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1 Ancillary results

1.1 VC-dimension of ellipsoids

For any PSD matrix M, we denote by Eyy = {& € R? : dy(x, ) < 1} the p-centered ellipsoid

with semiaxes of length )\;1/27 ceey /\;1/2, where \1,...,A\q > 0 are the eigenvalues of M. We

recall the following classical VC-dimension bound (see, e.g., [3]]).

Theorem 5. The VC-dimension of the class H = {Ey; : M € R% M = 0} of (possibly degenerate)

. . . . 2
ellipsoids in R? is d%gd.

1.2 Generalization error bounds

The next result is a simple adaptation of the classical VC bound for the realizable case (see, e.g., [5,
Theorem 6.8]).

Theorem 6. There exists a universal constant ¢ > 0 such that for any family H of measurable sets
E C R of VC-dimension d < oo, any probability distribution D on R, and any ¢, € (0,1), if S is

dIn(1/e)+In(1/6)
£

a sample of m > ¢ points drawn Li.d. from D, then for any E* € H we have:

D(EAE*) <e and D(E'\E")<e

with probability at least 1 — § with respect to the random draw of S, where E is any element of H
such that EN S = E*N S, and E' is any element of H such that E*NS C E' N S.

The first inequality is the classical PAC bound for the zero-one loss, which uses the fact that the
VC dimension of {EAE* : E € H} is the same as the VC dimension of H. The second inequality
follows immediately from the same proof by noting that, for any £* € H the VC dimension of
{E\ E* : E € H} is not larger than the VC dimension of H because, for any sample .S and for any
F,GeH,(F\E*)NS#(G\E*)NSimplies FNS #GNS.

1.3 Concentration bounds

We recall standard concentration bounds for non-positively correlated binary random variables,
see [2]. Let Xy, ..., X, be binary random variables. We say that X1, ..., X,, are non-positively
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correlated if for all I C {1,...,n} we have:

P(Viel:X;=0)<][[P(Xi=0) and P(Viel:X;=1)<][[P(X;=1) )

iel i€l
Lemma 4 (Chernoff bounds). Let X1, ..., X, be non-positively correlated binary random variables.
Letay,...,a, € (0,1 and X = >"""_ | a;X;. Then, for any € > 0, we have:
52
P(X < (1-¢)E[X]) < e TEX (2)
E2
P(X > (1+¢)E[X]) < e” 2 3)

1.4 Yao’s minimax principle

We recall Yao’s minimax principle for Monte Carlo algorithms. Let .A be a finite family of determin-
istic algorithms and Z a finite family of problem instances. Fix any two distributions p over Z and q
over A, and any J € [0, 1/2]. Let min ge 4 Erp[Cs(I, A)] be the minimum, over every algorithm A
that fails with probability at most § over the input distribution p, of the expect cost of A over the input
distribution itself. Similarly, let max ez Ea~q[Cs(I, A)] be the expected cost of the randomized
algorithm defined by g under its worst input from Z, assuming it fails with probability at most 4.
Then (see [4], Proposition 2.6):

.
max Bq[Cs(1, A)] 2 5 min Ep[Cos(1, A)] “)

2 Supplementary material for Section

2.1 Monochromatic Tessellation

We give a formal version of the claim about the monochromatic tessellation of Section [5}

Theorem 7. Suppose we are given an ellipsoid E such that d%E C conv(S¢) C E for some stretch
factor ® > 0. Then for a suitable choice of B;, p, b, the tessellation R of the positive orthant of E
(Definition3)) satisfies:

d® 1. dd\d
(1) IR| < max {1,0(% n%?)"}
(2) ENRY C UperR
(3) for every R € R, the set RN E is monochromatic

In order to prove Theorem we define the tessellation and prove properties (1-3) for v < 1/2. For
v > % the tessellation is defined as for v = %, and one can check all properties still hold. In the proof

we use a constant ¢ = /5 and assume v < c? — 2¢, which is satisfied since ¢ — 2c = 5 — 2/5 > 1/,

First of all, we define the intervals T;. The base ¢-th coordinate is:

v oL
i = - 5
B /31 ®d (5)
Note that, for all 7,
& _ ®Pcdv2d ©)
Bi vy
Define:
Y
= 7
cV2dd M
and let:
dd\/2
b = max (0, {logl i (C‘S/H)D @)



(The parameter p of the informal description of Section[3]is exactly 1+ ). Finally, define the interval
set along the ¢-th axis as:

{10,5:]} ifb=0
T, = ©)
{[0361}3 (51761(1 + Oé)],. ] (52(1 + a)b717ﬂi(1 + a)b]} ifb > 1

Proof of (1). By construction, |T;| = b+ 1. Thus,
|R| = 1, else by (8) and|6]

R| = Licpq |T:] = (b+ 1)% Thus, if b = 0 then

'ln<c<1>d\/ﬁ)
h—= |~ 7 (10)
In(1+ «)
2 cddy2
< |= ln(m)“ since In(1 4+ ) > ¢/2asa < 1 (11
(¢} Y
= 2v/2cdd In c®dv/2d definition of « (12)
Y Y
- 0(6@ In dcb) since d® > 1,y < 1/2 (13)
Y Y

. . d . . .
in which case |R| = O(% In %) . Taking the maximum over the two cases proves the claim.

Proof of (2). We show forany x € EN R‘i there exists R € R containing . Clearly, if x € EN Ri,
then (z, u;) € [0, L;] for all ¢ € [d]. But T; covers, along the i-th direction w;, the interval from 0 to

Bi(14 )’ = B;(1+ a)maX((lUoguu(%‘/mﬂ) > Bi(1+a) Mogyya(*i/8:)1 > [, (14)

Therefore some R € R contains .

