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Abstract

Exponential bounds on the estimation error are given for the plug-in estimator of
weighted areas under the ROC curve. The bounds hold for single score functions
and uniformly over classes of functions, whose complexity can be controlled
by Gaussian or Rademacher averages. The results justify learning algorithms
which select score functions to maximize the empirical partial area under the curve
(pAUC). They also illustrate the use of some recent advances in the theory of
nonlinear empirical processes.

1 Introduction

Using the area under the ROC curve (the AUC) to evaluate score functions has a long history in
medical screening and bioinformatics ([9]],[LLO]). In the last decades several algorithms have been
developed to learn score functions which maximize the AUC ([7]], [25]]). In some cases, however,
different regions of the false positive range may not be equally relevant to assess the quality of the
score and should therefore be weighted differently, say with some nonconstant weight function W. In
melanoma detection, for example, false negatives have disastrous consequences for a patient, while a
certain number of false positives is tolerable. A good scoring function should then have very large
values on the right hand side of the ROC plot. Such considerations have created interest in a partial
area under the ROC curve (the pAUC), which only measures the area between two specified false
positive rates, so that W is a step function ([27], [16]], [19]). Several algorithms have been designed
with the goal of maximizing the pAUC over classes of scoring functions ([21]], [22], [20], [23]).

Any measurement or optimization of the AUC or pAUC must rely on a finite number of observations,
which raises the questions of estimation and generalization. These problems are well understood for
the AUC ([2l], [6], [24]), where W is constant, but for more general weight functions estimation may
be difficult to impossible. In Proposition [[|below we will show that the bias of its plug-in estimator
may be bounded away from zero even in the limit of an infinite sample.

Our first contribution shows that these problems are absent if the weight function W is Lipschitz
continuous. Theorem [2| shows that then the weighted AUC can be estimated at rate n~ /2 by its
plug-in estimator, where n is the sample size. Theorem [3|shows that the Lipschitz-weighted AUC can
be uniformly estimated over a class of score functions at rate n~ /2 if the Gaussian complexity of the
class increases as n!/ 2 which is standard for most function classes in machine learning. This result
also implies a statistical performance guarantee for algorithms maximizing the empirical pAUC as in
[22]] or [20].

Even if W is Lipschitz the weighted AUC remains a nonlinear statistical functional of challenging
complexity. Our second contribution is Theorem[7} which provides a general method to control the
estimation errors of any statistical functional, which satisfies certain Lipschitz conditions with respect
to the total-variation, Wasserstein or Kolmogorov metrics. The verification of these conditions for the
weighted AUC then provides the proofs of Theorem [2and Theorem 3]

34th Conference on Neural Information Processing Systems (NeurIPS 2020), Vancouver, Canada.



1.1 Related work

The pAUC estimator is a special case of an L-estimator (see [26]). Asymptotic results for L-estimators
have been known for a long time. Helmers [11] gave Berry-Esseen type rates of normal approximation
for smoothened L-statistics. Finite sample bounds for special distributions are shown in [3]]. The
asymptotics of different estimators for the pAUC are considered in [8]. More recent asymptotic
results for the pAUC are given in [28] and [1]. [[14]] announces a uniform bound of order n~1/4 for
left-partial areas. We do not know of any finite sample bounds comparable to Theorem [2]or uniform
bounds of order 7~/ comparable to Theorem 3| below.

1.2 Notation

With 15 we denote the indicator function of a set S and with H := 1(¢ ) the Heaviside function.
P (X) is the set of non-negative measures and P; (X) C P (X) is the set of probability measures
on a measurable space X respectively. For A € [0,1] and p, v € P (X) we write A (11, v) for the
convex combination A (p,v) = A+ (1 = A)v. If z € X then 6, € P; (X) is the unit mass at
z. Iffpe Py (X)and X = (X7, ..., X,,) ~ p" is an iid sample of size n the empirical measure is
A(X)=23" 8x, € P1(X). If X is unambiguous we write /i = i (X).

V¥ is the set of functions f : X — Y, for f € Y and u € P (X) the push-forward fuu € P ()
is defined fup (A) = p (f~1(A)), AC Y. For f € RY || f| . = supgex |f (z)| andif (X,d)isa
metric space then [£] ., = sup, e f (@) — £ (4)] /d (z,3).

For n € Py (X x {0,1}) (random labeled data) o and py € P (X) are defined pg (A) =
w(Ax{0}) and py (A) = p(Ax{1}) for A C X, and p(0) = p(X x {0}) and p(1) =
w (X x {1}) denote the relative frequencies of the two labels.

A summary of notation in tabular form is given in the supplement.

