A Reduction to no-Memory BCO Proofs
A.1 Proof of Theorem 9

We first need the following lemma, which bounds the prediction shifts and magnitudes of Algorithm 2.

Lemma 14. Suppose Algorithm 2 is run with A(T/H) as in Theorem 9, and let x1, . ..,xr be its
predictions. Then we have that for g > 0:

(D) Lot Lt lsion = xei-n | < L2768, +20,);
(i)) Yiep Y1 Revit = B |14 < SH2 Y 2™ 67
(iii) B[L g LI sion = Frien ] < 3H2 1L/ 62,
The proof is mostly technical, and relies on the fact that Algorithm 2 changes its prediction at most

once every H rounds. See proof in Appendix A.2. We are now ready to prove Theorem 9.

Proof of Theorem 9. We show that Algorithm 2 achieves the desired regret bound. Given Lemma 11,

the proof is concluded by upper bounding E[Z,T:H fr(Xer1=H o -2y X)) — ft(x,H_H)] under each set
of assumptions. First, using the coordinate-wise Lipschitz property we get that

T T H 1 |_T/HJ
Y AiGscns %) = fiGen) SLY Y sion = xeaonll < SLH? Y (64200,
t=H t=H i=2 t=1

where the last transition follows by Lemma 14. Taking expectation concludes the first part of the proof.
Now, notice that by its definition, X, is determined given any history up to (not including) the player’s
decision at time s > ¢. Using total expectation we thus get that E[V, f; (X;)"xs] = E[V. f, (¥,)" %],
and using this equality we get that for all i > 1,
EV:f; ((rn1-m) (rvice = Eer1-m)| = E[Vifi Rra1-n)" (Brvicr — %rv1-1) ]
< E[lIVife (Xes1-p) IXe+i- — Xr41-m|]] (Cauchy-Schwarz)
< LE[IX+i-r = Xe1-m Il (f+ Lipschitz)

where the last transition used the Lipschitz assumption to bound the gradient. Finally, we get that

T
E|Y filtn,..ox) —ﬁ(xm_H)]
t=H

[ T
<E|) filtmm, . ox) - ﬁ(xm_H)] (fi convex)
Lt=H
[ T H ﬂ
_ _ - 2
<E[) ) VifiGnon) (evicst = Sror-p) + 5 5evics = S| l (f, smooth)
Lt=H i=1
[ T H
- - - - 2 - 2
SE|Y Y LlFiiin = Zonll+ BllFision = Zoan |2+ Blxision — Frvicn | l
Llt=H i=1

where the last transition used the previous equation and the triangle inequality. Plugging in the
expressions provided in Lemma 14 concludes the proof.

A.2 Proofs of Lemmas 10 and 14

Proof of Lemma 10. First, notice that by definition #; — #;_; > H. Summing over i and recalling
to = 0 we get that #; > iH. By definition of § we then get that |[S|H < t5| < T, and changing sides
concludes the first part of the lemma.

To see the second part of the lemma, consider a Markov chain with states corresponding to H-tuples
of bits that captures the evolution of the sequence (b;—g+1,-..,b;) as t increases. Notice that our
quantity of interest is the expected return time of the state s = (0,0,...,1). Since the chain is
irreducible it admits a stationary distribution 7*, and by a standard fact about Markov chains (e.g.,
Proposition 1.14 in [21]), the desired expected return time equals 1/7*(s). The latter probability
equals (1/H)(1 —1/H)"~! > 1/(eH) > 1/(3H), which gives the claim. [ |
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Proof of Lemma 14. For the first claim, noticing that the algorithm only changes predictions at times
t € S, we have that

H i-1 T
ZZ”-XIH H = X1-H| < Z Z||Xz+j+1—H = Xr4j-H|l (triangle in.Eq)
t=H i=2 =2 j=
1 2
— X X
<3 Zn ot = |
1 2
= SH ) s =]
2
teS
1 2 - —_ —_ - . .
< 3H Y s = Festll + 1Frr = Fill + 1 —x,]|  (triangle in.Eq)
teS
|S]

