Appendix: On the Modularity of Hypernetworks

Tomer Galanti Lior Wolf
School of Computer Science Facebook AI Research (FAIR) &
Tel Aviv University School of Computer Science
Tel Aviv, Israel Tel Aviv University
tomerga2Qtauex.tau.ac.il Tel Aviv, Israel

wolf@fb.com

1 Additional Experiments

1.1 Synthetic Experiments

As an additional experiment, we repeated the same experiment (i.e., varying the number of layers of
f and e or the embedding dimension) in Sec. 5 with two different classes of target functions (type II
and III). The experiments with Type I functions are presented in the main text.

Type I The target functions is of the form y(z,I) := (x, h(I)). Here, h is a three-layers fully-
connected neural network of dimensions d; — 300 — 300 — 10° and applies sigmoid activations
within the two hidden layers and softmax on top of the network. The reason we apply softmax on top
of the network is to restrict its output to be bounded.

Type I The second group of functions consists of randomly initialized fully connected neural
networks y(z, I'). The neural network has four layers of dimensions (d, + d;) — 100 — 50 —
50 — 1 and applies ELU activations.

Type III  The second type of target functions y(xz,I) := h(xz ® I) consists of fully-connected
neural network applied on top of the element-wise multiplication between x and I. The neural
network consists of four layers of dimensions d; — 100 — 100 — 50 — 1 and applies ELU
activations. The third type of target functions is of the form y(x,I) := (x,h(I)). Here, his a
three-layers fully-connected neural network of dimensions d; — 300 — 300 — 1000 and applies
sigmoid activations within the two hidden layers and softmax on top of the network. The reason we
apply softmax on top of the network is to restrict its output to be bounded.

In all of the experiments, the weights of y are set using the He uniform initialization [[11].

In Fig.[T] we plot the results for varying the number of layers/embedding dimensions of hypernetworks
and embedding methods. As can be seen, the performance of hypernetworks improves as a result of
increasing the number of layers, despite the embedding method. On the other hand, for both models,
increasing the embedding dimension seems ineffective.

1.2 Predicting Image Rotations

As an additional experiment on predicting image rotations, we studied the effect of the embedding
dimension on the performance of the embedding method, we varied the embedding dimension
E; = 10%i for i € [8]. The primary-network ¢ has dimensions d, — 10 — 12 with d;, = d; + E;
and the embedding network e has architecture d, — 100 — E;. We compared the performance to
a hypernetwork with g of architecture d,, — 10 — 12 and f of architecture d; — 100 — N,. We
note that ¢ is larger than g, the embedding dimension E; exceeds N, = 30840 for any 7 > 3 and
therefore, e is of larger size than f fori > 3.
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Figure 1: (a-b) The error obtained by hypernetworks and the embedding method with varying number
of layers (x-axis). The MSE (y-axis) is computed between the learned function and the target function
at test time. The blue curve stands for the performance of the hypernetwork model and the red one
for the neural embedding method. (a) Target functions of neural network type, (b) Functions of the
form y(x,I) = h(x © I), where h is a neural network.(d-e) Measuring the performance for the same
three target functions when varying the size of the embedding layer to be 100/1000 (depending on
the method) times the value on the x-axis. The error bars depict the variance across 100 repetitions of
the experiment.
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Figure 2: Predicting image rotations. varying the embedding dimension of the embedding method
to be 10* times the value of the x-axis, compared to the results of hypernetworks. The error bars
depict the variance across 100 repetitions of the experiment.

As can be seen in Fig. 2] the hypernetwork outperforms the embedding method by a wide margin
and the performance of the embedding method does not improve when increasing its embedding
dimension.

1.3 Image Colorization

The second type of target functions are y(x, I'), where I is a sample gray-scaled version of an image
I from the dataset and = = (i1, 42) is a tuple of coordinates, specifying a certain pixel in the image
I. The function y(z, I') returns the RGB values of I in the pixel z = (i1, i2) (normalized between

[—1, 1]). For this self-supervised task we employ CIFAR10 dataset, since the MNIST has grayscale
images.

For the purpose of comparison, we considered the following setting. The inputs of the networks are
o' = (in,da)||(i¥ + iz, 15 +i1,i5 —i2,i5 —i1))_, and a flattened version of the gray-scaled image I
of dimensions d,» = 42 and d; = 1024. The functions f and e are fully connected neural networks
of the same architecture with a varying number of layers £ = 2,...,7. Their input dimension is



dr, each hidden layer is of dimension 100 and their output dimensions are 450. We took primary
networks g and ¢ to be fully connected neural networks with two layers d;, — 10 — 3 and ELU
activations within their hidden layers. For the hypernetwork case, we have: d;, = 42 and for the
embedding method d;, = 42 + 450 = 492, since the input of ¢ is a concatenation of =’ (of dimension
42) and e(I) which is of dimension 450.

The overall number of trainable parameters in e and f is the same, as they share the same architecture.
The number of trainable parameters in ¢ is 492 - 10+ 10-3 = 4950 and in g is 42 - 10 4+ 10 - 3 = 450.
Therefore, the embedding method is provided with a larger number of trainable parameters as ¢ is 10
times larger than g. The comparison is depicted in Fig.[3] As can be seen, the results of hypernetworks
outperform the embedding method by a large margin, and the results improve when increasing the
number of layers.
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Figure 3: Colorization. The error obtained by hypernetworks and the embedding method with
varying number of layers (x-axis). The error rate (y-axis) is computed between the learned function
and the target function at test time. The blue curve stands for the performance of the hypernetwork
model and the red one for the neural embedding method.

1.4 Sensitivity Experiment
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Figure 4: Comparing the performance of a hypernetwork and the embedding method when
varying the learning rate. The x-axis stands for the value of the learning rate and the y-axis stands
for the averaged accuracy rate at test time. (a) Results on MNIST and (b) Results on CIFAR10.

In the rotations prediction experiment in Sec. 5, we did not apply any regularization or normalization
on the two models to minimize the number of hyperparameters. Therefore, the only hyperparameter
we used during the experiment is the learning rate. We conducted a hyperparameter sensitivity test
for the learning rate. We compared the two models in the configuration of Sec. 5 when fixing the
depths of f and e to be 4 and varying the learning rate. As can be seen in Fig. 4] the hypernetwork
outperforms the baseline for every learning rate in which the networks provide non-trivial error rates.

1.5 Validating Assumption 2

To empirically justify Assumption 2, we trained shallow neural networks on MNIST and Fashion
MNIST classification with a varying number of hidden neurons. The optimization was done using
the MSE loss, where the labels are cast into one-hot encoding. The network is trained using Adadelta
with a learning rate of 1 = 1.0 and batch size 64 for 2 epochs. As can be seen in Fig.[5] the MSE
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Figure 5: Validating Assumption 2. The MSE loss at test time strictly decreases when increasing
the number of hidden neurons.

loss strictly decreases when increasing the number of hidden neurons. This is true for a variety of
activation functions.



2 Preliminaries

2.1 Identifiability

Neural network identifiability is the property in which the input-output map realized by a feed-
forward neural network with respect to a given activation function uniquely specifies the network
architecture, weights, and biases of the neural network up to neural network isomorphisms (i.e.,
re-ordering the neurons in the hidden layers). Several publications investigate this property. For
instance, [[217] show that shallow neural networks are identifiable. The main result of [8]] considers
feed-forward neural networks with the tanh activation functions are shows that these are identifiable
when the networks satisfy certain “genericity assumptions®. In [18] it is shown that for a wide class of
activation functions, one can find an arbitrarily close function that induces identifiability (see Lem. [T).
Throughout the proofs of our Thm.[I| we make use of this last result in order to construct a robust
approximator for the target functions of interest.

We recall the terminology of identifiability from [8} [18]].

Definition 1 (Identifiability). A class f = {f(;0¢) : A — B | 05 € ©;} is identifiable up to
(invariance) continuous functions I1 = {m : ©p — O}, if

f(505) =a f(5;0}) < 3mellstl; =n(0y) (1)
where the equivalence = 4 is equality for all © € A.

A special case of identifiability is identifiability up to isomorphisms. Informally, we say that two
neural networks are isomorphic if they share the same architecture and are equivalent up to permuting
the neurons in each layer (excluding the input and output layers).

Definition 2 (Isomorphism). Let £ be a class of neural networks. Two neural networks f(x; [W,b])
and f(x; [V, d]) of the same class f are isomorphic if there are permutations {~y; : [h;] — [hi]}FL,
such that,

1. vy and 41 are the identity permutations.

