Abstract

Modifications to a neural network’s input and output layers are often required
to accommodate the specificities of most practical learning tasks. However, the
impact of such changes on architecture’s approximation capabilities is largely not
understood. We present general conditions describing feature and readout maps
that preserve an architecture’s ability to approximate any continuous functions
uniformly on compacts. As an application, we show that if an architecture is capable
of universal approximation, then modifying its final layer to produce binary values
creates a new architecture capable of deterministically approximating any classifier.
In particular, we obtain guarantees for deep CNNss and deep feed-forward networks.
Our results also have consequences within the scope of geometric deep learning.
Specifically, when the input and output spaces are Cartan-Hadamard manifolds, we
obtain geometrically meaningful feature and readout maps satisfying our criteria.
Consequently, commonly used non-Euclidean regression models between spaces
of symmetric positive definite matrices are extended to universal DNNs. The
same result allows us to show that the hyperbolic feed-forward networks, used
for hierarchical learning, are universal. Our result is also used to show that the
common practice of randomizing all but the last two layers of a DNN produces a
universal family of functions with probability one. We also provide conditions on
a DNNs first (resp. last) few layer’s connections and activation function which
guarantee that these layer’s can have a width equal to the input (resp. output)
space’s dimension while not negatively effecting the architecture’s approximation
capabilities.

1 Introduction

Modifications made to a neural network’s input and output maps to extract features from a data-set or
to better suit a learning task is prevalent throughout learning theory. Typically, such changes are made
by pre-(resp. post-)composing an architecture with a fixed and untrainable feature (resp. readout) map.
Examples prevail classification by neural networks, random feature maps obtained by randomizing
all but the last few layers of a feed-forward network, and numerous illustrations throughout geometric
deep-learning theory, which we detail below. This motivates the central question of this paper: "Which
modifications to the input and output layers of a neural network architecture preserve its universal
approximation capabilities?"

Specifically, in this paper we obtain a simple sufficient condition on a pair of a feature map ¢ : 2~ —
R™ and a readout map p : R* — %, where 2" and % are topological spaces, guaranteeing that if .#
is dense in C(R™,R") for the uniform convergence on compacts (ucc) topology then

{feC(Z,%):pofod, fecF}, (1)

is dense in C(Z", %) in the uniform convergence on compacts topology when % is metric and, more
generally, in the compact-open topology when ¢/ is non-metrizable (such as in the hard classification
problem). Simplified conditions are obtained when % is a metrizable manifold, and characterization
of p and ¢ is obtained when both 2" and % are smooth manifolds.

The set .% represents any expressive neural network architecture. For example, by [36] .% can be
taken to be the set of feed-forward networks with one hidden layer and continuous, locally-bounded,
and non-polynomial activation function. Or, by [57], % can be taken to be the set of deep convolution
networks with specific sparsity structures and ReLu activation function. Throughout .% is often
referred to as an architecture. The results are not limited to neural networks and remain valid when,
for example, .7 is taken to be the set of posterior means generated by a Gaussian processes universal
kernel, as in [42]]. The central results are motivated by the following consequences.

Implication: Method for Constructing Non-Euclidean Universal Approximators

A natural hub for our results is in geometric deep learning, an emerging field of machine learning,
which acknowledges and makes use of the latent non-Euclidean structures present in many types of
data. Applications of geometric deep learning are prevalent throughout neuroimaging [17]], computer-
vision [49], covariance learning [41]], and learning from hierarchical structures such as complex social
networks [35]], undirected graphs [44], and trees [S1]].



For instance, in [45], it is shown that low-dimensional representations for complex hierarchical
structures into hyperbolic space outperform the current state-of-the-art high-dimensional Euclidean
embedding methods due to the tree-like geometry of the former. Using the theory of gyro-vector
space, introduced in [56], [18]] proposed a hyperbolic-space variant of the feed-forward architecture
and demonstrated its superior performance in learning hierarchical structure from these hyperbolic
representations. A direct application of our main result confirms that this non-Euclidean architecture
can indeed approximate any continuous function between hyperbolic spaces.

More generally, we obtain an explicit construction of feed-forward networks between any Cartan-
Hadamard manifold and a guarantee that our construction is universal. Cartan-Hadamard manifolds
appear throughout applied mathematics from the symmetric positive-definite matrix-valued regression
problems of [17,41]], which we extend to universal approximators, to applications in mathematical
finance in [24], Gaussian processes in [40Q], information geometric in [4]], and to the geometry of the
Wasserstein space [37] commonly used in Generative Adversarial Networks as in [3].

Implication: Universal Approximation Implies Universal Classification

Perhaps the most commonly used readout maps are those used when modifying neural-networks to
perform classification tasks. The currently available theoretical results, found in [16]], guarantee that
for a random vector in R” with random labels, the set of feed-forward networks with one hidden
layer, step activation function 6 (x) = Ijg c.) — I(—e 0] and readout map p(x); = I 1 ) CAN approximate
the Bayes’ classifier in probability.

As an application of this paper’s main results, we obtain deterministic guarantees of generic hard
(n-ary) and soft (fuzzy) classification on R for any given universal approximator in C(R™,R") once
it’s outputs are modified by a continuous surjection p to take values in {0,1}" or (0, 1)", respectively.
For example, our result applies to feed-forward networks with at-least one hidden layer holds when p

the component-wise logistic p(x); = (L1° % readout map.
2
Implication: DNNs with Randomly Generated First Layers are Universal

We show that the commonly employed practice of only training the final layers of a deep feed-forward
network and randomizing the rest preserves its universal approximation capabilities with probability
1. Though widely used, this practice has only recently begun to be studied in [20, [38]]. The link with
our results arises from an observation made in [38]], stating that the first portion of such a random
architecture can be seen as a randomly generated feature map.

Implication: DNNs Can be Narrowed

In [30, 46] the authors provide lower bounds on a DNN layer’s width, under which it is no longer
a universal approximator. However, there is a wealth of literature which shows that arranging a
network’s neurons to create depth rather than width yields empirically superior performance. As a
final application of our theory, we provide explicit conditions on a DNN’s connections and activation
functions so additional initial and final few layers may be added to a DNN which do not respect the
minimum width requirements of [30, 46] but do not negatively impact the DNN’s approximation
capabilities. Numerical implementations show that additional depth build using our main results
improve predictive performance additional deep layers failing our assumptions reduced the network’s
predictive performance.

This paper is organized as follows. Section [2] discusses the necessary topological and geometric
background needed to formulate the paper’s central results. Section [3| contains the paper’s main
results discussed above. The conclusion follows in section @ The proofs of the main results are
contained within this paper’s supplementary material.

