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A Proofs omitted in Section 4

A.1 Proof of Theorem 1

We first claim that function m(��) that satisfies (4.2) is indeed the Stieltjes transform of the limiting
distribution of the eigenvalues of X/wX>

/w. This is because the empirical distribution of the eigen-
values of ⌃x/w converges to the distribution of h due to Assumption 1. By the Marchenko-Pastur
law, it is straightforward to show that the minimal eigenvalue of X/wX>

/w is lower bounded by c0

as n ! 1. Hence, we have m(��) > 0 for all � > �c0. Then by taking derivatives of (4.2)7, we
know that (4.3) holds. The rest of the proof is to characterize Part 1 and Part 2 in (3.1) and show
(4.1).

For Part 1 in (3.1), based on prior works [DW18, XH19], we have

Part 1 in (3.1) p
! �̃

2 m
0(��)

m2(��)
. (A.1)

Hence, we only need to show that

Part 2 in (3.1) p
!

m
0(��)

m2(��)
· �E gh

(h · m(��) + 1)2
. (A.2)

Towards this goal, we first assume that ⌃w� is invertible and define S = X>
/w2�X/w2� + �⌃�1

w� ,
where X/w2� = X/w⌃�1/2

w� ⇠ N
�
0,

1
n⌃x/w2�

�
and ⌃x/w2� = ⌃�1/2

w� ⌃x/w⌃�1/2
w� . Simplifica-

tion of Part 2 yields
�

2

n
tr
�
⌃x/w2�S

�2�
.

To analyze the above quantity, we adopt the similar strategy used in [LP11] and first characterize a
related quantity 1

n tr
⇣
X>

/w2�X/w�2

⌘
. Note that, on one hand, we know that

1

n
tr
⇣
S�2X>

/w2�X/w2�

⌘
=

1

n
tr
⇣
S�1

� �S�2⌃�1
w�

⌘

=
1

n
tr
⇣
⌃w�(X

>
/wX/w + �I)�1

� �⌃w�(X
>
/wX/w + �I)�2

⌘
.

(A.3)

On the other hand, let x/w2�,i be the ith row of X/w2� and S\i = S � x/w2�,ix
>
/w2�,i, then we

have

1

n
tr
⇣
S�2X>

/w2�X/w2�

⌘
=

1

n

nX

i=1

x>
/w2�,iS

�2x/w2�,i

=
1

n

nX

i=1

�
2x>

/w2�,iS
�2
\i x/w2�,i

⇣
�+ �x>

/w2�,iS
�1
\i x/w2�,i

⌘2 , (A.4)

where the last equality holds due to the Matrix Inversion Lemma. Note that from Assumption 1, the
eigenvalues of ⌃x/w is lower bounded and upper bounded away from 0 and 1. Also, k⌃w�k is
bounded away from 1. Hence, by the Marchenko–Pastur law, we know that
����2⌃1/2

x/w⌃�1/2
w� S

�2
\i ⌃�1/2

w� ⌃1/2
x/w

��� =
����2⌃1/2

x/w(X>
/wX/w + �I)�1⌃w�(X

>
/wX/w + �I)�1⌃1/2

x/w

���

and ����⌃1/2
x/w⌃�1/2

w� S
�1
\i ⌃�1/2

w� ⌃1/2
x/w

��� =
����⌃1/2

x/w(X>
/wX/w + �I)�1⌃1/2

x/w

���

7We can exchange expectation and derivatives because
����
@ h

1+hm

@m

���� =
h

(1+hm)2
< suph when m(��) > 0
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are upper bounded away from 1 for any � > �c0
8. Furthermore, observe that x/w2�,i is indepen-

dent of S\i and(A.4). Hence by Lemma 2.1 in [LP11], we can show that

1

n
tr
⇣
S�2X>

/w2�X/w2�

⌘
p
!

1

n

nX

i=1

�2

n tr
⇣
⌃x/w2�S

�2
\i

⌘

⇣
�+ �

n tr
⇣
⌃x/w2�S

�1
\i

⌘⌘2 , 8� > �c0.

Next, we replace S�1
\i by S�1 and show the difference made by this rank-1 perturbation is negligible.

From the Matrix Inversion Lemma, we have

sup
i

����
�

n
tr
⇣
⌃x/w2�S

�1
\i

⌘
�
�

n
tr
�
⌃x/w2�S

�1�
����

= sup
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�

n

x>
/w2�,iS

�1
\i ⌃x/w2�S

�1
\i x/w2�,i

1 + x>
/w2�,iS

�1
\i x/w2�,i

 sup
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�

n
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�1
\i ⌃x/w2�S

�1/2
\i k · kS�1/2
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1 + x>
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�1
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kx>
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\i ⌃x/w2�S
�1/2
\i k · kS�1/2

\i x/w2�,ik

1 + x>
/w2�,iS

�1
\i x/w2�,i

 k⌃x/wk · sup
i
�

����
⇣
X>

/wX/w + �I � x/w,ix
>
/w,i

⌘�1
���� · sup

i

1

n

x>
/w2�,iS

�1
\i x/w2�,i

1 + x>
/w2�,iS

�1
\i x/w2�,i

 Op

✓
1

n

◆
.

Similarly,

sup
i

����
�

2

n
tr
⇣
⌃x/w2�S

�2
\i

⌘
�
�

2

n
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�
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�2�
����
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����
�

2

n
tr
⇣
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i

����
�

2

n
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⇣
⌃x/w2�

⇣
S�1

\i � S�1
⌘
S�1

⌘����
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✓
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i
�

����
⇣
X>

/wX/w + �I � x/w,ix
>
/w,i

⌘�1
����+ �

����
⇣
X>

/wX/w + �I
⌘�1

����

◆

⇥ sup
i
�

����
⇣
X>

/wX/w + �I � x/w,ix
>
/w,i

⌘�1
���� · sup

i

1

n

x>
/w2�,iS

�1
\i x/w2�,i

1 + x>
/w2�,iS

�1
\i x/w2�,i
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✓
1

n

◆
.

Hence, we have

1

n
tr
⇣
S�2X>

/w2�X/w2�

⌘
p
!

�2

n tr
�
⌃x/w2�S

�2�

�
�+ �

n tr
�
⌃x/w2�S

�1��2

=
�2

n tr
�
⌃x/w2�S

�2�
✓
�+ �

n tr

✓
Dx/w

⇣
X>

/wX/w + �I
⌘�1

◆◆2

p
!

�2

n tr
�
⌃x/w2�S

�2�
⇣

1
m(��)

⌘2 , 8� > �c0, (A.5)

where the last equality used the following known results in [LP11, DW18, XH19]:
�

n
tr

✓
⌃x/w

⇣
X>

/wX/w + �I
⌘�1

◆
p
!

1

m(��)
� �.

8We take pseudo-inverse when � = 0
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Combine (A.3) and (A.5), we have

Part 2 p
!

1

m2(��)
·

1

n
tr
⇣
⌃w�(X

>
/wX/w + �I)�1

� �⌃w�(X
>
/wX/w + �I)�2

⌘
8� > �c0.

Our next step is to characterize 1
n tr
⇣
⌃w�(X

>
/wX/w + �I)�1

⌘
. From Theorem 1 in [RM11], for

any deterministic sequence of matrices ⇥n such that 1
n tr
⇣
(⇥>

n⇥n)
1/2
⌘

is finite, we know that as
n, p ! 1,

1

n
tr

✓
⇥n

⇣
X>

/wX/w � zI
⌘�1

◆
a.s.
!

1

n
tr
⇣
⇥n

�
cn(z)⌃x/w � zI

��1
⌘
, 8z 2 C+

� R+
,

where cn(z) satisfies

cn(z) = 1 � �E hncn(z)

hncn(z) � z
,

and hn follows the empirical distribution of Dx/w. Hence, it is clear that cn(z) ! �zm(z) for all
z 2 C+

� R+ due to (4.2) and the dominated convergence theorem. Now let ⇥n = ⌃w� . Since
⌃w� is a positive semi-definite matrix, we have

1

n
tr
⇣�

⌃>
w�⌃w�

�1/2
⌘

=
1

n
tr(⌃w�) 

d

n
cu < 1.

Therefore, applying Theorem 1 in [RM11] yields

1

n
tr

✓
⌃w�

⇣
X>

/wX/w � zI
⌘�1

◆
a.s.
!