IA

1
EHZ Z'ﬁp*.] + 6[ + 19[

t=1
[T/H|

1
§H2 ; 6[ + 2’(9;,

IA

where the last transition also used the decreasing property of 9,. Next, we have that for any g > 0

i-1

Zanm = Fonll? = ZZanH]-H_H ~ Frejon |

t=H i= t=H i=2 j=1
H i-1 T
=Y > ) Wwjorn = Fejonll?
i=2 j=11t=H
2 q
< SH anm - &
IS\

A
%
g
2

< —H2 Z 59,

where the second transition follows since predictions change at most once every H rounds and thus
there is at most one summand that is non-zero. This concludes the second part of the lemma. Next,
recall that ¢; from Lemma 10 are the times Algorithm 2 updates the base BCO A, and subsequently
its prediction. Then we get that

ZZIIMH H — XeviH || l < HE

t=H i=

Zuxt - &

[S|+1

< HE Z 9 (ty —15_1)
s=1

\T/H J+1

<H Z B[ty —1,1]

s=1

\T/H |+1
<3m ) o

t=1

where the last two transitions used Lemma 10. [ |
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B Base BCO Algorithm

We give a general example of a BCO algorithm that may be employed in conjunction with our
reduction procedure given in Algorithm 2. For a positive semi-definite matrix P € R%*¢ define
the projection in ||-|| p distance H§ (x) = argminycoc[lx — yl| p, where ||x||%) = x"Px. We analyze
Algorithm 3, a standard BCO procedure that uses a preconditioned gradient update, and a one-point
gradient estimate.

Algorithm 3 Base BCO
1: input: regularization matrices P, > 0, step size 1
2: set: X € X
3: fort=1,...,T do
4: Draw u; ~ 8¢

Pla.y Xt = Xl + P;]/zu[

5:
6: Observe f; and set §; = dﬁP,l/ZMz
7 Update %41 = HS)C’ (% —nP7'g;)

Since our setting of BCO with (no) memory H = 1 uses a non-standard feedback model, we provide a
full analysis of the bounds on the regret, and the prediction shifts and magnitudes. To that end, denote

D = max ||x —y||, Dp = max [|x — s F = max|f|.
max =yl Dp = max iyl max |
Lemma 15. Consider the BCO with no memory (H = 1) setting described in Section 4.2 against an

adversary that chooses f; : Xy — R that are a—strongly convex over X (a = 0 in the weakly convex
case). If Algorithm 3 is run with regularization matrices P; = Py + %antl where Py > 0, then

A ~1/2 _
& =dnF|IP]'? 02 =P

satisfy the assumptions of A(T) in Theorem 9. Moreover, for all t < T we have that

D2 222 _
1. if fs are L-Lipschitz then Ry (1) < % + "sz t+detDp, +2LY L _ ||Py 1/2||;

Dy g ,
2. if fs are B-smooth then R (t) < T] + nTt +detDp, + YL IIPTU.

The proof of Lemma 15 relies on a few standard results. First, we require a standard regret bound
for the time-varying preconditioned update rule. This is stated in the next lemma, which is is a
specialization of bounds found in, e.g., [14], to the case of strongly convex quadratic regularizers.

Lemma 16. Let §1,...,8; € R%, and P; > ... > Py > 0 be arbitrary. For step size > 0 define the
update rule: %41 = H;’ (¥ —nP;'8,). Then we have that

3 3 3
AT /= % 1 - 112 1 = *112 TI A 112 *
) =) < LR =2l 2 ) =2+ 5 ) I8 Ve,
s=2 s=1

s=1

Next, we need the notion of smoothing and the one point-gradient estimate, which were initially
proposed by [15] and later refined in [25, 17]. The following lemma due to [17] encapsulates the
relevant results.