2 Weighted areas under the ROC-curve

Underlying the concept of the ROC-curve is the joint random occurrence of scores X in some
open, bounded interval Z C R and binary labels Y € {0,1}. We assume (X,Y") ~ p for some
law p € P (Z x {0,1}), with corresponding un-normalized measures (i, 11 € P (Z) and scalar
frequencies 1 (0) and p (1).

Any threshold ¢ € 7 on a score x induces a second labeling H (z — t) alternative to y. The second
labeling is considered correct iff it coincides with y. Correspondingly the true positive rate and false
positive rate are the functions tpr, fpr : Z — [0, 1] defined respectively as
H1 (ta OO) Ho (t7 OO)
= ——— an =
tor (1) = LT and g (1) = 2

If we assume that yi( has a positive density, then fpr has a unique inverse, and the ROC-curve can be
defined as the function roc : [0,1] — [0, 1]

roc(u) = tpr (fpr~" (u)).
The ROC-curve gives the true positive rate corresponding to a specified false positive rate. Knowledge
of the ROC-curve allows us to adjust the classification threshold according to respective cost estimates
for false positives and false negatives This accounts for the great importance of ROC-curves in
practice.

Let W : [0,1] — R be some specified weight function and consider the quantity
/ roc(u) W (1 — u) du.
[0,1]
With the change of variables «© = fpr (t) this is seen to be equal to
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as long as ¢ is the Heaviside function , £ = H (see supplement). Other choices of £ : R — [0, 1]
replacing or approximating H will play a role when we want to learn scoring functions to optimize
properties of the ROC-curve, but ¢ will generally be assumed nondecreasing. The equation (1)) makes
sense even when fpr is not uniquely invertible, and it will serve as our definition of the statistical
functional fy, : P1 (Zx {0,1}) — R in the sequel. Note that fyy,, is monotonic in W and ¢, and
that its range lies in [0, ||[W| _].

An important special case is the "area under the curve" (AUC) obtained if W = 1.

1
)= [ e o= i L

f1,m (1) is the probability that ¢ > ¢ if ¢’ and ¢ are drawn independently from the positive and the
negative conditional distributions. The AUC has been widely used to measure the quality of score
functions and its statistical properties have been thoroughly analyzed from different perspectives ([7],

121, [6D.

If the respective costs of false negatives and false positives are very different, different regions of
the false positive range are not equally relevant to measure the quality of the score. This leads to the
consideration of a weighted or partial AUC where W is nonconstant and assigns different weights
to different false positive rates. In the simplest case W it is a step function, such as 1, 3 with
0 < a < b <1, but W may also be chosen to approximate the value of the ROC-curve itself at a
given point.

H ' —t)duy () dug (t) .

2.1 Estimation

The measure p, and with it the ROC-curve itself, are mathematical idealizations, accessible
only through observations. We assume that we have access to an iid sample (X,Y) =
((X1,Y1),...,(Xn,Yn)) ~ u™ of labeled data. This defines the empirical measure /i = i (X,Y) €
P1 (Zx {0,1}) and corresponding empirical variants fig,fi; as well as the empirical rates /i (0) and
£ (1). We will study the estimation of fyy, () by the plug-in estimator

~ 1 o ﬂo (—OO,t] ~ / ~
fus ) = = o€ = 0w () i ) dia 0
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where S = {i:Y; =1} and Sp = {i : Y; = 0}.

The dependence of the weight function on the order statistic of [ig /i (0) causes problems which are
absent in the estimation of the AUC as in [2]. If W has a discontinuity then the value of the functional
depends discontinuously on the underlying law in the weak topology, and random fluctuations can
make estimation impossible, even if the factor 1/ (& (1) & (0)) is bounded. The supplement gives
proof of the following proposition, which shows that for discontinuous W the bias of the plug-in
estimator may be bounded away from zero even in the limit of infinite sample sizes.

Proposition 1 For W = 15 1) there exists a bounded, open interval T and jn € Py (Zx {0,1})
such that for every even n and X ~ ™

lim Exopn [fwm (0(X)] =1/4<1/2= fwnm (u).

n—oo

To resolve this problem one might assume some regularity of p, but since we wish to estimate a
property of an unknown distribution from observations, we prefer to assume that the weight function
W is Lipschitz.

We still need to exclude the case that one of the observed label frequencies /i (0) and /i (1) is too
small relative to the sample size. For § > 0 we define the event

Aéz{mm{momnb 21“(4/‘”}

n
We then have the following result.
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Theorem 2 Suppose W : R — [0, o0) satisfies ||W || ., [[W||;, < oo, that £ : T — [0, 1] is nonde-

creasing and p € Py (Ix {0,1}). Then for any § > 0 we have with probability at least 1 — § in
(X,Y) ~ p™ that As implies

) WLy +91Wlls [21n(4/0)
X,Y)) — < s .
|fwe (0(X,Y)) = fwe ()] < in ((0) A (D) -

Remarks:

1. For any event B the statement "with probability at least 1 — § it holds that As implies B" means
Pr{As N B¢} < §, where B€ is the complement of B, so if we observe A; the bound holds with
high probability.