2. Foralli € [k], j € [hiy1] and 1 € [hy], we have: V]| = W

Srir () oya(ry and dj = b2

Yi+1 (.7)
An isomorphism T is specified by permutation functions i, ..., Vx+1 that satisfy conditions (1)
and (2). For a given neural network f(xz; [W,b]) and isomorphism m, we denote by w o [W, b] the
parameters of a neural network produced by the isomorphism .

As noted by [8,[18]], for a given class of neural networks, £, there are several ways to construct pairs
of non-isomorphic neural networks that are equivalent as functions.

In the first approach, suppose that we have a neural network with depth k& > 2, and there exist indices
i,71,72 with1 <i <k —1land1 < j; < jo < h;41, such that, b;l = bZ and I/VJ1 : = W]?Z’t for all
t € [h;]. Then, if we construct a second neural network that shares the same weights and biases, except

replacing W1 and W1 with a pair W{" and W1, such that, W7+ Wi t! = with 4 Wﬁ;
Then, the two neural networks are equlvalent regardless of the act1vat10n function. The j; and 7

neurons in the ¢’th layer are called clones and are defined formally in the following manner.
Definition 3 (No-clones condition). Let class of neural networks f. Let f(x;[W,b]) € £ be a neural
network. We say that f has clone neurons if there are: i € [k, j1 # j2 € [hiy1], such that:

(bt W W ) = (b

Ji> " g,l ARV Y27

W W) )

If f does not have a clone, we say that f satisfies the no-clones condition.

A different setting in which uniqueness up to isomorphism is broken, results when taking a neural
network that has a “zero” neuron. Suppose that we have a neural network with depth k£ > 2, and
there exist indices ,j with 1 <4 <k —Tand 1 < j < h;y1, such that, W}, = 0 forall ¢ € [h;] or
W/t = 0forall t € [hi4]. In the first case, one can replace any W' with any number W{ %" if
o(b;,;) = 0 to get a non-isomorphic equivalent neural network. In the other case, one can replace
W;l with any number WJHl'l to get non-isomorphic equivalent neural network.



Definition 4 (Minimality). Let f(x;[W,b]) be a neural network. We say that f is minimal, if for all
i € [k], each matrix W* has no identically zero row or an identically zero column.

A normal neural network satisfies both minimality and the no-clones condition.

Definition 5 (Normal neural network). Let f(xz; [W, b)) be a neural network. We say that f is normal,
if it has no-clones and is minimal. The set of normal neural networks within f is denoted by £,,.

An interesting question regarding identifiability is whether a given activation ¢ : R — R function
implies the identifiability property of any class of normal neural networks £,, with the given activation
function are equivalent up to isomorphisms. An activation function of this kind will be called
identifiability inducing. It has been shown by [8] that the tanh is identifiability inducing up to
additional restrictions on the weights. In [17] and in [2] they show that shallow neural networks are
identifiable.

Definition 6 (Identifiability inducing activation). Let o : R — R be an activation function. We say
that o is identifiability inducing if for any class of neural networks f with o activations, we have:
f(;01) = f(-;62) € £, if and only if they are isomorphic.

The following theorem by [18]] shows that any piece-wise C' (R) activation function o with o’ €
BV (R) can be approximated by an identifiability inducing activation function p.

Lemma 1 ([18]). Let o : R — R be a piece-wise C*(R) with o’ € BV (R) and let ¢ > 0. Then,
there exists a meromorphic function p : D — C, R C D, p(R) C R, such that, ||o — pllec < € and p
is identifiability inducing.

2.2 Multi-valued Functions

Throughout the proofs, we will make use of the notion of multi-valued functions and their continuity.
A multi-valued function is a mapping F' : A — P(B) from a set A to the power set P(B) of some
set B. To define the continuity of F', we recall the Hausdorff distance [10, [16] between sets. Let
dp be a distance function over a set B, the Hausdorff distance between two subsets F7, F> of B is
defined as follows:

A (E1, B) o= max { sup inf dis(br,bo), sup inf (b, b)) 3)

In general, the Hausdorff distance serves as an extended pseudo-metric, i.e., satisfies dy (E, E) = 0
for all F, is symmetric and satisfies the triangle inequality, however, it can attain infinite values
and there might be E; # Es, such that, dy(E1, E2) = 0. When considering the space C(B) of
non-empty compact subsets of B, the Hausdorff distance becomes a metric.

Definition 7 (Continuous multi-valued functions). Let metric spaces (A,da) and (B,dg) and
multi-valued function F : A — C(B). Then, we define:

1. Convergence: we denote E = lim,_,,, F(a), if E is a compact subset of B and it satisfies:

algl(rllo dy(F(a),E) =0 4)
2. Continuity: we say that F is continuous in ag, if lim,—, ., F'(a) = F(ap).

2.3 Lemmas

In this section, we provide several lemmas that will be useful throughout the proofs of the main
results.

Let [W!,b'] and [W? b%] be two parameterizations. We denote by [W',b'] — [W? b*] = [W' —
W2, b' — b2] the element-wise subtraction between the two parameterizations. In addition, we define
the Lo-norm of [W, b] to be:

k
[W.B1]], := llvec(IW,B])ll2 =\ | > (W73 + [Ib7]13) )

i=1



Lemma 2. Let f(z; [W*,b']) and f(x;[W?,b?]) be two neural networks. Then, for a given isomor-
phism 7, we have:

7o [Wh b'] — 7o [W? b%] =70 [W' — W2 b' — b7 (6)
and
17 [W. bl][,, = [[[W, b][ Y
Proof. Follows immediately from the definition of isomorphisms.

Lemma 3. Let 0 : R — R be a L-Lipschitz continuous activation function, such that, o(0) = 0. Let
f(;[W,0]) : R™ — R be a neural network with zero biases. Then, for any © € R™, we have:

k
1 s W, 0Dl < L5 el T T IW71 (3)

i=1
Proof. Letz =W 1.o(...0(W'z)). We have:
1 e W, 0Dy < [WF - (2)]x
<|IW*-a(2)lh
= W1 - llo(2) — o (0)]x
< WElL - L 2]

€))

and by induction we have the desired. O

Lemma 4. Let 0 : R — R be a L-Lipschitz continuous activation function, such that, (0) = 0. Let
f(-;[W,b]) be a neural network. Then, the Lipschitzness of f(-; [W,b)) is given by:

k
Lip(f([W,b))) < L**- TT 1w (10)

i=1

Proof. Let z; = WF=1.o(...c(W'x; + b)) for some z; and z5. We have:
£ (1s [W,B]) — f(x2; W,B]) |1 < [WF-0(21) = WF -0 (z2)|1
< |WE-(o(z1 + 6571 — (22 + 0" 1)[h
= [WFl - flo(z1 + 0571 = o (z2 + 0]
< Wy - L+ [lz1 = z2[h

(1)

and by induction we have the desired. O

Throughout the appendix, a function y € Y is called normal with respect to £, if it has a best
approximator f € £, such that, f € f,,.

Lemma 5. Let £ be a class of neural networks. Let y be a target function. Assume that y has a best
approximator f € £. If y & £, then, [ € f,.

Proof. Let f(-;[W,b]) € £ be the best approximator of y. Assume it is not normal. Then, f(-; [W,b])
has at least one zero neuron or at least one pair of clone neurons. Assume it has a zero neuron. Hence,
by removing the specified neuron, we achieve a neural network of architecture smaller than £ that
achieves the same approximation error as £ does. This is in contradiction to Assumption 2. For clone
neurons, we can simply merge them into one neuron and obtain a smaller architecture that achieves
the same approximation error, again, in contradiction to Assumption 2. O

Lemma 6. Let £ be a class of functions with a continuous activation function o. Let Y be a class
of target functions. Then, the function ||f(-;0) — yl|co is continuous with respect to both 6 and y
(simultaneously).



Proof. Let sequences 6,, — 0y and y,, — yo. By the reversed triangle inequality, we have:

1£(50n) = Ynlloo — 1F(:500) — yolloo| < N1F(5560n) — f(5500)[loe + 1Yn — Yollso (12)

Since 6,, — 0y and f is continuous with respect to 6, we have: || f(-;0,) — f(-;00)|lcc — 0. Hence,
the upper bound tends to 0.

Lemma 7. Let £ be a class of functions with a continuous activation function o. Let Y be a closed
class of target functions. Then, the function F(y) := mingee, ||f(+;0) — ylloo is continuous with
respect to y.