2 Background
2.1 General Topology

Before moving on to the main results of the paper, we will require some additional topological
terminology. The interior of a subset A C 2 of a topological space is the largest open subset
contained in A. For example, in the Euclidean space R, the interior of [0,1) is (0, 1). The closure of
A is the smallest closed-set containing A. Therefore, the closure of [0,1) in R is [0, 1]. The difference
between the closure of A and its interior is called the boundary of A and is denoted by dA. For
example, the boundary of [0,1) in the Euclidean space R is {0,1}. A subset A C R™ is called a
retract of R™ if there is a continuous map r : R” — A such that ro14 = 14, where 14 : A — R is the



inclusion map and 14 is the identity map on A. Dually, a continuous right-inverse of a continuous
surjective map is called a section. A covering projection f : R" — % is a surjective continuous
function such that for every x € % there is an open set Uy, containing x, such that p =1 [{U] = Ugeq U¥
and {UY }4ea is a disjoint collection of open sets for which p|ya : U — U, is a homeomorphism.

For example, the map x — e~ is a covering projection of R onto the circle.

Lastly, since continuous maps transfer topological information then a continuous bijection with
continuous inverse preserves all topological information. Such a map is called a homeomorphism and
two topological spaces related by a homeomorphism are said to be homeomorphic. For example, the

sigmoid (or logistic) function x — IJ%X continuously puts R in bijection with (0, 1) and its inverse is

the logit function y — In ( which is continuous. Therefore, R and (0, 1) are homeomorphic.

1-y )’
A continuous injective map ¢ : 2~ — R™ such that 2" is homeomorphic to ¢(2") is called an
embedding.

A topological space 2 is said to be locally-compact if every x € 2" is contained in an open subset
U, of 2 which is in turn contained in an compact subset Ky of 2". For example, every point
x € R is contained in (x — 1,x+ 1) which is in turn contained in the closed-bounded (and therefore
compact-set by the Heine-Borel theorem) [x — 1,x+ 1]. A topological space is said to be simply
connected, if every two paths between points can be continuously deformed into one another.

Similarly to [8, [11]], we say that a subset A of a topological space Z~ is collared if there exists an
open subset U C 2 containing A and a homeomorphism ¢ : U — A x [0,1) mapping A to A x [0, 1).
In this way the open set U is, in a sense, topologically similar to A itself since one can imagine
shrinking any point (a,t) € A x [0,1) down to (a,0) and then identifying it back with a via y.

We denote the set of positive integers by N7,
2.2 Topology of Function Spaces

Let C(R™,R") denote the set of all continuous functions from the Euclidean space R to the Euclidean
space R". Closeness in C(R™,R") can be described in a number of ways but in the context of universal
approximation theorems of [[13} 28 36] two functions f and g are thought of as being close if they

are uniformly close on compacts, if for a gi ing holds:
o SUP |y <k \/ i1 1 (x); — g(x)ill?
Z - <E. )

The topology described by 1s1c$1%£ a7 )é; ’gy1 0|jj umform c0nve})’gence on compacts, henceforth
ucc topology. If R” is replaced by any other topological space ¢ whose notion of closeness is defined
by a distance function and R™ is replaced by nearly any other topological space then closeness
in the collection of continuous functions from 2" to %/, denoted by C(2",%’), can be described
analogously to (2) by replacing the Euclidean distance on R” by another distance function d-on %,
the compact subsets K C R™ with compact subsets of 2", and taking f,g € C(Z ,%). The topology
on C(Z ,%) defined in this way is still called the ucc topology.

If a distance function cannot describe the topology on %, for example, we will see that this is the
case for reasonable topologies on C(2",{0,1}"), then one cannot define the ucc topology. Instead,
consider the smallest topology on C(£", %) containing the sets

{Vko:0+#KC 2 compactand @ # O C % open},Vk o £ {f € C(Z,%): f(K) C O}. 3)

When the topology on % is defined by a distance function and 2" is a locally-compact Hausdorff
space, then the smallest topology containing (3 coincides with the ucc topology. However, unlike the
ucc topology, the smallest topology containing (3)) is well-defined on C(2", %) for any topological
spaces 2" and %. This generalized ucc topology is called the compact-open topology (co-topology).

2.3 Manifolds
A (topological) manifold is a topological space which "closeup" resembles Euclidean space, whereas
a manifold with boundary locally looks like a part of Euclidean space but possibly with a hard edge.

Definition 2.1 (Metrizable Manifold with Boundary; [8]]). A topological space % is said to be a

metrizable manifold with boundary if
(i) Foreveryy e %, there is an open Uy, C % containing y which is homeomorphic to

n
{(zl,...,zn)eR”: /Zz?<1andznzo}, 4)
i=1



(ii) There exists a distance function (metric) d : %> — % such that the topology on % coincides
with the smallest topology on % containing the open balls {B¢(y) a5 where

Be(y) = {z€ ¥ : d(z,y) <€}.

}e>0,y€

We say that d is a metric for %. The subset of % consisting of all points y contained in some open
set Uy which is homeomorphic to the interior of #) is denoted by Int(%/).

A smooth manifold without boundary, is a manifold for which there is a well-defined differential
calculus admitting arbitrarily many derivatives and which can locally be deformed into Euclidean
space via infinitely differentiable maps with infinitely differentiable inverses.

An m-dimensional Riemannian manifold .# is a manifold without boundary which can be locally
smoothly deformed into Euclidean space such that curvature and length can be meaningfully com-
pared, locally, between R™ and .#. Amongst other things, this allows the definition of minimal-length
curves connecting points on .#, called geodesics. If any two points on .# can be connected by
such a minimal length curve then .# is said to be complete. Moreover, when .# is complete and
connected, the function mapping any two points p,q € .# to the length of a geodesic connecting
them defines a metric d_4. Thus, .# has a geometrically meaningful metric structure where distance
represents the length of maximally efficient trajectories and C(X,.# ). The existence of d_, also
implies that C(%2", .#) is equipped with the ucc-topology.

Further, when .# is complete and connected the Hopf-Rinow Theorem, of [27], affirms that for any
given p € ., the map sending any v € R™ lying tangent to p to the point on .# arrived at time
t = 1 by traveling along a the geodesic with initial velocity v defines a surjection from R” onto
A . This map is called the Riemannian Exponential map on .# at p and is denoted by Exp‘[j” . In

[29], it is shown that, in this case, Expl‘j// has a smooth inverse outside a low-dimensional subset C,.
This inverse is denoted by Log'l:// and is known to locally preserve length between R” and .# along

geodesics emanating from p. This means that Log'p” and Expf/ are geometrically meaningful feature
and readout maps, respectively.

However, the set dC), can be pathological or difficult to deal with. This issue is overcome by turning
to the sub-class of Cartan-Hadamard manifolds. A Riemannian manifold .# is Cartan-Hadamard if
it is simply connected and has non-positive curvature. Non-positive curvature mean that all triangles
drawn on .# by geodesics have internal angles adding-up at-most 180°.

3 Main Results

Let¢: 2" — R™and p : R" — & Subsets of R” (resp R™) will be equipped with the (relative) Eu-
clidean topology unless explicitly stated otherwise. Equip C(2Z", %) with the co-topology, C(R™ R")
with the ucc topology, let .7 be a dense subset of C(R™,R") such as the architectures studied in
[361139,157]] or the posterior means of a Gaussian process with universal kernel as in [42], and define
the subset .7, y C C(2",%) by

Fpo ={g€C(X,¥): g=pofo¢ where f€ F}. )
The set .%, 4 is dense in C(Z", %) under the following assumptions on ¢ and p.