Lemma 17 (Lemmas 6 and 7 in [17]). Let P € R4%d pe symmetric and non-singular, b ~ B and
u ~ 8<. Define the smoothed version of f : X, — R with respect to P as

f(x) =E[f(x+Pb)].
Then we have that:
(i) Vf(x) = E[df (x + Pu)P~'u];

(ii) if f is a—strongly convex then so is f;
(iii) if f is convex and B—smooth then O < f(_x) -flx) < §||P2||, Vx € Xy
(iv) if f is convex and L-Lipschitz then 0 < f(x) — f(x) < L||P||, Vx € X,.
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Among other things, this lemma implies that a regret bound for a sequence f; yields one for f;. We
are now ready to prove Lemma 15.

Proof of Lemma 15. First notice that X, in Algorithm 3 is indeed the expectation of x, conditioned
on all past history up to (not including) the decision at time ¢ (since u, is a zero mean independent
random variable). Using the projection’s shrinking property we get that

Fre1 = Fell < 1P 2 (Fr1 = Fellp,
< 1P 1lind £ P, Puellp,
= 1P, |Ind ;|
< dnF| P =6,

Next, we have that ||x, — %;||* = ||P;1/2u, 1> < |P; 1| = 92, thus concluding first part of the proof.
Moving on to the regret bound, let x € X be fixed, and denote g, = dfs ()ES)P;/ 2uS, the desired
gradient estimate at time s. Recalling that X, is independent of the adversary’s random variable ¢,
we use total expectation to get that

E|) (g —8) (% —x)|=dE
s=1

Z(fs (%) = foul Py (3 —x)]

Z(fs (%) = e, [ADu Py (5 - )l

Dm ~xllp,

s=1
where the second to last transition used the Cauchy-Schwarz inequality, and the last transition used
the assumption that Pj is increasing. Next, notice that X, P, &5 satisfy the conditions of Lemma 16,

and since ||§S||§,,l < d?*F?, we get that

d
ngm —x) < ang x|+

and taking expectation, summing the last two equations, and changing sides, we get that
t _ t _ t a t D%) n 2 A2
E3 A=Y fe| <83 G053 -xnzl <Oh,
®)

F
t+detD P;»
where the first transition also used Lemma 17 to show that g is an unbiased estimate of V f; (Xs)
given X, and that f; are a strongly convex (with a = 0 in the weakly convex case). Now, let f; be

smoothed with respect to P 1/2 as defined in Lemma 17. If fs are B smooth, we get that

E[fs(xs)] <E

< deE < detDp,,

<E

£ + VAP P + By ||]

Bpt
~|P
S1P3

E[ )]+ Dipstl.

where the last transition used Lemma 17, which also gives us that — f; (x) < —f;(x) + §||P;1 [|. We

thus conclude that
Zfs(xv) Zfs(X)l}<maX{ Zf«xo va(x)}+ﬁZ|IPlll

and plugging in Eq. (5) concludes the smooth case. Fmally, 1f fs are L Lipschitz then using Lemma 17
we get that

E[fi(xs) = f:(0)] < E[fi(%) = £s ()] + LIPS 2| < B[ /(%) = fi(x)] +2L)1 Pl

and summing over s and plugging Eq. (5) concludes the non-smooth case. |

=E[fs(x5)] +

Ri(t) = max{
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C Main Result Proofs
C.1 Proof of Lemma 12

This lemma is a direct specification of Lemma 15 with the appropriate choice of parameters. For
M € M, denote [M],,. € R%%H the column stacking of M. Next, denote I € R%%uxdxdu the

identity matrix, and diag(rt[l], e, r,[H]) € RHXH the diagonal matrix with r;, € R on its diagonal.
Consider Algorithm 3 with XX = M (column stacked), dimension dy¢ = dxd, H, and

