Additional notation

For two matrices A, B we write (A, B) to denote the matrix inner product ¢tr(A” B). We write |A|
to denote the determinant det(A). Finally, for 2,y € R which depend on the problem parameters
we write < y to denote thatz < O(1) - y.

A Initial stabilizing policy

Assumption 4. The learner is initially given a policy Ky € K.

We can replace Assumption 1 with Assumption 4 and get all our results, by making a small change
in our algorithms. The change is that instead of playing the control u; suggested by Algorithms
14,5, we play the control u; = Kox; + u;. We now explain why the same regret bounds for
known cost function and bandit feedback hold for this case too. First, the LDS evolves as ;41 =

A2 + Biiiy + wy, where A, = A, + B, K. Assumption 4 implies that A, is (%, y)-strongly
stable. Since Corollary 10 and Theorem 4 hold under Assumption 1, we can bound the regret of our
algorithm with respect to the system (ﬁ* B,) and the class of (k,)-strongly stable linear policies
for that system. We call this policy class IC(IL7 B.), which is defined in the same way as K, after
substituting A, with Z*. Formally, the regret we described is defined as

T
R = Zc(xt,ut) -T- min J(K), (15)
=1 KeK(A.,By)

where J(K) = limy_, o TEe 5 5 [Zthl c(x¢,u)| and Ej. 7, denotes expectation with re-

spect to the system (Z* B,) and policy K. The fact that we can get the same regret bounds un-
der Assumption 4, follows from the observation that for all K € K, K — Ky € K(A., B.) and

J(K) = J(K — Ky).

B Proofs for known cost function

Theorem 9 follows from Lemmas 11 and 12. We formally prove Lemma 12 in Appendix B.1 and
Lemma 11 in Appendix B.5. For notational convenience, we define M, ; = M, o, for j = d +
1,d +2,...,2d. In our analysis, we substitute the “Call Execute-Policy(M,.o,d - T}.)” with “for
j=d+1,d+2,...2d do Execute-Policy(M, ;,T;) end.” Clearly, these are equivalent, but the
latter will lead to simpler formulas.

B.1 Proof of Lemma 12

To bound R5!, we bound the suboptimality gap, i.e. R**(M) = C(M | A., B.) — C(M, | A., B.),
for all policies in M., 1.

Lemma 18. With high probability, for all epochs r, we have
o M, € M,, and
o forall M € M, 11, R°'(M) < 5-27".

Given Lemma 18, we can conclude the proof of Lemma 12, as we show below.

Proof. R = Zthl RS (M) = Y0, Zj:o T, - R (M, ;), where g is the total number of
epochs. From Definition 7 of 2-approximate affine barycentric spanners, we have that M, ; € M,..
Thus, Lemma 18 implies that with high probability, for all » > 2 and for all j, we have
RY(M,;) < 5-270=D. We will now bound > ?_ 2". Observe that T, = D - 2%,
where D = O(k*y™3) - dpdy(dy + dy)? and T = S0 d-T, = D -dY?_, 2%". Thus,
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Az /T o2 q~1/23°9_ 27, by Cauchy-Schwarz. Using that ¢ < O (logT),
we get Zq 2" < O \/ -+ Summarizing, by excluding the first epoch, we have

2d q d q
=3 TR (M) < )Y D2 52707V < Ded Y 2" < O(1) VD d-T.
j=1 r=2j=0 r=1

(16)

In Appendix 66, we show that for all M € M, we have R*'(M) < 5(555%_2) - \/d,. Thus,

R < 2d-2°-D-O(k’B*y %) - \/dy + O(1) - VD -d-T. (17)
Since T = Q (k"44%y~8) - dyody (dy + d,,)%, by substituting D = O(k*y~3) - dydy (d, + d,,)? and
d=O0(y") - dyd,, we getthat Rt < O (k2y72) - dydy(dy + du)VT. O

To prove Lemma 18, we prove Lemma 13 (stated in the main text), which ensures that for all

policies M € M,, the estimated surrogate cost C(M | A, , B, ) is close to the true surrogate cost
C(M | A, By). Given Lemma 13, we can conclude the proof of Lemma 12, as we show below.

Proof. We condition on the event that for all r, M € M,.,
C(M| A, B, )—CM|A,B,| <27 (18)

For the first bullet of the lemma, suppose that for some r, M, € M,. and M, ¢ M, 1. Thus, there
exists M € M,., suchthat C(M | Az, B,) < C(M, | A¢,, Bt,) — 3¢€,. Then, inequality 18 implies
that C(M | A,, B.) — €, < C(M., | As, B,) + €. — 3¢, which contradicts the optimality of M,.

For the second bullet, if M € M,.1, then C(M | Et 7§t ) — C(M. | A By, ) < 3e,, since we
showed that M, € M,.. By applying inequality 18, we getC(M | A*,B )— (M | As, By) < be,.
O

It remains to prove Lemma 13. This lemma will follow from the following two lemmas and claim,
where we use the covariance matrices (M), defined in Subsection 3.2.

Lemma 19. Let A, B be estimates of A,, B,, A = (A B) — (A, B,) and Al < 5L Forall
M € M, we have

< 6629 (AT ||y + 1/T). (19)

We can apply this lemma for all A; := (A; B;) — (A« B.), because of the following claim proved
in Appendix G.

Claim 20. With high probability, for all t, we have | A¢|| < v/(2k2)
Lemma 21. With high probability, we have |Al ||sy < 277y/(12k2), for all epochs r and
M e M,.

Given these two lemmas and the claim, it is straightforward to get Lemma 13. Indeed, we get that
with high probability, for all epochs r and M € M,.,

C(M|A,B)—C(M| A, B.)| < 277/2+6x>y"1T. (20)
Since the length of the epochs increases exponentially, we have r = O(log(7")). This, combined
with the assumed lower bound on 7 in the theorem statement, gives 62y~ 1 /T < 277/2, and we

are done. The proof of Lemma 19 is in Appendix B.2 and the proof of Lemma 21 is in Appendix
B.3.
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B.2 Proof of Lemma 19
We fix a policy M € M.
c(M| A, B)~c(M | A, B.)

E, [c(x(M | A, B,n), u(M | n))} ~E, [C(I(M | Ay, Byn), u(M | 77))“

IN

Ey

c(x(M | A\,E,nﬁ u(M | 77)) — C(CE(M | As, By,m), u(M | 77))‘

< By oM | &,B,m) ~a(M]| A, Bo)| e
where we used the fact that c is 1-Lipschitz.
To bound 21, we create two coupled dynamical systems: x(ll) = x?) =0,
x&)l = Ex%l) + Eut +w; and xﬁ)l = A*x,gz) + Bus + wy, (22)

where w; N(0,I) and u; = Zfil MUE=w, _; (w, = 0 fort < 0). Observe that the coupling
(1) (2

comes from the shared controls and disturbances. Let zél) = (xt ) and zt(2) = (mt ) We prove
Ut Ut

the following claim.

Claim 22. The matrix A is (k,v/2)-strongly stable 8. Furthermore, for allt > 2H + 2, we have

< T, (23)

Ew‘

o) = o) - 2, w01 | 4. By - 201 | A, B

where w denotes the disturbance sequence wi,ws . . .

Proof. We use the assumption that |A| < 527, which implies that A — A,|| < 527 Also, from

2K2°

Assumption 1, we have A, = QAQ~! with |A|| < 1 —+~,and ||Q]], |Q7!|| < ~. So, we get
A=QrQ7 +A-4,=Q(A+Q 7 (A-A)Q) Q™" 24)

Also, HA +Qt (X_ A*) QH < 1 -5+ r%*y/(25%) = 1 — v/2. Thus, we proved that A s
(k,y/2)-strongly stable. Now, we prove 23:

-]
2H+1 2H+1
=B, ||AT 2+ 3T (M| A, Bywy — AT — 3T (M | Ay, Buw
=1 =1
< A o | 1A B el
2H+1 R 2H+1
+E, Z V(M | A, B)ws—; — Z V(M | As, B )wi—;
=1 =1

(25)

Since t > 2H + 2, the third term is exactly E,, Hx(M | A,B,n) —z(M | A, B,, n)H Now, we

show that the first two terms are small. Since A, is (k, v)-strongly stable and A is (k,y/2)-strongly
stable, we have || AZH!|| < k*(1—~)"*! and HEHHH < k(1 —7/2)" 1, where H is defined
in 2.1.1. In Appendix 56, we show that E,, Hxil_)H_l‘ JEu HxEQ_)H_lH < O(K°B*y™2) - Vdy .