Assumption 3.1 (Feature Map Regularity). The map @ is a continuous and injective.

Assumption 3.2 (Readout Map Regularity). Suppose that the readout map p satisfies the following:
(i) Either of the following hold:
(a) p is a continuous and it has a section on Im(p),
(b) p is a covering projection of R™ onto Im (p) and X" is connected and simply connected,
(ii) Im(p) is dense in %,
(iii) dIm(p) is collared.
Theorem 3.3 (General Version). Suppose that F is dense in C(R™,R"). If Assumptions[3.1]and[3.2]
hold then F, g is dense in C(Z ,%).
Just as in the filtering literature of [10], one would hope that the outputs of any learning model should
depend continuously on its inputs. Therefore, we only consider feature maps ¢ which are continuous
functions. In this case, Assumption [3.1]is sharp. We denote the identity map x — x on R” by 1gn.

Theorem 3.4 (Assumption [3.1]is Sharp). Let 2~ be a metrizable manifold with boundary, let ¢ be
continuous, and .F C C(R",R"). Then F\y, ¢ is dense in C(2",R") if and only if ¢ is injective.



Remark 3.5 (Sharpening Assumption[3.2). Assumption[3.2)is almost sharp and a characterization
can be obtained using the Z -sets studied in [55 121|]. However, it is unlikely that a non-pathological
example can be generated which falls outside the scope of Assumption|3.2}

Theorem [3.4]shows that it is easy to verify if a feature map preserves the universal approximation
property. However, it can be much more challenging to verify if and when the readout map p does so.

The following presents a readily applicable case of Theorem [3.3] They highlight the convenient fact
that if p is surjective then only Assumptions [3.1]and [3.2](i) need to be verified.

Corollary 3.6. If ¢ is a continuous injective map, p is a surjective covering projection, and 7 is
dense in C(RY,RP) then F, 4 is dense in C(Z",%). In particular, ¢ and p may be homeomorphisms.

When both ¢ and p fully preserve topological structure then Corollary [3.6 sharpens.

Proposition 3.7 (Homeomorphic case is Sharp). Let ¢ and p be homeomorphisms. Then F is dense
in C(R™,R") if and only if F, ¢ is dense in C(Z",%').

Corollary 3.8. If ¢ is a continuous injective map, p is a continuous surjection with a section, 2" is
connected and simply connected, and F is dense in C(R?,RP) then Z, 4 is dense in C(X,%).

When additional structure is assumed of %/, as is common in most applications, Assumption [3.2](ii)
and (iii) can be omitted and the other assumptions can be simplified. Specifically, the case where
% is a manifold with boundary is considered. In the case where 2" and Int (%) are smooth, then
Theorem [3.3] can be further streamlined as follows.

Assumption 3.9 (Readout Map Regularity: Geometric Version). Suppose that p satisfies:
(i) p satisfies Assumption[3.2)(i) and Im (p) C Int(%),
(ii) Int(%') —Im(p) is a (possibly empty) smooth submanifold of Int(%') of dimension strictly
less-than dim(Int (%)) —n.

Theorem 3.10 (Geometric Version). Let % be a metrizable manifold with boundary, for which
Int (%) is a smooth manifold, Z is locally-compact, and ¥ is dense in C(R™,R"). If ¢ satisfies
Assumptionand p satisfies Assumptionthen Fp.g isdense in C(X,%).

Consequences of these results in various areas of machine-learning are now considered.
3.1 Dense Families in C(R”,R") Induce Universal Classifiers

Let 2" be aset, ¢ : 2" — R™ be a bijection, and {L;}}_, be a collection of labels describing elements

of 2. Let Z; £ {x € 2 : x has label L;}. For example, { 2;}"_, are disjoint and cover 2" then we
obtain the n-ary classification problem, but in general, any x € 2 may simultaneously have distinct
multiple labels. Without loss of generality, we may assume that 2~ is a topological space which is
homeomorphic to R” since we may equip it with the topology {¢~![U] : U open in R™}. Assume
that the sets {Z;}_, are open subsets of 2.

In the stochastic case, the Bayes classifier is the golden standard for classification. In the deterministic
case, the standard is clearly the ideal classifier h : 2~ — {0,1}", introduced here, and defined by

h(x); £ 12;(x), ©6)
where I ; is the indicator function of 27, taking value 1 if x € 2; and 0 otherwise.

Since the usual Euclidean topology on {0, 1}" coincides with the discrete topology on {0, 1}" and

since a continuous functions to a discrete topological space are constant, see [50]], then h only
belongs to C(Z,{0,1}") if it is trivial, i.e.: either 2Z; = 2" or Z; = 0 for each i. Moreover, a direct
computation shows that there are exactly 2" functions in C(Z",{0,1}"). Thus, other topologies must
be considered on {0, 1}" in order to have a meaningful deterministic classification theory.

When n = 1, there are two other choices of topologies on {0, 1}, up to homeomorphism. These are
the trivial topology {0, {0, 1}} and the Sierpiriski topology {0,{1},{0,1}}. The trivial topology is
uninteresting since a direct computation shows that with it every function in C(2", {0, 1}) becomes
indistinguishable, i.e.: the co-topology on C(.2,{0,1}) becomes trivial and therefore density in
C(Z,{0,1}) holds trivially for any non-empty subset. In the case of the Sierpinski topology in [54}
Chapter 7] it is shown that all indicator functions of any open set 2~ from any sufficiently regular
topological space, such as 2, is a continuous function to {0, 1} with the Sherpifiski topology. This
latter property has lead to widespread use of this space in semantics.



The next result shows that /1 can be approximated on two fronts simultaneously. First, by showing that
h has a natural decomposition as I( 1) applied component-wise to continuous soft (fuzzy) classifier $,
2

ie. §€C(Z,]0,1]"), satisfying
sTU(1/2,1) =2, (Vi=1,...,n). (7)

Subsequently, the architecture .7, 4 is shown to simultaneously approximate § uniformly on compacts
in C(2,[0,1]") and & in the compact-open topology on C(.2",{0,1}"). Intuitively, (7) represents
the philosophy of logistic regression where one approximates on the interval and the thresholds the
logistic classifier to obtain a strict decision rule, and thus a hard classifier.