Proof. Let {y,}>2, C Y be a sequence that converges to some yo € Y. Assume by contradiction
that:

lim F(y,) # F(yo) (13)

n—oo

Then, there is a sub-sequence y,, of y,, such that, Vk € N : F(y,,) — F(yo) > AorVk € N :
F(yo) — F(yn,) > A for some A > 0. Let 6y be the minimizer of || f(-;6) — yol|co. With no loss of
generality, we can assume the first option. We notice that:

F(yn) < 1FC500) = ynilloo < N1F(500) = Yolloo + [1yni — Yolloo < Flyo) +6r (14)

where 0y, := ||yn, —Yo||co tends to 0. This contradicts the assumption that F'(y,,, ) > F(yo)+A. O

Throughout the appendix, we will make use of the following notation. Let y € Y be a function and £
a class of functions, we define:

Mly; f] := arg 52192 [1£(50) = ylloo (15)

Lemma 8. Let £ be a class of neural networks with a continuous activation function o. Let Y be a
class of target functions. Denote by f, the unique approximator of y within f. Then, f, is continuous
with respect to .

Proof. Let yg € Y be some function. Assume by contradiction that there is a sequence y,, — o,
such that, g, := fy,, 7 fy,- Then, g, has a sub-sequence that has no cluster points or it has a cluster

point i # fy,.

Case 1: Let g,, be a sub-sequence of g,, that has no cluster points. By Assumption 1, there is
a sequence 6,, € U2 Mly,,;f] that is bounded in B = {6 | ||d]]2 < B}. By the Bolzano-
Weierstrass’ theorem, it includes a convergent sub-sequence Gnkl_ — 6. Therefore, we have:

[1£(30n,,) = f(500)loc = 0 (16)
Hence, g,,, has a cluster point f(+; ) in contradiction.
Case 2: Let sub-sequence fy, ~that converge to a function h # fy,. We have:
Ih = yolleo < ”fynk — hlloo + ”fynk = Ynlloo + [[Ymi = Yol a7

By Lem.[7]
”fynk = Ynylloo = II.fyo — volloo (18)

and also yn, — Yo, f?]nk. — h. Therefore, we have:

1A = yolloo < [lfyo — Yolloo (19)

Hence, since f,, is the unique minimizer, we conclude that h = f,, in contradiction.

Therefore, we conclude that f, converges and by the analysis in Case 2 it converges to fy,. O



3 Proofs of the Main Results

3.1 Proving Assumption 2 for Shallow Networks

Lemma 9. Ler Y = C([—1,1]™) be the class of continuous functions y : [—1,1]™ — R. Let f
be a class of 2-layered neural networks of width d with o activations, where o is either tanh or
sigmoid. Let y € Y be some function to be approximated. Let £’ be a class of neural networks that
is resulted by adding a neuron to the hidden layer of f. If y ¢ f then, infoco, ||f(-10) — yl|3 >
infoco, [ f(+:0) — y||3. The same holds for o = ReLU when m = 1.

Proof. We divide the proof into two parts. In the first part we prove the claim for neural networks
with ReLU activations and in the second part, for the tanh and sigmoid activations.

ReLU activations Let y € Y be a non-piecewise linear function. Let f € £ be the best approxi-
mator of y. Since f is a 2-layered neural network, it takes the form:

d
fla) = Zﬁi o(ax +7i) (20)
i=1

By [3], we note that f is a piece-wise linear function with k pieces. We denote the end-points of
those pieces by: —1 = ¢p,...,c; = 1. Since y is a non-piecewise linear function, there exists a
pair ¢;, ¢;+1, where y is non-linear on [¢;, ¢;41]. With no loss of generality, we assume that y is
non-linear on the first segment. We note that f equals some linear function ax + b over the segment
[—1, ¢1]. We would like to prove that one is able to add a new neuron n(z) = B4y1 - 0(Ya+1 — )
to f, for some —1 < 7441 < ¢1, such that, f(x) 4+ n(x) strictly improves the approximation of f.
First, we notice that this neuron is non-zero only when z < 7441. Therefore, for any 5511 € R
and —1 < vgq1 < ¢1, f(z) + n(x) = f(z) € [c1,1]. In particular, the approximation error of
f(z) + n(z) over [c1, 1] is the same as f’s. For simplicity, we denote v := 441 and 8 := Bgy1.
Assume by contradiction that there are no such « and 3. Therefore, for each v € [—1, ¢1], ax + b is
the best linear approximator of y(z) in the segment [—1, +v]. Hence, for eachy € [-1,¢1], 8 =01s
the minimizer of [” (y(z) — (B(y — #) + ax + b))? dz. In particular, we have:

J7 (@) = (B(y — @) + az + b)) da

a5 o =0 21

By differentiation under the integral sign:

_fjl (y(z) — (B(y — ) + az + b))? d
= 55
/7 (y(z) — (B(y — x) + ax +1))? e
-1 ap

:/Wﬂmmgmmeerm+b»«xfwdz

Q(B,7)

:2/Vy(x)acdx—?y/ﬂ{y(ac)d:U—&-Q/jlﬂ(v—x)Qdx+2/v(ax+b)(7—w)dx

-1 -1

v v
=2/ y(@)x do — 27/ y(@) dz + p(B,7)
-1
(22)
where p((,) is a third degree polynomial with respect to . We denote by Y (z) the primitive
function of y(x), and by Y(z) the primitive function of Y (x). By applying integration by parts, we
have:

[ @ ds =y ()0 - 06) - Y1) @3
In particular,
Q(B,7) =2v(Y(7) =Y (=1)) =2(Y(7) - v = V(v) + Y(=1)) + p(B,7)
=27Y () = 29Y(=1) = 29Y () — 2V(7) + 2V(~1) + p(B,7) (24)
=—2Y(7) + [=27Y (1) + 2Y(~1) + p(B,7)]



We note that the function ¢(3,7) := —27Y(—1) + 2Y(—1) + p(B, 7) is a third degree polynomial
with respect to v (for any fixed ). In addition, by Eq. we have, Q(0,~) = 0 for any value of
v € (—1,¢1). Hence, ) is a third degree polynomial over [—1, ¢1]. In particular, y is a linear function
over [—1, ¢1], in contradiction. Therefore, there exist values v € (—1,¢;) and 8 € R, such that,
f(z) + n(x) strictly improves the approximation of f.

Sigmoidal activations Lety € Y be a target function that is not a member of £. Let f € £ be the
best approximator of y. In particular, f # y. Since f is a 2-layered neural network, it takes the form:

Zﬁz (i, @) + ) (25)

where o : R — R is either tanh or the sigmoid activation function, 5;,y; € R and a;; € R™.

We would like to show the existence of a neuron n(z) = 8 - o({a, z) + b), such that, f + n has a
smaller approximation error with respect to y, compared to f. Assume the contrary by contradiction.
Then, for any a € R™,b € R, we have:

S (@) = (8- o((a,2) + b) + f(2)))? da
op =0
We denote by ¢(z) := y(x) — f(x). By differentiating under the integral sign:
Jiiapm (@) = (B-o((a,2) +b) + f(2)))? da

0B @7
= -2 co({a,x D)2 dx +2 x)-o({a,x b) dx
[, ot@nsnras [ 4@ oliar )

Therefore, since Q(3, a,b) = 0, we have:

Ji s 4(@) - o((a. ) + ) do
Jio1 gm0 (@, 2) + 0)? da

Since o is increasing, it is non-zero on any interval, and therefore, the denominator in Eq. @ is

strictly positive for all a € R™ \ {0},b € Rand a = 0,b € R, such that, o(b) # 0. In particular, for
all such a, b, we have:

=0 (26)

Q(B,a,b) : =

p= (28)

/[ - q(z)-o({a,x) +b) dz =0 (29)

By the universal approximation theorem [5} [12]], there exist Bj, be € Rand a; € R™, such that,
Z B -o({aj,x) + bj) (30)

where a; € R™ \ {0},b; € Rand a; = 0,b; € R, such that, a( ;) ;é 0. The convergence of the

series is uniform over [—1, 1]™. In particular, the series g(z) - S_% i1 B; - o({aj, x) + b;) converge
uniformly as k — oo. Therefore, by Eq.[29]and the linearity of integration, we have:

/ Z ((a;,2) + bj) de = 0 31)
[—171]’” =1

This implies that f[71 1jm q(z)? dx = 0. Since q is a continuous function, it must be the zero function
to satisfy this condition. Differently put, f = y in contradiction. O

3.2 Existence of a continuous selector

In this section, we prove that for any compact set Y’ C Y, if any y € Y’ cannot be represented as a
neural network with o activations, then, there exists a continuous selector S : Y — R that returns
the parameters of a good approximator f(-; S(y)) of y. Before we provide a formal statement of the
proof, we give an informal overview of the main arguments.
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Proof sketch of Lem. Let Y’ C Y be a compact class of target functions, such that, any y € Y’
cannot be represented as a neural network with o activations. We recall that, by Lem.[I] one can
approximate o using a continuous, identifiability inducing, activation function p : R — R, up to any
error € > 0 of our choice. By Assumption 1, for each y € Y, there exists a unique best function
approximator g(-;6,) € g of y. Here, g is the class of neural networks of the same architecture as £
except the activations are p. By Def. @ 6, is unique up to isomorphisms, assuming that g(-; 8,) is
normal (see Def. ).

