Appendix A Concentration Lemmata for Markov Chains

We first develop a Chernoff bound, which remarkably does not impose any conditions on the Markov
chain other than irreducibility, which is though a mandatory requirement for the stationary mean to
be well-defined.

Lemma 2 (Chernoff bound for irreducible Markov chains). Let {X,,}nez., be an irreducible
Markov chain over the finite state space S with transition probability matrix P, initial distribution q,
and stationary distribution 7. Let f : S — R be a nonconstant function on the state space. Denote
by 11(0) = 3", cs f(x)m(x) the stationary mean when f is applied, and by Y,, = 31 'Y}, the
empirical mean, where Yy, = f(Xy). Let F be a closed subset of M N [1(0), 00). Then,

P (Vy > ) < Cpe™PWlmO) for i e F,

where D (- || -) stands for the Kullback-Leibler divergence rate in the exponential family of stochastic
matrices generated by P and f, and Cy. = C (P, f, F) is a positive constant depending only on the
transition probability matrix P, the function f and the closed set F.

Proof of Lemma 2.
Using the standard exponential transform followed by Markov’s inequality we obtain that for any
0 >0,
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n

We can upper bound the expectation from above in the following way,
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where in the last equality we used the fact that vy is a right Perron-Frobenius eigenvector of Py.

From those two we obtain,

and if we plug in 6, = A~ (y), which is a nonnegative real number since p € F' C M N [u(0), 00),
we obtain,

BT, > 1) < max 2 ey (<nD (1 | w(0)}
T,ye ’UgM (I)

We assumed that F’ is closed, and moreover F is bounded since it is a subset of the bounded open
interval M. Therefore, F is compact, and so A~ (F') is compact as well. Then due to the fact that
0 — vg(x)/ve(y) is continuous, from Lemma 2 in [31], we deduce that,

sup max vg(y) <
pch—1(F) TYES Vp(T)

)

which we define to be the finite constant C'y of Lemma 2, and which may only depend on P, f and
F. O



Remark 4. This bound is a variant of Theorem 1 in [31], where the authors derive a Chernoff bound
under some structural assumptions on the transition probability matrix P and the function f. In
our Lemma 2, following their techniques, we derive a Chernoff bound without any assumptions,
relying though on the fact that y lies in a closed subset of the mean parameter space.

Next, we we present an exponential martingale for Markov chains, which in turn leads to a maximal
inequality.

Lemma 3 (Exponential martingale for Markov chains). Let {Xn}nezZ , be a Markov chain over the
finite state space S with an irreducible transition matrix P and initial distribution q. Let f : S — R
be a nonconstant real-valued function on the state space. Fix 6 € R and define,

5= ZZE?S; exp{0(f(X1) + ...+ f(Xa)) = nA(0)} . {10

Then {M?},.cz., is a martingale with respect to the filtration {F, }nez.,, where F, is the o-field
generated by Xy, ..., X,.

Proof.
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where in the last equality we used the fact that vy is a right Perron-Frobenius eigenvector of Py. O

Proof of Lemma 1.

Our proof extends the argument from Lemma 11 in [7], which deals with IID random variables. In
order to handle the Markovian dependence we need to use the exponential martingale for Markov
chains from Lemma 3, as well as continuity results for the right Perron-Frobenius eigenvector.

Following the proof strategy used to establish the law of the iterated logarithm, we split the range of
the union [n] into chunks of exponentially increasing sizes. Denote by o > 1 the growth factor, to
be specified later, and let n,, = || be the end point of the m-th chunk, with ny = 0. An upper
bound on the number of chunks is M = [logn / log «], and so we have that

U {(0) > Vi, kD (Vi || 1(0)) > € gU U {1(0) > Vi, kD (Y || (0)) > €}

k=1 m=1k=n,,_1+1

cU U {s0=n0@ w0y =),

m=1k=n,,_1+1
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At this point we use the assumption that P is (arg min g f(z))-Doeblin in order to invoke Proposi-
tion 1 from [31], which in our setting states that there exists a constant C_ = C_(P, f) > 1 such

that,
1 . vy (y)

f .
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This gives us the inclusion,
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In Lemma 3 we have established that M, ,f ™ is a positive martingale, which combined with a maximal
inequality for martingales due to [40] (see Exercise 4.8.2 in [11] for a modern reference), yields that,
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To conclude, we pick the growth factor « = ¢/(e — 1), and we upper bound the number of chunks by

M < Jelogn]. O

Appendix B Concentration Properties of Upper Confidence Bounds and
Sample Means

Lemmad. Foreveryarma=1,...,K, andt > 3, we have that,
4eC?
; als) < < 2=
Po, (nnimt Un(t) < M(Ga)) ~ tlogt’ an

where C% is the constant prescribed in Lemma 1, when the maximal inequality is applied to the
Markov chain with parameter 0.