Proof of (3). Given any hyperrectangle R € R, we show that the existence of x,y € RN E with
x € C'and y ¢ C leads to a contradiction. For the sake of the analysis we conventionally set the
origin at the center p of F, i.e. we assume p = 0.

We define By, = o F and let M = UAU " be its PSD matrix, where U = [u,...,u,4) and
A = diag(A1, ..., Aq). Note that \; = Z% = @zgz where ¢; = % is the length of the ¢-th semiaxis
of Ei,. Forany R € R, let R; be the ﬁrojectig)n of R on u; (i.e. R; is one of the intervals of T;
defined in @)). Let D = D(R) = {i € [d] : 0 ¢ R;}. We let Up and U-p be the matrices obtained
by zeroing out the columns of U corresponding to the indices in [d] \ D and D, respectively. Observe

that if ¢,y € RN E then:

(x — y,ui>2 < a? (w,uZ-)z Vie D (15)
(x —y,u;)” < 57 Vi¢ D (16)

Now suppose C' has margin at least - for some v € (0, c? — 2c], and suppose z,y € RN E with
@ € C and y ¢ C. Through a set of ancillary lemmata proven below, this leads to the absurd:

2

< dw(y,x)’ Lemmal3] (17)
C
< dy(y,x)? Lemmal6] (18)
72
< ?dy(z, p)? + 502 Lemmal[7] (19)
2 2
< 27? + ;? Lemmal[§] (20)

In the rest of the proof we prove the four lemmata.

Lemma 5. I < dw(y,x).



Proof. Let z be the point w.r.t. which the margin of C holds. By the margin assumption,

dw(y,z) > 1+~ and dw(x,2z) <1 21
By the triangle inequality then,
dw(y,z) = dw(y, z) —dw(x,2) > /1 +7 -1 (22)

One can check that for v < ¢ — 2¢ we have 1 + v>(1+ %)2 Therefore

dw (y, ) > /(1 +7/)2 —1=1 23)

c

as desired. O

Lemma 6. dy (-) < dps(+).

Proof. By the assumptions of the theorem, Ei, C conv,(C). Moreover, by the assumptions on
dw (+), the unit ball of dyy (-) contains conv(C'). Thus, the unit ball of dy(+) contains the unit ball of
dar(+). This implies W < M, thus || - ||w < || - ||ar and dw (-) < dps(+). O

2

Lemma7. dy(y,x)? < o?dy(z, p)? + 2L

2c2°

Proof. We decompose d;(y, )? along the colspaces of Up and U-p:

du(y,)* = [ My — 2)|3 (24)
= |M2(y — )7 oo + 1My =270, (25)

Next, we bound the two terms of @]} To this end, we need to show that for all D C [d] and v € R?:

M08 e = D i (v, wi) (26)
€D

Let indeed Jp = diag(1p) be the selection matrix corresponding to the indices of D. Then
Up =UJp,andsoUTUp = UTUJp = Jp. This gives:

MY 20|} yor = vT(UAYV2UTUpUpT(UAY?UT)v  definition of M and || - ||. (27)
= vTUAY2Jp JpAY2UTw since UTUp = Jp (28)
= 'UTUJDAI/QAI/QJDUT'U since A, Jp are diagonal (29)
=vT"UpAUpTv since UJp = Up (30)
= |UpTv|2 by definition (31)
=3 X (v,uy)? (32)

€D

Now we can bound the first term of (23)):

||M1/2(y—$)||?]DUg = Z/\i (y -z, u;) by (32) (33)
i€D
<a®d Ni(w,wi) by (T3) (34)
i€D
= o?| MY ?a||f, by (32) (35)
< 042||M1/2-73||?]UT (36)
= o®|| M2 ||3 since UU " =T (37)
=a’d%;(z, p) since p = 0 (38)



And for the second term of (23], we have:

IV @), = S A me)’ by @D >
i¢D
<> B by (8 “0)
i¢D
<I>2d2 ( v L ?
= Z — by definition of A; and 8;  (41)
, i @d)
i¢D
2
_ g
e %
Z¢D
2
~y
43
<53 (43)

Summing the bounds on the two terms shows that dys (y, €)? < o?dys(x, p)? + 2L 57, as claimed. [

Lemma 8. o?dy;(z, pn)? < %

Proof. By construction we have @ € E and £ = ®d - Ej,,. Therefore (I%da: € Fi,, thatis:

dr (e, p)? (44)

where we used the fact that dj; (-, ) = || - ||3; since p& = 0. Rearranging terms, this proves that
dpyr(z, p)? < ®2d2. Multiplying by o, we obtain:

2 2
24, 2 o (2 P22 = 45
a“dy(z, p)” < Jacdd 5¢2 (45)

as desired. O

The proof of the theorem is complete.

2.2 Low-stretch separators and proof of Theorem 3]

In this section we show how to compute the separator of Theorem 3] In fact, computing the separator
is easy; the nontrivial part is Theorem [3]itself, that is, showing that such a separator always exists.

To compute the separator we first compute the MVEE E; = (M™*, u*) of S¢ (see Section . We
then solve the following semidefinite program:

max
a€R,peRI MeRIxd

st. M>aM*
(M, (z — p)(x — u)T> <1 VxzeSc
(M,(y-p)ly—p)")>1 VyeSs
where, for any two symmetric matrices A and B, (A, B) = tr(AB) is the usual Frobenius inner
product, implying (M, (x — p)(x — p) ") = das(z, ). In words, the constraint M = o M* says
that F must fit into Ej if we scale Ej by a factor ® = 1/,/a. The other constraints require E to

contain all of S¢ but none of the points of S. The objective function thus minimizes the stretch ®
of E.