O

The way we chose H finishes the proof.

$This means that there exists decomposition A = QAQ ™" with A < 1—7~/2,and |Q|,|Q | £ &.
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Now, we fixat > 2H + 2, whose exact value we choose later. We will bound E,, ‘ X
First, we write a recursive formula for mgl) — xgz):
xgl) — x%z) = A\xgi)l + Buy_y — A*xga)l — Bougq

=(A- A, )x§2)1 + (B~ B)u1 + A($§1)1 - x§2)1)

2.

= A2+ Ay - o). (26)
By repeating 26, we get
H-1
5551) - mf) = Z A A Zt(i)i—l + A (ffil)H 17 mEQ)H 1) 27
i=0

We prove a claim that shows that the second term is negligible.

Claim 23. E, |4 (22, _, o, _ 1)H < UYT.

Proof. From Claim 22, we have that Alis (k,y/2)-strongly stable. Also, in Appendix 56, we show
that E,, ngl_)H_l w ‘ 1:5,2—)H—1H < O(Kk°B%*y~2) - \/d,. Thus,

Eo | A7 (o2, — o) < 1A7) - 082 - Vi
< K= O B2y 7 - Vds (28)
The way we chose H finishes the proof. O

By applying triangle inequality, we get

Eullef” - 2P| < ZHN

HA 22, H+1/T (29)

Now, we prove a claim which shows that for large ¢, the term I, HA . zt(z)Fl H is essentially time-

independent, for all ¢ € {0,1,..., H — 1}.
Claim 24. Forall s > 2H + 2, we have

[, a2 ~ By la- 200 | AL Bom)l| < YT (30)

Proof. Tt suffices to show that E,, HA (z§2) —z(M | Ay, B., n(w))) H < 1/T, where we define

n(w) = (Ws—1,Ws—2, ..., Ws—25—1). We have

ol (42 <10 4B < 2 |49 200 4|

< Eu o2 — 2 (M | Au Bun(w)]| + B s = w (0 | 5(w))]

< Ey HA* +13387H71H +0

< AT Bolles—m ]l 31)
Since A, is (k, v)-strongly stable, Claim 56 and the way we chose H finish the proof. O

Now, we choose t = 3H + 2, which gives

H-1
Eull o 2 < (B, a2 | A, B + 7)Y |3+ 7 62)
=0
Also, we have E,, [|A - 2(M | Ay, B,)| < (EnnA'z(M\A*,B*,n)nZ) = [[a%lsear) -

The following claim concludes the bound on E,, || xgl) — xEQ) II-
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Claim 25. S-7" || 47 < 4wyt

Proof. This directly follows from the fact that A is (1, /2)-strongly stable (Claim 22). O

After combining with Claim 22, we get

E, |[¢(M | A, B,n) = o(M | A, B..n)|

IN

15297 (|| A7 |l gy + 1/T) +2/T

A

< 652y (JAT | gy + 1/T) (33)
O
B.3 Proof of Lemma 21

We will prove the following two lemmas. The first controls the sum of squared errors [|A;, |2, (M,.)"
for the exploratory policies M,. 1, ..., M, 24, and the second allows us to go from exploratory poli-
cies to all policies in M.,..

Lemma 26. With high probability,

2d 2
T2 —2r Y
;HAWHZ(MTJ') S22 PR e G

Lemma 27. Forall M € M,, S(M) < 18d - Y°1_ S(M,.;).

Given Lemmas 26 and 27, we conclude that with high probability, for all M € M., we have
AL ||Z(M) < 18d - Z o llAf ”Z(M < 272(y/(12k?))2, and we are done. We prove
Lemma 26 in B.3.1 and Lemma 27in B.3. 2

B.3.1 Proof of Lemma 26

To prove the lemma, we first prove the following two lemmas.
Lemma 28. With high probability, for all t,

ALy, < O(ds +du), (35)

where V, :Zi 11232 + X1
Lemma 29. With high probability, for all epochs r, we have Z?il XM, ;) < 0(1/T,) - Vi

)

Given these two lemmas, we have that with high probability

1AL, ~ dy + dy)?
ZHA P,y < O) ettt < o). et B G6)

Substituting our choice of 7. gives Lemma 26. We prove Lemma 28 in Appendix E. We now prove
Lemma 29.

Proof. Forj =1,2,...,2d,let I, ; C [T] be the interval of execution of M, ; and t,.; € [T'] be the
first step of this interval. Let H' := 2H + 1. Forall h = 0,1,..., H', we define

Lihn={tellt=t;+H -k+h, k> 1}. 37)

We will show that with high probability, for all r, j, h, we have

| jn| - B(M,;) t}: zzl + 2dH’ 1. (38)
r,j,h
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Once we have 38, we can finish the proof of Lemma 29. Indeed, summing over all j, h gives

2d 2d H'—1
S (Ll =H)-S(M,j) sO) - Y > > 2zl + A1
Jj=1 =1 h=0 tel, ;n
t.—1
<0(1)- >zl +X-1<0(1)-Vy,, (39)
t=1

where we used that ZhH:/EI I inl = |Ir ;| — H'. Now, since |, ;| — H' =T, — H > T,/2, we
get Y00 S(M,.5) < O(L/T,) - Vi, .

We now prove 38. We consider an auxiliary state/control sequence (Ty,t)e[r), defined
as

H H
T = Z Alw; ;g + Z ALBy i (40)
i—0 i=0

where u, = Zil M. E*l]ws_i.g The differences with the actual sequence are 1) we truncated the
time-horizon and 2) here the controls use the true disturbances. We also define z; = (it) . We will
t

prove the following two claims.

Claim 30. With high probability, for all t,

2H+1
1Ze = 2l < OBy 1) > @i —wei]| +1/T. (41)
i=1
Claim 31. With high probability, for all r, j, h we have
Ljnl - B(My5) < O(1) - Y %7 (42)

tEIT,j,h

We show how to prove 38 using these two claims and then we prove them. Let e; = z; — Z; and
p = k®B2~~ L. We condition on the event that the bounds of the two claims and of Lemma 35 hold.
We have
2H+1
lesll> < 2/T% + O(W*)(2H +1) Y Jwe—i — @[, (43)
i=1
where we used Claim 30 and Cauchy-Schwarz. We now fix a triple (7, j, k). Summing over all
t € Irjn,

2H+1
o el < Z+0@H) - D0 Y fwei — @il
t€lrjn tel, ;=1
) T
< S+ OWH) Y flw — @i, (44)

t=1

where we used the definition of I,. ; ;. Lemma 35 implies that with high probability, for all , j, h,

> e < OB %) - (dy + du)®. (45)

tEI,«,j,h

= =T T T T
Moreover, Z:Z; = (2t — et) (2 — er)” < 22123 + 2erey , SO

7 <2 2zl +2 ecel <2 2zl +2 led* | -1, (46)
Z t Z t Z t Z t Z

te€lr jn telr jn te€lr j.n te€lr jn tel, j.n

We set wy = 0,forallt < 0.
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where we used that || 35,.; el | < 3, o llecel | =3¢, llec]|*. Now, Claim 31 and
inequalities 45 and 46 give that with high probability, for all r, 5, h,

Lrgnl - 2(Meg) O - (2 D el ) - I+2 Y 2

tel, i n t€l, jn
< 5(&10547_3)(%0 +dy)? - T+0(1) - Z 2z
tEIT,jﬁh
A
X ———IT4+0(1)- T 47
H'(d+1) . teIzT;thZt 7

where we used that A = O(k1°8%y5) - dydy (dy 4 dy)?. Tt remains to prove Claims 30 and 31. We
prove Claim 30 in Appendix 67. Now, we prove Claim 31. We use the following lemma, which is
Theorem 1.1 of [18].