Proof.
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where for the first inequality we used Equation 7 and the definition of UZ(t), while for the second
inequality we used Lemma 1. O
Lemma 5. Foreveryarma =1,..., K, and for p(\) > p(6,),

;ye <U(”—Dw@»uw»+1”9M<wanumJ (1

D (u(6a) || (V)"
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where 03 , = supge (g, ) A(0) € (0,00), and D (u(0a) || p(N)) = LULERD | o

Proof. The proof is based on the argument given in Appendlx A.2 of [7], ada ted though for the
case of Markov chains. If u(\) < UZ(T), and Y, < p(X), then D ( F T)/n.

Let p, = inf{g < p(A) : D (| pN) < z}. This in turn 1mp11es that D( H ;L ) <



D (tg(ry/n || #(N)), and using the monotonicity of s — D (p || (X)) for p < (), we further
have that 17,? > Ug(T)/n- This argument shows that,

Pg, (1(N) < U (T)) < Py, (pg(ry/m < Y0)-

Therefore,

= 9(T) 3 y
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Fix n > ng + 1. Then D (u(0,) || (X)) > g(T')/n, and therefore pig(1y/r, > f1(64). Furthermore
note that f(7y/,, is increasing to p(\) as n increases, therefore y4(7) /5 lives in the closed interval
[1(0,), w(N)], and we can apply Lemma 2 for the Markov chain that corresponds to the parameter 6,

Po, (V¢ > pigryn) < Che Pl || 100
Thus we are left with the task of controlling the sum,
Z e—"D(Mg(T)/n || M(ea))_
n=ng+1

First note that by definition p4(7) /5, is increasing in n, therefore D (,ug(T) /n H ,u(9a)) is positive and
increasing in n, hence we can perform the following integral bound,

oo (oo}
S Dl || u60) < / =3P (gry /s || 1062)) g
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The function u — D (p || 1(\)) is convex thus,

D (|| (X)) = D (1(0a) | (X)) + D (1(0a) || (X)) (1 = 1(6a)),

where D (u(0,) || p(N) = %L“(/\)) lu=n(0,)- Plugging in pp = p, > p(0,), for z €
0D ((04) || 1(\))], we obain

D (u(8a) || p(N) =& < D ((Ba) | pN))(1(0a) = pia)- (14)
From Lemma 8 in [31] we have that,

D (pz || 1(0a)) = , (15)

where O'gm)\ = SUPge[o, 2] A(6) € (0,00).
Combining Equation 14 and Equation 15 we deduce that,
2
D (ul0a) || (X)) —
V200, 2D (1(8a) || (M)

Now we use this bound and break the integral in Equation 13 in two regions, I; =

0,1 (u(6a) || 1(N)/2] and Tp = [D (u(6a) || 110N)/2, D ((8a) || 1(\)]- Tn the first region we
use the fact that © < D (u(6,,) || (X)) /2 to deduce that,
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In the second region we use the fact that D (u(6,) || #(N))/2 < 2 < D (u(ba) || #(N)) to deduce
that,
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where g, \ = 5 O
Lemma 6. Foreveryarma=1,..., K,
i CT]M
Py, (n_%ﬁ(’“,JYn —p(ba)] > e) < - ford €(0,1), e >0, (16)

where n = n(0,¢€) € (0,1), and ¢ = ¢(0, €) are constants with respect to t.
Proof. Using the same technique as in the proof of Lemma 2, we have that for any § > 0 and any
n<0,
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where by A, (6) we denote the log-Perron-Frobenious eigenvalue generated by Py_, and similarly by
vy the corresponding right Perron-Frobenius eigenvector.