Theorem 3.11 (Universal Classification: General Case). Let {0,1}" be equipped with the n-fold
product of the Sierpiriski topology on {0,1}, ¢ be continuous and injective, p : R" — (0,1)" be a
homeomorphism, o € (0,1), and F C C(R™,R") be dense. Let { Zi}"_, be a set of open subsets of
a metric space X and let h be its associated ideal classifier defined by (6). Then the following hold:

(i) (Hard-Soft Decomposition) There exist continuous functions §; € C(Z, [0, 1)) such that

h=1Igye@1,....5) 5T (e 1)) = 25, (Vi=1,...,n)

(ii) (Universal Classification) There exists a sequence { fi }ren in F such that:
(a) (Soft Classification) For each non-empty compact subset Kk C 2" and every € > 0, there is
some K € N such that
sup max [po fiop(x)i—Silx)| <e,  (Vk=K)
n

xex =1,

(b) (Hard Classification) I (4 1)® P © fx© ¢ converges to hin C(Z,{0,1}") for the co-topology.
Furthermore, F, 4 is dense in C(Z",[0,1]").

As an application, we now show that most feed-forward DNNs and deep CNNs used in practice for
classifications, are indeed universal classifiers in the sense of Theorem [3.11]

Let o : R — R be a continuous activation function, and let .4 .4° denote the set of feed-forward
networks from R™ to R”, i.e.: continuous functions with representation

f@=Wo !, [0 =ce(WDofi ) [N =x, j=1.../  ®

where W and W/ are affine maps and e denotes component-wise composition. The following results
directly follow from Theorem [3.11] and the central result of [36], and validates the principle way
neural networks are used for classification.

Corollary 3.12 (Universal Classification: Deep Feed-Forward Networks). Let {Z;}}_, be open

subsets of 2, and h be their associated ideal classifier. Let ¢ : 2 — R" be a continuous injective
feature map. Let ¢ be a continuous, locally-bounded, and non-constant activation function. Let
p either be the component-wise logistic function. Then there exists a sequence { fi.}ren+ 0of DNNs
satisfying the conclusions of Theorem[3.11]

Define the set of deep CNNs with ReLu activation and sparsity 2 < s < m, denoted by Comv*, to be
the collection of all functions from R” to R represented by

fO)=wor?, D) =ce (whe(fIDw)=bT) /O =x, j=1,....0,
where W is an affine map from RIS 1o R, ) e R4+, wli) = {w,ﬁj)}fsz is a convolutional filter
mask where wy, € R and wy # 0 only if 0 < k < s, and the convolutional operation of wl) with the
vectors {vj}§:] is the sequence defined by (w*v); = Zf;é wi—;v; and o(x) = max{0,x}.
Corollary 3.13 (Universal Classification: Deep CNNs). Let 2 < s <n, {Z;}!_| be open subsets of

%, and h be their associated ideal classifier. Let ¢ : 2~ — R" be a continuous injective feature map
and let p : R — (0,1) be the logistic function. Then there is a sequence of deep CNNS { fi bren+ in
Conv‘;')_ﬂJ satisfying the conclusion of Theorem

3.2 Applications in Geometric Deep Learning

This subsection illustrates the applicability of the main results to geometric deep learning. Our
examples focus on two illustrative points, first that many commonly used non-Euclidean regression



models can be extended to non-Euclidean architectures capable of universal approximation and
second, we illustrate how our results can be used to validate the approximation capabilities of certain
geometric deep learning architectures.

For Cartan-Hadamard manifolds, the Cartan-Hadamard Theorem, [31} Corollary 6.9.1], guarantees
that dC,, = 0 and in particular Log'[j// is a globally-defined homeomorphism between .# and R™.
Thus, the following result follows from Corollary [3.8]

Corollary 3.14 (Cartan-Hadamard Version). Let % be dense in C(R™,R"), let .# and N be

Cartan-Hadamard manifolds of dimension m and n. Then, ﬁLog// Exp,” is dense in C(M,.N).
p =XPg

We consider here two consequences of this result.
3.2.1 Symmetric Positive-Definite Matrix Learning

Symmetric positive-definite matrices play a prominent role in many applied sciences, largely due
to their relationship to covariance matrices, in areas ranging from computational anatomy in [48],
computer vision in [47], and in finance [5]. The space Pj of d x d symmetric positive-definite

matrices is a non-Euclidean subspace of R% . In [, Pj is shown to be a Cartan-Hadamard manifold
whose Riemannian exponential and logarithm maps are, respectively, given by

Exp,(B) =VAexp (\/K_lB\/Z_l) VA, Log,(B)= +VAlog (\/X_lB\/X_1> VA, )

where exp and log denote the matrix exponential and logarithms, respectively. Moreover, the distance
function on this space is given by

a-(a.8) = [ Valog (VA 8Va ") Vi .

where | - || denotes the Frobenius norm and /A is well-defined for any matrix in P, . Using this
distance, [41] developed non-Euclidean least-squares regression on P;. The parameters involved in
these models are typically optimized either using the non-Euclidean line search algorithms of [41] or
the non-Euclidean stochastic gradient approach on Pj of [6]. The aforementioned regression models

can be extended to form a ucc-dense architecture in C (P[;r P).

Corollary 3.15 (Universal Approximation for Symmetric Positive-Definite Matrices). Let d,D € N
and F C C(RU1/2 RPPH/2) pe ucc-dense. Then, for any A € Pf and B € Py, Fiog, Expg iS
ucc-dense in C(Pj,Pg). In particular, if 6 is a continuous, locally-bounded, and non-polynomial
activation function then N N GLOgA [Expy IS ucc-dense in C (Pf.PY).

3.2.2 Hyperbolic Feed-Forward Networks

For ¢ > 0, the generalized hyperbolic spaces D! of [18] have underlying set {x € R" : ¢||x||> < 1}
and their topology is induced by the following non-Euclidean metric
2
dc(x,y) = %tanhfl <\/EH ( ‘) .

Though a direct description of hyperbolic feed-forward neural networks would be lengthy, on [18,
page 6], it is shown any hyperbolic feed-forward network from I} to D7 can be represented as

1 —cflx]?)y = (1 = 2ex Ty +c|y]?)
1= 2cx Ty +c2|lx|[lyl]?

{Expg”'f‘ ofoLogl : f e mM’} , (10)

k
where Exp?" is the Riemmanian Exponential map on D about 0, as in Corollary Closed-
form expressions are obtained in [18, Lemma 2] for these feature and readout maps. Since, as
discussed in [18]], ]D’Lf is a complete connected Riemannian manifold of non-positive curvature then
the Cartan-Hadamard Theorem implies that Cy = @. Whence, Corollary [3.14]yields the following.

Corollary 3.16 (Hyperbolic Neural Networks are Universal). Let & be a continuous, non-polynomial,
locally-bounded activation function and ¢ > 0. Then for every g € C(D”,D?), every € > 0, and every
compact subset K C D there exists a hyperbolic neural network g¢ g . in satisfying

Supd0<g(x>7g£.K,c) <E.
xeK

Next, applications of Theorems [3.3]and [3.10| with Euclidean input and output spaces are considered.

7



3.3 Universality of Deep Networks with First Layers Randomized
Fix R-valued random variables {X;}*_, and {Z;}%_, defined on a common probability space (Q, X, P).
Fix an activation function ¢ : R — [0, 1], and positive integers {d;}*_,. Using this data, for each
i=1,...,k define random affine maps W; : R% x Q — R%+1, defined by

(wi)'_)Ai(w)x‘i’bi(w)v (11)
where the entries of A; are i.i.d. copies of X; and the entries of b; are i.i.d. copies of Z;.