In Lem. we show that for any compact set Y C Y, if g(;; Qy) is normal for all y € Y’, then,

there exists a continuous selector S : Y — R™Vs that returns the parameters of a best approximator
g(-;S(y)) of y. Therefore, in order to show the existence of S, we need to prove that g(-; 6,) is
normal for all y € Y.

Since any function y € Y’ cannot be represented as a neural network with o activations,
infyeyr inf, || f(6) — ylloo is strictly larger than zero (see Lem. [12). In particular, by taking
p to be close enough to o, we can ensure that, inf, ey, infy, [|g(-; 0) — y|[c is also strictly larger than
zero. This, together with Assumption 2, imply that g(+; 6,,) is normal for all y € Y’ (see Lem. |5).
Hence, there exists a continuous selector S for Y with respect to the class g. Finally, using Lem. [14]
one can show that if p is close enough to o, S is a good parameter selector for £ as well.

Lemma 10. Let p : R — R be a continuous, identifiability inducing, activation function. Let f be a
class of neural networks with p activations and ©; = B be the closed ball in the proof of Lem.|8| Let Y
be a class of normal target functions with respect to £. Then, M [y; £] := arg mingep || f(+;0) — ¥l oo
is a continuous multi-valued function of y.

Proof. Assume by contradiction that M is not continuous. We distinguish between two cases:

1. There exists a sequence y, — y and constant ¢ > 0, such that,

sup inf ||61 —62l]2>c>0 (32)
0 My;p] 0€M [yn;:f]

2. There exists a sequence y,, — y and constant ¢ > 0, such that,
sup inf |6y — 022 >¢>0 (33)
01€ Myn;f] 26 MIy3f]
Case 1: We denote by 01 a member of M [y; £] that satisfies:
VnEN:e inf /3]||91—92||2>c>0 (34)

QGM[yn;

The set U2 M[y,,; £] C Oy is a bounded subset of R™, and therefore by the Bolzano-Weierstrass
theorem, for any sequence {05 }°°;, such that, 03 € M]|y,; f], there is a sub-sequence {65"* }3° ;
that converges to some 65. We notice that:

Hf(,@g’ﬂ) ~ Ynilloo = enelgl; 1£(50) = Ynylloo = F(Yn,,) 35)
In addition, by the continuity of F', we have: klim F(yn,) = F(y). By Lem.ﬁ, we have:
—00

1£(5505) = ylloo = F(y) (36)

This yields that 65 is a member of M [y; £]. Since f, := argminscp || f — || is unique and normal,
by the identifiability hypothesis, there is a function 7 € II, such that, w(6%) = 6;. Since the function
m is continuous
i (|7(02%) = 61|z = lim 7 (63") —m(63)[|2 =0 (37)
—00 k—o0

We notice that m(05%) € M|yp, ; £]. Therefore, we have:

lim inf |01 —62|| =0 (38)
k—o00 GQEM[ynk;/i]

in contradiction to Eq.
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Case 2: Let 07 € M|y,; f] be a sequence, such that,

inf |67 — O2lcc > ¢ (39
02€ M [y;f]

The set U2, M[y,; £] C O is a bounded subset of RY, and therefore by the Bolzano-Weierstrass
theorem, there is a sub-sequence 67'* that converges to some vector 6. The function || f(+;6) — y||eo

is continuous with respect to 6 and y. Therefore,
S min 17C30) = ynplloc = Jm [[f(507%) = ynilloo = [F(:60) = ylloo (40)
By Lem.[7} || f(+;00) —ylloo = mingee, ||f(+;0) — ylloo. In particular, 0y € M[y; £], in contradiction
to Eq. O

Lemma 11. Let p : R — R be a continuous, identifiability inducing, activation function. Let f be
a class of neural networks with p activations and ©; = B be the closed ball in the proof of Lem. ES’}
Let Y be a compact class of normal target functions with respect to f. Then, there is a continuous
selector S : Y — ©y, such that, S(y) € Mly; £].

Proof. Let yo be a member of Y. We notice that M [yo; £] is a finite set. We denote its members by:
Mlyo; £] = {6?,...,60%}. Then, we claim that there is a small enough € := €(yo) > 0 (depending on
Yo), such that, S that satisfies S(yo) = 0 and S(y) = arg minge nry. |0 — Ool|2 for all y € Be(yo),
is continuous in B, (yo). The set B.(yo) := {y | ||y — yollcc < €} is the open ball of radius € around
yo. We denote

ci= mglglenllmos(yo)—Wzos(yo)Hz >0 @D

This constant exists since II is a finite set of transformations and Y is a class of normal functions. In
addition, we select € to be small enough to suffice that:

max [[S(y) = S(yo)ll2 < /4 (42)

yEBe(yo)

Assume by contradiction that there is no such e. Then, for each ¢, = 1/n there is a function
Yn € B, (y0), such that,

1S(y) = S(yo)ll2 = ¢/4 43)
Therefore, we found a sequence y,, — o that satisfies:
Mlyn; f] #» Mlyo; f] (44)

in contradiction to the continuity of M.
For any given y1, y2 € Be(yo) and w1 # 7o € II, by the triangle inequality, we have:
710 8(y1) = m2 0 S(y2)ll2 Zllm 0 S(yo) — w2 0 S(y2)ll2 — 71 0 S(y1) — 710 S(yo)ll2
>|7m1 0 S(yo) — 2 0 S(yo)ll2 — [lm1 0 S(y1) — 71 0 S(yo)ll2
= [lm2 0 S(yo) — w2 0 S(y2)ll2
)

=[fm1 0 S(u0) — 72 0 S(uo)ll> ~ 1) — S(a) @)
= [1S(yo) — S(y2)ll2
>c—2c/4 > ¢/2
In particular, |7 o S(y1) — S(y2)||2 > ¢/2 for every 7 # Id.
Since M is continuous, for any sequence y,, — y € B.(yo), there are 7, € II, such that:
Jim 7, 0 S(yn) = S(y) (46)

Therefore, by the above inequality, we address that for any large enough n, 7,, = Id. In particular,
for any sequence y,, — y, we have:

lim S(yn) = S(y) (47)
n—oo
This implies that S is continuous in any y € B (yo).

We note that {B.(,,)(¥0)}y,ev is an open cover of Y. In particular, since Y is compact, there is
a finite sub-cover {C;}Z; of Y. In addition, we denote by {c;}7_; the corresponding constants
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in Eq. {1} Next, we construct the continuous function S inductively. We denote by S, the locally
continuous function that corresponds to C;. For a given pair of sets C;, and C;, that intersect, we
would like to construct a continuous function over C;, U C;,. First, we would like to show that there
is an isomorphism 7, such that, 7 0 S;, (y) = S;, (y) forall y € C;, N C;,. Assume by contradiction
that there is no such 7. Then, let y; € C;, NC;, and 7y, such that, 7 0.5;, (y1) = Si; (y1). We denote
by y2 € C;, N C;, a member, such that, 71 0 S;, (y2) # Si, (y2). Therefore, we take a isomorphism
o # 71, that satisfies mo 0 S;, (y2) = S;; (y2). We note that:

71 0 Si, (Y1) — 72 0 S, (y2) |2 > max{c;,, ¢, } /2 (48)
on the other hand:

71 0 8i,(y1) — 72 0 Siy (y2)ll2 = |56 (Y1) — Siy (y2) |2 < ci, /4 (49)
in contradiction.

Hence, let 7 be such isomorphism. To construct a continuous function over C;, U C;, we proceed as

follows. First, we replace S;, with 7o .S;, and define a selection function S;, ;, over C;, U Cj, to be:
S; if .y € C;

Sua = {0 e
moSi,(y)  if,yeCy

Since each one of the functions S;, and 7 o S;, are continuous, they conform on C;, N C}, and the
sets C;, and C;, are open, S;, ;, is continuous over C;, U C;,. We define a new cover ({C;}7_; \
{Ci,Ci, }) U{C;;, Uy, } of size T — 1 with locally continuous selection functions S7, ..., 55 _;.
By induction, we can construct S over Y.

(50)

Lemma 12. Let £ be a class of neural networks with a continuous activation function o. Let Y be a
compact class of target functions. Assume that any y € Y cannot be represented as a neural network
with o activations. Then,

inf inf [|£(-0) — ylle 51
;Ielyelene;”f(’) Ylloo > 2 (5D

for some constant co > 0.