By picking 6 = 6 large enough, and » = 2 small enough, we can ensure that 6(p(6,)+€)—Aq () >

0, and 1(u(6,) — €) — Ag(n) > 0, and so there are constants = (6, ¢) € (0,1) and ¢ = ¢(0, €),
such that foranya =1,..., K,
_ ot
P Yo — >e] <
6 (n_r[gg{g_’tl o — (0] 6) c Z "
n=[dt]
O

Appendix C Analysis of Algorithm 1

As a proxy for the regret we will use the following quantity which involves directly the number of times
eacharma € {1,..., N} hasn’t been played, and the number of times eacharm b € {L+1,..., K}
has been played,

N K
RY(T) = " (1lba) — n(0a)) EY [T — Nu(D)] + > (ul0ar) — u(0,) B [No(T)). (17
a=1 b=L+1

For the IID case Rz’ (T) = Rg(T), and in the more general Markovian case Rg’ (T) is just a constant

term apart from the expected regret RZ,S(T). Note that a feature that makes the case of multiple plays
more delicate than the case of single plays, even for IID rewards, is the presence of the first summand
in Equation 17. For this we also need to analyze the number of times each of the best N arms hasn’t
been played.



Lemma 7.

K
[RY(T) ~ BY(T)| <> Ra- Y I (@)

zeSs
where R, = Eg, [inf{n >1: X%, = X{}] < cc.
We start the analysis by establishing the relation between the expected regret, Equation 1, and its
proxy, Equation 17. For this we will need the following lemma.

Lemma 8 (Lemma 2.1 in [3]). Let {X,, }nez., be a Markov chain on a finite state space S, with
irreducible transition probability matrix P, stationary distribution 7, and initial distribution q. Let
Fn, be the o-field generated by Xy, . .., X,. Let T be a stopping time with respect to the filtration
{Fn}tnezs, such that E[1] < oo. Define N(z,n) to be the number of visits to state x from time 1 to

time n, i.e. N(z,n) = ,_, I{Xyx = x}. Then
|[E[N(z,7)] — n(z)E[7]| <R, forxz € S,
where R = Elinf{n >1: X, 11 = X;}] < co.

Proof of Lemma 7.
First note that,

K
St = Zl ng(x)Na(.T,Na(T))-

For each a € [K], using first the triangle inequality, and then Lemma 8 for the stopping time N, (7),
we obtain,

S F(@)(EL[Nae, No(T)] — 7o, (2) E§ mmn‘

z€eS
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zeS
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zeSs

Hence summing over a € [K], and using the triangle inequality, we see that,

K
<SR- Y If@).

zeS

St = 1(0a) B[N (T)]

To conclude the proof note that,

M K
T i(0a) =Y 1(0a) EG[Na(T)]
a=1 N a=1 p
=" 1(0a) B§ [T — No(D)] + u(0as) (M — N) — p(0pr) Y EGING(T)]
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K
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where in the last equality we used the fact that 37 ]Egs [No(T)] +Zf:N+1 EZ’ [No(T))=TM. O

Next we show that Algorithm 1 is well-defined.



Proposition 1. For each t > K we have that |Wy| > M, and so Algorithm 1 is well defined.

Proof of Proposition 1.
Recall that )~ ¢ ) Na(t) = tM, and so there exists an arm ay such that Ng, (t) > ¢tM/K. Then

> aeK]—{ar} Na(t) = t(M — 1), and so there exists an arm az # ay such that No, (¢) > t(M —

1)/(K — 1). Inductively we can see that there exist M distinct arms ay, . .., aps such that N, (t) >
tM —i+1)/(K —i+1)>t/K > 6t fori=1,..., M.

C.1 Sketch for the rest of the analysis

Due to Lemma 7, it suffices to upper bound the proxy for the expected regret given in Equation 17.
Therefore, we can break the analysis in two parts: upper bounding Eg [T —N,(T)],fora=1,...,N,
and upper bounding EZ’ [Ny(T)], forb=L+1,..., K.

For the first part, we show in Appendix C that the expected number of times that an arm a €
{1,..., N} hasn’t been played, is of the order of O(loglogT).

Lemma9. Foreveryarma=1,...,N,
4ev’NC [21107%1”—‘ 2K
ES[T — N,(T)] < %65 L1oglog T+ + — 2 T2
ol = Mol s = s T

where vy, rg,n, c and C are constants with respect to T.

For the second part, if b € {L 4+ 1,..., K}, and b € ¢;1, then there are three possibilities:
L. Ly C [L], and |Yo(t) — p(0
2. Ly C[L),and |Y,(t) — u(0,)| < eforalla € Ly, and b € ¢y 1,
3. Lin{L+1,...,K} #0.