The random affine maps (TI) define the (random) set of deep feed-forward neural networks with first
k layers randomized and last 2 layers trainable to be the (random) subset of C(R¢,RP) via

NN @) 2 {f €CRMRY): (Fg € N N§)F(x) = goloeWe(x, @) 0T e -0 5 e Wi (x,0)]},

where 44§ is the collection of feed-forward neural networks of the form W, o ¢ e W}, where
Wi : R™ — R? and W, : R? — R" are affine maps and d is a positive integer. Under the following
mild assumptions, the random set A A" g ¢ 1s dense in C(R™,R") with probability 1.

Assumption 3.17. Foreachi=1,...,k

(i) di <djy1 foreachi=1,...k,

(ii) © is a strictly increasing and continuous,
(iii) EX;] =E[Z] =0, EX?]| =E[Z}] =1,

(iv) Forevery C > 1, E[|X;|],E[|Zi|] < eo.
Theorem 3.18. If Assumption holds, then there exists a measurable subset Q' C
iw €Q: VAN (0)= c(M,maD)} satisfying P () = 1.

orollary 3.19 (Sub-Gaussian Case with Sigmoid Activation). Let X; = Z; for each i = 1,...,k
be independent standardized sub-Gaussian random-variables, 6(x) = H% and d; = d for each
i=1,...,k. Then the conclusion of Theorem|[3.18 holds.

Corollary 3.20 (Bernoulli Case with PReLU Activation). Suppose that for every i, j=1,... k X;
and Zj i.i.d. copies of a random variable taking values {—1,1} with probabilities {%, %} Letd;=d
foreachi=1,... k and ¢ be the PReLU activation function of [|23|]. Then Assumptions|3.17/|are
met; thus the conclusion of Theorem[3.18 holds.

3.4 Feed-Forward Layers of Sub-Minimal Width

In this section, we use Theorem [3.10]to describe how additional layers can be incorporated into a
DNN, which violate the minimum width requirements of m + 1 in its hidden layers (see [30, |46]) but
do not negatively impact the architecture’s approximation capabilities. We say that such layers have
sub-minimal width. We derive specific conditions on the activation functions and structure of the
connections between sub-minimal width layer ensuring that Assumptions [3.1]and [3.2] are met.

Proposition 3.21 (Input Layers of Sub-Minimal Width: Continuous Monotone Activations and
Invertible Connections). Let & be a continuous and strictly increasing activation function, J € N,
A1,...,Ay be m x m matrices, and by, ...,by € RY. Let ¢(x) 2 ¢;(x) where

dj(x) £ oe(exp(A)9;_1(x)+b;)  Po(x)Ex, j=1,....J, (12)
where exp is the matrix exponential. Then ¢ satisfies Assumption 3.1}

Proposition 3.22 (Output Layers of Sub-Minimal Width: Invertible Feed-Forward Layers). In the
setting of Proposition if o is also surjective then ¢ is a homeomorphism, and in particular it
satisfies Assumption

Example 3.23 (Sub-Minimal Width via Generalized PReLU Activation). Fix o, 3 € (0,00), & # 3.
Then the activation function 6 = Bxl>o + Oxl<o is monotone increasing and surjective.

Example 3.24 (ReLLU Feed-Forward Layers Cannot Achieve Sub-Minimal Width). Let ¢ be as
in (12) and let o(x) = max{0,x}. By Theorem Flgn,¢ 15 not dense in C(R™,R").

3.4.1 Numerical Illustration

The following numerical illustration will also make use of the following method for constructing
feature maps satisfying Assumption [3.1] The method can be interpreted as passing the inputs through
an arbitrary function and feeding them into the model’s input via a skip connection.



Proposition 3.25 (Skip Connections Using Arbitrary Continuous Functions are Good Feature Maps).
Letd € Ny and g € C(R™,R?). Then ¢,(x) £ (x,8(x)) satisfies Assumption

Example 3.26 (Pre-Trained DNN with a Skip Connection are Good Feature Maps). Let g € A A °.
Then g (x) £ (x,g(x)) satisfies Assumption

To illustrate the effect of (in)correctly choosing the networks’ input and output layers we implement
different DNNs whose initial or final layers are build using the above examples or intentionally fail
Assumptions [3.1]or [3.2] Our implementations are on the California housing dataset [32]], with the
objective of predicting the median housing value given a set of economic and geo-spacial factors
as described in [19]. The test-set consists of 30% percent of the total 20k training instances. The
implemented networks are of the form p o f o ¢, where f = W, o o e W] is a shallow feed-forward
network with ReLU activation and p, ¢ are built using the above examples.

Our reference model (Vanilla) is simply the shallow feed-forward network f. For the first DNN, which
we denote (Bad), p and ¢ are given by as in Example and therefore violate Assumption For
the second DNN, denoted by (Good), p and ¢ are as in Example (3.23)) and Assumptions [3.1|and 3.
are met. The final DNN, denoted by (Rand), p is as in Example[3.23|and ¢ is as in Exampleg
where the pre-trained network is generated randomly following in Corollary [3.20]

Test Train
Model Good Rand Bad Vanilla Good Rand Bad Vanilla

MAE 0318 0320 0876 0320 0252 0296  0.887 0.284
MSE 0247 0259 1355 0257 0174 0234 1409  0.209
MAPE 16.714 17.626 48.051 17.427 12921 15.668 48.698 14.878

Table 1: Training and test predictive performance.

As anticipated, Table[T] shows that selecting the networks’ initial and final layers according to our
method either improves performance (Good) when all involved parameters are trainable or does
not significantly affect it even if nearly every parameter is random (Rand). However, disregarding
Assumptions [3.1] and [3.2] when adding additional deep layers dramatically degrades predictive
performance, as is the case for (Bad). Table [I| shows that if a DNN’s first and final layers are
structured according to Theorem [3.10]|then expressibility can be improved, even if these layers violate
the minimum width bounds of [30} 46]. Python code for these implementations is available at [|34]].

4 Conclusion

Modifications to the input and output layers of any neural networks, using carefully chosen feature
¢ : 2 — R™ and readout p : R" — % maps, are common in practice. Theorems .10} and
Corollary [3.14] provided general conditions on these maps guaranteeing that the new, modified,
architecture can approximate any function in the uniform convergence on compacts (or more generally
the compact-open) topologies between their new input and output spaces.

As a consequence of our main results, we showed that universal approximation implies universal
classification once a component-wise logistic map is applied. This is a deterministic strengthening
of the probabilistic results of [[16]. We derived a method for constructing universal approximators
between a wide class of manifolds. In particular, we extended the symmetric positive-definite matrix-
valued regressor of [41] to a universal approximator and we showed that the hyperbolic feed-forward
networks of [18]] are universal approximators between hyperbolic spaces.