2. Since fw, g is monotonic in W the bound implies one-sided bounds for discontinuous weight
functions, such as the step functions defining the pAUC. If 174 < Wrip < W where W and W are
discontinuous and Wy, is Lipschitz, then with high probability fw,n (1) = fii gz (2) — O (1/y/n).
Upper estimates and sandwich estimates may be constructed similarly.

3. As in the previous remark an approximation to the value of roc at some u € [0, 1] can be estimated
with plug-in estimators fi;, (1), if the weight functions W, are Lipschitz and, if regarded as
probability densities, converg)e weakly to the unit mass d1_,,.

2.2 Uniform bounds

Now let X' be some space of instances and let © € Py (X'x {0,1}) be a law for labeled instances.
Suppose that H C Z% is a class of candidate scoring functions h : X — Z. For every h € H
define h : Xx{0,1} — Zx{0,1} by h(x,y) = (h(x),y). Given a sample (X,Y) ~ u", we
would like to find ~ € H so as to (approximately) maximize the value of fy, g (hypt), where A is
push-forward of 1 under h.

The strategy is to pick an h which (approximately) maximizes a regularized empirical surrogate
fwre (hst (X,Y)), where W’ and £ are Lipschitz lower bounds of W and H respectively. The
situation mirrors that of support vector machines, where one minimizes the hinge-loss as Lipschitz
upper bound of the 0-1-loss.

Since the chosen score function h depends on (X,Y) , it becomes a random variable, and a justifica-
tion of the method is given by a high probability bound on

sup fwr o (huft) = fw.m (hgp) < sup fwr o (huft) = fwre (hgp)
heH heH
where the inequality follows from fy < fiw, g. We can bound the right hand side.

Theorem 3 Suppose W : R — [0, 00) satisfies W ||, [[W|;, < oo, that £ : T — [0, 1] is nonde-
creasing and ||¢| 1, < oo, that H C TI% and that pp € Py (X% {0,1}). Let As be as in . Then
Sfor any 6 > 0 we have with probability at least 1 — ¢ in (X,Y) ~ u™ that As implies

sup | fw.e () — fwe (huft)]
heH

) 8V2 ||l (IIWHOO + IIWIIL,;,,) G(H) | Wiy +10IW il [41n(16n/5)
A(0)* (1) no min{a(0), 4 (1)} n

where G (M) is the expected Gaussian complexity G (1) = ExE suppcy > iy vih (X)), with
independent standard normal variables 1, ..., Vn .

Remarks.
1. Again we must observe As for the bound to hold with high probability.

2. The use of Rademacher and Gaussian complexities has become a standard in learning theory,
and there is a large body of literature giving bounds ([4]], [[LS]], [L3]], [12]]), which can be substituted



above. These bounds apply to many different function classes, such as multi-layer neural networks or
bounded sets of linear functionals in a reproducing-kernel-Hilbert space. Typically the bounds on the

Gaussian complexity are of O ( nln (n)) making the above bound O (\ /In (n) / n)

3. Existing algorithms of [22] or [20] optimize the pAUC for discontinuous weight functions W and
practitioners may wish guarantees for discontinuous weight functions W. The next corollary, which
directly follows from the monotonicity of fy,, in W and ¢, shows that we can give such guarantees

of O (s /In (n) / n) whenever a Lipschitz weight function W, can be jammed between W and W.
This can be regarded as a statistical guarantee for the algorithms of [22]] and [20]].

Corollary 4 Let W, W, W : [0,1] = [0,00), W < Wi, < W and [Weipll s, < 0. Then
with probability at least 1 — § in (X,Y) ~ u™ we have that As implies

Vh € H, fW,H ((B#,U/)) > fW’g (ﬁ#p‘) - B (na WLip7H7p’7 6) )
where B (n, Wrp, H, [1,6) is the bound in Theorem 3.

3 Proofs

In this section we outline the proofs. Several technical details are given in the supplementary material.

3.1 Conditioning on the empirical label frequencies

The appearance of the true label frequencies p (0) and p (1) in the various denominators in the
definition (1)) of fyy ¢ is a nuisance. But if the weight function is Lipschitz, we can approximate the
estimation difference for fiy ¢ by the estimation difference of another functional gy ¢ ., which is
independent of the label frequencies and defined for ¢ > 0 as

owae )= [ [ e =0 @yw (2220 g .

In situations, where W, £ and c are unambiguously fixed, we will simply write g for gy ¢.c.

