(p—1)/2]. By Assumption 3.5, one has zi(kfl) € [0, A] for
i€ [p(p—1)/2]. For any i € {S(k')} , one has

_ _ A
2V =@ ) 2 o) > 3,
where the first inequality holds because @* ™" < b for any i € {S®1° by the definition of S® in (7),
and h is non-increasing by Assumption 3.5; the second inequality follows from Assumption 3.5. Therefore,

H g; 1 {l; b - > \/2. Applying Lemma 1.4 with £ = E® and z = 2~V yields

1 ® — L[ < 2V2AL (L) (|28 + [[ (£ (L + )7 = 8)) ) (63)

min ’

We will show that the term ||z(k 2 || in (63) can be bounded in terms of ||@*~1) — w*||. For any given

w € RPP=U/2if | — w;| > b, then one has
0 < hh(wi) <X <A Hw; —wyl,

where b = (2 + v/2)A\2,_ (Lw*)\, and the first two inequalities follows from Assumption 3.5. Otherwise, one
has w} — w; < Jw} —w;| < b, then 0 < Al (w;) < h)(wf — b) because k) is non-increasing. Totally, one has

R (w;) < A0 Hw — wi| + k) (wi —b), Vi€ [pp—1)/2]. (64)
Collecting the indices i € S* together and applying (64) with w = w*~Y yields

1)|| ‘ k 1)

~ )‘ ~(k— * *
(@wE™Y) H oD — w]| + |54 (w3 — B,

(65)

—wi. || + [[AA (w5 —b)[| <

st*
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where R\ (wg i 1)) (W (w, pik— 1)))1»63*, and b = [b,...,b]" is a constant vector. Combining (63) and (65)
together y1€1db

£ — Law* (|, < 2V20F, (L) (H (£ ((Lw* +0)7" = 8)) g | + [[1 (w. —B)])
+2\/§B/\ﬁ]ax(£w*) |1 — aw*]|. (66)
By separating the set £ into two parts, S* and S*)\S*, one has
(2" ((Lw* + )7 = 8)) i || < €7 ((Lw™ + )7 = 8)) o[+ [ (€7 (Lw* + )77 = 8)) gy -

We will show that the term ||(£*( (Lw* + J) - S))s<k)\s* || can be bounded in terms of Hﬁ)("?’l) —w*|.

(£ ((Lw* + )7 = 8)) sonse I < VIEOSHII(L((Lw* +T) 7 = 5)) 50 5 s
< AIEONSH |7 ((Lw* + )" = S)|| .

< = ||w* D L ((Lw + )" =8|

1
)~

w(k 1) — w*

)

<o

where the last second equality follows from (60). Thus one has

_ - A e "
(e (L +3)7" = 8)) ool < (€7 ((Lw” +0)7 = 8)) .|| + Zp[l0* D —w?||. - (67)
Substituting (67) into (66) yields
€6 - Loy < 2VERR ) (€7 ( (L + )1 = ). | + (0. — B)])
+ 3\/§5Afnax(cw*) |[w* Y — w||
_ 2 * * * -1 _ 3\/5 ~(k—=1) _ %
= 2V (L[ (€7 ((Loo™ + )77 = 8)) .| + 55 [0 — w7

< 2V (L) || (L7 ((Lw* + )71 = 8)) g || +

LY — Lw*|,, (68)

where the equality is established by plugging b = (2++/2)A\2,.. (Lw*)\ and following from Hh’)\(wfg* —-b) H =0

because ||wk. ||, ., —b > vA and k) (z) = 0 for any = > ) following from Assumption 3.6; the last inequality
follows from

min

p(p—1)/2 p 1
Jeat® —cwr, = (2% @~ w4 Yew® - cwl, ) = vafat —wr] o)
— =
Similarly, one also obtains
i) =] < Pt - 2o,
* * * - 3 ~ — *
< L) (£ (L +)7 = 8)) o + 50— .
O
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2.7 Proof of Lemma 1.7
Proof. We apply Lemma 1.8 with ¢ = A/2 and union sum bound, then get

_ 1 1
Pl||L*((Lw* + J) ' S) Hmax > A/2] <plp-— 1)exp(—icon)\2) <p? exp(—zcon)\Q),

for any A < 2ty, where t; = ||£*(£w*—5—J)’1||max and ¢y = 1/(8||£*(£w*+J)’1||fnaX). Take A =
\/404051 logp/n for some « > 2. To guarantee A < 2ty, one takes n > 8« logp. By calculation, we establish