In the rest of this paragraph we prove Theorem 3]

(40)



Proof of Theorem [3| (sketch). To build the intuition, we first give a proof sketch where the
involved quantities are simplified. The analysis is performed in the latent space R? with inner product
(u,v) = u' Wwo. Setting conventionally z = 0, C then lies in the unit ball By and all points of
X \ C lie outside /1 + v By. For simplicity we assume v < 1 so that /T +~ ~ 1 + 7, but we
can easily extend the result to any v > 0. Now fix the subset S C C, and let E; = Ej(S¢) be the
MVEE of S¢. Observe the following fact: By trivially satisfies (1), but in general violates (2); in
contrast, Fy trivially satisfies (2), but in general violates (1). The key idea is thus to “compare” B
and Ej and take, loosely speaking, the best of the two. To see how this works, suppose for instance
Ej has small radius, say less than 7/4. In this case, E = E yields the thesis. Indeed, since the center
p* of Ej is in By, then any point of E is within distance 1 + /4 < /I + 7 of the center of By,
and lies inside /1 + v By. Thus Ej separates S¢ from X \ C, satisfying (1). At the other extreme,
suppose F7 is large, say with all its d semiaxes longer than /4. In this case, E = By yields the thesis:
indeed, by hypothesis F fits entirely inside 4/y E}, satisfying (2). Unfortunately, the general case is
more complex, since /3 may be large along some axes and small along others. In this case, both By
and E; fail to satisfy the properties. This requires us to choose the axes and the center of £ more
carefully. We show how to do this with the help of Figure ]

Bo

!

Figure 1: Left: the MVEE Ej of Sc and the affine subspace U + p* (marked simply as U) spanned by its
largest semiaxes. There is no guarantee that 5 C /1 + v By. Right: the separator F, centered in the center pt
of B, with the largest semiaxis in U and the smallest one in U, . We can guarantee that Sc C £ C /1 + ~ Bo.

Let {u1,...,uq} be the orthonormal basis defined by the semiaxes of Ey and ¢7, ..., ¢} be the
corresponding semiaxes lengths. We define a threshold e = 7*/42, and partition {1, ..., uq} as
Ap ={i : £f > e}and Ag = {i : ¢; < e}. Thus Ap contains the large semiaxes of E; and
Ag the small ones. Let U, U be the subspaces spanned by {u; : i € Ap} and {u; : i € Ag},
respectively. Consider the subset B = By N (u* 4+ U). Note that B is a ball in at most d dimensions,
since it is the intersection of a d-dimensional ball and an affine linear subspace of R?. Let y and £
be, respectively, the center and radius of B. We set the center of E at u, and the lengths ¢; of its
semiaxes as follows:

* 47
L ifieAq

e o, .
Ei:{ Vi ifi e Ap

Loosely speaking, we are “copying” the semiaxes from either By or E; depending on 7. In particular,
the large semiaxes (in Ap) are set so to contain all of B and exceed it by a little, taking care of not
intersecting /1 + v Bp. Instead, the small semiaxes (in A¢) are so small that we can safely set them
to 1/+/ times those of Ej, so that we add some “slack” to include S¢ without risking to intersect
1+~ By. Now we are done, and our low-stretch separator is (M, i) where M = Zleéi_ 2uu;T.

This the ellipsoid E that yields Theorem[3] In the next paragraph, we show how we can find efficiently
all points in E that belong to C'.



2.3 Proof of Theorem [3|(full).

We prove the theorem for v < 1/5 and use the fact that whenever C has weak margin +y then it also
has weak margin ~/ for all 7/ > 7. As announced, the analysis is carried out in the latent space R?
equipped with the inner product (u,v) = w ' Ww. All norms ||u||, distances d(u,v), and (cosine of)
angles (u, v) /(||u|| ||v]|) are computed according to this inner product unless otherwise specified.
Let By be the unit ball centered at the origin, which we conventionally set at z, the point in the
convex hull of C' according to which the margin is computed. Then, by assumption, C C By, and
x ¢ 1+~ Byforall x ¢ C. For ease of notation, in this proof be denote the MVEE by E* rather
than Ej. Let then (E*, pu*) be the MVEE of S¢; note that pu* € conv(S¢) C By. We let uq, ..., uq
be the orthonormal eigenvector basis given by the axes of E* and A7, ..., A} the corresponding
eigenvalues. Note that if min; A} > 5/,2 then E* has radius < 7/v/5 and thus, since p* € By and
~y < 1/s, its distance from By is at most 1 +7/v5 = /1 + 27/v5 + 7°/5 < /T + 7. In this case we

can simply set F = E* and the thesis is proven. Thus, from now on we assume min; A} < 5/~2.

U U
Bo BO \
T
E
' J
Figure 2: Left: the separating ball By of C, the MVEE E* of S¢, and the affine subspace U + p* spanned by
its largest semiaxes. Middle: F is our separator centered in the center p of the ball B = U N Byp. Right: a point

x € Sc with its projections onto U and U with respect to the origin, which we conventionally set at gt (the
center of F).