Lemma 32 ([18]). There exist positive constants ¢, co, such as the following hold. Let ¥ € R™*™
positive semidefinite and z1, . . . , z,, independent random vectors, distributed as N (0,%). Let ¥ =
1/n- >0 2zl Forall § > 0, there exists cg = polylog(m, 1/3), such that ifn > c3 - m, then
with probability at least 1 — 6, range(X) = range(X) and ||S'V/2ETEV2|| < ¢y 10

We can immediately get the following corollary.

Corollary 33. For the setting of Lemma 32, with probability at least 1 — §, we have & < O(1) - s,

Proof. We have i, ((S1)/25(21)1/2) > 1/9(1), where i, denotes the minimum nonzero
singular value. Let P be the projection matrix on range(X). We have

S = PSP = x/2(xh25(sh/2el/2, (48)

So, for all z € R™, we have
TSz = 2TE2(sH2EEN 2828 > 5,0, (2 Y28(HY2) 2T 5. (49)
O

Now, we apply Corollary 33 to show Claim 31. We fix a triple (r, 7, h). Notice that M, ; is a
random variable that depends only on the disturbances that took place up to epoch » — 1. On the
other hand, the random vectors (Z;):c7, ; , are independent of each other and independent of all the
disturbances that took place up to epoch  — 1, which follows from the definitions of I, ; ; and of
the sequence (Z;);. Thus, we have E,, [2,Z{ | M, ;] = X(M,;), where w denotes the sequence
(wy)e. So, after conditioning on M, ;, we can apply Corollary 33 with ¥ = X (M, ;) and the set
of vectors being (Z)¢er, ;- Since |I, jn| = T,/H' and T} is chosen to be large enough, we get

Ly jnl - 2(Mrj) < O(1) - Xiey, z,%; . Since, (Z¢)te1, ,; , are independent of M,. ;, we get that
with high probability, |1, ;| - (M, ;) < O(1) - Ztelr,- . Z¢ZL. This was for a fixed 7, j, h, so
union bound concludes the proof. ' O

The above proof also concluded the proof of 38. O

B.3.2 Proof of Lemma 27

We fix an M € M,.. Since {M, g, ..., M, q} is a 2-approximate affine barycentric spanner of M,.,
we can write M = M, o+ Z;l:o Aj - (M, ; — M, ), where \; € [—2,2]. Since we defined M, ; =
M, forall j € {d+1,...,2d}, we can write M = 2311 Aj - M, ;, where \; = —\;_q+1/d for

all j > d+ 1 (the other \; stay the same). Thus, we have that all \; € [—3, 3] and Z?i1 Aj =1,
i.e, it is an affine combination. The next claim, takes us from policies to covariances.

19The symbol 1 denotes the pseudoinverse.
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Claim 34. The exists an affine transformation T, such that for all M € M, S(M) = T(M)T (M),

Proof. (M) = E, [2(M | A.,By,n) - 2(M | Ay, By,n)"]. For this proof, we write ¥ (M), to
denote U (M | A,, B,). We define

Uo(M) U (M) ... Tg_(M) Ug(M) ... Uyy(M)

(M) := < Mo a0 MIHE-] 0 0 (50)
and observe that z(M | A,, B, n) = T(M)-5. The transformation 7'(-) is affine due to the definition
of W; (M) (see Subsection 2.1.1). The claim follows from the fact that E,, [nn”] = I. O
Back to our fixed M € M,., Claim 34 implies that T'(M) = Z?:o ;T (M, ;). We have

T

2d 2d
S(M) =T(M)T(M)" = [ Y NT(M,5) | | D NT(M,;)
j=1 J=1

2d 2d 2d
< [N ) | 1 )T ()T | <184y S(Myy), s1)
J=1 J=1 j=1
where we used a generalized Cauchy-Schwartz that we prove in Appendix 57. O

B.4 Estimating the disturbances

We prove a lemma which guarantees that the disturbance estimates w, are on average very accurate.

Lemma 35. With high probability, we have Zthl @y — wel2 < O(1) - (dy + doy)?.

Proof. After playing action u; and then observing x;, 1, we record the estimates A\t-&-l’ §t+1 and
Wy = Tpy1 — App17e — Berqug. Let Vo = A - I, where A is defined in Algorithm 3, and V; =
Vo + Zi;ll 221 . Also, we remind the reader that A; = (A4; B;) — (A, B.). We have

2

Ti41 — At+1117t - Bt+1ut - ($t+1 — Az — B*Ut)

@ = we]* = |

2

12 _1
= A1z < HAthlvtilH "‘/;Jrfzt

2 ~
Lemma 28 implies that with high probability HAmVil H < O(1) - (dy + dy)?, for all t. The

2
= ZtT:l |E ||%,71 follows from a linear-algebraic inequality, which has
t+1

_1
bound on Zthl ’ Vil
previously appeared in the context of online optimization [16] and stochastic linear bandits [13]. We

state this inequality below.

Lemma 36 ([20]). Let V;y positive definite and V; = Vy + 22;11 xsxST, where x1,...,x7 € R" is
a sequence of vectors with ||z¢|| < L, forall t. Then

T

tr(Vo) + TL?
Z(1A||xtll2v—1) < 2nlog % : (52)
pary t+1 ndet™"(Vp)

We get Zle <1 A ||zt ||‘2/,1 > < 6(dT +d,,), by applying this lemma for our sequence z1, . . ., z7.
t4+1
The following claim completes the proof.

Claim 37. With high probability, for all t, we have Hzt||%/,1 < 1L
t+1

Proof. From Claim 60 we have that with high probability, ||z;|| < O(k®B%y~2)/dy, for all t. On
the other hand, A/ < V1. Our choice of A (Algorithm 3) finishes the proof. O
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Remark 38. It is worth noting that the proof of Lemma 35 does not use any information about
the way we choose the controls. On the other hand, the choice of controls matters for obtaining
accurate estimates of A, B.. Thus, the disturbances can be accurately estimated without accurately
estimating A,, B,.

B.5 Proof of Lemma 11
In the proof, we use C(M) to refer to C(M|A,, By).

T
Ry = R = (elar, u) = C(My)) + T min C(M) — T min J(K) (53)
t=1
T
< Y (elwr,ug) = C(My) + 1, (54)
t=1

where we used Theorem 5. We proceed with some definitions. We use the intervals I, ; and Ir ik
that we defined in the beginning of proof of Lemma 29. Also, let I . = {¢, j, rj 1. rj T

— 1}, i.e. the first H' steps of I, ;. Observe that tholj}_’j,h = Ir,j \ I, ;. Let g be the total
number of epochs.

T q
(c(xe, ur) — ZZ Z oy, u) — C(My))

t=1 r=1j=1tel, ;
qa 2d H' -1 q

B 5035 S SRTTRREEIENG o) 3B SRN ORI T1S REs
r=1j=1 h=0 tel, r=lj=ltel] ;

We bound these two terms via the following two claims.
Claim 39. With high probability,

ZZZ > (elwu) —C(My)) < OBy %) \/(dy + du)?T. (56)

r=1j=1 h=0 tel,

Claim 40. With high probablllty

q
ZZ D (elwu) —C(My)) < O(K°B*y~1) - di/2d,- (57)

r=1j=1tel, ,

These two claims and the fact that we have assumed T' > 7_2 conclude the proof of Lemma 11.
We first prove Claim 40.

Proof. We will use the fact that the number of policy switches is small, i.e. logarithmic in 7". First,
we will need the following claim, which we prove in Appendix 67.