Lemma 5 Let § € (0,1) and As as in ([2). Then with probability at least 1 — & /2 it holds that A
implies both 11 (0) > 1 (0) /2 and

’gW%u(O) (f1) — w6, (0 (1 )’ ||WHLip+8HW||oo 21n (4/9)
f1(0) 1 (1) min {7 (0), i (1)}° n

[fwe (1) — fwe ()] <

The proof, a straightforward application of Hoeffdings inequality, is given in the supplement. If
W is Lipschitz and /i (0) and /i (1) and n are reasonably large, the lemma allows us to bound the
estimation error for fyy ¢ in terms of the estimation error of the functional gy, ¢,., for which we have
the following result.

Proposition 6 (i) For 6 > 0 with probability at least 1 — §

21n (2/6)
o )

lgw.e.c (1) = gw,e.e ()] < W]l

(ii) Under the conditions ofTheoremwe have with probability at least 1 — § in (X,Y) ~ u" that

sup [Egw,e.c (hait) — gwiee (hait (X,Y))]
Wl (217 + ¢ IV )

n

G0 + 2w, /B2



The proof of this proposition is not easy, but it easily implies Theorem [2]and Theorem 3]

Proof. (Theorem [2) A union bound of the inequalities in (i) and Lemma [5] together with some
algebraic simplifications. m

Proof. (Theorem Set § = n~'/2 in (3) and take the expectation inside the absolute value. Using
0 < gw,,c < ||W]|, this gives for every x (and every h 1) the bias bound

WMWMWMKWMQM%@WQSWMIf”

Combine this with (ii), set ¢ = u (0) and simplify to obtain

sup lgw.eu0) (Rett) = gwe o) (haeit (X, Y))|

G (1) + 2w ) 20

Ay (21l + 1 O 17 )

n

Now assume As and combine with Lemma [5]in a union bound, using also 4 (0) > £ (0) /2, and
simplify to obtain the conclusion. m

3.2 Plug-in estimators for Lipschitz functionals

To establish Proposition [6| we will give a general method to prove high probability bounds on the
estimation and uniform estimation error for Lipschitz functionals on P; (i) withUf C R.

For any p1, v € P (R) we define the metrics

drv (p,v) = |p—v|(R)
th@»dzzlém«*mJD*V«*wﬂﬂﬁ
oo (o) = sup | (=00.]) = v (=0, ).

If 4, v € P1 (R) then dpy is the total variation metric, d; is the 1-Wasserstein metric and d is the
Kolmogorov metric. All these metrics have the convexity property

d(/\(.uay)7)‘(ula1/)) < )\d(u7ul)+(1—)\)d(y’y/) (4)
forany A € [0,1] and p, i/, v,/ € Py (R).

Theorem 7 LetU CRand f : Py (U) — R and let & > 0. Consider the following conditions on f
(a)Vp,v € PL(U), f(p) = f (V) < Loodoo (11,v) -
(b)Y, v € Pr(U), f(p) — f(v) < Lidy (p,v).
(c)V X €0,1] andVu, ', v,V € Py (U) we have

g (v) =g (A (p,v) =g (AW, v) + g (A (W', V) < (1= A) ALady (v, V') drv (p, 1) -
Then

(i) Suppose f satisfies (a). Let i € Py (U) and i = i (X) with X ~ p". Then with probability at
least 1 — 0
In (2/6)

2n

|f () = F ()] < Lo

(ii) Suppose f satisfies (a),(b) and (c). Let H C U~, u € Py (X) and ji = ji (X) with X ~ p™.
Then with probability at least 1 — §

sup f (hyft) = Bf () < MG (H) + Loy | (i/ J)



The proof uses two nontrivial auxiliary results. For (i) we need the following version of the Dvoretzky-
Kiefer-Wolfowitz theorem as sharpened by Massart [[17].

Theorem 8 If 11 is a probability measure on the real line and [i is the empirical measure for X ~ "
then fort > 0

Pr{doo (1, 1) > t} < 272"

For part (ii) we use a result about nonlinear empirical processes [[18]], for which we need some
additional notation. For x € X™ and h € U* we write h (x) = (h(z1),...,h(z,)) € U". For
ke {l,...,n}and y,y" € U we define the partial difference operator for functions f : U™ — R by

D,’;vy,f (X) = F (XL, ooy Tl 1, Y, Ty ooy ) — F (1 ooy T 1, Y Ty oy T)

Theorem 9 (see [I8]) Let X = (X7, ..., X,,) be a vector of independent random variables with
values X and X' iid to X. LetU C R, H CUY and f : U™ — R. Then for any § € (0,1), with
probability at least 1 — 6,

Slel%f (A (X)) = E[f (h (X)) < V2r ML (f) + T (f)) G (H) + M (f) v/nln (1/9),

where the three seminorms M, Jr, and My, are defined as

M(f) = max _ sup D]y“,y,f (x)
xeU™,yy' el

DF f(x
Mg (f) = max sup 77“’]0(, )
k xeU™,y,y' €U, y#y’ |y -y |

k l
Dy)y,Dz7z,f (x)
Jr = n max sup —
k,l:k#l xXeU™,z,2" Y,y €U, yF#y’ |y -y |

Proof. (of Theorem[7) (i) If (a) holds then by Theorem §]

Pely (09 )| > 1 < Pr{du () > 7} < 2emp (‘j?*) |

oo o0

Set the right hand side to § and solve ¢ for the conclusion.