)| > € for some a € Ly,

This means that,

T-1
ES[Ny(T)] < M + Z P (L; C [L], and |V, (t) — 11(8a)| > € for some a € L)
t=K
T-1
+ > PY (L, C[L], and |Y, () — u(0)] < eforalla € Ly, and b € ¢y41)

El
|
- X

+> PY(L N {L+1,... K} #0),
t=

=

and we handle each of those three terms separately.
We show that the first term is upper bounded by O(1).

Lemma 10.

T-1 CL’/]éK

IP’¢ Lt |, and |Y,(t) — 1u(04)| > e forsomea € Ly) < ——
t;( ¢ ) (1—n)(1—7°)
where c and 1) are constant with respect to T..

The second term is of the order of O(logT'), and it is the term that causes the overall logarithmic
regret.



Lemma 11.

T-1
Z Pg (Ly € [L], and |Y,(t) — p(0a)| < e foralla € Ly, and b € ¢y41)
t=K

. 2
logT'+3loglog T | ¢ D () || p(0nr) — €)
= D (u(0) || 1(0rr) =€) #(O) )=\ D (u(0)) | p(Oar) =€)

. 2
D (u(0y) || p£(0ar) — €)
+2, /2102 . Vg T + /3loglogT) ,
#ODOO=N D (u(By) || w(0ar) — € ( )

(Orr)—e and D (u(0y) || p1(0ar) — €) = %}W |u=pu(6,), are constants with

2
where T(0)
respect to T

Finally, we show that the third term is upper bounded by O(loglog T)).

Lemma 12.

-1 4ev?LC Hloglﬂ A2 K
PO(L,N{L+1,.. . K <185 oglogT 440 + — T2

; p(Lin{L+1,.... K} #0) < Tog oglog T +9" + s — 5y

where v, 19,1, c and C are constants with respect to T

This concludes the proof of Theorem 1, modulo the four bounds of this subsection which are
established in the next subsection.

C.2 Proofs for the four bounds

For the rest of the analysis we define the following events which describe good behavior of the sample
means and the upper confidence bounds. For v, € Z~ 1 let,

a= N e el <o

a€[K] 471ty

5= ) {_min, 020> o)},

a€[N] yr—ityrtr PEhoo0H
=) N { min _ U%(t) >M(9a)}.
€[L] -1 <t <y n=1,...,[§t]—1

Indeed, the following bounds, which rely on the concentration results of Section 3, suggest that those
events will happen with some good probability.

Lemma 13.
r— 2log~y 2log~y
K 46NC’V »;—‘ 4€LC’V »;—‘
Po(AS) < 7t Po(BY) < Es L Pe(CF) <

)= =) =n7) (r—1)y"~'logy’ (r—1)y"~llogy’

where n € (0, 1), ¢ and C are constants with respect to r.

Proof. The first bound follows directly from Equation 16 and a union bound.

For the second bound, let p = [MW’ so that V;—:J >~ "t Fori=0,...,plett; = {%J,

log %
and define,
Di= {n_l?mt Un(t) > N(oa)} :
a€[N]
From Equation 11 we see that,
4eN max, ¢y C2 < deN max, ey C2
tilogt; = (r=1)ytlogy’

Po (D7) <



where C? is the constant from Lemma 1.

Fix a € [N],and y"~1 <t < ~"*!. There exists i € {0,...,p — 1} such thatt; <t < t;,1, and so
t; > o6t; — 1 > 6t — 1, which gives that t; > [6t] — 1. On D;, due to Equation 8, we have that,

min _ Uj(t) >

n=1,...,[6t] -1 n=1,...,[dt]

Therefore,
p—1
4eN ce
Po(BS) < > Po(Df) < — e
= (r—1)y""'logy
The third bound is established along the same lines. O

In order to establish Lemma 9 we need the following lemma which states that, on A, N B,., an event
of sufficiently large probability according to Lemma 13, all the best [V arms are played.

Lemma 14 (Lemma 5.3 in [2]). Fixy > [(1 — K8)~"] + 2, and let ro = [log, ;=5 == + 2.
For any r > ro, on A, N B, we have that [N] C ¢y, forall y" <t <"1,

Proof of Lemma 9.