= [diag(+!, .../ e 172
where ® is the Kronecker product. Then, first, for M € M, we can write the projection as
H
M ([M]ee) = arg minfl[M]yee = [M|yeell, = argmin )~ ()2 m 1) - m 1|7,
M’'eM M’eM =

and since M = M x ... x M[H] each term in the sum may be minimized separately, and so we
get that

T2 ([M]yee) = [T (M), Ty (M)

where Iy (M) = argming, i1 ||M — M’||. Second, we have that g, = [g}”, e ,g}H]]vec and
thus the update rule may be rewritten as

— — | R —

[Mt+1]vec = [Mt]vec nPt gt - [Mz[ ] _n(rt[l])zgz[l]» v ,M[[H] - 77( [H1 )zgtH]]vec

We conclude that the procedure in Lemma 12 is indeed described by Algorithm 3. We can now
conclude the lemma using Lemma 15. A simple calculation shows that

5 2 6 .
D :MII’I]&[B.X ||M1 _MZHF <4dm1n /Y’

min *

D} = X 1My = My |3, < Hda,

Moreover, D}, = D}, + yaniD?, and [|P;'|| < 2. Plugging this into Lemma 15 we get that for all

nt
t<T
)
F
R, (1) s Hd>, + 2br (1+10gT)) JV; nT
2d[2nm1<31< ay day T)dmmKBK6T3
7 + dyee| VHdwinT + " ,

Riow

and for e € O(T~"), and n € O(T~'/?), we indeed have that Rjo,, € O(T~'/4). Finally, §,, 9, translate
directly between lemmas, thus concluding the proof.

C.2 Low Order Terms in Theorem 8

We summarize the low order terms that were omitted in the last three equations of the proof of
Theorem 8 given in Section 5. The first of the three explicitly states the lower order term

R\ =2p% (G +HC),

which is later omitted in the last step. The second equation results from invoking Lemma 12 with
F= CDi,u and horizon T /2(H + 1), to bound the second term of Theorem 9. Here the terms related

to &,, 6% were omitted, and satisfy

\T /2(H+1) J+1 2 32 1D gl
HT 2B¢dd;H"C°D logT

(L6, + 762 < 2Ly dyd, D2, |TIL 4 201 s xullO8 T p@).

! ! 4 xou oy af low

t=1

The third equation results from plugging in the previous result as well as that of Lemma 12 with
horizon T/(2(H + 1)), and € = GDi,u /T into Theorem 9. Lemma 12 yields a low order term, which
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is given at the end of the proof in Appendix C.1. Plugging in the horizon, €, and F' this term is given
by

2d%. k2K 2a¢nd. xOT
3) min B f 2 2172 2 Nl min" B
Ry = =2 + R HGDY, VHdoyin + \/—(H+ 5 )

and thus the final low order term is given by

Riow = R +2(H+ 1)2R2 + 6(H + DRY).
Since H is logarithmic in 7, and € O(T~'/?), we get that Rjoy, € O(T'/*), as desired.
C.3 Proof of (ii) in Lemma 7
Proof. Recall from Definition 5 that &, (Mo.g) = ¢;(y; (Mo.5 ), v: (Mo:g)), and denote
2 (Mo.n) = [ye(Mo.r) " ve (Mo.ir)']"
Since z;(-) is a linear mapping, its Jacobian is constant, and we denote it as J,,. Applying the chain
rule, we get that for all My, ..., My € M,

V26 (Mo.p) |l = 175, V2er (v (Mo:r), ve (Mo:) || < BT, 1P
and thus bounding ||/;, || will show that &, is smooth. To that end, notice that an intermediate step of
Lemma 5.6 of [1] shows that for any My, ..., Mg, My, ..., M’y € M, we have that

H
Iz (Mo.11) = 2t (Mo, . M, M)l < Sk W(1 =)%Y Ml —m/BL )
i=0
Recalling that ||-|| < |||, and using the triangle and Cauchy-Schwarz inequalities we get that

H H
e (Mor) = 2 (M o)l < Scpr®W )~ (1=p)* Y MY = M) 1
k=0 i=1
H
< Sk WVH ) (1= M- = M' il

< SkpK*WVH||Mo.r — M'o. ||

k=0
/H p
< SkpK°W ?”MO:H -Moullr.