(i1) Suppose (a),(b) and (c) hold. We will use Theorem|§| and bound the seminorms for f (ji). Fix
x eU™and k € {1,...,n} and set fi, = 725 D752y Oy

. n—1, 1 n—1_ 1
Dy f () = f( Nk+n5y> f< uk+n5y/>

n n

IN

n—1, 1. n-1, 1 L L
Loodoo —0 s T =0y < 7doo 4 a5 1) < I
( n Hk"’ny n Mk+ny> n (y y) n

where the first inequality follows from (a), the second from convexity d., (see ) and the last
from do (0y,d,/) < 1. In the same way (b) gives D";}y,f (1) < Lqi |y — y'| /n, since dy (§y,0,/) =
ly — o'|- This gives M (f) < Loo/nand My, (f) < Ly /n.

To bound Jy, (f) let I # k and write fi; = ﬁ ng{k” Opps flkz = n=2p0 + ﬁéz and

n—1
~ _92 1
fik,zr = 7= figr + =5 0.. Then

Dglj,y/DlZ7Z/g(X)
n—1_ 1 n—1_ 1
=f < fok,z + 5y) —f < fik,> + 5y’>
n n n

n
n—1, 1 n—1, 1
_.f< ﬂk,z/“‘éy) +f< ,Uk7z/+5y/>
n n n n
n —

1 N . L 2L
< Lagdry (fik,z, fik,=r) di (y,9') < nfngv (02,02)dy (y,y') < 722 ly =yl

The first inequality follows from (c), the second from convexity of dry (see (EI)) and the last from
dry (6,,8,/) < 2. This gives Jr (f) < 2Ly/n. Substitution in the conclusion of Theorem @
completes the proof. m




3.3 Proof of Proposition [6]

To apply Theorem [7| we need to control the Lipschitz properties of gy ¢.. We do so at first with
respect to the unnormalized measures po and fi1.

Proposition 10 Fix W, ¢ and c. The functional g = gw .. satisfies VY, ', v,v" € Py (Ix{0,1})
(@) g(v) =g ) < [Wly (dos (10, 1) + doo (v1,11))

(b) if is Lipschitz then g (v) — g () < [W | 1]y (A1 (v0, ) + s (3, 4)

(c) if W and (¢ are Lipschitz then

g (1)) =g A (pv') =g (AW ) + g (A (W)

1
< @A=Ly (C Wl + ||W||oo) (d1 (v1,v1) +di (vo, 1)) drv (ps 1) -

The proof is given in the supplement. We then eliminate the labels and replace the disconnected space
Z x {0,1} by a subset of the real line. Let a = supZ and b = supZ — inf Z. We map Z x {0} to
(—b,0) in ascending order of Z, and we map Z x {1} to (0,b) in descending order of Z.

More formally we define the bijection 7 : (z,y) € Zx {0,1} — (2y — 1) (a — x) € (—b,0)U (0, ).
The push-forward p — 74 is then a bijection between P; (Z x {0,1}) and P; ((—b,0) U (0,b))
with inverse T#l. Then for A C Z we have 19 (A) = p (A x {0}) = 7pn (A —a) and 1y (A) =
Tu i (a — A) . The supplement gives proof of the following lemma.

Lemma 11 For p,v € P1 (Z x {0,1}) we have

(i) drv (po, vo) + dry (p1,v1) = drv (p,v) = dry (Tep, TV)
(ii) doo (10, v0) + doo (1, 11) < 2doo (T pt, T1)

(iii) d1 (po, vo) + di (p1,v1) < 2dy (Tgept, T4V)

Since gw,e,c (1) = gw,e,c © T:;l (1), we can shift perspective to the functional gy . © 7-;;1 on
Py ((—b,0) U (0,)). Propositionand Lemma|11|show that the functional p — g, © 7'7;1 (1)

satisfies the Lipschitz condition (a) of Theorem[7|with Lo = 2 ||W|| doo (1, ) and, if £ is Lipschitz,
also (b) with Ly = [|[W{|  [|€][ ;,, and (c) with