1

n
tr
⇣
⌃w�

�
�zm(z) · ⌃x/w � zI

��1
⌘

=
1

n
tr
⇣
Ux/w⌃w�U

>
x/w

�
�zm(z) · Dx/w � zI

��1
⌘

=
1

�zn

dX

i=1

dw�,i

dx/w,im(z) + 1
, 8z 2 C+

� R+
.

From Assumption 1 and dominated convergence theorem, we have

�

n
tr

✓
⌃w�

⇣
X>

/wX/w + �I
⌘�1

◆
a.s.
! �E g

h · m(��) + 1
, 8 � � 2 C+

� R+
. (A.6)

Note that both ⌃w� and
⇣
X>

/wX/w + �I
⌘�1

are positive semi-definite matrices, and thus

�

n
tr

✓
⌃w�

⇣
X>

/wX/w + �I
⌘�1

◆
 �

����
⇣
X>

/wX/w + �I
⌘�1

���� ·
1

n
tr(⌃w�)

 �

����
⇣
X>

/wX/w + �I
⌘�1

���� ·
d

n
cu.

Hence �
n tr

✓
⌃w�

⇣
X>

/wX/w + �I
⌘�1

◆
is bounded on � > �c0; by the dominated convergence

theorem, we can extend (A.6) to � > �c0 and conclude that
�

n
tr
⇣
⌃w�(X

>
/wX/w + �I)�1

⌘
a.s.
! �E g

h · m(��) + 1
, 8� > �c0.

It is straightforward to check 1
n tr
⇣
⌃w�(X

>
/wX/w + �I)�2

⌘
is bounded as well. With arguments

similar to [DW18] and [HMRT19], we have

1

n
tr
⇣
⌃w�(X

>
/wX/w + �I)�2

⌘
= �

@
1
n tr
⇣
⌃w�(X

>
/wX/w + �I)�1

⌘

@�
.

We therefore arrive at the desired result
�

n
tr
⇣
⌃w�(X

>
/wX/w + �I)�2

⌘
a.s.
!

�

�
E g

h · m(��) + 1
� �E g · m

0(��)

(h · m(��) + 1)2
.
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Combining the above calculations, we know (A.2) holds when ⌃w� is invertible. Finally, we extend
(A.2) to the case when ⌃w� is not invertible. For any ✏ > 0, we let ⌃✏

w� = ⌃w� + ✏I . Then, from
the above analysis, we have

�
2

n
tr

✓
⌃x/w

⇣
X>

/wX/w + �I
⌘�1

⌃✏
w�

⇣
X>

/wX/w + �I
⌘�1

◆
a.s.
!

m
0(��)

m2(��)
·�E (g + ✏)h

(h · m(��) + 1)2
.

Note that the LHS of above equation is decreasing as ✏ decreases to 0 and the RHS of above equation
is always bounded for any ✏ < 1. Hence by the dominated convergence theorem, we know that (A.2)
holds for non-invertible ⌃w� as well.

A.2 Proof of Corollary 3

We only provide the proof for the overparameterized regime when ✓� > 1, because the calculation
is straightforward when ✓� < 1 (see [XH19]). Since h has continuous strictly increasing quantile
function Qh, we know that the 1 � ✓ quantile of dx/w (which is the threshold of top ✓p elements
of dx/w) converges to Qh(1 � ✓). Therefore, the empirical distribution of the top ✓p elements of
dx/w and the corresponding dw� jointly converges to the conditional distribution of (h, g) given
h � Qh(1 � ✓). Hence, we can apply Theorem 1 and obtain that

Ẽ
⇣
ỹ � x̃�̂✓

⌘2 p
!

m
0
✓(0)

m2
✓(0)

·

✓
�✓E


gh

(h · m✓(0) + 1)2
��h � Qh(1 � ✓)

�
+ �EghIh<Qh(1�✓) + �̃

2

◆
.

Here the extra term �EghIh<Qh(1�✓) comes from the “misspecification” by dropping the small
(1 � ✓)p number of eigenvalues, and m✓(z) should satisfy that

�z =
1

m✓(z)
� �✓E


h

1 + h · m✓(z)

��h � Qh(1 � ✓)

�
.

By replacing the conditional expectation with the normal expectation, we complete the calculation
of the asymptotic prediction risk in Corollary 3.

Next, when E[g|h] is a decreasing function of h and h has continuous p.d.f. denoted by f(h) (in this
proof), we show that the asymptotic prediction risk m0

✓(0)
m2

✓(0)
·

⇣
�E
h

gh
(h✓·m✓(0)+1)2

i
+ �̃

2
⌘
, R✓ is a

decreasing function of ✓. Let q✓ and m✓ be the shorthand for Qh(1 � ✓) and m✓(0) respectively.
Because Qh is a strictly increasing continuous function and h has continuous p.d.f., we know that
@q✓
@✓ exists and is negative. Hence, by the chain rule, we only need to show that @R✓

@q✓
> 0, which is

equivalent to

0 <

✓
�

E[g|h]hf(h)

(hm✓ + 1)2

���
h=q✓

+ E[g|h]hf(h)
���
h=q✓

� 2E gh
2
✓

(h✓m✓ + 1)3
·
@m✓

@q✓

◆
E h✓m✓

(h✓m✓ + 1)2

�

✓
E gh

(h✓m✓ + 1)2
+ �̃

2

◆✓
h

2
m

2
✓f(h)

(hm✓ + 1)2

���
h=q✓

� 2E h
2
✓m✓

(h✓m✓ + 1)3
·
@m✓

@q✓

◆
, (A.7)

where we use the fact that

m
0
✓(0)

m2
✓(0)

=

 
1 � �E

✓
h✓m✓

h✓m✓ + 1

◆2
!�1

and 1 = �E h✓m✓

1 + h✓m✓
.

We simplify the RHS of (A.7) by breaking it into three parts:

RHS of (A.7) =

✓
E[g|h]f(h)

h
2
m

2
✓(2 + hm✓)

(hm✓ + 1)2

���
h=q✓

◆
E h✓

(h✓m✓ + 1)2
�

✓
h

2
m

2
✓f(h)

(hm✓ + 1)2

���
h=q✓

◆
E E[g|h]h✓

(h✓m✓ + 1)2| {z }
part (i)

+
2

m2
✓

@m✓

@q✓
·

✓
E h

2
✓m

2
✓

(h✓m✓ + 1)3
E gh✓m✓

(h✓m✓ + 1)2
� E gh

2
✓m

2
✓

(h✓m✓ + 1)3
E h✓m✓

(h✓m✓ + 1)2

◆

| {z }
part (ii)

+
�
EghIh<q✓ + �̃

2
�✓

2E h
2
✓m✓

(h✓m✓ + 1)3
·
@m✓

@q✓
�

h
2
m

2
✓f(h)

(hm✓ + 1)2

���
h=q✓

◆

| {z }
part (iii)

(A.8)
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To show part (i) is positive, note that since E[g|h] is a decreasing function of h, we have

E E[g|h]h✓
(h✓m✓ + 1)2

 E[g|h]
���
h=q✓

· E h✓

(h✓m✓ + 1)2
,

Therefore,

part (i) � E[g|h]
���
h=q✓

· E h✓

(h✓m✓ + 1)2
·

✓
h

2
m

2
✓f(h)

(hm✓ + 1)

���
h=q✓

◆

Hence part (i) is positive because q✓ < sup h.

To show that part (ii) is non-negative, observe that by taking derivatives with respect to q✓ on both
sides of 1 = �E h✓m✓

h✓m✓+1 , we have

E h✓

(h✓m✓ + 1)2
·
@m✓

@q✓
=

hm✓f(h)

hm✓ + 1

���
h=q✓

. (A.9)

Hence, we know that @m✓
@q✓

> 0. What remains is to show that

E h
2
✓m

3
✓

(h✓m✓ + 1)2
E E[g|h]h✓m✓

(h✓m✓ + 1)2
� E E[g|h]h2

✓m
2
✓

(h✓m✓ + 1)3
E h✓m✓

(h✓m✓ + 1)2
. (A.10)

Denote the probability measure of h as µ and let µ̃ be the new measure of h✓m✓µ · [(h✓m✓ +
1)2E h✓m✓

(h✓m✓+1)2 ]�1. Let h̃ be a random variable following the new measure µ̃ and h̃✓ = h̃Ih̃�q✓
.

Then since h̃✓m✓

h̃✓m✓+1
is an increasing function of h̃ and E[g|h = h̃] is a decreasing function of h̃, we

have

E h̃✓m✓

h̃✓m✓ + 1
· E
⇣
E[g|h = h̃]

⌘
� E h̃✓m✓E[g|h = h̃]

h̃✓m✓ + 1
.