Now let:
3
g
= — 4
°T (*8)
and partition (the indices of) the basis {u, ..., uq} as follows:
Ap={i: N <12}, Ag=1[d]\ Ap (49)

Since min; A} < 5/4? and 5/4%> < 1/¢2, then by construction the set Ap is not empty. We now
define the ellipsoid E. Let U, U, be the subspaces spanned by {u; : ¢ € Ap} and {u; : i € Ag}
respectively, and let B = By N (u* + U). Note that B is a ball, since it is the intersection of a ball
and an affine linear subspace. Let p and £ be, respectively, the center and radius of B and define

1—/5y/0)02 icA d
n=d v/4) o M= NuuT (50)
eA: icAg s
Then our ellipsoidal separator is £ = {x € R? : dy(x, ) < 1}. See Figure [2] for a pictorial
representation. We now prove that F satisfies: (1) S¢ € E, 2) E C %E*(Sc), B E C

V1 +")/BO



Proof of (1). Set the center p of E as the origin. For all i € [d] let U; = wu;u,7T and define the
following matrices:

Po=> U, Q=> U (51)

1€EApP iGAQ

P= > \NU, Q=Y \U (52)
i€Ap iEAQ

Po= Y NU, Q.= Y NU (53)
i€Ap 1€AQ

We want to show that d2,(z, u) < 1 forall z € Sc. Note that dps(x, pt)? equals (recall that p = 0):
TPz + xTQx (54)

Let us start with the second term of (54)). By definition of @, and since p*TQ, = (u* — p)"Q, =0
because p* — p € U,

TQr=cx’Qux =c(x — p")"Qu(x —p*) <e< % (55)
where the penultimate inequality follows from x € E*.
We turn to the first term of (54)). If we let p, g be the projections of  — p = & onto U, U, so that
Ipl* =2"Poz,  lqlI” = 2T Qoz (56)
then by definition of the \; we have:
1—4/5v/4
2 Pg — L V5/4 W

We can thus focus on bounding ||p||. Since B is a ball of radius ¢, then ||p|| < ¢ + d(p, B), where
d(p, B) is the distance of p from its projection on B —see Figure left.

IplI? (57)

a]

Figure 3: Left: a point € S¢ C By which lies in E as well. Right: for a fixed a > 0, the ratio ¥/a is
maximized when the segment of length a lies on the line passing through the center of By, in which
case b/a = 220 for some 0 € (0, 7/2).

Now, since & € By, the ratio % is maximized when ¢ — 0 (i.e., B has a vanishing radius), in

which case d(p, B) < sinf and ||q|| > 1 — cos 6, where § € (0, 7/2]; see Figure[3|right. Then:

sin 0 - d(p, B)
2 2

lal 1 cost
d(p,B) — sinf

NCIISN
Vv

0
= tan - >
2

(58)

where we used the tangent half-angle formula and the Taylor expansion of tanf. This yields

d(p, B) < /2]|q|. Thus:
Pl <€+ 2|4l (59)



But since A7 > 1/ for all i € Ag:

lq|]> = 2TQox < 2 2TQux = % (x — p*) Q. (x — p*) < &7 (60)
Therefore:
aTPz < 1_67 Vf””(z +V22)° < (1= VBy/A) (1 + V2L 61)

Next, we show that @ < % 5v/4. First,

lo 72 WO
V2e = 2@ = d ©

We now temporarily set p* as the origin. We want to show that the projection of 1/a E* on U is
contained in B. Now, the projection of an ellipsoid on the subspace spanned by a subset of its axes is
a subset of the ellipsoid itself, and U is by definition spanned by a subset of the axes of £*. Therefore
the projection P of 1/a E* on U satisfies P C 1/¢ E*. Suppose then by contradiction that P ¢ B.
Since B = U N By, this implies that 1/¢ E* ¢ By. But by John’s theorem, 1/¢ E* C conv(S¢), and
therefore conv(S¢) ¢ By, which is absurd. Therefore P C B.

Let us get back to the proof, with p as the origin. On the one hand, the definitions of Ap and U imply
that the largest semiaxis of E* of length ¢* = 1//min; A* lies in U, thus P has radius at least % .

On the other hand B has radius ¢, and we have seen that P C B. Therefore, ¢ > 16* Fmally, by
our assumption on min; A}, we have mmZ A < 5/~% and so ¢* > 7/v/5. Therefore, ¢ > 7//5d, which

together with (62) guarantees \/g 1/57/4. Thus, continuing (61):

2Pz < (1 — \/57/4) (1 + 5\/5v 4) (63)

Now (1 —z)(1+ £)? <1 — 32?% forall z > 0, thus with z = \/5v/4 > /7 we get:

xTPx <1— %7 (64)
By summing (53) and (64), we get:
3
wTPcc+:cTch<1—Z”y+%<1 (65)

Proof of (2). Comparing the eigenvalues of F and E*, and using £ < 1 and y < 1/5, we obtain:

A a-VETYe | 2
»Z{ Ty )
' e> 5 1€ Ag

K2

Thus the semiaxes lengths of E are at most V2/c times those of E*. Now let E7 be the set obtained
by scaling E* by a factor 2v2/e = 64v2d”/3 about its origin p*. Note that u* € conv(S¢) and, by
item (1), conv(S¢) C E, which implies p* € E. Now, E’ contains any set of the form y + %Ei
if the latter contains p*; this includes the set gE* centered in pu, which in turn contains E as we
already said.

Proof of (3). We prove that d(x,By)? < ~ for all z € E. Since By is the unit ball, this implies
E C \/1+~Byp. Consider then any such «. Let agaln P, g be the projections of = on U and U
respectively. Because B C By, d(z,By)? < d(z, B)? = d(p, B)?> + ||q||. See again Figure[3] left,
but with & possibly outside By. For the first term, note that

d(p,B) < max Uni — ¢ (67)
By definition of \;, this yields:
2 2
dp,B* < | ———=—-1| < -1 (because ¢ < 1)

— /5v/4 1—/57/4



Now we show that the right-hand side is bounded by 2. Consider f(z) = \/11? — 1 forz € [0, 1/2].