1
Lo =2l (H1W 1y + 191 )

In Theoremwe then replace U by (—b,0) U (0,b), f by gw,e,c © T#l, X by (X% {0,1}), H by the
class of functions H' = {(z,y) — 7 (h(x),y) : h € H}, and we substitute the constants Lo, L1
and L by the values given above. Theorem [7|then gives us parts (i) and (ii) of Proposition [f] since
by symmetry of the standard normal distribution

G (M) =ExE,sup Y 7 (2Yi —1)(a—h(X,) =G (H).

heH =

4 Conclusion

In a nonparametric setting the estimation of partial areas under the ROC-curve by plug-in estimators
was shown to be impossible. It is nevertheless possible to give error bounds for Lipschitz weight
functions and uniform bounds which provide some justification for existing algorithms optimizing
the pAUC. The method to control the uniform estimation errors for nonlinear statistical functionals in
terms of Lipschitz conditions appears promising in a more general context.
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Appendix

For the convenience of the reader we restate results which appear in the main part of the paper.

A Proof of the formula (1)) for the pAUC

Lemma 12 We have

/[0 : roc(u) W (1 —u)du= fwu (1.

Proof. With u = fpr (t) = % we get

/ roc(uw) W (1 —u)du
[0,1]

= / tpr (fpr=" (w) W (1 —u)du
[0,1]

(e
=t Lo @ () o

. 1 ’ / p((—00,1],0)
= fu - v w (HEEEE o
= fwm (1),
! (LOO) o 1 r ’
tpr (t) = () M(l)/RH(t t)dus ().
]

B Proof of the lower bound on the bias, Proposition 1]

Proposition 1 For W = 1[5 1) there exists a bounded, open interval I and ji € Py (Zx {0,1})
such that for every even n and X ~ p™

lim EXNM" [fW7H (ﬂ (X))] = 1/4 < 1/2 = fW,H (/,(,) .

n—oQ

Proof. (of Proposition|I)) Let Z be any bounded open interval containing [0, 1] and consider members
of Py (Zx {0, 1}) supported on the set {(0,0),(1/2,1),(1,0)}. Every such probability measure is
of the form

s =5 (7’5(0,0) +(1—r) 5(170)) + (1= 8)d(1/2,1)
with 7, s € (0, 1). Substitution in the definition (1) gives f1,, , ;i (ts,r) = r11/2,1] (7)-

Now let the underlying law y be p = f11/2.1/2. Then f1,,,, ;. m (1) = 1/2 but the empirical measure
is i = pug p, where S and R can be generated by trials of a fair coin and have binomial distributions

concentrated around 1/2. As the sample size n goes to infinity Pr {R <1/ 2} — 1/2 and for every
¢ > 0 we, Pr {’R - 1/2‘ > e} 5 0. 1t follows that

lim E [fwa (US,R)] = nlLrI;OE {R 111/2,1] (R)] =1/4<1/2= f1[1/211]7H (1) -

n—oo
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C Proof of Lemma /3

Lemma 5 Let § € (0,1) and As as in ([2). Then with probability at least 1 — & /2 it holds that A

implies both 11 (0) > 1 (0) /2 and

lgw.e.u0) (1) — gwe o) (W] W llLip +81Wlle [21n(4/5)
f1(0) (1) min {7 (0), i (1)}” n

[fw.e () = fwe (0)| <

Proof. We have fiv,e (1) = gw:e (o) (1) / (1 (0) 11 (1)) . Thus
e () = fuve ()]

_ ’(QWM (1/;) IW£11(0) (M)) N (fw( - IW1u(0) (f1 ))

A0AD A0 7(0) (D)
Iw,0,11(0) ( ) _ 9we,u(0) ()
*( 70(0) A (1) u(O)u(1)>’

9w, e,0) (1) — gw,e,u(0) (1) B
: O Wl 5755~
1 1
W |~ @
gw,ewo) (1) = gwewo) W] | IWllpy (o
=T RO AOMONSE
W[ SN A (1) —
* (FrmaEm 00 ~r0s0)
Hoeffdings inequality [5] implies with probability at least 1 — §/2 that
In (4/9)

(1) —p(1)] =1 (0) — <
A (1) —p ()] =[A(0) = p(0)] < om
so under As we have i (0) > 1 (0) /2 and 1 (1) > fi (1) /2, and substitution above gives

[Fwe (3) = fwe ()
w0 (i ngu(o)()|(||W||Lip+ 8 1W e ) 21n (4/0)
i

B (f1) —
f1(0) (1) (0 min{i(0),a (1)) n

D Proof of the Lipschitz bound, Proposition [10]

For the proof of this proposition we need some preliminary definitions and lemmata. We define

K(t)::/OtW(Z)du,Fu(t)::uo( 00, t] and ¢, (t /Z (t—t")dp (t
SO g = gw,e,c can be written as a Riemann-Stieltjes Integral
pwiee () = [ 6, (04K (B 1), ©
Lemma 6 Let u,v,p € P (Zx{0,1}) and ¢ and W be bounded. Then
|, (t) (K (F,, (t)) — K (F, (t)))] = 0 ast — too. Furthermore
[ 600 @K (B ) =K (,(0) = = [ 6, (0(K (F.0) - K (F.0). ©

12



Proof.