We then change h̃ back to h and obtain that (A.10) holds. We therefore conclude that part (ii) is
non-negative.

To show that part (iii) is non-negative, we only need to confirm that

2E h
2
✓m✓

(h✓m✓ + 1)3
·
@m✓

@q✓
�

h
2
m

2
✓f(h)

(hm✓ + 1)2

���
h=q✓

From (A.9), this is equivalent to

2E h
2
✓m✓

(h✓m✓ + 1)3
·
hm✓f(h)

hm✓ + 1

���
h=q✓

�
h

2
m

2
✓f(h)

(hm✓ + 1)2

���
h=q✓

· E h✓

(h✓m✓ + 1)2
,

which is then equivalent to

2E h
2
✓

(h✓m✓ + 1)3
�

h

(hm✓ + 1)

���
h=q✓

· E h✓

(h✓m✓ + 1)2
.

The above equation clearly holds because h
hm✓+1 is an increasing function of h.

The proof of Corollary 3 is completed by combining the above calculations.

B Proofs omitted in Section 5

B.1 Optimal �opt for simple cases

When h
a.s.
= c, then ⇣ = h · m(��) is a single point mass at c · m(��). Thus (5.1) achieves 0 is

equivalent to

E[g] ·

✓
1 � �

⇣
2

(1 + ⇣)2

◆
� �

⇣

(1 + ⇣)2
E[g] � �̃

2
m(��) = 0.

which is also equivalent to

E[g]

�̃2

✓
1 � �

⇣

(1 + ⇣)

◆
= m(��). (B.1)

18



Note that (4.2) is now simplified to

1 = �m(��) + �
⇣

1 + ⇣
.

Furthermore, under Assumption 1, the SNR can be simplified to

⇠ =
cE[g]

�̃2
.

Plug the above calculations into (B.1), we have

�opt =
�̃

2

E[g]
=

c

⇠
.

On the other hand, when g
a.s.
= c, then (5.1) achieves 0 is equivalent to

cE ⇣
2

(1 + ⇣)3
·

✓
1 � �E ⇣

2

(1 + ⇣)2

◆
� c�E ⇣

2

(1 + ⇣)3
E ⇣

(1 + ⇣)2
� �̃

2
m(��)E ⇣

2

(1 + ⇣)3
= 0,

which is equivalent to

c

✓
1 � �E ⇣

1 + ⇣

◆
� �̃

2
m(��) = 0.

Plug (4.2) in above equation, we recover

�opt =
�̃

2

c
.

Finally when E[g|h]
a.s.
= Eg, then (5.1) achieving 0 is equivalent to

Eg · E ⇣
2

(1 + ⇣)3
·

✓
1 � �E ⇣

2

(1 + ⇣)2

◆
� Eg · �E ⇣

2

(1 + ⇣)3
E ⇣

(1 + ⇣)2
� �̃

2
m(��)E ⇣

2

(1 + ⇣)3
= 0,

which is equivalent to

Eg ·

✓
1 � �E ⇣

1 + ⇣

◆
� �̃

2
m(��) = 0.

Plug (4.2) in above equation yields the desired result

�opt =
�̃

2

E[g]
.

B.2 Proof of Theorem 4

Let ⇣ = h · m(��). Taking derivatives of (4.3) with respect to � on both sides, we have

m
00(��) = 2

1 � �E ⇣3

(1+⇣)3

1 � �E ⇣2

(1+⇣)2

·
(m0(��))2

m(��)
. (B.2)

Also, rearranging (4.2) and (4.3) yields

�m(��) = 1 � �E ⇣

1 + ⇣
, (B.3)

m
0(��) =

✓
1 � �E ⇣

2

(⇣ + 1)2

◆�1

m
2(��). (B.4)

By (B.2)-(B.4), we have

d m0(��)
m2(��)

d�
=

�m
00(��)m(��) + 2(m0(��))2

m3(��)

= �
2�(m0(��))2

m3(��)
·

1

1 � �E ⇣2

(1+⇣)2

· E ⇣
2

(1 + ⇣)3
. (B.5)
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Hence with (B.5), it is straightforward to obtain (5.1). In addition, note that m(��), m0(��) > 0

for all � > �c0. Therefore, from (B.4), we know that 1 � �E ⇣2

(1+⇣)2 > 0 and thus Part 3 is always
negative for all � > �c0.

Next, we analyze the sign of Part 4. Note that

Part 4 R 0 ,

✓
1

�
� E ⇣

2

(1 + ⇣)2

◆
E gh⇣

(⇣ + 1)3
R E ⇣

2

(1 + ⇣)3
E gh

(1 + ⇣)2

,

✓
�m(��)

�
+ E ⇣

(1 + ⇣)2

◆
E g⇣

2

(⇣ + 1)3
R E ⇣

2

(1 + ⇣)3
E g⇣

(1 + ⇣)2
,

(B.6)

where the last equivalence holds due to (B.3) and m(��) > 0 for all � > �c0. Denote the proba-
bility measure of h as µ(h). We introduce a new probability measure µ̃(h) = ⇣µ(h)

(1+⇣)2E ⇣

(1+⇣)2

. Let h̃

follow this new measure µ̃ and ⇣̃ = h̃ · m(��). In addition define f(h) = E[g|h].

• When E[g|h] = f(h) is an increasing function of h, then for any fixed m(��) > 0, we have

Ef(h̃)⇣̃

1 + ⇣̃
� E ⇣̃

1 + ⇣̃
Ef(h̃),

because both ⇣̃
1+⇣̃

and f(h̃) are increasing function of h̃. Then we change h̃ back to h and obtain

EE[g|h]⇣2

(⇣ + 1)3
E ⇣

(⇣ + 1)2
� E ⇣

2

(1 + ⇣)3
E E[g|h]⇣

(⇣ + 1)2
.

Hence, for all � > 0, we know that Part 4 is positive; at � = 0, Part 4 is non-negative. Moreover,
the equality in above equation is only achieved when E[g|h] is constant almost surely or h is
constant almost surely, which is equivalent to E[g|h]

a.s.
= E[g]. Hence, Part 4 is 0 at � = 0 only

when E[g|h]
a.s.
= E[g].

• When E[g|h] = f(h) is a decreasing function of h, then for any fixed m(��) > 0, we have

Ef(h̃)⇣̃

1 + ⇣̃
 E ⇣̃

1 + ⇣̃
Ef(h̃),

due to the fact that ⇣̃
1+⇣̃

and f(h̃) have different monotonicity w.r.t. h̃. Replacing h̃ with h, we
arrive at

EE[g|h]⇣2

(⇣ + 1)3
E ⇣

(⇣ + 1)2
 E ⇣

2

(1 + ⇣)3
E E[g|h]⇣

(⇣ + 1)2
.

Hence, for all � < 0, we know that Part 4 is negative; at � = 0, Part 4 is non-positive. Similarly,
Part 4 is 0 at � = 0 only when E[g|h]

a.s.
= E[g].

This completes the proof of Theorem 4.

B.3 Proof of Proposition 5

From the proof of Theorem 4 in Appendix B.2, we know that to obtain �opt < 0, it is sufficient to
show

E gh⇣

(1 + ⇣)3
E ⇣

(1 + ⇣)2
� E ⇣

2

(1 + ⇣)3
E gh

(1 + ⇣)2
�
�̃

2

�
E ⇣

2

(1 + ⇣)3
> 0.

With the distribution assumption on (h, g), this is equivalent to the following

�q(1 � q)
(h1 � 1)(g1 � 1)h1m

2

(1 + m)3(1 + h1m)3
> �̃

2

✓
(1 � q)

m
2

(1 + m)3
+ q

h
2
1m

2

(1 + h1m)3

◆
,

where m = m(0) satisfies that

1 = �

✓
(1 � q)

m

1 + m
+ q

h1m

h1m + 1

◆
. (B.7)
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This gives the following upper bound for �̃2:

�̃
2

< �q(1 � q)
(h1 � 1)(g1 � 1)h1

(1 � q)(1 + h1m)3 + qh2
1(1 + m)3

. (B.8)

To provide a more intuitive result, we remove m from (B.8). Note that from (B.7), we can derive
the following straightforward upper bound for m:

m  max

✓
1

h1(�q � 1)
,

1

� � 1

◆
,

which we plug in (B.8) and obtain

�̃
2

< �q(1 � q) max

0

B@
(h1 � 1)(g1 � 1)h1

(1 � q)
⇣

�q
�q�1

⌘3
+ qh2

1

⇣
�
��1

⌘3 ,
(h1 � 1)(g1 � 1)h1(� � 1)3

(1 � q)(h1 + � � 1)3 + qh2
1�

3

1

CA.