Now % =3(1—2)~"2 >0, s0 f is convex. Moreover, f(1/2) = v/2—1 < 0.83 - 1/2, and clearly
f(0) =0 < 0.83-0. By convexity then, for all x € [0, 1/2] we have f(x) < 0.83 2 which implies
f(x)? < 0.75 22, By substituting z = /5v/4, for all v < 1/5 we obtain:

2

1
1—/5y/4

Let us now turn to q. By definition of (g, of @, and of A; for ¢ € Ag, we have:

15

d(po)Q < T6

3 5
1 LN = 68
- < 4 47 7 (68)

1 1
2
la|* = 2TQox < ifélglg )TinQfB = }ggg wiﬁ@w (69)

But 2TQx < 1since € E, and recalling that A\¥ > 1/¢2 for all i € Ag, we obtain:
1 Y
= < —
e/ “T 16
Finally, by summing and (70):
d(x,Bo)* < d(p, B)* + ||q|I”* <~ (71)

The proof is complete.

lq]l* <

(70)

3 Supplementary material for Section [6]

3.1 Lemma

Lemma9. Letb > 0 be a sufficiently large constant. Let S be a sample of points drawn independently
and uniformly at random from X. Let C' = argmaxc,cc |S N Cyl, let So = S N C, and suppose
|Sc| > bd? In k. If E is any (possibly degenerate) ellipsoid in R® such that Sc = C N E, then with
probability at least /2 we have |C N E| > | X | 4. The same holds if we require that EN(S\ S¢) = 0,
i.e., that E separates S¢ from S\ Sc.

Proof. Let n = |X| for short, and for any ellipsoid E let Ex = E N X. We show that, with C
defined as above, (i) with probability at least 1 — 1/4 we have |C| > n/2k, and (ii) with probability
atleast 1 — 1/4,if |C| > n/2k then |Ex AC| < 1/2|C| where A denotes symmetric difference. By a
union bound, then, with probability at least /2 we have |E N C| > |C| — |[ExAC| > 1|C| > /ak.

(i). Let S be the multiset of samples drawn from X, and for every cluster C; € C let N; be the
number of samples in C;. Let s = kbd? In k; note that |S| < s since there are at most & clusters.
Now fix any C; with |C;| < 5. Then E[N;] < s% < bdz%, and by standard concentration
bounds (LemmaE]in this supplementary material), we have P(N; > bd? Ink) = exp(—Q(bIn k)),
which for b large enough drops below 1/4k. Therefore, the probability that N; > bd? In k when taking
s < kbd? In k samples is at most 1/4%. By a union bound on all C; with |C;| < n/2k, then, |C| > 7/2k
with probability 1 — 1/4.

(ii). Consider now any C; with |C;| > n/2k. We invoke the generalization bounds of Theorem@in
this supplementary material with ¢ = 1/4x and § = 1/4k, on the hypothesis class H of all (possibly
degenerate) ellipsoids in R?. For b large enough, the generalization error of any ellipsoid E that
contains S¢ is, with probability at least 1 — 1/4k, at most 1/ak, which means |Ex AC;| < n/ak <
1/2|C;], as desired. By a union bound on all clusters, with probability at least 1 — 1/4 this holds for all
C; with |C;| > n/2k. The same argument holds if we require E to separate S N C; from S\ C;, see
again Theorem (6| By a union bound with point (i) above, we have E N C' < 1/2|C| with probability
at least 1/2, as claimed. O

3.2 Proof of Lemmal[3

Let Xog = X and Ny = n, and for all ¢ > 1, let X; be the set of points not yet labeled at the end
of round 4, let N; = |X;|, and let R; = T{N; < N;_1(1 — /4k)}. Recall that S¢ is large enough
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so that, by Lemma@]m this supplementary material, we have P(R; = 1| X;_1) > 1/2 for all 4. For
everyt > 1let p, = Zz 1 Ri. Note that:

N; < No(1 — Yar)?* < ne~ % (72)

If p; > 4k1In(1/e), then N; < en and RECUR(X, k, , €) stops. The number of rounds executed by
RECUR(X, k, 7, €) is thus at most . = min{¢ : p; > 4k1In(1/e)}.
Now, for all ¢ > 1 consider the o-algebra F;_1 generated by Xy, ..., X;_1, and define: Z; = R; B;,

where By, Bs, . .. are Bernoulli random variables where each B; has parameter 1 / (2 E[R; | Fi—1])-
Obviously, Z; < R;, and thus for all ¢ we deterministically have:

t t
Y R:Yz 73)
1=1 =1

Now note that:
1 1

E[ZZ | ]:i—l] = E[RZ | fl_l}m = 5

(74)

Now we can prove the theorem. For the first claim, simply note that E[r.] < 8kIn(1/e), as this is
the expected number of fair coin tosses to get 4k In(1/¢) heads.

For the second claim, cons1der any t > 8klnn+ 6avVkInn. Letting ¢; = Zl 1 Zs, theeventrg > ¢
implies ¢; < 4klnn = % — 3avkInn = E[¢,] — § where § = 3avkInn. By Hoeffdlng S 1nequa11ty

—252/t

this event has probability at most e and one can check that for all a > 1 we have 2= > aInn.

4 Supplementary material for Section

4.1 Proof of Theorem d

We state and prove two distinct theorems which immediately imply Theorem 4}

Theorem 8. Forall0 < ~v < /7, alld > 2 and every (possibly randomized) learning algorithm,
there exists an instance on n > 2( 1+7) = points and |C| = 3 latent clusters such that (1) all

clusters have margin vy, and (2) to return with probability 2/3 a clustering C such that A(C ,C)=0
the algorithm must make Q(n) same-cluster queries in expectation.