[log, (T—1)]-1

E§[T - No(T)] <+ Y S Blad den)

r=ro  yr<t<yntl
Mog., (T—1)]~1

<+ > > (Po(AS) +Po(BY))

r=ro yr<t<yrtl
[log. (T—1)]—1 ) 1 2 2log~y
s v Z CKV“H??M . 4ey*NC { Tog T —‘
- = (1=m)(1—-n°) (r—1logy |’

where the second inequality follows from Lemma 14, and the third from Lemma 13. Now we use a
simple logarithmic upper bound on the harmonic number to obtain,

flog, (T D=1 flog, (T-D]-1
Z — < Z mgloglogngloglogT.

T=T0 r=3

Finally, we can upper bound the other summand by a constant, with respect to 7, in the following
way,
[log., (T—1)]-1

r—1, 6y "1 = Sk __ n
Z v SZ’“’? _(1_775)2'

r=rg k=1
O
Proof of Lemma 10.
Using Equation 16 it is straightforward to see that
" _ CL?]&
Py (L¢ C [L], and Y (t) — p(6a)| > e for some a € Ly) < 0
and the conclusion follows by summing the geometric series. O

Proof of Lemma 11. B

Assume that L, C [L], and |Y, () —u(6,)| < eforalla € Ly, and b € ¢;1. Then it must be the case
thatb=¢+ 1 (mod K), b & Ly, and Up(t) > minger, Yo(t) > minger, p1(0a) — € > u(0pr) — €.
This shows that,

]P’g (Lt C L], and |Y,(t) — p(0a)] < eforalla € Ly, and b € ¢p41)
< Pg(b € @41, and Ub(t) > M(eM) _ 6).



Furthermore,

T—
S PY(b € ¢rar, and Uy(t) > p(0ar) — €)

—

~+

T—-1M+T-K
=" N Pirh=t+1, and UL(t) > p(Oar) — €)
t=K n=M+1
T—-1M+T-K
<> > Phrh=t+1, and UL(T) > u(0nr) — €)
t=K n=M+1
M+T—-K T-1
= > S B(rh=t+1, and ULT) > u(0ar) —¢)
n=M+1 t=K
M+T-K
> Po,(UNT) > plOur) ),
n=M+1

IN

where in the first inequality we used Equation 8. Now the conclusion follows from Equation 12. [

In order to establish Lemma 12 we need the following lemma which states that, on A,. N C'., an event
of sufficiently large probability according to Lemma 13, only arms from {1, ..., L} have been played
at least [t] times and have a large sample mean.

Lemma 15 (Lemma 5.3 B in [2]). Fixy > [(1 — K&)' + 2, and let g = [log,, %1 + 2.
For any r > ro, on A, N C,. we have that Ly C [L] forall v~ <t < 4" +L,

Proof of Lemma 12.
From Lemma 15 we see that,

T-1 [log. (T—1)]-1
SOPYLn{L+1,. K} £0) <0+ > > (Po(A5) +Py(CY)).
t=K r=ro  yr<t<yrH
The rest of the calculations are similar with the proof of Lemma 9. O
Proof of Corollary 1.

In the finite-time regret bound of Theorem 1 we divide by log 7', let T" go to oo, and then let € go to 0
in order to get,

RY(T) _ f’: p(Oar) — 1(0s)
D

lim sup < .
T TogT 2= D {(u(fy) | al0rr))
The conclusion now follows by using the asymptotic lower bound from Equation 3. O
Proof of Theorem 2.
The proof of Theorem 2 follows along the lines the proof of Theorem 1, by replacing instances of
entries of the right Perron-Frobenius eigenvector vy (z) with one, and is thus omitted. O

Appendix D General Asymptotic Lower Bound

Recall from Subsection 2.1 the general one-parameter family of Markov chains {Py : § € ©}, where
each Markovian probability law Py is characterized by an initial distribution gy and a transition
probability matrix Fy. For this family we assume that,

Py is irreducible for all 6 € ©. (18)
Py(z,y) >0 = P\(z,y) >0, foralld,A\ € O, z,y € S. (19)
go(z) >0 = q\(x), foralld, A € ©, x € S. (20)

10



In general it is not necessary that the parameter space O is the whole real line, but it is assumed to
satisfy the following denseness condition. For all A € © and all 6 > 0, there exists A’ € O such that,

u(A) < p(N) < p(A) +6. 1)

Furthermore, the Kullback-Leibler divergence rate is assumed to satisfy the following continuity
property. For all € > 0, and for all #, \ € © such that u(\) > (), there exists § > 0 such that,

p(A) <p(N) <pA)+6 = [D@O[A)-D@[N)]<e (22)
An adaptive allocation rule ¢ is called uniformly good if,

R2(T) = o(T%), forall @ € O, and all a > 0.