Since M, contains an open set of R(duxdx)x(H+1) "this [ jpschitz property implies that ||J.|| <
S5k BK3W1/ < /By /B, thus showing that &; is ¢ smooth. Since C, results from taking expectation
of ¢; with respect to the random system noise, it is also § smooth.

Next, recall that ¢, (M) = ¢;(M, ..., M), and thus defining 7, = z,(M, ..., M), and repeating the

process above, it suffices to show that Z; is \/,B /B Lipschitz to conclude that ¢, C; are # smooth.
Using Eq. (6) we get that for M, M’

H H
12 (M) = Z.(M)| < S W Y (1 =)%Y Ml -
k=0

i=1
H
< 5xkgWVH|M - M'|| Z(l -p)*
k=0

SKBK w

——VH|M - M'||

By /BIM - M'||E,
thus establishing the Lipschitz property and concluding the proof. |
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D Extensions Proofs

We first need to extend the base BCO procedure to the weakly convex cases. Similarly to Lemma 12,
this is an immediate corollary of Lemma 15 with appropriate choice of parameters.

Lemma 18. Consider the setting of Section 4 with H = 1 and € € O(1/T), against an adversary that

chooses f; : M, — R that are convex. Let dyg, D, r([)i] be as in Theorem 13, and R (t) be the regret
of a procedure that at time t:

(i) Draws U, ~ 8 @«xd)xH - qnd plays M, where M,[i] = A_dl[i] + rt[i]U,[i] (Vi € [H])
(ii) Observes f;; and sets g,[‘] = (dM/r,[l])f,U,[l] (Vi € [H]) (1-point gradient estimate)
(iii) Updates M} = Mycril [1\_4,[’J - n(r,[lj)zgtllj] (Vi € [H]). (preconditioned update)

t+1

Suppose that | f;| < F then forallt <T:

/4 ) )
1. if f; are L-Lipschitz, n = 2 dé:—g; , and rt[l] = [(r([)l])’2 + LI“L—‘/AT then

-1)2
MFD]

- dMDﬁ.

. ~ D
R (1) < 4yJd LDETY* + 6TV, 6, =—, = ;
CNTT T ALT

2. if fy are By smooth, n =

1/3 ) “1/2
265 D? j i1y — 4B, T
d‘j‘ifﬁw] » and rt[l] = [(V(Et]) 2+ (dgv(1£202)1/3] then

2 pap2\1/3
2_(a’MFD

DL
\T e 42T

R (1) < (4B FDT) P+ O(T'3), 6, =

See proof in Appendix D.1.

Proof of Theorem 13. First, unlike the proof of Theorem 8, here we use ¢; as given in Definition 5,
without any modification. As before we view Algorithm 1 in the context of the BCO with memory
setting presented in Section 4. The adversary’s noise ¢; is now degenerate (w; are not stochastic), the
costs are given by ¢, and by Lemma 6, the feedback satisfies

cn?,
T

/T, and the feedback c; (x;, u;) is bounded by CDi,u. Let Ry 41 (T) be the regret

of Algorithm 1 against an adversary with memory H + 1, and notice that our choice of rt[i], and in

ler (xr,ur) — 6 (Mi—1-2m:1)] <

and thus € = GD?

X,u

particular r(gi], ensures that M; € M. Since the third part of Lemma 6 is, in fact, proven for ¢, rather

than C, (the latter is an immediate corollary) and so we have that
Ra(T) < Ry (T) +2D% (G + HC).