Proof. The idea is the following. We define a single set of points X C R? and randomize over the
choice of the latent PSD matrix W the claim of the theorem follows by applying Yao’s minimax
principle. Specifically, we let X be a ©(,/7)-packing of points on the unit sphere in R?. We show
that, for € X drawn uniformly at random, setting W = (1 + ~) diag(z%, ..., z%) makes x an
outlier, as its distance dyy (x, 0) from the origin is 1 + -y, while every other point is at distance < 1.
Since there are roughly (1/+)? such points z in our set, the bound follows.

We start by defining the points X in terms of their entry-wise squared vectors. Consider S} = RiﬂSd
where Sd = {x € R? : ||z|y = 1} is the unit sphere in R?. We want to show that there exists a
set of 1(1/e)4~1 points in S whose pairwise distance is bigger than /2, where ¢ will be defined
later. To see this, recall that the packing number of the unit ball By = {x € R? : |z|» < 1}
is M(B,¢) > (1/e)? —see, e.g., [6]. For ¢/2 and d — 1, this implies there exists Y C By_; such
that \Y| > (2/e)? ! and |ly — y'|l2 > ¢/2 for all distinct y,3’ € Y. Now, consider the lifting
function f : By_1 — RY defined by f(y) = (/1 — ||yll%,v1,--.,y4_1). Define the lifted set
Z ={f(y):y € Y}. Clearly, every z € Z satisfies ||z||2 = 1 and zp > 0, so z lies on the northern
hemisphere of the sphere Sy. Moreover, ||f(y) — f(¥')|l2 > ||y — ¥'||2 for any two y,y’ € Y.
Hence, we have a set Z of (2/:)9~! points on the d-dimensional sphere such that ||z — 2'||2 > ¢/2 for
all distinct 2, z’ € Z. But a hemisphere is the union of 24-1 orthants, hence some orthant contains at
least 27 (=1 (2/-)@=1 = (1/:)?=1 of the points of Z. Without loss of generality we may assume this
is the positive orthant and denote the set as Z .
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We now define the input set X C R as follows:
X=X"uX" ={Vz:2€Z"u{-Vz:2€Z"}

Note that n = | X| = 2|ZF| = 2(1/:)?~!. Next, we show how every z € Z* defines a clustering
instance satisfying the constraints of the thesis. For any z* € Z%; let w = (1 + v)z* and
W = diag(ws, ..., wq), which is PSD as required. Define the following three clusters:

C/:{—\/Zi*} CN:{\/E} C:X\(C/UC//)

where, for f : R = R, f(x) = (f(21),..., f(za)). Since C’ and C” are singletons, they trivially
have weak margin 7. We now show that C' has weak margin v w.r.t. to u = 0; that is, dy (x, u)? >
1+ for & = £v/z* and dy (, p)? < 1 otherwise. First, note that dy (x, u)* = (w, x?). Now,

s [ A+y)(z2z) =1+ ifxel C”

However, by construction of Z ™, we have that forall z € C and z = x?,

(/2)* < llz = 2713 = lI2]3 — 2 (2,2") + [|2"]|3 = 2(1 — (2, 27))

which implies (z*,x%) < 1 — (5/2)%/2 =1 — £°/8 = 1/(144) for e = /37/(1+~). Therefore
gives dyy (x, u)? = (14 7) (z*,2?) < 1. This proves C has weak margin 7 as desired.

The size of X is:

1 d-1 1 -1
w22 ) o)

Vo ) 8

Now the distribution of the instances is defined by taking z* from the uniform distribution over Z™.
Consider any deterministic algorithm running over such a distribution. Note that same-cluster queries
always return +1 unless at least one of the two queried points is not in C'. As C contains all points in
X but the symmetric pair \/z*, —/z* for a randomly drawn z*, a constant fraction of the points in
X must be queried before one element of the pair is found with probability bounded away from zero.
Thus, any deterministic algorithm that returns a zero-error clustering with probability at least § for
any constant 0 > 0 must perform Q(n) queries. By Yao’s principle for Monte Carlo algorithms then
(see Section above), any randomized algorithm that errs with probability at most %‘5 < % for
any constant & > 0 must make §2(n) queries as well. O

Theorem 9. For all v > 0, all d > 48(1 + ~)?, and every (possibly randomized) learning algorithm,
there exists an instance on n = Q(exp(d/(1 + v)?)) points and |C| = 2 latent clusters such that

(1) all clusters have margin at least vy, and (2) to return with probability 2/3 a clustering C such that
A(C,C) = 0 the algorithm must make )(n) same-cluster queries in expectation.

Proof. We exhibit a distribution of instances that gives a lower bound for every algorithm, and then

use Yao’s minimax principle. Let p = ﬁ Consider a set of vectors @1, . . ., &, where every entry
of each vector x; ; is i.i.d. and it is equal to 1 with probability. p. Define X = {x1, ...,z }; note that
in general | X| < n since the points might not be all distinct. Let * = x,,, C = {x1,...,Tn_1},

C' = {x*}. The latent clustering is C = {C, C’}, and the matrix and center of C' are respectively
W = diag(x*) and ¢ = 0. The algorithms receive in input a random permutation of X; clearly, if it
makes o(|X|) queries, then it has vanishing probability to find *, which is necessary to return the
latent clustering C.

Now we claim that, if d > 48(1 + )2, then we can set n = (2 ( exp (m)) and with constant

probability we will have (i) | X| = ©(n), and (ii) C, C" have margin ~y. This is sufficient, since the
theorem then follows by applying Yao’s minimax principle.