Proof. Assume by contradiction that:

inf inf [ £(-0) = yllo =0 52
inf inf 11/(:0) =yl (52)

Then, there is a sequence y,, € Y, such that:

Jn [17(:0) =l 0 (53

Since Y is compact, there exists a converging sub-sequence y,,, — yo € Y. By Lem.|7| we have:

elél(—in(*e) —Yolloo =0 (54)

This is in contradiction to the assumption that any y € Y cannot be represented as a neural network
with o activations. O

Lemma 13. Let £ be a class of neural networks with a continuous activation function o. Let Y be a
compact class of target functions. Assume that any y € Y cannot be represented as a neural network
with o activations. Then, there exists a closed ball B around 0 in the Euclidean space RNt such that:

i - 0) — <9 . 0) —
lglellgllf(ﬁ) yllw_291€n£f||f(79) Ylloo (55)

Proof. Let ca > 0 be the constant from Lem. By Lem.[12]and Lem.[7] f, is continuous over
the compact set Y. Therefore, there is a small enough § > 0, such that, for any y;,y> € Y, such
that, |ly1 — y2]lc < 0, we have: ||f,, — fuslleo < c2/2. For each y € Y we define B(y) :=
{V | ly — ¥ lloc < min{ca/2,d}}. The sets {B(y)}yev form an open cover to Y. Since Y is a
compact set, it has a finite sub-cover {B(y1), ..., B(yx)}. Foreach y’ € B(y;), we have:

”fyL - y/”oo < nyl - fy’”oo + ny’ - y/”oo
<c/2+ | fy =¥l (56)
S 2||fy’ - y/”oo
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Therefore, if we take H = {6;}*_, for 6;, such that, f(-;6;) = f,,, we have:
min [1f(56:) = ylloe <2 inf [1F(56) = ylloe (57)

In particular, if we take B to be the closed ball around 0 that contains H, we have the desired. O

Lemma 14. Ler 0 : R — R be a L-Lipschitz continuous activation function. Let f be a class of
neural networks with o activations. Let Y be a compact class of normal target functions with respect
to f. Let p be an activation function, such that, |0 — p|lec < 0. Let B = By U By be the closed ball
around 0, where By is be the closed ball in the proof of Lem.[8|and By is the ball from Lem.[I3} In
addition, let g be the class of neural networks of the same architecture as f except the activations
are p. Then, for any 6 € B, we have:

1F(50) = g(50)lloc < €1+ 6 (58)

for some constant ¢; > 0 independent of d.

Proof. 'We prove by induction that for any input 2 € X’ the outputs the 7’th layer of f(-;6) and g(-; 6)
are O(d)-close to each other.

Base case: we note that:

oWz +b") — p(Wh -z +b")||; < z) + b)) — p((W}, z) +b})

(39
< hg d=:c-5
Hence, the first layer’s activations are O(d)-close to each other.

Induction step: assume that for any two vectors of activations x; and z9 in the 7’th layer of the
neural networks, we have: 4
||3?1 — $2||1 S CZ . (5 (60)

By the triangle inequality:
lo(WH -2y 4+ 67 — p(WH s + 074
oWz + 67 — o(Wi ey + 67|
+lo (W ay + 6741 — p(W g + 6|y
<L [|(WitL . gy + b — (Witle, + 57|,

z+2

+Z\o— Wit z) + b — p((WiT 2) + b)) (61)

=L- ||VVH_1 (w1 —x2)[]1 + hiy2 -0
<L WL [loy — 2oy + hige - 6
SL- WYy - ¢ -6+ hiye - 6
S(hiso + L-[WFH - ¢') -6

Since § € B is bounded, each ||Wi*1||; is bounded (for all i < k and 6). Hence, Eq. holds for
some constant ¢; > 0 independent of d. O

Lemma 15. Let 0 : R — R be a L-Lipschitz continuous activation function. Let f be a class of
neural networks with o activations. Let Y be a compact class of target functions. Assume that any
y € Y cannot be represented as a neural network with o activations. Let p be an activation function,
Plloo < 9. Let B be the closed ball from Lem. In addition, let g be the class of
neural networks of the same architecture as f except the activations are p. Then, for any y € Y, we
have:

it [17(56) = ylloo = min l9(50) — yllo| < 16 (62)

for c1 from Lem.
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Proof. By Lem. [14] for all § € B, we have:

1£(50) = ylloo < Nlg(50) = Ylloc +c1-0 (63)
In particular,
i - 0) — < mi - 0) — .
min [|£(0) = ylloo < minlg(0) = ylloo +c1 -3 (64)
By a similar argument, we also have:
i ) — < mi = 0) — .
min |g(50) — ylloo < min [ f(:56) — ylloo +c1- 8 (65)
Hence,
—mi - 0) — < e
min [ £(:0) = ylloo —min [lg(;6) = ylloo| < c1-0 (66)
O

Lemma 16. Let 0 : R — R be a L-Lipschitz continuous activation function. Let f be a class of
neural networks with o activations. Let Y be a compact set of target functions. Assume that any
y € Y cannot be represented as a neural network with o activations. Then, for every ¢ > O there is a
continuous selector S : Y — Oy, such that, for all y € Y, we have:

1£(55®) = yllo < 292%; 1£(50) = ylloo + € (67)

Proof. By Lem. I there exists a meromorphic function p D — C,R cC D, p(R) C R thatis an
identifiability inducing function, such that, [0 — pllec < 5; min(é, ¢1) =: 4, where ¢; and ¢, are

the constants in Lems. [14] and. Since p(R) C R, and it is a meromorphic over D, it is continuous
over R (the poles of p are not in R). We note that by Lems. [T4]and[T3] for any y € Y, we have:

min [|9(50) = Ylloo > 2 —c1-6>0 (68)

where B is the ball from Lem. [T4] Therefore, by Lem.[5] each y € Y is normal with respect to the
class g. Hence, by Thm. @ there is a continuous selector S : Y — B, such that,

19(58(¥)) — Yllo =19n€1§||9(~;9) —Ylloo (69)
By Lem. [I3] we have:

|min [1£(50) = ylloo = 9 S@)) = yloo| 16 a0)

By the triangle inequality:

|min 1£(56) =yl = 175 S)) = ylloo|

<JI7C5 S @) = Ylloo = g5 Sw)) = yllo| + | min 1 £(:0) = ylloo = llg: Sw)) = vl 7
By Eq.[70|and Lem.[T4] we have:
| min 1£56) = ylloc = 153 W) = Yllo| < 21 -0 (1)
Since 0 < €/2c¢o, we obtain the desired inequality:
13 S(w)) = ylloo < min 1 (36) — yloo + ¢
<2 i £(56) ~ ylloc + ¢ 7
0

3.3 Proof of Thm.[Il

Before we provide a formal statement of the proof, we introduce an informal outline of it.
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Proof sketch of Thm.[1| In Lem.|[16|we showed that for a compact class Y of target functions that
cannot be represented as neural networks with o activations, there is a continuous selector S(y) of
parameters, such that,

1765 = vl < 3 jnt 1£(:6) =yl (74)

Therefore, in this case, we have: dy (£;Y) = ©(dn(f£;Y)). As a next step, we would like to apply
this claim on Y := W, ,,, and apply the lower bound of ciN(ﬁ; Wim) = Q(N~"/™) to lower bound
dn(£;Y). However, both of the classes £ and Y include constant functions, and therefore, we have:
£NY # (. Hence, we are unable to assume that any y € Y cannot be represented as a neural network
with o activations.

To solve this issue, we consider a “wide” compact subset Y/ = W,’Y m of W, , that does not include

any constant functions, but still satisfies d (f; W) = QN =7/™). Then, assuming that any non-
constant function y € W, ,, cannot be represented as a neural network with o activations, implies
that any y € W,,,, cannot be represented as a neural network with o activations. In particular, by
Lem. we obtain the desired lower bound: dy (£; W;r.m) > dn(£;W),,) = O(dy(f; Whn)) =
Q(N_T/"I‘),

For this purpose, we provide some technical notations. For a given function f : [—-1,1] — R, we
denote: N
a2 = 32 ID*hl (75)
1<|kl1<r

In addition, for any 0 < 71 < v < 00, we define:
W ={f[-1L1]" = R| fisr-smooth and || f||7 <~z and [|f[7* >}  (76)

Specifically, we denote, W1 when 2 = 1. We notice that this set is compact, since it is closed and

subset to the compact set an (see [).