Pl ((Lw* +I)7" = 8)[|,p0 < A/2] = 1= eXp(_iCOTLAQ) >1-1/p*2,

completing the proof. O

2.8 Proof of Lemma 1.8

Proof. The LGMREF is a constrained GMRF model with 17X = 0 and we can follow the method called
conditioning by Kriging [4] to sample LGMRF. More specifically, to sample X for LGMRF with precision
matrix Lw*,we could first sample from a unconstrained GMRF X ~ N(0, (Lw* 4+ J)~!) and then correct
for the constraint 17X = 0 by

1

“11TX® ) fork=1,...,n
p

x®) — k) _

For any i € [p(p — 1)/2], one has

n n

1 & 1 1
278 = 167, XWX = 05 (XWX =0 5 (x40 - X
k=1 k=1
_1 zn: (X(k) TS <) ) _ (;;—(M TS ) ’
= 2 § 5 a b ’ b
= D3RP - X0, (70)
k=1

where the indices a and b obey i=a—b+(b—1)(2p—10)/2and a > b.
Let ¥ = (Lw* + J)~! and thus X ~ N(0,%). We first introduce two auxiliary random variables

Y= Xt(lk) - Xék) and Zy; = Yk%i. Together with (70), one has
1 & .
- > Zi=[L"S);. (71)
k=1

We can see Yy ; ~ N(0,02) because of the fact that any linear combination of p components in X has a
univariate normal distrlbutlon The variance of Y} ; is

o} = E[(Yk, — E(Yk,i))Q] = E[(ng) — X’ék))Q]
= Zua + 2o = Zap = T = (£72),. (72)
Therefore Zy, ;/0? ~ x*(1) and E[Zy;/0?] = 1. We say a random variable X is sub-exponential if there are

non-negative parameters (v, ) such that

E[exp (MX - E[X])] < exp(22

1
), for all |\ < e (73)
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By checking the condition in (73), one can conclude that Zj, ;/o? is is sub-exponential with parameters (2, 4).
Furthermore, if random variables {Y}}7_, are independent and sub-exponential with parameters (v, o),
then Y"7'_, Y} is still sub-exponential with parameters (v., a.) where

and Qy = max .
k=1,...,n

Thus, >, _, Zk,:/o? is sub-exponential with parameters (2y/n,4). The application of the sub-exponential
tail bound in Lemma 1.11 yields

PH,;ZM/U? —n’ > to} < 2exp(— i), for to € [0,n].
2

By taking tg = nt/ max; o7, one has

1< ) = nt
]P’HEZZ,M» o?| > ¢] :PHZZ,M/JZ —n‘ > F}
k=1 k=1 i

- nt

< ]P’H Ziio? — ‘ > }
kZ:l ko7 =m0 max; o;

2
< 2exp ( - %) (74)
8 (max; 0?)

holds for ¢ € [0, max; o7]. Notice that 07 = (L*(Lw*+J)™!), according to (72). Substituting (71) into (74)
yields
P[|[£*S]); — (L*(Lw* + J)fl)i| >t] < 2exp(—cont?), for t e [0,t). (75)

2

max

where to = ||£*(Lw* + J)_1H and ¢o = 1/(8 H[,*(Ew* + J)_1H ), completing the proof. O

max

2.9 Proof of Lemma 1.9

Proof. Recall that Bps(w*;7) = {w € RPP=D/2 | ||w — w*||,, < r}, where ||w||?VI = (x,Mx) = ||£a:||% with
M > 0 defined in Lemma 1.3, and S, = {w|w > 0, (Lw + J) € SV} We can see Bys(w*;r) is a convex
set because both Bas(w*;r) and S, are convex. It is easy to check that S, is convex (See (4) for more
details). For any w;, ws € Bpas(w*;r), by Mean Value Theorem, one obtains

1
Fws) = fwr) +(Vf(wi), we — w1) + 5 (ws —wy, V2 f(wi)(wy — wr)), (76)
where w; = twy 4 (1 — t)w; with t € [0,1]. For any nonzero & € RP(P~1/2 one has