Claim 41. With high probability, for all t,

el u) —C(M;) < OBy %) - V/da. (58)
Using Claim 41,
q 2d )
ZZ Z (c(ze,ug) — C(My)) < q-2d-3H-O(k°B2>y2) - Vdy
r=1j=1tel] ;
< 6(55527_4~) di/2du (59)
O
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Now, we prove Claim 39.

Proof. We break the sum into two terms: the first will be controlled via martingale concentration
and the second will be errors coming from truncation of horizon-type arguments and the fact that
the algorithm uses w; instead of w;. We use the auxiliary sequence (Z;); defined in Appendix B.3.1.
From Claim 67, we have that with high probability, for all £,

2H+1
17— zll < OB - S (@i — wemsl| + 1/T. (60)
i=1
So, we write
q 2d H'-1
2.2 ). D (elwnu) —C(My)
r=1j=1 h=0 t€l,
H'-1 q 2d q 2d H' -1
= oD (eE) —CM)+D Y Y D (elm) —e(z) (6D
h=0 r=1j=1tel, r=1j=1 h=0 t€l, ;
For the second sum, we have that with high probability,
q 2d H'-1 _ T 2H+1
.20 D (ela) —ez) ZIIZMH < OB Y D 1@ —wimil] +1
r=1j=1 h=0 t€l, ;n t=1 i=1

IA

O(k° B2y~ Z @y — wll +1,

) (62)
where we used inequality 60 and the fact that c is 1-Lipschitz. We now apply Lemma 35, followed
by Cauchy-Schwartz, to get Zthl |we —we|| < O(1)-+/(dy + dy)3T. Thus, we showed that the
second sum in 62 is at most O (k°32y~2) - \/(dy + dy)3T.

We will now bound the first sum, i.e., Zﬂgl 1, Z?il Ztelw . (c(Zt) = C(M,.;)). We will
bound each

q 2d
DD D (elz) —C(Myy) (63)

r=1j=1t€l, jn

separately. We define the o-algebra F; = o(wy,wa, ..., wi—p—1). We also fix a tuple (h,r, j,t),
where h € {0,1,...,H'}, r € {1,2,...,q}, 5 € {1,2,...,2d}, and ¢t € I, ;. Now, we focus
on the sum in 63 which corresponds to our fixed h. Observe that for all s < ¢, if ¢(Z,) — C(M;)"!
participates in this sum, then it is F;-measurable. This is because of 1) the way the algorithm decides
which policies to execute and 2) the definition of the sequence (Z;);. Moreover, the policy M, ; is
also F;-measurable, because at time ¢ we have already spent at least H’ timesteps in epoch r, so
everything that happened up until the end of epoch  — 1 is F;-measurable, and so the same is
true for M, ;. Combining these observations with the definitions of Z; and C(M,.;), we get that
Elc(z:) — C(M, ;)|F¢] = 0. To apply martingale concentration we will need the following claim.

Claim 42. There exists 0 = O(k°B%y~2), such that z; is o-Lipschitz as a function of
(We—2m-1,...,wi—1). Furthermore, conditioned on F;, the random variable ¢(z;) — C(M, ;) is
o?-subgaussian.

Proof. Since M, ; € M, foralls € {t - H—1,t—H,...,t}, Usis L, = Zfil ||M[Z 1 I =
O(r3B~y~1)-Lipschitz. Thus, the Lipschitz constant of Z; is upper-bounded by

H H
SONAL 4D AL 1Bl - L < O(s*y ™' + 52y 8 - Lu), (64)
1=0 1=0

" Observe that M is also random.
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where we used Claim 54. Substituting L,, finishes the proof of the first part. The second part follows
from the fact that c is 1-Lipschitz and from Gaussian concentration [32]. O

2T
3H

with ¢ as in Claim 42, and so with high probability it is at most O (\/O’QT/H ) By applying
union bound, we get that with high probability the first sum in 73 is at most O (\/ o?TH ) =
5(/{5627’2'5) VT. O

From Azuma’s inequality [31], for our fixed h, the random variable in 63 is o -subgaussian,

O

C Bandit feedback: Proof of Theorem 17

We will prove the following theorem.

Theorem 43. There exist Cy,Cs,C3,Cy,Cs = poly (dm, dy, K, B,7" 1, log T), such that after ini-
tializing the SBCO algorithm withd = d-d,,-H, D = Cy, L = Cs, 02 = C3andn = T/(2H+2),
the following holds. If T > Cl, the intial state |z1|| < O(k28~v~Y/2) . \/d,, and the initial esti-
mation error bound ||(Ag Bo) — (A, B,)||r < e satisfies €2 < (Cg - dpdy(dy + du)) ™", where
Cs = K'°B%* =5, then with high probability, Algorithm 4 satisfies Ry < Cs-/T.

Given the above theorem, Theorem 17 follows from the analysis of warmup exploration given in
Appendix F (specifically Lemma 63). Theorem 43 follows from the following two lemmas (similarly
to the case of known cost function).

Lemma 44. With high probability, Ry — R5t < poly (dm, dy, K, 8,74, log T) VT.
Lemma 45. With high probability, R5t < poly (dy,dy, s, 8,7 ,1ogT) - VT.

To prove these lemmas, we will first need a bound for Zthl || @ — wel|?.
Lemma 46. With high probability, Algorithm 4 satisfies 31, ||, — we||? < O(1) - (dy + du)?.

The proof of the lemma is exactly the same with the proof of Lemma 35, so we do not repeat it
here. Second, we require a generalization of the SBCO setup (Appendix C.1). After this, we prove
Lemma 44 in Appendix C.2 and Lemma 45 in Appendix C.3.

C.1 SBCO: robustness to small adversarial perturbations and low number of swtiches

We consider a small generalization of the SBCO setup, where the learner observes the function
values under the sum of a stochastic and a small (on average) adversarial corruption. We will show
that we can properly set the hyperparameters of the SBCO algorithm from [3], to get /n regret
efficiently (n is the time horizon), in this more general setting. We will also note some useful
properties of that algorithm and we will finally give some preliminaries related to its application in
Algorithm 4.

Setting

Let X be a convex subset of R%, for which we have a separation oracle and has diameter bounded
by D. Let f : X — R be an L-Lipschitz convex function on X'. We have noisy black-box access to
f. Specifically, we are allowed to do n queries: at time ¢ we query z; and the response is

yr = f(@e) + G+ & (65)

where (; conditioned on ((q,...,(—1) is ag-subgaussian with mean 0 2. The sequence &1, ...,&,
can be completely adversarial and can even depend on {(;};c[,j. However, the magnitude of this

2In [3] they consider ¢; independent but the analysis easily generalizes to the martingale condition that we
use.

22



adversarial noise satisfies the following constraint: with probability at least 1 — 1/n¢,

> & < a, (66)
t=1

for some parameters ¢ '3

to minimize regret:

,0¢ > 0. The algorithm incurs a cost f(z) for the query x;. The goal is

> (@) = f(a), (67)

t=1

where z, is a minimizer of f over X. Clearly, the standard SBCO setting [3] is recovered when
& = 0 for all ¢. The algorithm in [3] uses a hyperparameter o, which is set to be 0. We will show
that for this more general setting that we described, we can get the same regret guarantee (up to a
factor depending on o¢), by setting o := /¢ + 1 - max(o¢, o¢) and running the same algorithm.

Regret bound

Theorem 47. With probability at least 1 — O(n™°), the algorithm in [3] (page 11) initialized with
hyperparameter 0 = \/c + 1 - max(o¢, o¢) has regret

T
> (f(z:) = f(z.)) < poly (o.d, L,logn,log D) - v/n. (68)

t=1

Proof. Every time this algorithm queries a new point z, it queries it multiple times and takes the
average of the responses to reduce the variance. More specifically, the algorithm maintains a param-
eter v which is the desired estimation accuracy. If at time ¢, the point to be queried is new (different

. . . . 2 . .
than the one at time ¢ — 1), then it queries it s = 4 - %2 log n times'#) and receives v, ..., Yi1s_1.