Next, we would like to produce a lower bound for the N-width of Wﬂ m- In [6) [15], in or-
der to achieve a lower bound for the N-width of W, ,,, two steps are taken. First, they
prove that for any K C L°([—1,1]™), we have: dn(K) > by(K). Here, by(K) :=
Supx,,, sup{p | p- U(Xn+1) C K} is the Bernstein N-width of K. The supremum is taken over
all N +1 dimensional linear subspaces X1 of L®°([—1,1]) and U(X) :={f € X | || flloc <1}
stands for the unit ball of X. As a second step, they show that the Bernstein N-width of W, ,,, is
larger than Q(N~7/™).

Unfortunately, in the general case, Bernstein’s N-width is very limited in its ability to estimate the
nonlinear N-width. When considering a set K that is not centered around 0, Bernstein’s N-width
can be arbitrarily smaller than the actual nonlinear /N-width of K. For example, if all of the members
of K are distant from 0O, then, the Bernstein’s /NV-width of K is zero but the nonlinear N-width of K
that might be large. Specifically, the Bernstein N-width of W), is small even though intuitively,
this set should have a similar width as the standard Sobolev space (at least for a small enough
~ > 0). Therefore, for the purpose of measuring the width of W) . we define the extended Bernstein
N-width of a set K, '

by(K) := sup sup {p| 3B < pstp - UXn41)\B - U(Xn1) C K} (77

XnNi1
with the supremum taken over all N 4 1 dimensional linear subspaces X 1 of L ([—1,1]™).

The following lemma extends Lem. 3.1 in [6] and shows that the extended Bernstein N-width of a
set K is a lower bound of the nonlinear N-width of K.

Lemma 17. Ler K C L°°([—1,1]™). Then, dy(K) > by (K).

Proof. The proof is based on the proof of Lem. 3.1 in [6]]. For completeness, we re-write the proof

with minor modifications. Let p < by (K) and let Xy be an N + 1 dimensional subspace of
L*>°([—1,1]™), such that, there exists 0 < § < pand [p- U(Xny41) \ 5 -U(Xn11)] C K. If£(;0)
is class of functions with Ny, = N parameters and S(y) is any continuous selection for K, such that,

a = sup [[f(5S¥) — vl (78)
yeK
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we let S(y) := S(y)— S(—y). We notice that, S(y) is an odd continuous mapping of d(p-U (X n41))
into RY. Hence, by the Borsuk-Ulam antipodality theorem [4,|13]] (see also [7]), there is a function

Yo in O(p - U(X 1)) for which S(yo) = 0, i.e. S(—yo) = S(yo). We write

2yo = (yo — £(;;5(¥0)) — (=yo — £(;; S(=v0)) (79)
and by the triangle inequality:
2p =2[lyolloc < llyo — £(:3.S(Wo)lloo + | = yo — £(-: S(—v0)|l (80)

It follows that one of the two functions o, —yo are approximated by £(-; S(yo)) with an error > p.
Therefore, we have: o > p. Since the lower bound holds uniformly for all continuous selections .5,

we have: dy (K) > p. O
Lemma 18. Lery € (0,1) and r,m, N € N. We have:
dy(W),,) = C - N~T/m (81)

for some constant C > 0 that depends only on r.

Proof. Similar to the proof of Thm. 4.2 in [6] with additional modifications. We fix the integer r and
let ¢ be a C°°(R™) function which is one on the cube [1/4,3/4]™ and vanishes outside of [—1, 1]™.
Furthermore, let C be such that 1 < || D¥@|~ < Co, for all [k| < r. With no loss of generality,
we consider integers N of the form N = d™ for some positive integer d and we let @1, ..., QN be
the partition of [—1, 1]™ into closed cubes of side length 1/d. Then, by applying a linear change
of variables which takes @); to [—1, 1]™, we obtain functions ¢1, ..., ¢n with ¢, supported on Q;,
such that:

Vk st k| <7 :d™ < ||D*¢)]lo < Cp - d™ (82)

We consider the linear space X of functions Zjvzl ¢;j - ¢; spanned by the functions ¢1, ..., ¢n.

Lety = Z;\le ¢;j - ¢;. By Lem. 4.1 in [6]], for p = g = oo, we have:

5 < Oy - N"/™. , 83
yll> < Cy max lc] (83)

for some constant C'; > 0 depending only on 7. By definition, for any z € Q;, we have: y(z) =
¢; - ¢;(x). In particular,

0o = mMax max |c;| - (2))lso 84
Iyl je[;;]erﬂ il - 185 (2)] (84)
Therefore, by Eq.[82] we have:
a; i< < Cy - ma ; 85
fel[]\)f(]‘cj‘—”y“oo_ 0 ;relugg]\c]\ (85)
Hence,
lylls < - N"™ - [lylloo (86)

Then, by taking p := C;' - N="/™, any y € p- U(Xy) satisfies ||y||$ < 1. Again, by Lem. 4.1 and
Eq.[82] we also have:

55> Cy - lylls > Cs - N™/™ - max |¢] (87)
JE[N]

lyl

For some constants C5, C5 > 0 depending only on 7. By Eq.[85] we obtain:

ol > 12l Ca e (3%)
Then, for any 8 > 0, such that,
v < 6'0003 SN/ < (89)
we have: [p-U(Xy) \ B-U(Xn)] C W],,. Hence, we have:
AN W) 2 bn(W1,) 2 p=Cp ' N7 (90)
O
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Lemma 19. Let 0 : R — R be a piece-wise C'(R) activation function with o' € BV (R).
Let £ be a class of neural networks with o activations. Let Y = W, ,, and let WE;,?LO =

{f:[-1,1)™ = R fis r-smooth and || f||5 < co}. Let F : W25 — W52 be a continuous

r,m
Sfunctional (w.rt || - ||5). Assume that for any y € Y and o > 0, if y + « - F(y) is non-constant, then
it cannot be represented as a member of . Then, if d(£;Y) < €, we have:

N, = Q™) o1

Proof. Let Yy = W15 € WP,L5 (the selection of y = 0.1 is arbitrary). We note that F (Y1) is a
compact set as a continuous image of Y;. Since || - ||} is a continuous function over F (Y1) (w.r.t
norm || - ||2), it attains its maximal value 0 < ¢ < oo within F(Y). By the triangle inequality, for
any y € Y;, we have:

ly+e- F)l; > gl — e IF @ > 0.1— € g ©2)

and also,
VyeYi:lly—yllo <e-q (93)

We denote Yo := {y + - F(y) | y € Y1}. This is a compact set as a continuous image of the
function G(y) := y + € - F(y), over the compact set Y;. In addition, for any constant ¢ < 0.1/¢, by
Eq.[92] any y € Y is a non-constant function.

By Eq.[93]and the triangle inequality, we have:
Vy €Y1 lf(50) =4 lle < If(:0) = ylloo + € q %4)

Hence,

sup inf || f(50) — ¥'[|oc < sup inf [ f(50) — ylloo +€-g=d(f; Y1) +€-¢q 95)
yey, ¢ yey; ¢

In particular,

d(f;Ya) = sup inf [ f(5;0) = ¢'llec < d(f;Y1) +€-¢ (96)
By the same argument, we can also show that d(£; Y1) < d(£; Y2) +€-gq.
By Lem. there is a continuous selector S : Yo — Oy, such that,

sup [[f(59(4") = ¥'lloc <2 sup min [[f(5;0) = ¢'[|oc +€ < 2(d(£; Y1) +€-q) +€  (97)
Yy €Yo y' €Y, 0€0;

We note that d(£;Y;) < 1.5-d(£;Y) < 1.5¢. Therefore, we have:
sup [[f(5(4) — 9/'llee < (4+ 29)e (98)

Yy €Yo

In particular, by defining S(y) = S(y’) for all y € Y5, again by the triangle inequality, we have:

d(f; Y1) < sup [[/(55()) = ylleo < (4+20)e + € < (54 2q)e (99)
yey;
By [6], we have: ~ 3
(5+2¢)e > d(f; Y1) > dy (Y1) > C- N~/ (100)
for some constant C' > 0 and N = Nj. Therefore, we conclude that: N; = Q(e=™/). O

We note that the definition of F(y) is very general. In the following theorem we choose F(y) to be
the zero function. An alternative reasonable choice could F(y) := ﬁ

Theorem 1. Let o : R — R be a piece-wise C*(R) activation function with ' € BV (R). Let f be
a class of neural networks with o activations. Let Y = W,. ,,,. Assume that any non-constant y € Y
is not a member of f. Then, if d(£;Y) < €, we have:

Ny = Q(e=™T) (101)

Proof. Follows immediate from Lem. [19|with F(y) being the zero function for all y € Y.
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3.4 Proofs of Thms.2land 3]

Lemma 20. Let o : R — R be universal, piece-wise C1(R) activation function with o’ € BV (R).
Let &, 4 be an neural embedding method. Assume that ||e|| < £y for every e € € and g is a class of
la-Lipschitz neural networks with o activations and bounded first layer |[W] |1 < c. Let Y := W .
Assume that any non-constant y € Y cannot be represented as a neural network with o activations.
If the embedding method achieves error d(E. 4,Y) < €, then, the complexity of 4, is:

N, =9 (e* mi““"v?ml)) (102)
where the constant depends only on the parameters c, {1, {2, m1 and mo.