Since the second term is at most poly-log in 7, it remains to bound R 1 (T') for each set of assumptions
and parameter choices. Recall that Algorithm 1 fits the mold of our reduction procedure given in
Algorithm 2 with base procedure as in Lemma 18. Moving forward, our analysis is divided in two.
Consider the first set of parameter choices (with no smoothness assumptions). By Lemma 7, ¢, are
coordinate-wise L ¢ Lipschitz, and thus &; : M +— &, (M, ..., M) are (H + 1)Ly Lipschitz. Invoking
Lemma 18 with F = CD%C’“, L = (H+1)Ls and horizon T'/(H + 1), the second term of Theorem 9
(with no smoothness assumption) satisfies that

1 [T/(H+1)] 1
ELf(H+1)2 Z 81 +20, < SLy (H+ DT(5; +20,)

t=1
1 H+1 |dwED(H+1\'*
—L;(H+1)T| D/ gy a1
2 T Ly T

1 ~ .
5\/dMFDLf (H + 1)5273* 4 O(T"?),

IA

IA
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and further using Lemma 18 to bound the first term of Theorem 9, and simplifying, we get that

A

Ry (T) < 13ydneFDLy (H + 12T + O(1')

IA

13\2d, dyduin €D x5y 2Ly (H + 12T 1+ O(T'12),

where the last step only plugs in the values of dxg, £, D. This concludes the proof of the non-smooth
case. Now suppose that ¢, are f smooth and Algorithm 1 is run with our second choice of parameters.
Notice that the proof of the smoothness in Lemma 7 (see Appendix C.3) actually shows that both
¢t, ¢, are By smooth, and as before, we invoke Lemma 18 with our parameter choices to bound the
second term of Theorem 9 (with the smoothness assumption) by

1 \T/2(H+1) |+1
S(H+ 1)2 Z ((H+1)Ly8, + ;62 +66,07)

t=1

< (H+1)T((H+1)Ly5, + B0 +6797)

. 1/3
[(H+1)3 H+1 d% F?D*(H + 1
<(H+DT[LsD u+ﬁfD2_++6,3f M—()
T T Ap7T

2/3
< 4(\/EdMFD(H ¥ 1)2T) +O(T'1?),

and further using Lemma 18 to bound the first term of Theorem 9, and simplifying, we get that

2/3
Riza1 (T) < 12(\/EdMFD(H + 1)2T) +O(T'?)

2/3
< 12(2dxdudminCDi,u1<B1<3, |67 /y(H + 1)3T) +O0(T'?),

where the last step only plugs in the values of dx¢, F, D. |

D.1 Proof of Lemma 18

Recall Appendix C.1, where we show that Lemma 12 is a direct corollary of Lemma 15. As the
procedure itself does not change here, the proof is concluded by plugging-in our assumptions and
parameter choices into Lemma 15. For the first case, f; are L Lipschitz, and our choice of parameters
gives that

4LDNT 4LDNT

Dy, =D} =Dy + Ly HDNT
dy F

1 [DdwF

1P < M <

N

INT

and plugging into Lemma 15 we get that

N Hd>,
R (1) < 4ydyLDETY* + =0 4 4 eTDp,,
n

Riow

and by our assumptions we indeed get that Rjoy € O(T'/*) as desired. To conclude the non-smooth
case, we further apply Lemma 15 to get that

D 0 - dyDF
T "ANT

Next, for the second case, f; are 5 smooth and our choice of parameters gives that

2 1/3 1/3
4ﬁ—fT) < Hdz +

6[2

4/3? D*T

2 2 ’
3 F

2 _p2 _n2 2
DP,_DPI_DP0+D d%v[FZDZ min
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2 pap2)\ /3
&2, F2D

2
AT

)

— 1
1Py < (1) < (

and plugging into Lemma 15 we get that

. Hd>.
Ri (1) < (44)BrdFDT)? + % +dyveTDp,,

Riow

and by our assumptions we indeed get that Rjoy € O(T'/3) as desired. To conclude the smooth case,
and thus the proof, we further apply Lemma 15 to get that
1/3

b}

D >[5 F?D?
or=—= ==
VT BT

as desired.
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