Then, the algorithm computes the average avg; = 1/s - Z::_g Yi+i. In [3], the proof of the regret
bound (which is the same as the RHS of 68) uses the fact that the noise is stochastic only in order to
argue that with probability at least 1 — ¢, the error |avg; — f(x:)] < 7, for all ¢. Once they have
this, their analysis implies that the regret bound holds with probability at least 1 — §. The proof of
our theorem is essentially that this condition also holds in our setting (for 6 = 1 — O(n~°)), if we
set 0 = v/c+ 1-max(o¢,o¢). Indeed, we have

—1 —1
Zf:o Ct+i + Zf:o ft—&-i
S

S

avgy = f(x) + (69)

2
e Stochastic component: s = 4 - z—i logn > (c¢+1)- (,;;7%)2 logn, so from Azuma’s
inequality: ‘% < /2, with probability at least 1 — O(n~(¢*1)). A union
bound implies that the bound holds for all ¢, with probability at least 1 — O(n~¢).

e Adversarial component: by applying Cauchy-Schwarz, we get that with probability at least
1—0(n=¢), forall t,

s— sl
‘Z;_ol St < \/gm < % < v/2. (70)
O

Other than the regret guarantee, we will also need some other properties of the SBCO algorithm. To
present these, we need a high level description of this algorithm, which we now provide.

BThis of ¢ as a large constant.
"“In 3], there is a typo, because they write s = 2 - % logn. However, they fixed it in the journal version
. . v
[2], where the formula for s is the one we give here.
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High level description of the SBCO algorithm

Let H; = (7;,9:)!_,", i.e., the history up to time t. There exists a function g that is polynomial-
time computable and takes as input H; (for any t) and outputs a pair (x, s), which indicates that the
algorithm will query « for the timesteps ¢t +1,t+2, ..., ¢+ s. More specifically, given this function
g, the SBCO algorithm has the following form.

Sett =1.
Setr =1.
whilet < ndo
Set j, = t (switching time).
Set (2, 5) = g(H_1).
Query z for the timesteps ¢,t + 1,...,t +s— 1.
Sett =1t +s.
Setr =7r+1.
end

The way the function g is constructed makes sure that the above algorithm queries exactly n points.
We now state two facts about this algorithm, the first follows from the above description and the
second from inspecting the full algorithm (page 11 of [3]).

Fact 48. Ift € [j,, jr+1), then x; (point queried at time t) is o(H;, _1)-measurable.
Fact 49. At the end of the algorithm, the index r < poly(logn,d,o,log D, L).

Note that Fact 49 says that the number of point-switches is only logarithmic in n.

SBCO algorithm in Algorithm 4: preliminaries

Let H = 2H + 1, n = |T/H'| and M(1),M(2),...,M(n) be the points/policies queried by
the SBCO algorithm in Algorithm 4. Observe that for all ¢, if t = (j — 1)H’ + h for some h €
{1,..., H'}, then the executed policy at time ¢ is M; = M(j). Also,letj; < jo < ... < ji
be the switching timesteps of the SBCO algorithm (as in the high-level description of Section C.1).
We define ¢, = (j,. — 1)H’ + 1 and t;41 = T + 1. Observe that the executed policy M; remains
constant for all ¢ € [t,,t,+1). Also, Fact 48 directly implies the following claim that we will use
later.

Claim 50. Ift € [t,,t,,1), then My is o((zs, us) 7 }")-measurable.

C.2 Proof of Lemma 44

The proof is similar to the proof of Lemma 11. We use C(M) to denote C(M | Ay, By).
T
_ st _ _ . . .
Ry — Rt = (c(z) = C(My)) + T min C(M) =T min J(K)

t=1

[M]=

(c(z) — C(My)) + O(1), (71)

~
Il

1

where we used Theorems 5, 6. We proceed with some definitions. For all r € {1,...,k}, h €
{0,1,..., H' -1}, we define the intervals I, = [t,,t,41), L, ={t € I, |t = t,+H'-j+h,j > 1}

and I = {t, t, +1,... . t, + H —1} = I\ (U5 '1,.1,). We have

T k
(c(z) = C(My)) = > " (e(z) — C(My))
t=1 r=1tel,
k H' -1 k
=300 > (e(z) —C(M)) + D> (e(z) — C(My)) (72)
r=1 h=0 tel, r=1tell

SWe define Hy = 0.
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We call the first sum 57 and the second S5. In Appendix G (Claim 69), we show that with high
probability, ¢(z;) — C(M;) < O(k5B2y~2) - \/dy, for all t. Combining with Fact 49, we get that
with high probability, Sy < k- H’-O(k®32y~2)-+/dy = poly(dy,du, %, 8,7, log T'). To bound
S, we use the auxiliary sequence (Z; ), defined in Appendix B.5.

H'-1 k —1

ZZZ c(z) = C(My)) + ) ) — c(z)) (73)

=0 r=1tel, r=1 h=0 t€l,p

T

~

We call the first sum S3 and the second S4. We first bound .S,. In Appendix G (Claim 67), we show
that with high probability, for all ¢,

2H+1

20— zell S 678%™ D @i —wii| + 1/T, (74)
i=1
So, we have that with high probability,
T
54 < Z ||Zt — Zt” < O 562 Z ||wt ’lUtH + 1 (75)
t=1

We now apply Lemma 46, followed by Cauchy-Schwartz, to get that with high prob-
ability, S21 @, — w < O(1) - /(dy + dy)T Thus, we showed that
Sy < poly(dy,dy,k,B,7 ' logT) - VT. The final step is to bound S3 = thlal S5,
where S35, = Zle >oter,, (¢(Z) —C(My)). We will show that with high probability, for all

h, Ss. < poly(dy,du,r, 3,71, logT) - VT, which will conclude the proof. We will prove the
following claim.

Claim 51. Let Fy = o(wy1,wa,...,w—pr—1). Letr € {1,...,k}, h € {0,...,H — 1}, t € I, .
The following hold.

o Ift' < t— H', then c(Zy) — C(My) is Fy-measurable.
o E[C(Et) - C(Mt) | ]:t] = 0.
e Conditioned on Fy, ¢(z;) — C(My) is poly(k, 3,71, log T)-subgaussian.

Given this claim, we can apply Azuma’s inequality and a union bound to bound S3 j,, for all h. It
remains to prove the claim.

Proof. First, we show thatif ¢’ < ¢, then My is F;-measurable. Indeed, from Claim 50, we get that

My is o((zs,us)'7 " )-measurable. Also, we have o ( (4, us)7 ") C o(wr, wa, . .. ,wi ,—2) € Fi,
sincet > t,+ H'.

Now, we show the first bullet. Let ' < ¢ — H’. Then, from the argument above, My is F;-
measurable. Also, Zy is o(wy, ws, ..., wy_1)-measurable and o (wy, ws, ..., wy_1) C Fy, since
t >t +H.

For the second bullet, notice that conditioned on F, the only source of randomness in ¢(z;) —C(M3)
are the w,_p/, ..., wi—1. Since t € I, at time ¢ the policy M, has already been executed for the
last H' steps. Thus, E[c(Z:) — C(M) | F¢] = 0.

For the third bullet, it is easy to see that Z; is poly(k, 3,7 !)-Lipschitz as a function of
(wi—pgr, ..., wi—1). This, combined with gaussian concentration [32] completes the proof. O

O

C.3 Proof of Lemma 45

We first prove the following lemma.
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Lemma 52. Under the conditions of Theorem 43, we have

> (C(M(j) = C(M.)) < poly(da,du, s, 8,7, log T) - v/n. (76)

j=1

Given this lemma, Lemma 45 immediately follows, since Ry = H' - > 7_  (C(M(j)) — C(M..)).
We now give the proof of Lemma 52.