Proof. Assume that N, = o(e~(m1+m2))_For every y € Y, we have:

inf ||y —q(@,e(I50c);0)

eVq

‘ <e (103)

We denote by £ the output dimension of . Let o o qu be the first layer of g. We consider that

qu € Rw*(mi+k) where w is the size of the first layer of ¢. One can partition the layer into two
parts:
o (W (@, e(@;0c))) = o(Wylw + Wy 2e(T; 0e)) (104)

where W1 € R“**™ and W2 € R“* *k We divide into two cases.

Case 1 Assume that w; = Q(e~"™1). Then, by the universality of o, we can approximate the class
of functions € with a class < of neural networks of size O(k - €~"2) with o activations. To show it,
we can simply take k neural networks of sizes O((e/¢1)~™2) = O(e~™2) to approximate the i’th
coordinate of e separately. By the triangle inequality, for all y € Y, we have:

ot ||y — a(w, d(; 0a); 9q)Hoo
<, inf {|lu—aw.e(r:0):0)|| + |ate.d(r:00):6,) — ata.e(r:00):0)]| _

(105)

<supint { |y — a(a.e(130:):07) |+ |[a(a. d(1:00):0;) — a(a.e(1:0:):0;)
i, .

)

a(a, d(I504);65) — (e, e(1:67): 67)

<supinf ’ +€
Yy ed oo

where 6%, 0* are the minimizers of Hy —q(z,e(l;60.);04) H . Next, by the Lipschitzness of ¢, we

g e -
have:
inf o d(7:00):67) — a(ar, e(100):07)| < 6o in [la(r:00) — e(1:60)|| <2 106)
d oo d o0
In particular,
inf |ly —q(z,d(I;0a);0q)|| < (l2+1)-€ (107)
04,0, o

By Thm. the size of the architecture q(z, d(I;0,);6,) is 2(e~™). Since N, = o(e~(mitm2)),
we must have k = Q(e~™1). Otherwise, the overall size of the neural network g(z, d(I;64);64)
is o(e=(mitm2)y 1 O(k - €7™2) = o(¢~™) in contradiction. Therefore, the size of g is at least
wy -k = 9(6727711).

Case 2 Assume that w; = o(e”™1). In this case we approximate the class un - e, where
W}h? e R¥r** where |[W}2||; < c. The approximation is done using a class < of neural networks
of size O(wy - €72). By the same analysis of Case 1, we have:

y —q(z,d(I;04);04)

inf
04,04

. <(ly+1)-€ (108)

where ¢ = ¢ (qu*lx +1-d(I;04)) and ¢’ consists of the layers of ¢ excluding the first layer. We
notice that W'« +1- d(I; 1) can be represented as a matrix multiplication M - (, d([; 64)), where
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M is a block diagonal matrix with blocks I/VqL1 and I. Therefore, we achieved a neural network that

approximates y. However, the overall size of g(x,d(I;04);0,) is o(e~(™1+m2)) 4 O(w; - e7™2) =
o(e~™) in contradiction.

Lemma 21. Let o be a universal piece-wise C*(R) activation function with o’ € BV (R). Let
neural embedding method &, . Assume that ||e||; < {1 and the output dimension of e is k = O(1)
for every e € e. Assume that g is a class of {s-Lipschitz neural networks with o activations. Let
Y := Wi . Assume that any non-constant y € Y cannot be represented as neural networks with o
activations. If the embedding method achieves error d(E, 4,Y) < €, then, the complexity of q is:

N, =Q(e™) (109)

where the constant depends only on the parameters {1, {5, mq and mo.

Proof. Follows from the analysis in Case 1 of the proof of Lem. 20|

Theorem 2. Let o : R — R be universal, piece-wise C'(R) activation function with o’ € BV (R).
Let €, 4 be an neural embedding method. Assume that € is a class of continuously differentiable
neural network e with zero biases and bounded spectral complexity C(e) < £y and g is a class of
neural networks q with o activations, bounded spectral complexity C(q) < lo and bounded first layer
Hqu i <c LetY := Wy, Assume that any non-constant y € Y cannot be represented as a
neural network with o activations. If the embedding method achieves error d(Eeﬂ, Y) < ¢, then, the
complexity of g is:

N, =Q (e_ min(mﬂmﬂ) (110)
where the constant depends only on the parameters {1, {5, my and mo.
Proof. First, we note that since o’ € BV (R), we have: ||0’| . < oo. In addition, o is piece-wise

C(R), and therefore, by combining the two, it is Lipschitz continuous as well. Let e := e(I; .) and
q := q(z, z; 6,) be members of ¢ and ¢ respectively. By Lemsand we have:

lelloo = sup [le(L;0e)[[1 < &1 - [[I]|x < ma - £y (111)
IeT
and also
Lip(e) < 44 (112)
Since the functions e are continuously differentiable, we have:
> D€l < [[Velloo < Lip(e) < 44 (113)
1<|k1 <1
Hence,
lell] < (ma2+1)-6 (114)

By similar considerations, we have: Lip(q) < /5. Therefore, by Lem. we have the desired. [

Theorem 3. Let o : R — R be a universal, piece-wise C*(R) activation function with o' € BV (R)
and 0(0) = 0. Let &, 4 be an neural embedding method. Assume that « is a class of continuously
differentiable neural network e with zero biases, output dimension k = O(1) and bounded spectral
complexity C(e) < {1 and q is a class of neural networks q with o activations, bounded spectral
complexity C(q) < la. Let Y := W ,,. Assume that any non-constant y € Y cannot be represented
as a neural network with o activations. If the embedding method achieves error d(E, 4,Y) < €, then,
the complexity of g is:

Ny =@ (e (motme)) (115)
Proof. Follows from Lem. 21]and the proof of Thm.
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3.5 Proof of Thm.[

Lemma 22. Let y € W, . Then, {ys}1e1 is compact and F : I — yp is a continuous function.

Proof. First, we note that the set X x Z = [—1, 1]’”1‘”"2 is compact. Since y is continuous, it is
uniformly continuous over X x Z. Therefore,

Jin {lyr = yrolloe = lim sup ly(z,I) = y(z, Io)|l2 = 0 (116)
In particular, the function F : I — y; is a continuous function. In addition, since Z = [—1,1]™2 is
compact, the image {y;};cz of F is compact as well. O

Lemma 23. Let o be a universal, piece-wise C*(R) activation function with ¢’ € BV (R) and

o(0) = 0. Let Ycy= W, m be a compact set of functions vy, such that, y; cannot be represented
as a neural network with o activations, for any I € I. Then, there are classes g and f of neural

networks with o and ReLU activations (resp.), such that, d(’H/g’g; Y) <eand N, = O (e’ml/r),
where the constant depends on m1, mo and r.

Proof. By the universality of o, there is a class of neural networks g with ¢ activations of size:
N, =0 (e*ml/’") (117)

such that,
Vp € Wr,ml : inf ||g(709) 7p||oo <e (118)
0,€0,

Let Y’ := Uz ev{yr} We note that, Y C W, ;.. Therefore,

VyeYVIeZ: inf |lg(50y) —yrllee <e (119)
0,€0,

By Lem. there is a continuous selector S : Y’ — ©, such that, for any p € Y’, we have:
lg(:;.5(p)) = Plloc < 29;2& 19(:369) — plloc + € < 3e (120)

We notice that the set Z x Y is compact as a product of two compact sets. Since y; is continuous

with respect to both (I, y) € Z x Y, we can define a continuous function S’ (I,y) := S(y;). Since
S’ is continuous over a compact set, it is bounded as well. We denote by B, a closed ball around 0, in
which the image of S’ lies. In addition, by the Heine-Cantor theorem, we have:

V6 >03e> 0V, I €T, y1,ys €Y

(121)
(71, 91) = (L2, y2)ll <6 = [[S"(T1, 1) = S' (T2, p2)[l2 < €
where the metric || - || is the product metric of Z and Y. In particular, we have:
V6>03e>0Vh,LeT,yeY:
‘ b=y (122)

|1 = I]a <6 = [S"(11,y) — S'(I2,y)|l2 < €

Therefore, since the functions Sy (I) := S"(,y) (for any fixed y) are uniformly bounded and share
the same rate of uniform continuity, by [9], for any ¢ > 0, there is a large enough ReLU neural
network £, such that,

) . / . ~
Since g(x; 0,) is continuous over the compact domain, X’ x B, by the Heine-Cantor theorem, g is
uniformly continuous. Hence, for any small enough € > 0, we have:

vye¥: inf supllg(:f(1505) = g(5 Sy (1))l < € (124)
0;€0p 1
In particular, by Eqs. [120]and [124] and the triangle inequality, we have the desired:
Yy e YVI €Z: inf sup|g(:; f(I;605)) — yrlloo < 4e (125)
0;€0p 1
O
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Theorem 4. Let o be a universal, piece-wise C(R) activation function with o' € BV (R) and
0(0) =0. Lety € Y = W, ,,, be a target function, such that, y; cannot be represented as a neural
network with o activations for all I € I. Then, there is a class, g, of neural networks with o
activations and a neural network f(I;6) with ReLU activations, such that, h(z,I) = g(x; f(I;05))

achieves error < € in approximating y and Ny = O (e’ml/r).