Our main results also described how to structure the first and final layers of a DNN between Euclidean
spaces, so as to preserve the approximation capabilities of the network’s middle layers. In particular,
we provided conditions on a network’s activation function and connections so that these layers can be
made narrower than the specifications of [30,46]] while maintaining the architecture’s expressibility.
Lastly, we showed that randomly generated DNN’s are good feature maps with probability 1.

Broader Impact

A large portion of available data is non-Euclidean, either in the form of social network data to imaging
data relevant in health applications of deep learning. The tools in this paper open up a generic means
of translating the currently available deep learning technology to those milieus. The automation of
tools in the medical sciences is important to helping reducing waiting times in hospitals and help



make healthcare more accessible to all, so in that way, any automatizing of health science tools helps
move society in that direction. Therefore, we hope that the methods presented in paper form a small
step towards a greater positive advancement of the social and natural sciences.
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Supplement to: Non-Euclidean Universal
Approximation

Anastasis Kratsios*

Eugene Bilokopytov'

This supplement provides theoretical justification of the claims made in this paper. We repeat the
assumptions needed for our results and we repeat the statement of each theorem before it’s proof for
a smoother read.

A Assumptions

Assumption (Feature Map Regularity). The map ¢ is a continuous and injective.

Assumption (Readout Map Regularity). Suppose that the readout map p satisfies the following:
(i) Either of the following hold:
(a) p is a continuous and it has a section on Im (p),
(b) p is a covering projection of R™ onto Im (p) and X" is connected and simply connected,

(ii) Im(p) is dense in &,
(iii) dIm(p) is collared; i.e.: there exists an open subset U C % containing dIm (p) and a homeo-
morphism y : U — dIlm (p) x [0, 1) mapping dIm (p) to dIm (p) x {0}.
Assumption (Readout Map Regularity: Geometric Version). Suppose that p satisfies:
(i) p satisfies Assumption (i) and Im (p) C Int (%),
(ii) Int(%') —Im(p) is a (possibly empty) smooth submanifold of Int(%') of dimension strictly
less-than dim(Int (%)) — n.

Assumption (Regularity of Randomized Deep Networks). Foreachi=1,...k
(i) di < djy1 foreachi=1,...k
(ii) © is a strictly increasing and continuous,

(iii) E[X)] =E[Z] =0, E[X?*| =E[Z?] =1,

(iv) For every C > 1, E[|X;|],E[|Z:|€] < oo.

B Proofs

B.1 Proof of Main Results

In the next lemma, we use the term algebra in the sense of the Stone-Weirestrass theorem, see [[12]
V.8] for details.

Lemma B.1. Let ¢ : X — Z be a continuous injection between topological spaces. Let # C C(Z,R")
be dense in the compact-open topology. Then {f o §| f € .F is dense in C(X,R").

Proof. Let ® : C(Z,R") — C(X,R") be defined by [®(f)](x) = f(¢(x)), which by [43, Theorem

46.11] is a continuous map. Hence, ®(.% ) = ®(C(Z,R")), because .Z is dense. Therefore, in order
to show that ®(.%) is dense, it is enough to prove density of ®(C(Z,R")).

*Department of Mathematics, Eidgendssische Technische Hochschule Ziirich, HG G 32.3, Rémistrasse 101,
8092 iirich, Switzerland. email: anastasis.kratsios @math.ethz.ch

+Department of Mathematics and Statistical Sciences, University of Alberta, 11324 89 Ave NW, Edmonton,
AB T6G 2J5, Canada. email: bilokopy@ualberta.ca

34th Conference on Neural Information Processing Systems (NeurIPS 2020), Vancouver, Canada.



Observe that C(X,R") =C(X)® ... C(X),C(Z,R") =C(Z)®...®C(Z) and @ : C(Z) — C(X) on
every component independently. Hence, we just need to show that ®(C(Z)) is dense in C(X).
To that end, observe that since ® is an algebra homomorphism, ®(C(Z)) is a subalgebra of C(X).

Clearly, 1 € ®(C(Z)), and since ¢ is an injection, it is easy to see that &(C(Z)) separates points of X.
Thus, ®(C(Z)) is dense by the Stone-Weierstrass theorem. O

Lemma B.2. Let 2" be a topological space, p : R" — % be a map satisfying Assumption[3.2} and
F be dense in C(X,R") for the compact-open topology. Then the set

{geC(ZIm(p): 3f € F)g=pof}, (13)

is dense in C(Z ,Im(p)). In particular, if % is a metric space then the set is dense in
C(Z ,Im(p)) for the ucc topology.

Proof. First, suppose that Assumption @] (i.a), (i1), and (iii) hold and that p is continuous with
continuous section. Define the map F : C(¢(2"),R") — C(Z ,Int(p)) by f — po f. Since p is
continuous then by [43| Theorem 46.11] F is also continuous. Moreover, by Assumption[?a;Z] (i.a),
since there is a section R to p, i.e. a continuous map R : Int (p) — R” such that p o R = 14 then by
[43, Theorem 46.11] the map G : C(Z ,Int(p)) — C(Z",R") defined by g — Ro g is well-defined
and continuous. Furthermore, for every g € C(Z",Int(p)) it follows that

FoG(g) =F(Rog)
= po(Rog)
=(poR)og
=&
= lny(p) (),
therefore F is a continuous surjection. Since continuous surjections map dense sets to dense sets in

their codomain, then since .% is dense in C(£",R") and the image of .% under F is the set of (I3)
then the set described in is dense in C(2",Int(p)).

Now, suppose that Assumption [3.2](i.b), (ii), and (iii) hold. Since 2" is simply connected and p is a
covering map, then the conditions for [52, Chapter 2, Section 2, Theorem 5] are met (since simply
connectedness means a trivial fundamental group), therefore, for every f € C(Z2",Im(p)) there exists
some f € C(2,R") such that

pof=Ff (14)

Since .7 is dense in C(.2",R") then exists a sequence { f; }xen in . converging to f in the compact-
open topology. Since p is continuous the continuity of F, following the same notation as the first part

of the proof, implies that {F(f;) }xen converges to F(f) in the compact-open topology. By (T4) this
implies that {F (f¢) }xen = {p © fi }ren converges to

f=F()=f
in the compact-open topology. Therefore, (T3) is dense in C(:2",Im(p)).

In particular, if % is a metric space, then Im (p) is a metric space. Thus, by [43] Theorem 46.8] the
compact-open and ucc topologies coincide on C(Z",Im(p)). This gives the final claim. O

It is convenient to sumamrize the above lemmas into a single lemma.

Lemma B.3. If Assumptions and both hold, and if F is dense in C(R™,R") then %, 4 is
dense in C(2",Im(p)) for the compact-open topology. Moreover, if % is a metric space then F 4
is dense in C(Z",Im (p)) for the ucc-topology.