2 V2 f(w)z = (vec(Lx)) ((ﬁwt )7 @ (Lw, + J)*l) vec(La)
(vec(Lx)) " ((Lw; + J) ' @ (Lw, + J)~1) vee(La)

= - L2
(vec(Lx))  vec(Lx)
-

> in (vec(Ly)) (((EWt)T + J)T® ((ﬁwt)T + J)) vec(Ly) . ||£%’va

Y (vec(Ly)) vec(Ly)
o (vee(Ly) " ((Lwi)t @ (Lwn)t) vee(Ly) )
~ inf ; | a2

v (vec(Ly))  vec(Ly)
> A3 ((Lwy)T) - [ Lol (77)
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where Ay ((Lw;)") denotes the second smallest eigenvalue of (Lw;)" and (Lw,)! is the pseudo inverse of Lw;.
The first equality follows from Lemma 1.1; the last equality follows from (vec(Ly)) " ((Lw)T@J)vec(Ly) =0,

(Vec(ljy))—r (J ® (Lwy)T)vec(Ly) = 0, and (vec(ﬁy))T(J ® J)vec(Ly) = 0 which are easy to verify; the last
inequality holds because of the property of Kronecker product that the eigenvalues of A® B are A;j1; with the
corresponding eigenvector a; ® b;, where Ay, ..., \, are the eigenvalues of A € RP*? with the corresponding
eigenvectors ai, ..., ap, and i1, ..., 1, are the eigenvalues of B € RP*? with the corresponding eigenvectors
by,...,b,. Notice that there is one and only one zero eigenvalue for Lw; because w; € S,,. Assume Aj,..., A,
are the eigenvalues of (Lw;)! with the corresponding eigenvectors ay, .. ., a,. Without loss of generality, let
A1 =0 and then a; = %1. By calculation, one obtains
(vec(Ly)) "vec(a; ® a;) =0, and (vec(Ly)) vec(a; @ a;) = 0,

for any i = 1,...,p and any y € RP(P~1/2 indicating that vec(Ly) is orthogonal to all the eigenvectors of
(Lw;)t @ (Lw,)T corresponding to zero eigenvalues. The smallest nonzero eigenvalue of (Lw;)! @ (Lw;)T is
M ((Lw,)T), establishing (77). Notice that (77) also holds with & = 0. One further obtains

A3 ((Cwi)T) = (JLw* |y + (1= ) || Ly = Lw*lly + ¢ || Lws — Lw*[ly) 7> = (|Lw* ||, +7)77, (78)

where the second inequality is established by || Lz|, < ||£x|| and the fact that both w1, ws € Bar(w*;7).
Substituting (78) into (77) yields

2 V2 fwi)a > (|Cw |, +7) - Lal}. (79)
Combining (76) and (79) yields
Flaws) > f(n) + (V1) wy —wi) + 5 (1£a0* ]l + )2 | Ly — Lo} (50)
and
Flwn) > Fws) + (Vf(ws), wy w5} + 5 (1€w |y + 1) Loy — Luog2 (81)

Combining (80) and (81), we establish
(Vf(wi) = Vf(wa), wi —ws) > ([|Lw*|ly +7) 7% |[Lwy — Lws |7, (82)

completing the proof. O

3 Additional Experimental Results

In this section, we present additional numerical simulation results on synthetic data and real-world data.

3.1 Synthetic Data

We present additional simulation results on random Barabasi-Albert graphs. Figure 1 illustrates the histograms
of the nonzero graph weights, which are learned by the /i;-norm regularization method with different
regularization parameters as shown in Figure 1 of the paper. Figure 1 (d) depicts the histogram for the
graph in Figure 1 (d) of the paper, which is a fully connected graph, i.e., every graph weight is strictly
positive. It is observed in Figure 1 (d) that all the graph weights are very small. Therefore, a large
regularization parameter will lead to learn a graph with every weight strictly positive and small. We can see
that the histogram in Figure 1 (d) is significantly different from the true histogram in Figure 1 (a), implying
that the estimated model will fail to identify the true relationships among the data variables.
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Figure 1: Histograms of nonzero graph weights learned by the ¢i;-norm regularization method with different
regularization parameters, corresponding to the graphs in Figure 1 of the paper. The histograms count the number
of nonzero graph weights falling into each interval.

(a) Ground-truth graph, (b) NE = 135, RE = 0.14, (c) NE = 49, RE = 0.08, (d) NE = 49, RE = 0.08,
NE = 49. FS = 0.53. FS =1. FS=1.