Let us first bound the probability that | X | < n. Note that for any two points x;, x;; with i # i’ we
have P(z; = zy) = (1 —p)* +p°)* < (1 = 37557)

bound over all pairs, P(| X| < n) < n?e” el

__d . .
4 < ¢7 209, Therefore, by a simple union
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Next, we want show that, loosely speaking, dy (x, ¢)? ~ dp for x € C' whereas dy (z, ¢)? ~ dp?
for z € C} this will give the margin.
Now, for any z,
d d * 2
! 2t a; ~ B(d, C
dw(@,c)? = o} (z;—0)? = 2y @ i~ BldpY) @ e (76)
i=1 2o T ~ B(d,p) z el

Where in the last equality we use the fact that the entries are unary, and where with the notation
B(d, p) we refer to a vector of length d where each entry is equal to 1 with probability p. Let y = dp?
and u/ = dp, let e = 1/(1+v?2), and define

p=p(l+e), ¢ =p(1-ecyp) an
By standard tail bounds,

P(dW(w,c)2 >¢) < 6_# forx e C (78)

52;0“'

P(dw (x,c)* < ¢') <e 3 = e~ 3 forxe (79)

By a union bound on all points, the margin ¢ of C fails to satisfy the following inequality with
ep

EZ
probability at most | X|e~ 5 < ne” 5 :

minm¢0 dw(iﬂ7C) > g dp(l B <‘5\/23) _ 1 - E\/ﬁ > i =14+~ (80)
¢

1+ = =
7€ = Maxpec dw (, )2 dp?(1+e)  pll+e) ~ 2p

l1—e\/p
1+e

where the penultime inequality holds since > % for our values of p and €. Note that, since

_ d
p= 2(1+7) and n < ¢ exp (W) +1,

2u dp

ne= " = ne= T = ne” WA 81)

By one last union bound, the probability that | X| = n and y¢ > 7 is at least
___4d d
1 —ne 48(1+7)2 — HQQ_W (82)

Ifd > (1+ 7z
away from 0.

then we can let n = (2 (e B ) while ensuring the above probability is bounded

The rest of the proof and the application of Yao’s principle is essentially identical to the proof of
Theorem [§ above. O

5 Comparison with SCQ-£-means

In this section we compare our algorithm to SCQ-k-means of [1]. We show that, in our setting, SCQ-k-
means fails even on very simple instances, although it can still work under (restrictive) assumptions
on v, W, and the centers.

SCQ-k-means works as follows. First, the center of mass g of some cluster C' is estimated using

O(poly(k 1/7)) SCQ queries; second, all points in X are sorted by their distance from g and the
radius of C’ is found via binary search. The binary search is done using same-cluster queries between
the sorted points and any point already known to be in C. The margin condition ensures that, if
we have an accurate enough estimate of p1-, then the binary search will be successful (there are no
inversions of the sorted points w.r.t. their cluster). This approach thus yields a O(Inn) SCQ queries
bound (the number of queries to estimate p- is independent of n).

It is easy to see that this algorithm relies crucially on (1) each cluster C' must be spherical, and (2)
the center of the sphere must coincide with the centroid p. In formal terms, the setting of [1] is
a special cases of ours where for all C' we have W = I and ¢ = Eg e [x]. If any of these two
assumptions does not hold, then it is easy to construct instances where [1]] fails to recover the clusters
and, in fact, achieves error very close to a completely random labeling. Formally:
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Lemma 10. For any fixed d > 2, any p € (0,1), and any sufficiently small v > 0, there are
arbitrarily large instances on n points and k = 2 clusters on which SCQ-k-means incurs error

A(CA’, C)> 1%17 with probability at least 1 — p.

Sketch of the proof. We describe the generic instance on n points for d = 2. The latent clustering C
is formed by two clusters C', C of size respectively n; = nHTp and ny = nl%p In C1, half of the
points are in (1, 0) and half in (—1,0). In C, all points are in (0, —Vl;v) (One can in fact perturb
the instance so that all points are distinct without impairing the proof). For both clusters, the center
coincide with their center of mass, p; = (0,0) and py = (0, —Vl;w) For both clusters, the latent
metric is given by the PSD matrix W = (% 9). It is easy to see that dy (x, p,)* = Vaif x € Cy
and dyy (x, p,)? = (+7)/1if © € Co, and so C; has margin exactly v. On the other hand Cy has
margin 7y since dy (x, )2 = 0if & € Cq and dyy (¢, py)? > 0 otherwise.

Ca

Ch

Figure 4: A bad instance for SCQ-k-means. With good probability, the algorithm classifies all points in a single
cluster, incurring error ~ 1/2, the same as a random labeling.

Now consider SCQ-k-means. The algorithm starts by sampling at least %ﬁk) points from X and

setting fu to the average of the points with the majority label. By standard concentration bounds then,
for v small enough, with probability at least 1 — p the majority cluster will be C; and the estimate z
of its center of mass (0, 0) will be sufficiently close to p, that the ordering of all points in X by their
Euclidean distance w.r.t. i will set all of C before all of Cy. But since ny = nl%p, the median of
the sorted sequence will be a point of C'y. Thus the binary search will make its first query on a point
of C; and will continue thereafter classifying all of X as belonging to C;. Thus the algorithm will

output the clustering C = {X, 0} which gives A(C,C) = 2. -

Next, we show that the approach [1]] still works if one relaxes the assumption W = I, at the price
of strengthening the margin v. Let Apax and Apin > 0 be, respectively, the largest and smallest
eigenvalues of . The condition number xyy of W is the ratio Ay ax / Amin- If Ky is not too large,
then W does not significantly alter the Euclidean metric, and the ordering of the points is preserved.
Formally:

Lemma 11. Let kyy be the condition number of W. If every cluster C' has margin at least kyy — 1
with respect to its center of mass ¢, and if we know p, then we can recover C with O(lnn) SCQ
queries.