Proof. The result follows directly from Lemmas and[B.T] O

Lemma B4. If 2 is locally-compact and Assumption holds then C(Z ,Im(p)) is dense in
C(Z,%) in the compact-open topology.
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Proof of Lemma[B.4) By Assumption [3.2](iii) there is a homeomorphism y : U — dIm(p) x [0,1)
and a (continuous) inclusion map i : U — %. Therefore, the [14, Lemma 5.29.1] (existence and
universal property of colimits of topological spaces and the fact that any push-out is a colimit)
there exists a unique topological space (up to homeomorphism) % containing dIm (p) x [0,1) as a
subspace for which there exists a continuous ¥ : # — %" satisfying

Woi=joy, (15)

where j is the (continuous) inclusion map of dIlm(p) x [0,1) into #”, such that for any other
topological space %" satisfying (T3) there exists a continuous map I : %/ — %" In particular, this
means that since Y is a homeomorphism then W must also be a homeomorphism.

Therefore, C(2",¥(Im(p))) is dense in C(2", %) if and only if C(2",Im(p)) is dense in C(Z",%).
Thus, without loss of generality we establish the result in the former setting where we have identified
U with dIm (p) x [0,1). When required by the context, we use the notation x = (u*,#*) € dIm (p) x
[0,1) =P[U].

Accordingly, for any fixed f € C(Z",%") we define a sequence {f,}nen in C(Z,¥(Im(p)))
converging to f. For every s € (0,1) define the continuous functions ¥ : dIm(p) x [0,1) —
dm (p) x (0,1) by

_ o [(ut) >
llls(u’t):{(u,s) 1 <s.

Using the family { @} ¢ (0,1) we define the sequence of functions { ¥, },en from & to Im (p) by

A fx xg U
Ynlx) = { ux,%) cxeUand < %
Finally, for every n € N, we set f, £ y, o f. Note that, for each n € .4, since y(dIm(p)) =
Im (p) x {0} then f, € C(Z,¥(Im(p))). Note also that, by construction f,(x) = f(x) for every
x & X, where X £ f~![9Im(p) x [0,1)], and both f, and f map X to dIm(p) x [0,1). Thus, it is
enough to show that f,, converges to f in C(X,dIm(p) x [0,1)).

Since ¢ is a continuous injection into the locally-compact space R” then .2, and therefore X, are
locally-compact. Therefore, C(X,dIm (p) x [0, 1)) is homeomorphic to C(X,dIm (p)) x C(X,[0,1)).
By [43] Section 19.2, Exercise 6], f, converges to f on the product space C(X,dIm(p)) x
C(X,[0,1)) if and only if p;(f,) converges to p;(f) for i = 1,2 where p; is the canonical pro-
jection of C(X,dIm(p)) x C(X,[0,1)) onto C(X,dIm(p)) and p; is the canonical projection of

C(X,dIm(p)) x C(X,[0,1)) onto C(X,[0,1)). First observed that,
pl(fn) :f:Pl(f)7

for each n € N. Next, |
PZ(fn) = ;[[07%] —i—tl[ o) and pz(f) =t.

L
Since [0, 1) is topologized with the (relative) Euclidean topology which is metric then [43, Theorem
46.8] implies that compact-open topology on C(X,[0,1)) agrees with the topology of uniform

convergence on compacts in C(X, [0,1)). Fix € > 0 and n > 1. Thus, for every compact K C X

1
< -<eE.
n

1
- —t

sup || p2(fn)(x) — p2(f)(x)|| = max p

xeK IG[O%]

Therefore, p(f,) converges to pa(f) in the compact-open topology on C(X,[0,1)). Hence, f;
converges to f in the compact-open topology on C(X,dIm(p)) x C(X,[0,1)) and therefore on
C(X,dIm(p) x [0,1)). Since

{Uk@ :0#KC % compactand @ # O C dIm(p) x [0, 1) open}
Ugo2 {f €C(Z,aIm(p) x [0,1)): f(R) € O}

(16)

is a sub-base for the compact-open topology on C(.Z",dIm (p) x [0,1)) then by definition of conver-
gence, for every Ki,...,K, € Z compactand Oy, ...,0, C dlm(p) x [0,1) open if f € N, Ug 5.
then there exists some N € N for which fy € N, U, .0,
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Since every compact subset K C .2 is relatively compact in X and every open subset O C % is
relatively compact in dIm (p)) x C(X,[0,1) then if f € N}, Vk,.0, where V. ¢, are as in (3) then
f(K)CO; i=1,...n.
Therefore, there exists some N € N satisfying
WEKNZ)C0;Ndm(p)x[0,1) i=1,...,n
However, by construction, fy = f on 2" — 2 and therefore on each K; — K;N 2. Therefore,
n(K;) CO; i=1,...,n
Thus, fiv € (= Vk, 0, and f, converge to f in C(Z", %) for the compact-open topology. O

We may now prove the following result and its consequences.

Theorem (General Version). Suppose that % is dense in C(R™,R"). If Assumptions and
hold then Z, g is dense in C(Z",%).

Proof. Since Assumptionsandhold and since .% is dense in C(R",R") then .%, 4 is dense
in C(2 ,Im(p)) according to Lemma (B.3). By Lemma|[B.4] C(.2",Im(p)) is dense in C(2",%).
Since density is transitive, then .%, 4 is dense in C(Z",%/). O

Theorem (Sharpness of Assumption[3.1). Let 2~ be a metrizable manifold with boundary, let ¢ be
continuous, and .F C C(R"™,R"). Then Fy, ¢ is dense in C(Z",R") if and only if ¢ is injective.

Proof. Let ¢ : &~ — R™ be a continuous function.

Assume that % is dense in C(R”,R"). Since 1g» is a homeomorphism of R” onto itself it satisfies As-
sumption (i) and (ii). Since Im (1gn) = 0 then Assumption (iii) holds. Therefore, Theorem
implies that .7y, 4 is dense in C(Z",R").

Conversely, assume that ¢ is not injective. Suppose that .71, ¢ is dense in C(2",R"). Since ¢ is not
injective, then there exists distinct x7,x5 € £ such that

P(x7) # ¢ (x3). (17)
Since 2 is metrizable then [43] Theorem 32.2] implies that 2~ is normal; i.e. : if K;, Ky C 2 are
disjoint closed subsets then there exist disjoint open subsets U, U, C 2 such that K; C U; fori=1,2.
Since £ is normal then [43] Urysohn’s Lemma; Theorem 33.1] implies that C(.2",R) separates
points in £7; i.e.: for every distinct x,x, there exists some fy, », € C(Z ,R) such that