B.4 Proof of Proposition 6

Note that (3.1) holds for � < 1 as well. It is clear that the bias term is non-negative and is strictly
positive when � 6= 0. Hence, we know the bias achieve its minimum only at � = 0. We therefore
only need to demonstrate that the variance term converges to a decreasing function of � for � > �c0.

Let s(z) be the Stieltjes transform of the limiting distribution of the eigenvalues of X>
/wX/w, then

we have s(��) satisfying

s(��) = E 1

h(1 � � + ��s(��)) + �
. (B.9)

In addition, from the Marchenko-Pastur law, the minimal eigenvalue of X>
/wX/w is bounded by

infv2[cl,cu] h · (1�
p
�)2. Hence, when � < 1, for all � > �c0, we know that s(��) is well defined

and positive. Observe that for all � 6= 0, m(��) and s(��) satisfies the following relation

m(��) =
1 � �

�
+ �s(��). (B.10)

Therefore from the proof of Theorem 1, we have the exact same expression of Part 1 for � < 1 and
� 6= 0:

Part 1 p
! �̃

2 m
0(��)

m2(��)
8� > �c0,� 6= 0.

When � = 0, we should replace m(��) by s(��) using (B.10). Since Part 1 is a continuous
function of �, we only need to focus on � 6= 0 and show the following equation for all � > �c0 and
� 6= 0:

�
2�(m0(��))2

m3(��)
�̃

2
E ⇣2

(1+⇣)3

1 � �E ⇣2

(1+⇣)2

< 0. (B.11)

Although we have proved (B.11) for the case � > 1 in Appendix B.2, we used the fact that m(��) >

0 which is not guaranteed when � < 1. In fact, only s(z) and its any order derivatives are guaranteed
to be positive on z < c0, and m(��) can be negative. Hence, we need to rederive (B.11) for � < 1.
From (B.5) and (B.4), what is left to be shown is that

m
0(��)

m(��)
· E ⇣

2

(1 + ⇣)3
= m

0(��) · E h
2

· m(��)

(1 + h · m(��))3
> 0, 8� > �c0,� 6= 0. (B.12)

By taking derivatives on both sides of (B.10) and from s
0(��) > 0, we have

m
0(��) �

1 � �

�2
= �s

0(��) > 0.

We therefore have m
0(��) > 0 and (B.12) clearly holds when m(��) > 0. Since � > 0 implies

m(��) > 0 due to (B.10), we only need to show (B.12) when � < 0 and m(��) < 0. We claim

21



that when � < 0 and m(��) < 0, 1 + h · m(��) < 0 holds almost surely, and thus (B.12) is true
due to

m(��) < 0 and E h
2

(1 + h · m(��))3
< 0.

We use contradiction to prove the claim. Suppose there exists cv > inf h , ch such that 1 + h ·

m(��) > 0 for all h < cv and the probability of h < cv is positive. Then let cm = �m(��)�1,
we have cm > cv > ch > 0. Furthermore, from (B.3) and definition of c0, we have

�ch(1 �
p
�)2 = �c0 < � = �cm � �E h

h · m(��) + 1
 �cm + �E h · cm

h � cm
Ih>cm .

Therefore, we have

E h

h � cm
Ih>cm >

1

�

✓
1 �

ch

cm
(1 �

p
�)2
◆

>
2 �

p
�

p
�

> 0. (B.13)

On the other hand, since m
0(��) > 0, from (B.4), we have

0 <
1

m2(��)
� �E h

2

(1 + h · m(��))2
 c

2
m � �E h

2
c
2
m

(h � cm)2
Ih>cm ,

which is equivalent to
1

�
> E

✓
h

h � cm
Ih>cm

◆2

.

However, from (B.13) and Jensen’s inequality, we have

E
✓

h

h � cm
Ih>cm

◆2

>
(2 �

p
�)2

�
>

1

�
.

We have arrived at a contradiction and thus 1+hm(��) < 0 should hold almost surely when � < 0
and m(��) < 0.

B.5 Proof of Proposition 7

First note that in the setup of general data covariance and isotropic prior on �⇤, the prediction risk
under optimal ridge regularization is given in [DW18, Theorem 2.1] as

R(�opt) =
1

�optm(��opt)
, (B.14)

where �opt = �̃
2
�/c. Note that (4.2) implies that m(��opt) satisfies the following equation when

� > 1 or when � > 0 and �̃2
> 09:

�optm(��opt) = 1 � �E h · m(��opt)

1 + h · m(��opt)
. (B.15)

Therefore, taking the derivative of (B.14) with respect to � yields

dR(�opt)

d�
/ �

1

�2

1

m(��opt)
+

1

�

@m
�1(��opt)

@�

= �
1

�2

1

m(��opt)
+

1

�

✓
�̃

2

c
+ E h

1 + h · m(��opt)
+ �

@

@�
E h

1 + h · m(��opt)

◆

/
@

@�
E h

1 + h · m(��opt)

= �

✓
E h

2

(1 + h · m(��opt))2

◆
@m(��opt)

@�
. (B.16)

9Note that when ⌃� = I and �̃2 > 0 we have �opt > 0. Hence m(��opt) exists for all � > 0.
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For notational convenience we define ↵ = �̃
2
/c, i.e. �opt = ↵�. Note that for a fixed ↵, m(��opt)

is a function of �. Thus we let u(�) , m(�↵�). Then (B.16) implies that we only need to show
du(�)

d� < 0. Taking the derivative with respect to � on both sides of (B.15), we have

↵u(�) + ↵�
du(�)

d�
= �E h · u(�)

1 + h · u(�)
� �E h

2

(1 + h · u(�))2
·

du(�)

d�
,

which is equivalent to

du(�)

d�
=

�↵u(�) � E h·u(�)
1+h·u(�)

↵� + �E h2

(1+h·u(�))2

=
�↵m(��opt) � E h·m(��opt)

1+h·m(��opt)

↵� + �E h2

(1+h·m(��opt))2

= �
1

�

⇣
↵� + �E h2

(1+h·m(��opt))2

⌘ ,

where the last inequality holds due to (B.15). Finally, when �̃2 = 0 and � < 1, we know that
�opt = 0 and R(�opt) = 0. We thus know that the prediction risk R is increasing as a function of
� 2 (0, 1).

C Proofs omitted in Section 6

C.1 Proof of Theorem 8

We first show that ⌃w = ⌃�1
x , i.e., r being a point mass, is the optimal ⌃w for the variance term.

From (B.3) and (B.4), we know the the variance function Rv(r) can be written as

Rv(r) = �̃
2 1

1 � �E ⇣2r
(1+⇣r)2

= �̃
2 1

�E ⇣r
(1+⇣r)2

,

where we define ⇣r = r · m(0) in this proof. Note that ⇣r
1+⇣r

and 1
1+⇣r

are both monotonic function
of ⇣r with different monotonicity, we thus have

E ⇣r

(1 + ⇣r)2
 E ⇣r

1 + ⇣r
E 1

1 + ⇣r
=

1

�

✓
1 �

1

�

◆
,

where the last equality holds due to (B.3). The equality is achieved only when r is a single point
mass. Hence, we have

Rv(r) �
�̃

2

(1 �
1
� )

=
�̃

2
�

� � 1
.

The minimum variance is achieved when r is a single point mass, i.e., Dx/w = I and therefore,
⌃w = ⌃�1

x .

For the bias term, we first show that r
a.s.
= sv, i.e., ⌃w = ⌃̄

�1
� is the optimal choice of r for all non-

negative random variable10. The result for r 2 Sr immediately follows because as long as r 2 Sr,
Rb remains the same when we replace v by E[v|s]. Suppose r 6= sv almost surely. Let us define
r↵ = ↵ · sv + (1 � ↵)r and consider the following bias function Rb(↵):

Rb(↵) , m
0
↵(0)

m2
↵(0)

�E sv

(r↵ · m↵(0) + 1)2
,

where m↵(��), m0
↵(��) > 0 satisfy that

� =
1

m↵(��)
� �E r↵

1 + r↵ · m↵(��)

10We do not require r being bounded away from 0 and 1 because we focus on the function Rb directly.
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1 =

✓
1

m2
↵(��)

� �E r
2
↵

(r↵ · m↵(��) + 1)2

◆
m

0
↵(��). (C.1)

Note that m↵(z) is the Stieltjes transform of the limiting distribution of the eigenvalues of 1
nX↵X>

↵
where the covariance matrix of the rows of X↵ has its eigenvalues weakly converging to the random
variable r↵. Hence m↵(0) > 0 and m

0
↵(0) > 0 are well defined.