Proof. Follows immediately for Y = {y}.

3.6 Proof of Thm.[5l

Theorem 5. Let 0 : R — R be a universal Lipschitz continuous activation function, such that,
0(0) = 0. Let g be a class of neural networks with o activations. Let y € Y := W, ,, be a target
function. Assume that there is a continuous selector S € Py, . for the class {y; }1ez within g. Then,
there is a hypernetwork h(xz,I) = g(x; f(I;0¢)) that achieves error < € in approximating y, such
that:

Np = O(w'tme/m . emm2/m Ly Ny)

(126)
— O(€—m2/r + e—ml/r)

Proof. We would like to approximate the function S using a neural network f of the specified
complexity. Since S € P, ., we can represent .S in the following manner:

S(I) =M - P(I) (127)

Here, P : R™2 — R™ and M € R™¢X" is some matrix of bounded norm ||M|; < c. We recall
that any constituent function P; are in W, ,,,. By [14], such functions can be approximated by

neural networks of sizes O(e~"2/") up to accuracy € > 0. Hence, we can approximate S(I) using a
neural network f(I) := M - H(I), where H : R™2 — R", such that, each coordinate H; is of size

(’)(e_"“/ ). The error of f in approximating S is therefore upper bounded as follows:

M- H(I) = M- P(I)|y < [M][y - |[H(I) = P(I)[]x

<ec- Y |Hi(I) - P(I) (128)
i=1
<c-w-e€
In addition,
[M - P(D)ly < [|M][y- [P(D]ly < c-w (129)

Therefore, each one of the output matrices and biases in S(I) is of norm bounded by ¢ - w.

Next, we denote by WW* and b° the weight matrices and biases in S(I) and by V* and d’ the weight
matrices and biases in f(I). We would like to prove by induction that for any x € X and I € Z, the
activations of g(x; S(I)) and g(z; f(I)) are at most O(e) distant from each other and the norm of
these activations is O(1).

Base case: Let z € X. Since X = [—1,1]™, we have, |z||; < m; =: a!. In addition, we have:

lo(Wz +b') —o(Vie +d")| < L[(W'z +b') — (Viz +d')|
< LW = VHlzlls + 10" = d*[lx
Sml.L.c.w.€+C.w.€

::ﬁ1~e

(130)

Here, L is the Lipschitz constant of o.

Induction step: let z; and x, be the activations of g(x;.S([)) and g(x; f(I)) in the 7’th layer.
Assume that there are constants o*, 3 > 0 (independent of the size of g, x; and z2), such that,
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|l#1 — x2ll; < B%-eand ||z1]1 < . Then, we have:
oWtz + 6 F )|y = [lo(WHlay + 67+ — o(0)]|x
<L Wz + 0 -0y
S LW hay|ly + L [|p" (131)
SLAWT -zl + L e
<L-c-w(l+a')=:at?

g

and also: - . ™ i1
||(T(W7'+ sz b ) — cf(V’+ zo + d'T JIE

<L (W ez + 0 — (VT + d Y|
<L ||[Wittpy — Vit g |y + Lo — d Y,
<L ||[Wittey — Vit gy + L e
<L (W oy = zalls + W = V- g ) + L - e (132)
SL-(crw-flzy —aafi + e w-e[loz1) + L€
SLe(crw-log —mfi + e wee- ([[arfly + ley — 22fl1)) + L€
<L-(cow-Betc-w-e (" +p-€))+L-¢

<L(c-w- (26" +a')+1) ¢

=411 ¢
If i + 1 is the last layer, than the application of ¢ is not present. In this case, a'*! and 3! are
the same as in Egs. [[31] and [T32] except the multiplication by L. Therefore, we conclude that

llg(-;S(I)) = g(z; F(I))]|oo = O(e).
Since f consists of w hidden functions H; and a matrix M of size w - N, the total number of
trainable parameters of f is: Ny = O(w'+m2/7 . ¢=™2/" 4y . N, ) as desired. O

23



References

[1] Robert A. Adams and John J. F. Fournier. Sobolev spaces. Pure and Applied Mathematics, v.
140. Academic Press, 2 edition, 2003.

[2] Francesca Albertini, Eduardo D. Sontag, and Vincent Maillot. Uniqueness of weights for neural
networks. In in Artificial Neural Networks with Applications in Speech and Vision, pages
115-125. Chapman and Hall, 1993.

[3] Raman Arora, Amitabh Basu, Poorya Mianjy, and Anirbit Mukherjee. Understanding deep
neural networks with rectified linear units. Arxiv, 2018.

[4] Karol Borsuk. Drei sitze tiber die n-dimensionale euklidische sphire. Fundamenta Mathemati-
cae, 20(1):177-190, 1933.

[5] George Cybenko. Approximation by superpositions of a sigmoidal function. Mathematics of
Control, Signals and Systems, 2(4):303-314, 1989.

[6] Ronald A. DeVore, Ralph Howard, and Charles Micchelli. Optimal nonlinear approximation.
Manuscripta Math, 1989.

[7] C.T.J. Dodson and P. E. Parker. User’s Guide to Algebraic Topology, volume 387 of Mathe-
matics and Its Applications. Kluwer, Dordrecht, Boston, London, 1997.

[8] Charles Fefferman and Scott Markel. Recovering a feed-forward net from its output. In

Advances in Neural Information Processing Systems 6. Morgan Kaufmann Publishers Inc.,
1993.

[9] Boris Hanin and Mark Sellke. Approximating continuous functions by relu nets of minimal
width. Arxiv, 2018.

[10] Felix Hausdorff. Grundziige der Mengenlehre. Veit and Company, Leipzig, 1914. Das
Hauptwerk von Felix Hausdorff.

[11] Kaiming He, Xiangyu Zhang, Shaoqing Ren, and Jian Sun. Delving deep into rectifiers:
Surpassing human-level performance on imagenet classification. In Proceedings of the IEEE
International Conference on Computer Vision (ICCV), ICCV ’15. IEEE Computer Society,
2015.

[12] Kurt Hornik. Approximation capabilities of multilayer feedforward networks. Neural Networks,
4:251-257, 1991.

[13] Lazar A. Lyusternik and Lev G. Shnirel’man. Topological methods in variational problems and
their application to the differential geometry of surfaces. Uspekhi Mat. Nauk, 2:166-217, 1947.

[14] Hrushikesh N. Mhaskar. Neural networks for optimal approximation of smooth and analytic
functions. Neural Comput., 8(1):164—177, 1996.

[15] Allan Pinkus. N-Widths in Approximation Theory. Springer-Verlag, 1985.

[16] R. Tyrrell Rockafellar and Roger J.-B. Wets. Variational Analysis. Springer Verlag, Heidelberg,
Berlin, New York, 1998.

[17] Héctor J. Sussmann. Uniqueness of the weights for minimal feedforward nets with a given
input-output map. Neural Networks, 5:589-593, 1992.

[18] Verner Vlaci¢ and Helmut Bolcskei. Neural network identifiability for a family of sigmoidal
nonlinearities. Constructive Approximation, 2020.

24



	Additional Experiments
	Synthetic Experiments
	Predicting Image Rotations
	Image Colorization
	Sensitivity Experiment
	Validating Assumption 2

	Preliminaries
	Identifiability
	Multi-valued Functions
	Lemmas

	Proofs of the Main Results
	Proving Assumption 2 for Shallow Networks
	Existence of a continuous selector
	Proof of Thm. 1
	Proofs of Thms. 2 and 3
	Proof of Thm. 4
	Proof of Thm. 5