Proof. Clearly, there exist C1,Co < poly(dy,dy, s, 3,71, 1ogT), such that C(M) is C;-
Lipschitz and the diameter of M is at most C5. It suffices to show that when the SBCO algorithm
queries M (j) = My, where t = (j — 1)H’ 4 1, the response ¢(z¢4 g/—1) can be written as

c(ze4m—1) = C(M(5)) + ¢(4) +£0), (77
where

e conditioned on ((1),...,{(j — 1), the noise ((j) is poly(ds,dy, s, 3,7 1, logT)-
subgaussian, and

e with high probability, 2?21 £(j)? < poly(dy,dy,k, 3,7 1 logT).

We will use the auxiliary sequence (Z;); defined in Appendix B.5, to write
(zemr—1) = C(My) + (c(Zepmr—1) — C(My)) + (c(zen—1) — ¢(Zigpn-1)).  (78)
The second term is ¢(7) and the third is £(j). The guarantee on ¢(j) follows from Claim 51. For
the guarantee on Y7, £(j)?, we have >0 £(j)* < S |1zt — Z|/%. By Claim 67, we have
Sz =z < O(1) +poly(k, 8,7 1) - Sp_; |lwe — @]|?. Lemma 46 concludes the proof.
O

D Auxiliary claims

Claim 53. With high probability, for all t,
wel| < O(Vdz). (79)

Proof. This follows from standard concentration of the norm of gaussian random vectors [32]. [

Claim 54. Foralli € N, |Ai| < x2(1 — ).

Proof. Using Assumption 1, we have ||AL || = [|QA*Q 7| < k2(1 — )" O
Claim 55. There exists a Z = 6(55627_2) - \/dg, such that the following hold. For any policy

M € M, we have E, || z(M|A., B.,n)|| < Z. Furthermore, suppose that ||z1| < O(rk2By~1/2).

d,'%, and that instead of executing our algorithms, we play u; = Zflzl Mt[ifl]wt_i for all t,
where (M), is an arbitrary policy sequence. Then, with high probability, we have ||z;|| < Z.

Proof. First, we fix a policy M € M. For this proof, we write u(M | niirn—1) =
Zle MU=y, i1, where 1.4 1 denotes the sequence 7,741, ---,MitH—1. S0, we have

Ey2(M | Ao, Bon)| < Eglle(M | Av, Bo,m)|| + Eyllu(M | 5011l Now, for all i —
{0,1,..., H + 1}, we have

2 A CNT
(Ea I s a)) < By M a2 = o (S (M01) 7 gl

J
<Ky d, (80)

'®This is guaranteed to hold after the warm-up exploration (Lemma 63).
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Thus, we bounded E, ||u(M | no.zr—1)|| < k38y71/2 - \/d,,. Now, we write

H H
x(M | As, Bun) = Z AL i+ ZAiB*U(M | Dit1:ivm) (81)
i=0 i=0

By triangle inequality,

H H
Eylle(M | Ax, Ben)ll < D IAU-Eyllall + D 1AL - 1Bl By a(M | 9i1ivr)]
=0 =0

<\F,¢QZ (1—+ +m262 1= &8y V2 dy,  (82)

where we used inequality 80. Thus, we get E, ||x(M | A., B.n)|| < k28232 - V/d,.

Now, we will bound ||z]|. First, we assumed that |[z1]] < O(Bk2y~/2).\/d,. Also, the
disturbance bound from Claim 53 and the spectral bounds on M, m, imply that with high prob-
ability, for all t, we have ||u]| < O(k*8y~!) - /d,. We now show that for large enough

= O(K®82y~2) - \/d,, after conditioning on ||z1|| < 6(6n yY2) . dy and wy; < O(V/dy)
and ||u| < O(k3By~1) - V/d, forall t, we have ||x,|| < Z/2, forall t.

t—1 i—1
lzesall < NAL@all + > NAU - wemill + D IAL - Bl - [luae—s] (83)
i=0 i=0

Using the bounds on disturbances, controls and ||z ||, we get that ||2:;41]| is at most

(ﬁﬁz —1/2 \/> K +\/> K2 . Z Y+ K28 Zl— ‘ 357_1) \/d:v

(84)
which is at most Z/2. O
Claim 6. Forallt > H+2 Ey o2y [ \Eu |22, || < 0(°8%072) - VL.
Proof. First, for all t, By |jug]| < S0, [|MUE=U|| - By flw,_i]| < s38y~1-V/d, . We have
t—H—-3 N t—H-3 R
xgl)H 1= Z A'wi_pr_o_; + Z A'Bui_g_o_;. (85)

Also, in Claim 22 we proved that A is (k,7/2)-stronlgy stable. Also, we have ||B —
B.| < v/(2k%),s0|B|| < B+ 1. Thus, we get

t—H—3 t—H—-3
1 i i 5
Eollofp il < D 1A Bullwmaill+ > A Bl Bullu sl
i=1 i=1
o0
< \/dx,%QZ 1—v/2) +K*(B+1) 21—7/2 K3By ™ \/d,
=0 =0
SKEBY Ve (86)
Since A, is (k,y)-stronlgy stable and ||B.|| < S, the same calculation gives Ew||x£27)H71|| <
K2B2y2 . \/d, . O
Claim 57. Let \y,..., A\, € Rand Ay, ..., A, matrices with compatible dimensions. Then,
T
D NA | A4 | S ) | 44T (87)
=1 =1 j=1 =1
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Proof. Without loss of generality, it suffices to prove the result for the case where A; have each one
column. Then, for all vectors x,

T

l‘T Z)\jAj Z)\jAj xr = ZAJA?I . ZAJAfI
j=1 j=1 j=1 j=1
SEDIES N DICHOY
j=1 j=1
=2T | M| | D447 | (88)
j=1 j=1
O
E Proof of Lemma 28
We use |Q)| to denote the determinant of matrix (). We first state Lemma 6 of [12].
Lemma 58. Let Vy = A - I. With high probability, for all t,
~ Vi
IATI, < O (ds + du)log 111+ Toll Al (59)

Since |Vo| = A=tdu ||Agllr < € < (d, + d,) (condition of Theorem 9) and A\ = Tp, we get
that with high probability, for all ¢,

IATIE, < O(1) - (do +du)? (1+log [+ 90)

The following claim helps control [V].
Claim 59. Forallt,

1 1
yi(datd) ™t
Vil = dy +dy,

t
s

1
2] + AVT. o1
1

Proof. From AMGM,

t—1
(otd)™t o L _ T
Vil S Gaa WSy ;“ AT

t—1

1

= Yl AT
T u S:].

So, it remains to control the magnitude of z;.

Lemma 60. Suppose ||z1]| < O(x2B~~Y/2)-\/dy 7. Then, with high probability, both Algorithms
1 and 4 satisfy for all t,

Izl < O(K°B*y™2) - V/d,. (92)

Proof. 1t suffices to show that if both 90 and 79 hold for all ¢, then 92 holds. We prove this by
induction on ¢. For t = 1, we have u; = 0 (for both algorithms) and ||« || is bounded by assumption.
Suppose that z; satisfies 92 for all s < ¢. Then, Claim 59 implies that for all s < ¢,

L
log [V 1| < 01) 93)

""This is guaranteed to hold after the warm-up exploration (Lemma 63).
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and so by 90 we have

AT, |5, Vi, S O(1) - (dy + dy)?. (94)
We now bound ug for s < t. Fixans < t¢. We have
H 4 H . H 4
= Z MV, ;= Z MM, + Z MET (@i —wes) . 95)
i=1 i=1 i=1

We show the following claim.

Claim 61. Forall T < t, we have ||, — w.|| < O(1).