Our goal is to show that 1 2 argmin↵ Rb(↵). We define ⇣↵ = r↵ · m↵(0). Then from (4.2) and
(C.1), we know that (B.3) and (B.4) hold with ⇣ replaced by ⇣↵. Hence, we have

Rb(↵) =
�E sv

(⇣↵+1)2

1 � �E ⇣2↵
(⇣↵+1)2

=
E sv

(⇣↵+1)2

E ⇣↵
(⇣↵+1)2

,

where the last equality holds due to (B.3). By taking derivatives with respect to ↵ in (B.3), we know
that

@m↵(��)

@↵

���
�=0

= �

E (sv�r)m2
↵(��)

(1+r↵·m↵(��))2

E r↵·m↵(��)
(1+r↵·m↵(��))2

���
�=0

= �

m↵(0) · E  ↵�⇣↵
(1+⇣↵)2

(1 � ↵)E ⇣↵
(1+⇣↵)2

, (C.2)

where  ↵ = sv · m↵(0). With (C.2), we have

d Rb(↵)

d↵

(i)
/ �2E ↵( ↵ � ⇣↵)

(1 + ⇣↵)3

✓
E ⇣↵

(1 + ⇣↵)2

◆2

+ 2E  ↵⇣↵

(1 + ⇣↵)3
E ( ↵ � ⇣↵)

(1 + ⇣↵)2
E ⇣↵

(1 + ⇣↵)2

�E ⇣↵

(1 + ⇣↵)2
E (1 � ⇣↵)( ↵ � ⇣↵)

(1 + ⇣↵)3
E  ↵

(1 + ⇣↵)2
+ E (1 � ⇣↵)⇣↵

(1 + ⇣↵)3
E  ↵ � ⇣↵

(1 + ⇣↵)2
E  ↵

(1 + ⇣↵)2
,

(C.3)

where in equation (i) we omitted the following positive multiplicative scalar:
 

(1 � ↵)m↵(0)

✓
E ⇣↵

(1 + ⇣↵)2

◆3
!�1

We claim that the RHS of (C.3) is equivalent to the following

�2 E ( ↵ � ⇣↵)2

(1 + ⇣↵)3

✓
E ⇣↵

(1 + ⇣↵)2

◆2

| {z }
A

�2

✓
E  ↵ � ⇣↵

(1 + ⇣↵)2

◆2

E ⇣
2
↵

(1 + ⇣↵)3| {z }
B

+4 E⇣↵( ↵ � ⇣↵)

(1 + ⇣↵)3
E  ↵ � ⇣↵

(1 + ⇣↵)2
E ⇣↵

(1 + ⇣↵)2| {z }
C

.

(C.4)

We apply the AM-GM inequality on the first two terms and obtain that A + B � 2
p

AB, and
then apply Cauchy-Schwartz inequality on

p
AB and obtain that

p
AB � C. Hence we know

�2(A + B � 2C)  0 and the equality is achieved only when  ↵
a.s.
= ⇣↵ which implies ↵ = 1 or

both  ↵ and ⇣↵ are single point mass. For the later case, we have d Rb(↵)
d↵ ⌘ 0 for all ↵ and therefore

↵ = 1, i.e., r
a.s.
= sv, is one of the minimum solutions. For the first case, we know Rb(↵) is a strictly

decreasing function of ↵ and achieves its minimum at ↵ = 1 which is r
a.s.
= sv. To show (C.4), we

first simplify the first two terms in the RHS of (C.3).

�2E ↵( ↵ � ⇣↵)

(1 + ⇣↵)3

✓
E ⇣↵

(1 + ⇣↵)2

◆2

+ 2E  ↵⇣↵

(1 + ⇣↵)3
E ( ↵ � ⇣↵)

(1 + ⇣↵)2
E ⇣↵

(1 + ⇣↵)2

= �2A � 2E⇣↵( ↵ � ⇣↵)

(1 + ⇣↵)3

✓
E ⇣↵

(1 + ⇣↵)2

◆2

+ 4C + 2E2⇣2
↵ �  ↵⇣↵

(1 + ⇣↵)3
E ( ↵ � ⇣↵)

(1 + ⇣↵)2
E ⇣↵

(1 + ⇣↵)2

= �2A + 4C � 2E⇣↵( ↵ � ⇣↵)

(1 + ⇣↵)3
E ⇣↵

(1 + ⇣↵)2
E  ↵

(1 + ⇣↵)2
+ 2E ⇣

2
↵

(1 + ⇣↵)3
E ( ↵ � ⇣↵)

(1 + ⇣↵)2
E ⇣↵

(1 + ⇣↵)2

= �2A � 2B + 4C

�2E⇣↵( ↵ � ⇣↵)

(1 + ⇣↵)3
E ⇣↵

(1 + ⇣↵)2
E  ↵

(1 + ⇣↵)2
+ 2E ⇣

2
↵

(1 + ⇣↵)3
E  ↵ � ⇣↵

(1 + ⇣↵)2
E  ↵

(1 + ⇣↵)2
.
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(C.5)

Similarly for the last two terms of (C.3),

E (1 � ⇣↵)⇣↵
(1 + ⇣↵)3

E  ↵ � ⇣↵

(1 + ⇣↵)2
E  ↵

(1 + ⇣↵)2
� E ⇣↵

(1 + ⇣↵)2
E (1 � ⇣↵)( ↵ � ⇣↵)

(1 + ⇣↵)3
E  ↵

(1 + ⇣↵)2

= E (1 � ⇣↵)⇣↵
(1 + ⇣↵)3

E  ↵ � ⇣↵

(1 + ⇣↵)2
E  ↵

(1 + ⇣↵)2

�E ⇣↵

(1 + ⇣↵)2
E ( ↵ � ⇣↵)

(1 + ⇣↵)2
E  ↵

(1 + ⇣↵)2
+ 2E ⇣↵

(1 + ⇣↵)2
E⇣↵( ↵ � ⇣↵)

(1 + ⇣↵)3
E  ↵

(1 + ⇣↵)2

= �2E ⇣
2
↵

(1 + ⇣↵)3
E  ↵ � ⇣↵

(1 + ⇣↵)2
E  ↵

(1 + ⇣↵)2
+ 2E ⇣↵

(1 + ⇣↵)2
E⇣↵( ↵ � ⇣↵)

(1 + ⇣↵)3
E  ↵

(1 + ⇣↵)2
.

(C.6)

Combine (C.5) and (C.6), we have (C.4) holds.

C.2 Proof of Proposition 9

Since ⌃w = ⌃̄
�1
� is the optimal choice for ⌃w 2 Hw, we only need to prove this proposition in the

case when ⌃w = (fv(⌃x))�1.

Note that the proposition holds in the regime ✓� > 1 due to the proof of Theorem 8 and Corollary
3. When ✓� < 1, denote the quantile functions of s and s̃ , E[v|s] · s as Q1 and Q2 respectively.
We have

E
⇥
sv · Is<Q1(1�✓)

⇤
= E

⇥
E[v|s] · sIs<Q1(1�✓)

⇤

= E
⇥
s̃Is<Q1(1�✓),s̃<Q2(1�✓)

⇤
+ E

⇥
s̃Is<Q1(1�✓),s̃�Q2(1�✓)

⇤

� E
⇥
s̃Is<Q1(1�✓),s̃<Q2(1�✓)

⇤
+ Q2(1 � ✓)P(s < Q1(1 � ✓), s̃ � Q2(1 � ✓))

= E
⇥
s̃Is<Q1(1�✓),s̃<Q2(1�✓)

⇤
+ Q2(1 � ✓)P(s � Q1(1 � ✓), s̃ < Q2(1 � ✓))

� E
⇥
s̃Is<Q1(1�✓),s̃<Q2(1�✓)

⇤
+ E

⇥
s̃Is�Q1(1�✓),s̃<Q2(1�✓)

⇤

= E
⇥
s̃Is̃<Q2(1�✓)

⇤
.