Proof. Fixany cluster C and let pt = . Forany z € R? we have A\pin || 2|2 < [|2]|Z) < Amax]| 213
where A and A\, are, respectively, the smallest and largest eigenvalue of W. Sort all other points
x by their Euclidean distance | — |2 from p. Then, for any « € C and any y ¢ C we have:

ly = pllz o Awin lly = sl 1 dly,p)* 147 ®3)
2= pl3 = Amax |z =l swd(@,p)? ™ kw

Hence, if ¥ > kw — 1, there is » > 0 such that || — pljs < rforall z € C and ||y — w2 > rall
y ¢ C. We can thus recover C via binary search as in [1]. O

As a final remark, we observe that the above approach is rather brittle, since «yy is unknown (because
W is), and if the condition xy < 1+ fails, then once again the binary search can return a clustering
far from the correct one.
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6 Comparison with metric learning

In this section we show that metric learning, a common approach to latent cluster recovery and related
problems, does not solve our problem even when combined with same-cluster and comparison queries.
Intuitively, we want to learn an approximate distance d that preserves the ordering of the distances
between the points. That is, for all z,y, z € X, d(x,y) < d(x, z) implies C/Z\(.’B, y) < &\(w, z). If
this holds then d and d are equivalent from the point of view of binary search. To simplify the task,
we may equip the algorithm with an additional comparison query CMP, which takes in input two pairs
of points x, z’ and y, 3y’ from X and tells precisely whether d(x, ") < d(y,y’) or not. It turns out

that, even with SCQ+CMP queries, learning such a d requires to query essentially all the input points.

Theorem 10. For any d > 3, learning any d such that, for all .y, z € X, ifd(z,y) < d(x,z)

then j(w, y) < j(w, z), requires )(n) SCQ+CMP queries in the worst case, even with an arbitrarily
large margin .

Proof. We reduce the problem of learning the order of pairwise distances induced by W, which we
call ORD, to the problem of learning a separator hyperplane, which we call SEP and whose query
complexity is linear in n.

Problem SEP is as follows. The inputs are aset X = {x1,...,2x,} C R (the observations) and a
set H ={hqy,...,h} C Ri (the hypotheses). We require that h; € ]Ri. We have oracle access to
o:X — {+1,—1} such that o(-) = sgu(h, -) for some h € H. The output is the h € H that agrees
with 0. We assume 7, X support a margin: 3¢ > 0, possibly dependent on the instance, such that
sgn(h, x) = sgn(h, ') for all ' with || — ’|| < . (Note that this is not the cluster margin ).

Let Qorp(n) and Qsgp(n) be the query complexities of ORD and SEP on n points. We show:
Lemma 12. QORD(?)’I’L) S QSEP(TZ).

Proof. Let X = {z1,...,2,} C R? be the input points for SEP and let h € R¢ be the target
hypothesis. By scaling the dataset we can assume ||x;|| < £ for any desired £ (even dependent on n).
We define an instance of ORD on n’ = 3n points as follows. First, W = diag(h). Second, the input
setis X' =51 U...US, where fori =1,...,n we define S; = {a;, b;, ¢; } with:

a; =61 (84)

We first show that a solution to ORD gives a solution of SEP. Suppose indeed that for all pairs of
points {g, p}, {x,y} we know whether dw (g, p) < dw (x,y). This is equivalent to knowing the
output of cMP({q, p}, {x, y}), which is

cmp({g, p}. {z,y}) = sgn (h. (¢ —p)* - (x — y)*) (87)
Consider then the point ¢ = ¢;, p = * = b;, y = a; for each 7. Then:

cmp({g, p}. {z,y}) = sgn (h, (@i = b;)* — (b — ¢;)*) (88)

= sgn <h, (ai)2 — (—a; — a:l)2> (89)

=sgn(h,2-6'x; — ;) (90)

— sgn <h i (1 - 2m%)> 1)

By the margin hypothesis, for ¢ small enough this equals sgn((h, x;)), i.e., the label of x; in SEP.

We now show that all the other queries reveal no information about the solution of SEP. Suppose then
the points are not in the form ¢ = ¢;, p = © = b;, y = a,. Without loss of generality, we can assume
that ¢ > p and ¢ > x > y. It is then easy to see that, for & small enough, (q — p)? — (z — y)?> > 0
or (g — p)? — (x — y)? < 0. This holds independently of the x; and of W and therefore gives no
information about the solution of SEP.

It follows that, if we can solve ORD in f(3n) CMP queries, then we can solve SEP in f(n) queries.
Finally, note that adding SCQ queries does not reduce the query complexity (e.g., let X lie in a single
cluster). For the same reason, we can even assume an arbitrarily large cluster margin ~. O
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It remains to show that SEP requires 2(n) CMP queries in the worst case. This is well known, but we
need to ensure that H C Rﬂir and that any i € ‘H supports a margin as described above.

Consider the following set X = {xy,...,x,} C R3:

x; = (1 —40,—cos(6;), —sin(6;)) (92)
where 0; = i5- and ¢ is sufficiently small. Let H = {hy,..., h,}, where
h; = (1, cos(0;),sin(d;)) (93)
Note that H C }Ri as required. Clearly:
[ =6 ifj =i
{hy 21) —{ 1— (8 +cos(6; — 8;)) ifj#i (04)

By choosing § = 1zcos(m/2n) \e have sgn (h,x;) = —1if and only if i = j. Clearly, any algorithm

2
needs to probe 2(n) labels to learn h with constant probability for some h € H. Finally, note that
any h supports a margin, as required. O
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