Proof. We have

1@ — w2 = [Arss - 22 < OB - dy - [ Arsall 96)
From inequality 94 and the fact that A - I < Vi1, we get that | A, 1| < O(1) - (ds + du)?/Tp.
The claim follows from our choice of A. O

Back to our fixed s < ¢, using Claim 61 and Claim 53, we get

lusl < O(1) - Vd, - ZIIM’ U < 0’8y - Vs . 97

We will now bound ||x¢]|.

t—1
o] = || AL e + ZAi_l (we—i + Baug—;)
i=1
t—1 .
< AT a4+ S 0T Qi+ 1B )
i=1
< OB ) Vo A7+ OG5 ) ZIIAZII

S (/{562772) YV dx;
where the last step follows from (r, y)-strong stability of A,. The fact that ||z¢|| < ||z¢]| + [Ju|
finishes the proof. O

We can now finish the proof of Lemma 28. With high probability, both 90 and 92 hold for all ¢, so
log |Vt|(dm+d'ur1 < O(1), which after being plugged-in inequality 90 completes the proof.

F Warm-up

Algorithm 5: Warm-up exploration
Set Ty = A, where ) is defined in Algorithm 3.
fort=1,2,...,Tydo

Observe x;.

Play u; ~ N(0,1).
end
SetV = 221 22l + (k2 +B)72- 1.9
Compute (Ag By) = E;‘Fil T2l VL

“z¢ is defined as in Algorithm 3.

To get the initial estimates Ay, By we conduct the warm-up exploration given in Algorithm 6. In the
main text we use x; to denote the state after the warm-up period (i.e., z7,+1). This “reset” of time
is done for simplifying the presentation in the main text. From Theorem 20 and Appendix B.2 in
[12], we automatically get the following lemma.
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Lemma 62. Ler Ay = (Ag By) — (A« B.). With high probability,

(dy + du)?

2~ A(1).
18alE < O(1) - =

= (Cldrdu(dr + du))ila (98)

where Cy = k0345,

Now, we bound the regret overhead caused by the above process.

Lemma 63. Let C = k'3p°y~55. With high probability, the regret incurred during warm-up
exploration is at most

and the state at the end of it, i.e, 27,1 has norm ||zg, 11| < O(k28y~1/2) - V/d,.

Proof. We define the regret at step ¢ to be ¢(z;) — J(K), where K, € argmingx J(K). We
prove the following claim.

Claim 64. During warm-up period, the regret at step t is at most ||z;|| + O(x3y~Y/2\/dy).

Proof. Let K, € argmin . J(K). For all ¢, we have

T

c(xp,ur) — J(Ky) = ez, up) — q}grloo% -Ek, tz:;c(xf(*,uf(*)
S K. K
= Th_r:gOO T ;EK* [c(mt,ut) —c(xy, uy )}
1 e K K
< Jim DBk [lzall + Nl | + st ]
< lzell + @
where Q is such that Ex_ [||zX* || + |uX*||]] < Q. for all t. Claim 65 shows that @ can be chosen
to be at most O(k*y~1/2/d,,), which finishes the proof. O

Now we use that ||z;|| < ||@¢|| + ||we]|, and we bound ||z;|| and [Ju,]|.

e With high probability, ||lu;|| < O(v/dy), for all t € [Tp]. Indeed, for ¢ € [Ty] we have
uy ~ N (0, I), so the bound on ||u.|| follows as in the proof of Claim 53.

e Now, we bound ||z||. For all t € [Ty + 1], x¢ ~ N (0, X), where
t—2 ,
S =Y Al(I+B.Bl)(AL) (100)
=0
From Claim 54, we have H(A*T)ZAi < HA;HQ < kY1 — )% Also, |[I +
B.BT|| < 1+4|B.||> < 1+ B2 We conclude that

oo

IS < 1+ 8%)6*> (1 —7)* S By (101)
=0

Now, z; ~ »1/22, where z ~ N (0, I). Thus, with high probability, for all t € [Ty + 1],
z]| < O(Br*y~Y/2) - Vd,.

Since at each step we suffer regret at most 6(/@3 By~1/2y d,;) and the warm-up period is the interval
{1,2,...,Ty} and Ty = O(x'°p*y =) - d,pd,(d, + d,)?, we are done. O
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G Auxiliary Claims
Claim 65. Forall K € K, Ex[||z5 || + [[ufX]]] < O(x3y~Y2V/dy).
Proof. We have o = (A, + B.K)aE | + w1 = Z:;é(A* + B.K)'w;_;. Thus,

t—1
Ellael)? < Elled]? = tr (Z((A* + B.E)) (A, + B*Kw')

=0
t—1 )
< dp Y || Av+ B.K|¥
=0
< dpst ) (1=9)* < O(dpr*y™). (102)
=0
Thus, El|z:|| < O(k2y~Y2/dy).
Finally, we have E||u;|| = E|Kz;|| < sE|jz]| < O(k3y~Y2/d,). O

Claim 66. Forall M € M, R*{(M) < O(xk%0%y~2) - Vd,.

Proof. We use the quantity z(M | Ay, B,,n) that we define in 13.
R¥'(M)=C(M | A,, B.) — C(M. | A, B.)

< EUHZ(M | A*vB*’n) - Z(M* | A*aB*an)H
< Epllz(M | As, Bey )l + Ey|2(M. | As, Bi, )|
< O(K°B*y72) - /dy, (103)
where we used the definition of C, that c is 1-Lipschitz and Claim 55. O
Claim 67. With high probability, for all t,
2H+1
I1Ze — 2ol S 2B D @i — wisl + 1/T. (104)
i=1

Proof. First, for all ¢,

H .

ST M w,; — wys)
i=1

Furthermore, ||T; — 24| < Zio WAL Ballll@—i—1 — w1 || + |AEH 2, gr_q]|. Claims
54 and 55 imply that with high probability we have ||AZHlz, 5 || < &k2(1 — y)H+L.
O(k°B%y=2)\/d, < 1/T. Using the bound 105, we get

[ — ]| =

H
< > KRB = ) lwemi — D). (105)
=1

H H

17—l < Y w2BA—)" Y KB =y |lwri—j1 — @i+ 1/T

i=0 j=1
2H+1

< KBPH Y lwimi — @l + 1/T. (106)
1=1
Finally,
1Ze = zell < T — 2| + [ — we]
2H+1 H
< - RBPH Y wii — @i + 1T+ 638 [|wi—s — @]
=1 1=1
_ 2H+1
< O(K°B2y™") - D Nlwes — @yl + 1/T. (107)
i=1
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Claim 68. With high probability, for all t, we have || A]| < ~v/(2x2).

Proof. The proof follows from Lemma 28, along with our choice of Tj. O

Claim 69. For both Algorithms I and 4, we have that with high probability, for all t,

c(ae,ur) — C(My) < O(K°B2y™2) - \/d,. (108)
Proof.
(@, up) — C(My) = (zt) Ey[c(2(M | A, By, n))]
=By [e(z) — e(2(M | As; B.;n))]
< VIHZt*Z(M‘A*aB*an)”
< lzell + Eyllz(M | As, Ba,m)l- (109)
Lemma 60 and Claim 55 complete the proof. O

G.1 Proof of Theorem 5

We will use Py, P,, P; to denote large polynomials in T, d,., x, 3,7~ . Fix a K € K and consider
the corresponing dynamics %, = (A. + B.K)zf + wy, 28 = 0. Also, v/, = Kzf | By

unrolling the dynamics, we get 1% | = Zz:é (A, + B.K)"w;_;. Thus,
ull, = KZ . + B.K)'w,_;. (110)

Let Ml = K(A, + B,K)?, fori = 0,1,...,H — 1. Also, consider the dynamics u;, (M) =

ZH Y MU, and 20 (M) = Aszy(M)+ Bouy (M) +wy, 21 (M) = 0. We prove the following
clalm

Claim 70. Forall t, E,, Hufil — w1 (M)|| < 1/Py, where ¢y is a large constant and w denotes
the sequence (wy)y.

Proof.