From Corollary 3, we know that the risk achieved by the PCR estimator is at least the same as that of
a second PCR estimator where we replace (⌃x,⌃�) by (⌃x⌃

�1
w , I). From [XH19], the optimal risk

achieved by the PCR estimate for ✓� < 1 in the second PCR problem is worse than the full model
risk R(E[v|s] · s, 0) which is the same risks achieved by the minimum k�̂k⌃w solution. Hence we
know that the minimum k�̂k⌃w solution outperforms the PCR estimate for ✓� < 1 as well.

C.3 Proof of Theorem 10

From (B.3) and (B.4), we have the following equivalent formula for the risk function R(r,�):

R(r,�) =
�̃

2 + �E sv
(1+⇣r)2

1 � �E ⇣2r
(1+⇣r)2

,

where we define ⇣r = r · mr(��) in this proof. We also know that mr(��) satisfies

1 = �mr(��) + �E ⇣r

1 + ⇣r
.

Let us first consider r 2 Hr. The result for r 2 Sr immediately follows because as long as
r 2 Sr, R(r,�) remains the same when we replace v by E[v|s]. We now apply similar proof
strategy of Theorem 8 in Section C.1. Consider any r 2 Hr with r 6= sv almost surely. We define
r↵ = ↵ · sv + (1 � ↵)r and consider the following risk function R↵(�):

R↵(�) =
�̃

2 + �E sv
(1+⇣↵(�))2

1 � �E ⇣↵(�)2

(1+⇣↵(�))2

,
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where ⇣↵(�) = r↵ · m↵(��), and m↵(��) satisfies that

� =
1

m↵(��)
� �E r↵

1 + r↵ · m↵(��)

Note that m↵(z) is the Stieltjes transform of the limiting distribution of the eigenvalues of 1
nX↵X>

↵
where the covariance matrix of the rows of X↵ has its eigenvalues weakly converges to the random
variable r↵. We define c↵ = � infx2K x > 0, in which

K = support of the limiting distribution of the eigenvalues of
1

n
X↵X>

↵.

We know that m↵(��) � 0 and m
0
↵(��) > 0 for all � > c↵ and from Section 4 of [SC95], we

know that

lim
�!c+↵

�E ⇣
2
↵(�)

(1 + ⇣↵(�))2
= 1.

Furthermore, m↵(��) ! 0 as � ! 1. Hence we know that �opt(↵) = argmin� R↵(�) exists11,
and by taking derivatives with respect to � for R↵(�), it is clear that �opt(↵) should satisfy that

�̃
2 + �E sv

(⇣↵+1)2

1 � �E ⇣2↵
(1+⇣↵)2

=
E sv·⇣↵

(1+⇣↵)3

E ⇣2↵
(1+⇣↵)3

, (C.7)

where we slightly abuse the notation and use ⇣↵ as a shorthand for ⇣↵(�opt(↵)). We now consider
the following optimization problem:

min
↵

R↵(�opt(↵)).

Our goal is to show that 1 2 argmin↵ R↵(�opt(↵)), from which we have
min
�

Rsv(�) = R↵(�opt(↵))|↵=1  R↵(�opt(↵))|↵=0 = min
�

Rr(�).

Which informs us that the optimal r for optimal weighted ridge regression is r
a.s.
= sv.

Taking the derivatives of R↵(�opt(↵)) with respect to ↵ yields
d R↵(�opt(↵))

d↵
=

@R↵(�)

@m↵(��)
·

✓
@m↵(��)

@�
·
d�opt(↵)

d↵
+
@m↵(��)

@↵

◆���
�=�opt(↵)

+
@R↵(�)

@↵

���
�=�opt(↵)

(i)
=

@R↵(�)

@↵

���
�=�opt(↵)

/ �Esv( ↵ � ⇣↵)

(1 + ⇣↵)3

✓
1 � �E ⇣

2
↵

(1 + ⇣↵)2

◆
+ E⇣↵( ↵ � ⇣↵)

(1 + ⇣↵)3

✓
�̃

2 + �E sv

(⇣↵ + 1)2

◆
,

(C.8)

where equality (i) holds due to @R↵(�)
@m↵(��)

���
�=�opt(↵)

= 0, and we defined  ↵ = sv · m↵(��opt(↵)) in

this proof. In addition, the multiplicative scalar omitted in the last equation is the following positive
constant  

1 � ↵

2�

✓
1 � �E ⇣

2
↵

(1 + ⇣↵)2

◆2
!�1

.

Combining (C.7) and (C.8) yields
d R↵(�opt(↵))

d↵
 0 , E  ↵⇣↵

(1 + ⇣↵)3
E⇣↵( ↵ � ⇣↵)

(1 + ⇣↵)3
 E ↵( ↵ � ⇣↵)

(1 + ⇣↵)3
E ⇣

2
↵

(1 + ⇣↵)3

,

✓
E⇣↵( ↵ � ⇣↵)

(1 + ⇣↵)3

◆2

 E ( ↵ � ⇣↵)2

(1 + ⇣↵)3
E ⇣

2
↵

(1 + ⇣↵)3
.

Where the last inequality holds for all ↵  1 by Cauchy-Schwartz. Therefore,
1 2 argmin

↵
R↵(�opt(↵)).

This completes the proof of the theorem.

11As � ! 1, the LHS of (C.7) remains finite and the RHS of (C.7) goes to infinity. On the other hand, as
� ! c+↵ , the LHS of (C.7) goes to infinity and the RHS of (C.7) remains finite.
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D Auxiliaries

D.1 Experiment Setup

We include the detailed constructions of dx and d� and figures mentioned in the main text. The
values of dx and d� used in Figure 2 are constructed in the following way:

• Discrete to discrete: For dx, we set each quarter of elements to be 1, 3, 5 and 7 respectively; For
d� , we set one forth elements to be 8 and rest of the elements to be 1.

• Discrete to continuous: For dx, we set half of the elements to be 1 and rest of the elements to be
8; For d� , we i.i.d. sample from unif([1, 8]).

• Continuous to continuous: For dx, we i.i.d. sample from unif([1, 5]); For d� , we i.i.d. sample
from random variable a = min(u2 + 1, 5) where u ⇠ N (0, 1).

• Continuous to discrete: For dx, we i.i.d. sample from unif([1, 8]); For d� , we set half of the
elements to be 1 and rest of the elements to be 7.

The values of dx and d� used in Figure 7 are constructed as:

• We construct a and b to be two independent Gaussian N (0, 1) random variables.

• Left: Let (dx,i, d�,i)
i.i.d.
⇠ (s, v) where s = |a| + 5 and v = (a + b/2)2 + 1. It is then straight-

forward to show that fv(s) = E[v|s] = (s � 5)2 + 5/4. Hence, the optimal ⌃w 2 Sw is
⌃w =

�
(⌃x � 5I)2 + 1.25I

��1.

• Right: Let (dx,i, d�,i)
i.i.d.
⇠ (s, v) where s = |a|

�1 + 2 and v = (a + b/2)2 + 1. It is then
straightforward to show that fv(s) = E[v|s] = 1

(s�2)2 + 5/4. Hence, the optimal ⌃w 2 Sw is

⌃w =
�
(⌃x � 2I)�2 + 1.25I

��1.

The covariances in Figure 9 are constructed as follow (we remark that the slightly different scaling
is to ensure that the resulting risk for each choice is roughly of the same magnitude to be presented
in one figure):

• Aligned: We construct dx to be three point masses (a, b, c) with weights (4/11, 4/11, 3/11),
respectively. We choose  = 50 and locate a = 1, b = a/ and c = b/. We set ⌃� = 18/5 ·⌃x.

• Misaligned: We construct dx to be the same as the aligned case, and set ⌃� = 4/9 · ⌃�1
x .

• Other: We construct dx and d� to be the sum of two vectors d1 and d2, both of which consists
of two point masses. d1 has its first 1/5 entries to be 1 and the rest 1/10, and d2 has its first 4/5
entries to be 1 and the rest 1/10. We set dx = 2 · d1 and d� = (d1 + d2)/3,
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D.2 Additional Figures

dx ⇠ dc, d� ⇠ dc

dx ⇠ dc, d� ⇠ ct

dx ⇠ ct, d� ⇠ ct

dx ⇠ ct, d� ⇠ dc
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R(�) (Theoretical)

Ẽ(ỹ � x̃>�̂�)2 (Empirical)
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(a) Aligned, SNR ⇠ = 5
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(c) Random, SNR ⇠ = 5

Figure 8: Finite sample prediction risk Ẽ(ỹ � x̃>�?)
2 (experiment) and the asymptotic risk R(�) (theory)

against � for standard ridge regression (⌃w = Id) under label noise with SNR ⇠ = 5. We set � = 2 and
(n, p) = (300, 600). ‘dc’ and ‘ct’ stand for for discrete and continuous distribution, respectively. We write
‘aligned’ if dx and d� have the same order, ‘misaligned’ for the reverse and ‘random’ for random order. Colors
indicate different combinations of dx and d� . Note that our derived risk R(�) matches the experimental values
for all cases.