(1)

Fu®
|@@M@umewm||%m/ w(“
Fu )

< el W oo 1E (8) = B, (8)] = 0
as t — =£oo. The identity follows from integration by parts. m
Lemma 7 For p, /' € P (Z x {0,1})
(i) [|6p =l o < doo (11, 1)
If ¢ is Lipschitz, then all of the following hold
(ii) |on = Purll o < Nl Ly dr (i, 1)
(iii) || ¢, — & || o < el iy drv (g 121)
(iv) ||0), = @[, < drv (1, 1)
) |65ll o < el
(vi) || 4]l =1
Proof. (i) Recall that ¢ is assumed to be non-decreasing with /,, : [ ,1]. Approximate ¢
pointwise from below by non-decreasing, differentiable functions En — [0,1], n € N. By
dominated convergence and integration by parts
600 =0 O =l | [ 60 =) =) ()
= lim f’ (t" =) (F (p1,t') = F (py, t')) dt!
n—oo
< doo (1) hm/|€’ t'—t)|dt' = doo (1, )h_}m ot —t)dt’
n oo R
< doo (1)

by the assumed properties of /.

If ¢ is Lipschitz, then £ is absolutely continuous and its derivative ¢’ exists almost everywhere and
1l Lip = 1€/ - D)

160 (1) — b (1)] < /VW—oam—MMw
R

- AKW—wwmmueme»M
< 0 da (1, ph)

(iii)

16, (t) — 6l (1)] = /Q?a’ftwuu1—+4>uv <11l drv (un 1)

R

(iv)

dt

[ [ e =nag-umw

//w' Ol d (i — ) (¢) dt
A(A”“—fwﬁdwu—mnw>

- /Rd(lul —ml) (t') = drv (g, p3) -

IN

13



The proofs of (v) and (vi) are similar to those of (iii) and (iv). m

Now we can prove Proposition [I0]
Proposition 10 Fix W, ¢ and c. The functional g = gw. ¢, satisfies YV, ', v,v" € Py (Ix{0,1})

(@) g(v) —g @) < [Wly (doo (10, 10) + doo (v1,11))
(b) if £ is Lipschitz then
g W) =g () < Wl 1l s (dr (v0,v5) + dr (v1,01))

(c) if W and (¢ are Lipschitz then
g (1)) =g (A (")) —g (AW ) + g (A (W', )

1
<@=XA HEHLip (c ||W||Lip + ||W||oo> (dy (v1,v1) +di (v0,15)) drv (1, ') -

Proof. From () we have
9 —gv) = / (D (t) = & () dK (F, (1)) + / Pun (1) (dK(F (1)) — dK(F (1)) -
R R

Proof of (a). Approximate ¢ as in the proof of Lemma[7](i) and let

bun () = [ £t~ )i (1)
R
Using dominated convergence, the integration by parts formula () and Lemma 7] (i)

9 () —g )

- [ @u -6, 0w (F

@f)) di (1) = Y[ 60,0 (K (F, (0) ~ K (B, (1) de
R

< W], (n% ()= 00 Ol + Jim [ 6, (0)1F(6) ~ B 1) dt)
< Wl (e Go1.00) + o o) Jim [ o, 01
< Wl (doo (p1, 1) + deo (105 10)) -
Proof of (b). Now / is Lipschitz and we can write similar to the above
s -90) < Wl (16,0 -6 Oll + [ 40150 - R0l )
< AWl 1l i 1 (s v1) + da (0, v0)

where we used Lemmam (i1) and (v).

Proof of (c). We write the second difference as
g (v) =g (A () =g (A (W, v) —g (A (W, V)
= /I; (d))\(u,l/) (t) - d))\(ﬂ,l//) (t) - ¢>\(u’,l/) (t) + ¢A(u/,u’) (t)) dK (F)\(u,l/) (t))

+ /R (D) (8) = Dagurwr) (1)) (AE (P (1)) = dK (Faguro) (1))
+ /R (D) (8) = Ddagurwr) (1)) (AE (Faguu) (£) — dEK (Fxguwr) (1))

+/R¢A(w,v/> (t) (K (Faquw) (1) = dK (Fxgun (1) = dE (Fagur ) (1) + dK (Fxge ) (1))
—A+B+C+D.
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We bound the four terms in turn. The term A simply vanishes, because ¢,, is affine in y. To bound B

first note that for any ¢
Ex(ur )@ (I=X)F,(t)
/ W (9) du = / W (3 _\F, (t)) du
Fx(u,v) (1) ¢ (I=A)FL(t) ¢