Under those conditions [3] establish the following asymptotic lower bound.

Theorem 3 (Theorem 3.1 from [3]). Assume that the one-parameter family of Markov chains
on the finite state space S, together with the reward function f : S — R, satisfy condi-
tions (18), (19), (20), (21), and (22). Let ¢ be a uniformly good allocation rule. Fix a parameter
configuration @ € ©X, and without loss of generality assume that,

,u(91) Z . Z M(GN) > /L(QN_H) .= ,u(QM) =...= M(GL) > M(GL-i-l) Z Z /,L(@K)
Then for everyb=L+1,..., K,

E® [N, (T
D@ T <
Consequently,
Z MQM )_1 ng’(T)
bl DOl 9M) 755 Tog T

Lower bounds on the expected regret of multi-armed bandit problems are established using a change
of measure argument, which relies on the adaptive allocation rule being uniformly good. [20] gave
the prototypical change of measure argument, for the case of IID rewards, and [3] extended this
technique for the case of Markovian rewards. Here we give an alternative simplified proof using the
data processing inequality, an idea introduced in [17, 9] for the IID case.

We first set up some notation. Denote by Fr the o-field generated by the random variables
1,01, {X, n}Nl (T) L {XE NK (T) , and let PZ’ | 7, be the restriction of the probability dis-

tribution IP’? on Fr. For two probablhty distributions P and Q over the same measurable space we
define the Kullback-Leibler divergence between P and Q as

D(Pn@):{%[logjg}, FP<,

00, otherwise,

where fi% denotes the Radon-Nikodym derivative, when P is absolutely continuous with respect to Q.
Note that we have used the same notation as for the Kullback-Leibler divergence rate between two
Markov chains, but it should be clear from the arguments whether we refer to the divergence or the
divergence rate. For p, g € [0, 1], the binary Kullback-Leibler divergence is denoted by

P

p 1-—
Ds (p || Q)=p10g§+(1— )logl

The following lemma, from [29], will be crucial in establishing the lower bound.

Lemma 16 (Lemma 1 in [29]). Let @, X € ©K be two parameter configurations. Let T be a stopping
time with respect to (Fi)icz..,, With IE¢ [7], E¢ 7] < oo. Then

D (P15 | P17 < Zqu 4. +Z(E‘” 7]+ Ro,) D (Ba || M),

where Rg, = g, [mf{n >1: X5, = Xf}] < 00, the first summand is finite due to (20), and the
second summand is finite due to (19).
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Proof of Theorem 3.
Fixbe {L+1,...,K}, and € > 0. Due to Equation 21 and Equation 22, there exists A € © such
that

p(0ar) < pp(A), and |D (0 || Oar) = D (6 || A)| < e.

We consider the parameter configuration A = (A1, ..., Ax) given by,
\ = 0., ifa#b,
“ N, ifa=b.

Using Lemma 16 we obtain,

D (P§ |5,

From the data processing inequality, see the book of [10], we have that for any event £ € Fr,
D, (P3() || #4(&)) < D (¥ I, || P4 1. ).

We select £ = {Ny(T') > +/T'}. Then using Markov’s inequality, and the fact that ¢ is uniformly
good we obtain for any o > 0,

P$ |fT) < D (a0, || ar) + Re, D (65 || ) +E§ [Ny(T)] D (65 || \).

EgIN(T)] _ o(T*) EQIT — No(T)] _ o(T®)

P?(&) < . P?(E0) < = .
0( ) = \/T \/T A( ) = T _ \/T T _ \/T
Using those two inequalities we see that,
D, (3(e) | P4(e)) log 55 log T2
. IEETIN PX(E°) . o(T™)
lim inf =liminf —2—~>> lim ———~ =1
T—00 logT T—oo  logT T—oo logT
Therefore,
ES[NY(T 1 1
tim ing 2o (7)) > > ;
T—oo  logT D@y || A) ~— D6 | Om)+e
and the first part of Theorem 3 follows by letting € go to 0. The second part follows from Lemma 7,
and Equation 17. O
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