Figure 2: A sample result of learning a Barabasi-Albert graph of degree one by (b) GLE-ADMM [8], (¢) NGL-SCAD
(proposed) and (d) NGL-MCP (proposed). The sample size ratio is n/p = 6. NE denotes the number of positive
edges in the graph, i.e., the number of nonzero graph weights. The regularization parameters for each method are
set as )\ADMM = 0, )\SCAD = )\MCP =0.5.

Figure 2 shows a sample result of learning a random Barabasi-Albert graph via GLE-ADMM [8], NGL-
SCAD and NGL-MCP. It is observed that the graphs learned by NGL-SCAD and NGL-MCP present the
connection between any two nodes correctly, while there are many incorrect connections in the graph learned
by GLE-ADMM. In addition, performance measures including sparsity, relative error, and F-score also
indicate a better performance of the proposed method.

Table 1 shows the running time for different numbers of nodes p, where the graph weight w has the
dimension p(p — 1)/2. It is observed that the computational time of the proposed NGL-SCAD is much less
than that of GLE-ADMM.

3.2 Real-world Data

In this section, we compare the proposed method with the benchmark GLE-ADMM [8] on two real-world

data sets.
We conduct experiments on the COVID-19 data set! provided by the Israelite Hospital Albert Einstein in
Brazil. The data set contains anonymized data from patients who had samples collected to perform the test

IThe data set is freely available at: https://www.kaggle.com/einsteindatadu/covid19

Table 1: Comparison of computational time (seconds)

D 50 100 500 1000
GLE-ADMM 0.117 0.676 57.032 485.465
NGL-SCAD 0.023 0.097 9.000 67.018
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Figure 3: Learned graphs using the Brazilian COVID-19 data set via (a) GLE-ADMM, (b) NGL-SCAD (proposed),
and (c) NGL-MCP (proposed). The computational time for GLE-ADMM, NGL-SCAD, and NGL-MCP are 9.9, 55.8
and 57.9 seconds, respectively. The regularization parameters are set as Aapmm = 0, Ascap = 0.1, and Amcp = 0.5.

Figure 4: Stock graphs learned via (a) GLE-ADMM, (b) NGL-SCAD (proposed), and (¢) NGL-MCP (proposed).
The computational time for GLE-ADMM, NGL-SCAD, and NGL-MCP are 20.5, 1.3 and 90.3 seconds, respectively.
The regularization parameters are set as Aapmm = 0, Ascap = 0.25, and Amcp = 0.5.

for SARS-CoV-2. The features in the data set are mainly clinical coming from blood, urine, and saliva exams,
e.g., hemoglobin level, platelets, red blood cells, etc. The original data set contains 108 features from 558
patients. We do not consider features that were measured for at most 10 patients due to the high number
of missing values. In addition, a large number of patients had no record of any features. Finally, we end up
with a data matrix of 182 patients with 57 features, i.e., p = 182 and n = 57. The remaining missing values
were filled in with zeros. We then compare the proposed method with the GLE-ADMM method on this data
set. It is observed in Figure 3 that the proposed NGL-SCAD and NGL-MCP output a more interpretable
representation of the network, where the blue and red nodes denote patients who tested negative and positive
for SARS-CoV-2, respectively.

We also conduct experiments on the data set from stocks composing the S&P 500 index. We select log-
returns from 181 stocks from 4 sectors, namely: ”Industrials”, ” Consumer Staples”, " Energy”, ” Information
Technology”, during a period of 4 years from January 1st 2016 to May 20th 2020, with a total of 1101
observations. Then the data matrix X has a size of 181 x 1101. The graphs are learned on the basis of the
sample correlation matrix. Figure 4 shows that the graphs learned by NGL-SCAD and NGL-MCP are able
to vividly display the sectors modularity, whereas the graph learned via GLE-ADMM fails to do so.

Finally, we present additional experimental results of GLE-ADMM on the 2019-nCoV data set with
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Figure 5: The learned graphs by GLE-ADMM with (a) A =0, (b) A = 0.02 and A = 0.1 on the 2019-nCoV data set.

different regularization parameters. It is observed in Figure 5 that the learned graphs learned by GLE-
ADMM are always dense along the increase of A, implying that the ¢1-norm is not able to impose a sparse
solution here.
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