(a) ridgeless regression risk. (b) PCR risk.
Figure 9: Comparison of the ridgeless regression estimator [HMRT19] and the PCR estimator. We set
n = 300, � = 5 and SNR=50. Observe that the ridgeless regression risk exhibits multiple peaks in the overpa-
rameterized regime due to the anisotropic covariances (especially when dx and d� are misaligned). In contrast,
the PCR risk is largely decreasing with ✓, especially for the misaligned case, which agrees with Proposition 3.
We remark that the PCR risk is not always monotone for ✓� > 1, as illustrated by the blue curve.
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Optimal � when ⌃� = ⌃↵
x and ⌃w = I
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(a) dx ⇠ unif([1, 3]).
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<latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit>

�opt
<latexit sha1_base64="Z9vIjaELnkD6+shpVkqva87xVDc=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuiG5cVbCs0IUwm03boZBJmbsQagr/ixoUibv0Pd/6N0zYLbT0wcDjnXO6dE6aCa3Ccb6uytLyyulZdr21sbm3v2Lt7HZ1kirI2TUSi7kKimeCStYGDYHepYiQOBeuGo6uJ371nSvNE3sI4ZX5MBpL3OSVgpMA+8IQJRyTIPWAPkCcpFEVg152GMwVeJG5J6qhEK7C/vCihWcwkUEG07rlOCn5OFHAqWFHzMs1SQkdkwHqGShIz7efT6wt8bJQI9xNlngQ8VX9P5CTWehyHJhkTGOp5byL+5/Uy6F/4OZdpBkzS2aJ+JjAkeFIFjrhiFMTYEEIVN7diOiSKUDCF1UwJ7vyXF0nntOE6DffmrN68LOuookN0hE6Qi85RE12jFmojih7RM3pFb9aT9WK9Wx+zaMUqZ/bRH1ifP5cUlfM=</latexit><latexit sha1_base64="Z9vIjaELnkD6+shpVkqva87xVDc=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuiG5cVbCs0IUwm03boZBJmbsQagr/ixoUibv0Pd/6N0zYLbT0wcDjnXO6dE6aCa3Ccb6uytLyyulZdr21sbm3v2Lt7HZ1kirI2TUSi7kKimeCStYGDYHepYiQOBeuGo6uJ371nSvNE3sI4ZX5MBpL3OSVgpMA+8IQJRyTIPWAPkCcpFEVg152GMwVeJG5J6qhEK7C/vCihWcwkUEG07rlOCn5OFHAqWFHzMs1SQkdkwHqGShIz7efT6wt8bJQI9xNlngQ8VX9P5CTWehyHJhkTGOp5byL+5/Uy6F/4OZdpBkzS2aJ+JjAkeFIFjrhiFMTYEEIVN7diOiSKUDCF1UwJ7vyXF0nntOE6DffmrN68LOuookN0hE6Qi85RE12jFmojih7RM3pFb9aT9WK9Wx+zaMUqZ/bRH1ifP5cUlfM=</latexit><latexit sha1_base64="Z9vIjaELnkD6+shpVkqva87xVDc=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuiG5cVbCs0IUwm03boZBJmbsQagr/ixoUibv0Pd/6N0zYLbT0wcDjnXO6dE6aCa3Ccb6uytLyyulZdr21sbm3v2Lt7HZ1kirI2TUSi7kKimeCStYGDYHepYiQOBeuGo6uJ371nSvNE3sI4ZX5MBpL3OSVgpMA+8IQJRyTIPWAPkCcpFEVg152GMwVeJG5J6qhEK7C/vCihWcwkUEG07rlOCn5OFHAqWFHzMs1SQkdkwHqGShIz7efT6wt8bJQI9xNlngQ8VX9P5CTWehyHJhkTGOp5byL+5/Uy6F/4OZdpBkzS2aJ+JjAkeFIFjrhiFMTYEEIVN7diOiSKUDCF1UwJ7vyXF0nntOE6DffmrN68LOuookN0hE6Qi85RE12jFmojih7RM3pFb9aT9WK9Wx+zaMUqZ/bRH1ifP5cUlfM=</latexit><latexit sha1_base64="Z9vIjaELnkD6+shpVkqva87xVDc=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuiG5cVbCs0IUwm03boZBJmbsQagr/ixoUibv0Pd/6N0zYLbT0wcDjnXO6dE6aCa3Ccb6uytLyyulZdr21sbm3v2Lt7HZ1kirI2TUSi7kKimeCStYGDYHepYiQOBeuGo6uJ371nSvNE3sI4ZX5MBpL3OSVgpMA+8IQJRyTIPWAPkCcpFEVg152GMwVeJG5J6qhEK7C/vCihWcwkUEG07rlOCn5OFHAqWFHzMs1SQkdkwHqGShIz7efT6wt8bJQI9xNlngQ8VX9P5CTWehyHJhkTGOp5byL+5/Uy6F/4OZdpBkzS2aJ+JjAkeFIFjrhiFMTYEEIVN7diOiSKUDCF1UwJ7vyXF0nntOE6DffmrN68LOuookN0hE6Qi85RE12jFmojih7RM3pFb9aT9WK9Wx+zaMUqZ/bRH1ifP5cUlfM=</latexit>

Noiseless �̃ = 0

SNR ⇠ = 10
<latexit sha1_base64="WpjYjguOUKws2IQUFEjEcm4kV1E=">AAACIHicbVDLTgIxFO3gC/GFunQzkWhckRljghsSohtXBB88EoaQTrlAQ+eR9o6BTPBP3PgrblxojO70aywwCwVP0uTknHPb3uOGgiu0rC8jtbS8srqWXs9sbG5t72R392oqiCSDKgtEIBsuVSC4D1XkKKARSqCeK6DuDi4nfv0epOKBf4ejEFoe7fm8yxlFLbWzhWMHYYhxOeD6ElDqYewgFx2IHcV7Hh0XLcfJJKHb8o22h7xoW+1szspbU5iLxE5IjiSotLOfTidgkQc+MkGVatpWiK2YSuRMwDjjRApCyga0B01NfeqBasXTBcfmkVY6ZjeQ+vhoTtXfEzH1lBp5rk56FPtq3puI/3nNCLvnrZj7YYTgs9lD3UiYGJiTtswOl8BQjDShTHL9V5P1qaQMdacZXYI9v/IiqZ3mbStvX5/lShdJHWlyQA7JCbFJgZTIFamQKmHkkTyTV/JmPBkvxrvxMYumjGRmn/yB8f0DoUmj0A==</latexit><latexit sha1_base64="WpjYjguOUKws2IQUFEjEcm4kV1E=">AAACIHicbVDLTgIxFO3gC/GFunQzkWhckRljghsSohtXBB88EoaQTrlAQ+eR9o6BTPBP3PgrblxojO70aywwCwVP0uTknHPb3uOGgiu0rC8jtbS8srqWXs9sbG5t72R392oqiCSDKgtEIBsuVSC4D1XkKKARSqCeK6DuDi4nfv0epOKBf4ejEFoe7fm8yxlFLbWzhWMHYYhxOeD6ElDqYewgFx2IHcV7Hh0XLcfJJKHb8o22h7xoW+1szspbU5iLxE5IjiSotLOfTidgkQc+MkGVatpWiK2YSuRMwDjjRApCyga0B01NfeqBasXTBcfmkVY6ZjeQ+vhoTtXfEzH1lBp5rk56FPtq3puI/3nNCLvnrZj7YYTgs9lD3UiYGJiTtswOl8BQjDShTHL9V5P1qaQMdacZXYI9v/IiqZ3mbStvX5/lShdJHWlyQA7JCbFJgZTIFamQKmHkkTyTV/JmPBkvxrvxMYumjGRmn/yB8f0DoUmj0A==</latexit><latexit sha1_base64="WpjYjguOUKws2IQUFEjEcm4kV1E=">AAACIHicbVDLTgIxFO3gC/GFunQzkWhckRljghsSohtXBB88EoaQTrlAQ+eR9o6BTPBP3PgrblxojO70aywwCwVP0uTknHPb3uOGgiu0rC8jtbS8srqWXs9sbG5t72R392oqiCSDKgtEIBsuVSC4D1XkKKARSqCeK6DuDi4nfv0epOKBf4ejEFoe7fm8yxlFLbWzhWMHYYhxOeD6ElDqYewgFx2IHcV7Hh0XLcfJJKHb8o22h7xoW+1szspbU5iLxE5IjiSotLOfTidgkQc+MkGVatpWiK2YSuRMwDjjRApCyga0B01NfeqBasXTBcfmkVY6ZjeQ+vhoTtXfEzH1lBp5rk56FPtq3puI/3nNCLvnrZj7YYTgs9lD3UiYGJiTtswOl8BQjDShTHL9V5P1qaQMdacZXYI9v/IiqZ3mbStvX5/lShdJHWlyQA7JCbFJgZTIFamQKmHkkTyTV/JmPBkvxrvxMYumjGRmn/yB8f0DoUmj0A==</latexit><latexit sha1_base64="WpjYjguOUKws2IQUFEjEcm4kV1E=">AAACIHicbVDLTgIxFO3gC/GFunQzkWhckRljghsSohtXBB88EoaQTrlAQ+eR9o6BTPBP3PgrblxojO70aywwCwVP0uTknHPb3uOGgiu0rC8jtbS8srqWXs9sbG5t72R392oqiCSDKgtEIBsuVSC4D1XkKKARSqCeK6DuDi4nfv0epOKBf4ejEFoe7fm8yxlFLbWzhWMHYYhxOeD6ElDqYewgFx2IHcV7Hh0XLcfJJKHb8o22h7xoW+1szspbU5iLxE5IjiSotLOfTidgkQc+MkGVatpWiK2YSuRMwDjjRApCyga0B01NfeqBasXTBcfmkVY6ZjeQ+vhoTtXfEzH1lBp5rk56FPtq3puI/3nNCLvnrZj7YYTgs9lD3UiYGJiTtswOl8BQjDShTHL9V5P1qaQMdacZXYI9v/IiqZ3mbStvX5/lShdJHWlyQA7JCbFJgZTIFamQKmHkkTyTV/JmPBkvxrvxMYumjGRmn/yB8f0DoUmj0A==</latexit>