N

t—1
Eollufyy —uei (M| < Bo| K Y (A + BiK)'wi]| < Vdo Y IK]] - [[(As + BoK)|

t—1
< wVdy Y k1 —9) < BVd (19" )y < 1P, (111)
i=H

because of the way we choose H. O
We have
o= Alw_; + Zl ALBuk (112)
and
T (M) = Z_:Aiwt_i + z_:AiB*ut_i(M) (113)

By subtracting, we get

t—1
|2y = 2o (M) < Y AL IBall - lufS; = s (M)
=0
t—1 )
< /P JIAL 1B < 1/Py, (114)
=0
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Now, lett > 2H + 2, let n(w) = (w¢—1, w1, ..., wr_2m—1) and observe that u(M | n(w)) =
ug(M) and (M | Ay, By, n(w)) = z¢(M) — AH Y2, 15 (M). Thus,

Eolo(M | Ay, Bi,n(w)) = 2o(M)| < AT - Eollze-r-a (M| < 1/P3,  (115)

since By ||lzi—1-g(M)| < 1/Py+Ey, |2k, 4| < O(k3y~1/2\/d,), by Claim 65. Overall, we
have shown that forallt > 2H + 2,

Eyllu(M [ n(w)) = uf | + Ewl2(M | As, Be,n(w)) — || < 1/Pi+1/Pp+1/Ps. (116)
Using the above, we get

|J(K) = C(M | A, B

T
= Jim LB S elal uf) — Bue (o (M| Ay, Bunfw)),u (M | n(uw))))
t=1
1 T
< Jim 2 S By (el — a(M | A, Bon(w) ]|+ [ul — u(M | n(w))])
t=1
< 1/Pi+1/P,+1/Ps < 1/T. (117)

G.2 Proof of Theorem 8

We first define C-approximate barycentric spanners and cite a theorem that says that they can be
computed in polynomial time given a linear optimization oracle. Given that theorem, it is easy to
get the same result for the affine case, i.e., C-approximate affine barycentric spanners.

Definition 71 ([5]). Let K be a compact set in R, A set X = {z1,...,24} C K is a C-
approximate barycentric spanner for K if every x € K can be expressed as a linear combination of
elements of X using coefficients in [-C, C].

Theorem 72 (Proposition 2.5. in [5]). Suppose K C R? is compact and not contained in any proper
linear subspace. Given an oracle for optimizing linear functions over K, for any C' > 1 we can
compute a C-approximate barycentric spanner for K in polynomial time, using O(d* log(d)) calls
to the oracle.

Let xo an arbitrary point in K (we can get one with one call to the oracle). Let K — zp := {a —
xo | ¢ € K}. Since K is not contained in any proper affine subspace, K — x is not contained
in any proper linear subspace. Furthermore, the linear optimization oracle for K is also a linear
optimization oracle for K — xy. Thus, Theorem 75 implies that for any C' > 1 we can compute a
C-approximate barycentric spanner for K — x in polynomial time, using O(d? log(d)) calls to
the oracle, which finishes the proof.

G.3 Proof of Theorem 5
We will use Py, P, P; to denote large polynomials in T, d,, k, 3,7~ . Fix a K € K and consider

the corresponding dynamics z1%; = (A, + B.K)z{ + w;, i = 0. Also, uf%, = Kz{%,. By
unrolling the dynamics, we get z , = S"'_ (A, + B.K)"w;_;. Thus,

ull | = KZ . + B K)'w;_;. (118)

Let Ml = K(A, + B,K)', fori = 0,1,...,H — 1. Also, consider the dynamics w4 (M) =

ZZH:_OI MUy, ; and xpp1(M) = Awxe (M) + Baus (M) +wy, 21 (M) = 0. We prove the following
claim.

Claim 73. Forall t, E,|ufl, — wiy1(M)|| < 1/Pi, where ¢y is a large constant and w denotes
the sequence (wy)y.
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Proof.

Eulluity — w1 (M)

IN

t—1
EwHKZ( +B.K) | < \FZHKII I(A. + B.E)'|

< KWZFP 1-9)" < &V, (1—y)"/y < 1/Py, (119)

because of the way we choose H. O
We have
oK = ZA Wy l—&-ZAlB uk (120)
and
-1 =1
2o (M) = Alw_;+ Y ALBou_;i(M) (121)

By subtracting, we get

t—1
Eullzfs — 2epr (M) < D NAL - IBall - BullufS; — w—i(M)]]
=0
t—1 .
< /P JIAL 1B < 1Py, (122)
1=0
Now, we have
1 T
[J(K) = J(M)| = Tlggo?Ewt:Zl(c(xf,uf‘)fc(xt(M),uxM)) (123)
. 1
< dim By (ol - 2] + [luf — u (M0)]) (124)
< 1/P,+1/P, < 1/T. (125)

G.4 Proof of Theorem 6

We consider the dynamics w1 (M) = Z 0 " MUw,_; and 24y (M) = Az (M) + Boug (M) +
wy, x1(M) = 0. Now, let ¢ > 2H + 2, n(w) = (wi—1, w1, ..., Wws—2m5—1), and observe that
w(M | n(w)) = uy (M) and z(M | A*,B*m(w)) =z, (M) — AH‘th 15 (M). Thus,

Eola(M | Ay, By,n(w)) — ze(M)| < AT - Eullee1-n (M)]. (126)

Now, in the proof of Theorem 5 (Appendix G.3), we showed that E,||z;—1_g (M) —
X, 4l < 1/P,, and in Appendix G (Claim 65), that E,,[lzX |, .|| < O(k*y~Y/2V/d,).
So, we get that E, | z(M | A, Bi,n(w)) — 2:(M)|| < 1/Ps. Using this bound, we get

[J(M) =¢C (M\A*,B )|

Tlg%o— sz c(we (M), uy(M)) = Bye (2 (M | A, B, n(w)), u (M [ n(w))))
T
< Tlgn;of g (e (M) — (M | Ay, By n(w))]| + [|ue (M) — w(M | n(w))])
< 1/Py < 1YT. (127)
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G.5 Proof of Theorem 8

We first define C'-approximate barycentric spanners and cite a theorem that says that they can be
computed in polynomial time given a linear optimization oracle. Given that theorem, it is easy to
get the same result for the affine case, i.e., C-approximate affine barycentric spanners.

Definition 74 ([5]). Let K be a compact set in R, A set X = {z1,...,74} C K is a C-
approximate barycentric spanner for K if every z € K can be expressed as a linear combination of
elements of X using coefficients in [-C, C].

Theorem 75 (Proposition 2.5. in [5]). Suppose K C R% is compact and not contained in any proper
linear subspace. Given an oracle for optimizing linear functions over K, for any C' > 1 we can
compute a C-approximate barycentric spanner for K in polynomial time, using O(d* log(d)) calls
to the oracle.

Let z an arbitrary point in K (we can get one with one call to the oracle). Let K — xo := {a —
2o | x € K}. Since K is not contained in any proper affine subspace, K — 1z is not contained
in any proper linear subspace. Furthermore, the linear optimization oracle for K is also a linear
optimization oracle for K — xy. Thus, Theorem 75 implies that for any C' > 1 we can compute a
C-approximate barycentric spanner for K — x in polynomial time, using O(d? log(d)) calls to
the oracle, which finishes the proof.

H Disturbance-based policies

We show that under the execution of disturbance-based policy M, we have

2H
e =AM e g+ WM | Ay, Bowe, (128)
1=0
where
U(M | A, B)=All; < g+ Y AIBMY U1, ey . (129)
j=0

This formula was derived in [4] and we rederive it here for completeness.

H
Top1 = Z Al(wy—; + Boug—i) + AT gy
i=0

H H H
= Z Aiwt,i + Z AiB* Z M[j_l]wt,i,j + Af"’lxt,H
=0 =0 j=1

H 2H H
= Z Aiwt—i + Z Z AiB*M[eiiil]wt_g ]lé—ie[l,H] JrAerl:L't_H
1=0 £=0 i=0
2H
= Af—HLL't,H + Z \Ifz(M | A,, B*)wt,i.
=0
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