< Q=N [Wlly [Fuw (@) = Fu @]
Using integration by parts and Lemma [7) (iii)

B = /R (sb&w,u) () = A\ o) (t)) (K (Fxgur oy ) = K (Faguu (1)) dt

(=N Wl [ 63001 O = B O] 1P () = B )]

(=N ANl Wl da (pr0, 1) drv (v1,v1)
The term C' is bounded using Lemma (i1) as

¢ = /]R (Da(uwr) (1) = drurwry (8) (K (Fagun) (1) = dE (Fguar) (1))

K (Faxgu ) (1) = K (Fxuw) ()

IN

IN

Fyuw (¢ Fyoon (t
< agean () = drgewn Ol (/R W (Auc><>> W (ch><>> ‘ duto (1
o ( /
+/RW(A(“C)()) \dvy (t) — dv), (t)|)
!/ W / /
< @=NA1 (‘ el ||W||oo> dy (pa, 1) drv (v, vp) -
Lip

Finally we again use integration by parts to bound D.

b= /R(b&(“"”') (1) (K (Faua) (1) = K (Fagur) (1) = K (Fxgew) (0) + K (Fxge) (1)) dt
Fx(u.)(#) Fy () ®)
_ /%MW@</“) (S [ >w(ﬂm0m
R F)\(y,,y/)(t) ¢ F)\(M/,"/)(t) c

= /R%(w,u') (t) (/5;) (W (u —a _C)‘) Ei (t)) -W (u it _C)‘) Ey (t)>) du) dt

w p
< u—»xCLw4¢mmmummww—mwmwww—mwww
W
su—»wwwhiémw—awnam—ath
Lip
s(h»ﬂwuvv 0y (o, ) drv (v0, )
Lip

where we used Lemma (v) in the second inequality. Adding the bounds and using dry (v;, v)) <
dry (v,v"), we get

A+B+C+D < (1-NA|e]., (HT

+ ||W|OO> (d1 (po, o) + di (p1, 1)) dry (v, V')
Lip
|

E Proof of Lemma 11|

Lemma 11 | For p,v € Py (Z x {0,1}) we have

(i) drv (po;vo) +drv (p1,v1) = drv (p,v) = dry (Tgu, T4v)
(ii) doo (10, 10) + doo (p1,v1) < 2doo (Tgept, T4V)

(iii) dv (po, vo) +di (1, v1) < 2dy (Tgep, 7o)
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Proof. (i) is obvious from the definitions of 1;, v; and T 1, T4 V.
(ii)
doo (p0; v0) + doo (p11,v1)

= sup |po (—00, t] — vy (—o0, t]| + sup |u1 (—oo,t] — vy (—o0, t]|
teT teT

=sup |Tgp (—o0,t —a] — v (—oo,t — a]| +sup |rup[a —t,00) — Twv [a —t,00)|
tex teT
< sup |1 p (—00,t] — v (—00, t]| + sup |1 [t, 00) — Tav [t, 00)|
teR teR
< 2doo (T, THV) -
(iii)
2dy (Tpps, THV)

_ /OO 7t (=0, t] — v (—o0, €] dt + /

o0

| pe [t, 00) — Tgev [t, 00)| dt

—00 —

0 oo
> / (reis (=00, 1] — T (—00, ]| dt + / (74t [t 00) — T [t, 00) | dt
0

— 00

:/|7'#,u(—oo,t—a]—T#V(—oo,t—a“dt—l—/|T#u[a—t,oo)—T#V[a—t,oo)|dt
z T

- / 140 (=00, 6] — v (—00, 8] dt + / 1 (=00, 8] — 1y (—o0, ]| dt
T v
= dy (o, vo) + dy (u1,11)
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F Table of notation

Notation
As

drv (i, V)
dy (p,v)
doz (1, v)
Dy

xr
fpr
J#n
fwe
gw,i,c

Definition

Conditioning event

Total variation distance for u, v € P (X)
1-Wasserstein distance for u, v € P; (R)
Kolmogorov distance for u, v € P (R)
Partial difference operator

Unit mass at x

False positive rate

Pushforward of measure p under f
Weighted area und ROC curve

Functional independent of label frequancies
Gaussian complexity

Heaviside function 19 o)

Class of scoring functions

h(z,y) = (h(z),y) forh € h

Loss function

o (A) = (A x {0}) for p € Py (X {0,1}
i1 (A4) = (A x {1}) for € Py (X {0,1})
Empirical measure for sample X

Nonnegative measures on X

Probability measures on X’

ROC-curve

True positive rate

Bijection I x {0,1} — (=b,0) U (0,b)
Weight function

Supremum norm

Lipschitz seminorm
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