↵ = �1.5 ↵ = 0.5

↵ = �1.0 ↵ = 1.0

↵ = �0.5 ↵ = 1.5

↵ = 0
<latexit sha1_base64="CoWIRKLH7vSSjTUwM4R19i7e4K0=">AAACkXichVHLSgMxFM2Mrzq+ql26CRbFjUNGFHWhFN0IbhTsAzpDuZOmNjTzMMkIZdDv8Xvc+Tdm6iC2Cr2QcDj3nHuTe8NUcKUJ+bTshcWl5ZXKqrO2vrG5Vd3eaakkk5Q1aSIS2QlBMcFj1tRcC9ZJJYMoFKwdjm6KfPuFScWT+FGPUxZE8BTzAaegDdWrvh/4INIh4Et85Lmn2H/OoD9947cfCXFPfd+ZspA5FqOYtpC5XbyZLkUBp1etE5dMAv8FXgnqqIz7XvXD7yc0i1isqQCluh5JdZCD1JwK9ur4mWIp0BE8sa6BMURMBflkoq943zB9PEikObHGE/a3I4dIqXEUGmUEeqhmcwX5X66b6cF5kPM4zTSL6XejQSawTnCxHtznklEtxgYAldy8FdMhSKDaLLEYgjf75b+gdex6xPUeTuqN63IcFbSL9tAh8tAZaqBbdI+aiFqb1ol1aV3ZNfvCbtil1rZKTw1NhX33BWeEvNc=</latexit><latexit sha1_base64="CoWIRKLH7vSSjTUwM4R19i7e4K0=">AAACkXichVHLSgMxFM2Mrzq+ql26CRbFjUNGFHWhFN0IbhTsAzpDuZOmNjTzMMkIZdDv8Xvc+Tdm6iC2Cr2QcDj3nHuTe8NUcKUJ+bTshcWl5ZXKqrO2vrG5Vd3eaakkk5Q1aSIS2QlBMcFj1tRcC9ZJJYMoFKwdjm6KfPuFScWT+FGPUxZE8BTzAaegDdWrvh/4INIh4Et85Lmn2H/OoD9947cfCXFPfd+ZspA5FqOYtpC5XbyZLkUBp1etE5dMAv8FXgnqqIz7XvXD7yc0i1isqQCluh5JdZCD1JwK9ur4mWIp0BE8sa6BMURMBflkoq943zB9PEikObHGE/a3I4dIqXEUGmUEeqhmcwX5X66b6cF5kPM4zTSL6XejQSawTnCxHtznklEtxgYAldy8FdMhSKDaLLEYgjf75b+gdex6xPUeTuqN63IcFbSL9tAh8tAZaqBbdI+aiFqb1ol1aV3ZNfvCbtil1rZKTw1NhX33BWeEvNc=</latexit><latexit sha1_base64="CoWIRKLH7vSSjTUwM4R19i7e4K0=">AAACkXichVHLSgMxFM2Mrzq+ql26CRbFjUNGFHWhFN0IbhTsAzpDuZOmNjTzMMkIZdDv8Xvc+Tdm6iC2Cr2QcDj3nHuTe8NUcKUJ+bTshcWl5ZXKqrO2vrG5Vd3eaakkk5Q1aSIS2QlBMcFj1tRcC9ZJJYMoFKwdjm6KfPuFScWT+FGPUxZE8BTzAaegDdWrvh/4INIh4Et85Lmn2H/OoD9947cfCXFPfd+ZspA5FqOYtpC5XbyZLkUBp1etE5dMAv8FXgnqqIz7XvXD7yc0i1isqQCluh5JdZCD1JwK9ur4mWIp0BE8sa6BMURMBflkoq943zB9PEikObHGE/a3I4dIqXEUGmUEeqhmcwX5X66b6cF5kPM4zTSL6XejQSawTnCxHtznklEtxgYAldy8FdMhSKDaLLEYgjf75b+gdex6xPUeTuqN63IcFbSL9tAh8tAZaqBbdI+aiFqb1ol1aV3ZNfvCbtil1rZKTw1NhX33BWeEvNc=</latexit><latexit sha1_base64="CoWIRKLH7vSSjTUwM4R19i7e4K0=">AAACkXichVHLSgMxFM2Mrzq+ql26CRbFjUNGFHWhFN0IbhTsAzpDuZOmNjTzMMkIZdDv8Xvc+Tdm6iC2Cr2QcDj3nHuTe8NUcKUJ+bTshcWl5ZXKqrO2vrG5Vd3eaakkk5Q1aSIS2QlBMcFj1tRcC9ZJJYMoFKwdjm6KfPuFScWT+FGPUxZE8BTzAaegDdWrvh/4INIh4Et85Lmn2H/OoD9947cfCXFPfd+ZspA5FqOYtpC5XbyZLkUBp1etE5dMAv8FXgnqqIz7XvXD7yc0i1isqQCluh5JdZCD1JwK9ur4mWIp0BE8sa6BMURMBflkoq943zB9PEikObHGE/a3I4dIqXEUGmUEeqhmcwX5X66b6cF5kPM4zTSL6XejQSawTnCxHtznklEtxgYAldy8FdMhSKDaLLEYgjf75b+gdex6xPUeTuqN63IcFbSL9tAh8tAZaqBbdI+aiFqb1ol1aV3ZNfvCbtil1rZKTw1NhX33BWeEvNc=</latexit>

Optimal � when ⌃� = ⌃↵
x and ⌃w = I

<latexit sha1_base64="IHdkzLHAA6YxjhJjKTnvKkMWJyE="></latexit><latexit sha1_base64="IHdkzLHAA6YxjhJjKTnvKkMWJyE="></latexit><latexit sha1_base64="IHdkzLHAA6YxjhJjKTnvKkMWJyE="></latexit><latexit sha1_base64="IHdkzLHAA6YxjhJjKTnvKkMWJyE="></latexit>

(b) dx ⇠
1
2�1 + 1

2�3.
Figure 10: We set ⌃w = I and ⌃� = ⌃↵

x . As � increases from 1.1 to 4, we show the optimal value of � and
the solid lines represents the noiseless case �̃ = 0 and the dashed lines represents the noisy case with a fixed
SNR ⇠. The solid green line shows the level of 0. We set the distribution of dx to be (a): uniform on [1, 3];
(b):two point masses on 1 and 3 with half and half probability.
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