P (01) # Figun (32)- (18)
Since R is a metric subspace of R” then the inclusion map 1 : R — R” taking x to (x,0,...,0) is
continuous and by definition it is injective. Therefore, by (I8) the function f 210 fxw; X =R
satisfies
fxr) # f(x2). (19)
Since F1,, ¢ was assumed to be dense in C(2",R") then there exists a sequence { fi }ren in Fig, ¢
converging to f in C(£",R"). Since £ is locally-compact then [43] Theorem 46.10] implies that the
evaluation function e : 2" x C(Z",R") mapping (x,g) — g(x) is continuous. Since R™ is a metric
space then C(2",R™) is a metric and since continuity in metric spaces is equivalent to sequential
continuity then in particular

fime o) = (xflm ) = elof.) = £05), 0
for i = 1,2. Since, for each k € N, fi € #1,, ¢ then there exists some g; € C(R”,R") satisfying

fx = gk o ¢. Hence, (I7) implies that, for each k € N, fi(x}) = gro ¢ (x7) = gr 0 ¢ (x3) = fi(x5);
thus,(20) implies that

flg) =lime (33, fi) = e (3, fi) = fil3) = filxi) = e (x], fi) =lime (x], fi) = e(x, ) = f(x])-

However, f(x}) # f(x%) according to (I9); a contradiction. Therefore, .#},, ¢ cannot be dense in
C(Z ,R"). O
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Corollary. If ¢ is a continuous injective map, p is a surjective covering projection, and ¥ is dense
in C(RY,RP) then F, 4 is dense in C(Z ", % ). In particular, ¢ and p may be homeomorphisms.

Proof. Since p is a continuous surjection then Int(p) is trivially dense in %/, since
Y —Int(p)=% —% =0.

Therefore, Assumptions [3.2](ii) holds. Similarly, since % —Int(p) = @ then dIm (p) = 0. Since the
Cartesian product between any set and an empty-set is the empty-set, then let

U=0=09Im(p)=9dIm(p) x [0,1).

Therefore, y(x) = 0 satisfies Assumption(ii). By assumption, p is continuous and has a section.
Therefore Assumption[3.2](i.a) holds. Thus, Assumptions [3.2] holds.

Likewise, ¢ was taken to be continuous and injective. Therefore, Assumption@]holds. Thus, the
result follows from Theorem 3.3]since .# is dense in C(R™,R").

Note, that if ¢ and p are homeomorphisms then both are continuous bijections. Moreover, p has a
continuous two-sided inverse, and in particular, a continuous section. O

Proposition B.5 (Homeomorphic case is Sharp). Let ¢ and p be homeomorphisms. Then ¥ is dense
in C(R™,R") if and only if F, ¢ is dense in C(Z,%').

Proof. Since every homeomorphism p has a continuous section, namely ¢ ~!, then by Corollaryif
Z is dense in C(R™,R") then so is .%, 4. Since ¢ is a homeomorphism and R™ is a locally-compact
Hausdorff space then 2 is locally-compact and since p is also a homeomorphism then similarly %
is a locally-compact Hausdorff space, since R" is. Therefore, by [43. Exercise 46.10]the maps ® 4 :
C(R™R") = C(Z",% ) mapping f — pofop and ¥p 4 : C(2,% ) mapping g p 'ogop ! are
continuous with respect to the compact-open topology, because p,p !, ¢, and ¢ ~! are all continuous.
Observe that @, 4 0Wp » = 1¢ (2 2), the identity map on C(27, %), and Wy g 0 @p 9 = Le(mm rr)»
the identity map on C(R™,IR"). Hence, ®, 4 is a homeomorphism with inverse ¥y, 4. Now, since
Fpo=P(F), F =% (§p7¢), and since homeomorphisms take dense sets to dense sets then .%
is dense in C(R™,IR") if and only if .7, 4 is dense in C(2",%). O

Corollary. If ¢ is a continuous injective map, p is a continuous surjection with a section, X is
connected and simply connected, and F is dense in C(R?,RP) then .7, 4 is dense in C(X",%).

Proof. The proof is identical to the proof of Corollary [3.8|with the only difference that Assumption[3.2]
(i.b) holds by assumption instead of Assumption [3.2](i.a). O

We now establish Theorem [3.10]

Theorem (Geometric Version). Let % be a metrizable manifold with boundary, for which Int (%) is
a smooth manifold, X" is locally-compact, and F is dense in C(R™ R"). If ¢ satisfies Assumption
and p satisfies Assumptionthen Fpp is dense in C(X,%).

Proof. For the first portion of the proof we show that C(R",Im(p)) is dense in C(R",%). This is
achieved in the following steps. First, C(R",Im(p)) is shown to be dense in C(R",Int (%)), then
that C(R”,Int (%)) is dense in C(R",%/), and then by the transitivity of density it follows that that
C(R™",Im(p)) is dense in C(R",%).

Since R" and Int (%) are smooth manifolds without boundary then, [25, Theorem 2.2] implies
that C*(R", %) is dense in C(R", %) for a strictly stronger topology than the topology of uniform
convergence on compacts. Thus, in particular, C*(R", %) is dense in C(R", %) for the topology
of uniform convergence on compacts. By the transitivity of density it is therefore sufficient to
show, under Assumption that C* (R",Im(p)) is dense in C* (R",Int(%/)) to conclude that
C(R",Im(p)) is dense in C(R",Int(%/)).

If Int (%) = Im (p) then the claim holds vacuously. Therefore, assume that Int(%) # Im (p). By
definition, a smooth map f : R"” — Int (%) is transverse to some Int (%) —Im(p) (i.e.: the inclusion
map lyn#)—im(p) : INt(#) —Im(p) — Int(%)) if for every y € Int(#') —Im(p)

1M (df2) + Ty (It (#) ~ T (p)) = Ty (Int (). @



However, Assumption[3.9(ii) requires that dim(Int(#")) — dim(Int (%) —Im(p)) > n, which implies
that (ZT) can only hold when, for each y € Int(#') — Im (p)

{0} = Im(d ) N Ty (Int (%) — Im (p)). 22)

By [22] Chapter 1, Excersize 4] , (22) implies that f(R")NInt(%) —Im(p) = 0. Therefore, f €
C=(R",Int (%)) is transversal to Int (%) —Im(p) only if f € C(R",Im(p)). Since the set of all
FeC(R",Int(#)) is dense in C*(R",Int (%)), by [23, Theorem 2.1], then C*(R”,Im (p)) is dense
in C*(R",Int(%/)). Consequentially, C(R",Im (p)) is dense in C(R",Int(%)).

Consider the inclusion map Un(#) — % Then 1yy(s) is an embedding of Int (%) into with section
the identity map and it is dense in @ Therefore, Assumption [3.2] (i)-(ii) hold. Assumption [3.2](iii) is
precisely the definition of a dIm (lIm 78 ) dInt (%) being collared (see [8, Section II; page 332]).
By definition, dInt (%) is the boundary, in the sense of manifolds with boundary, of the manifold
with boundary . Since 11, is a surjection onto Int (%) then Assumption (iii) states that the
boundary of the manifold with boundary ¢ must be collared. However, since % is metrizable then
this is guaranteed by [8, Theorem 2]. Thus, Assumpt10n@](1n) holds. Therefore, Assumpnon@]
holds and Lemma B.4] guarantees that C(R",Int (%)) is dense in C(R",%’). Hence, C(R",Im (p)) is
dense in C(R",%).

Since .% is dense in C(R™,IR"), since the identity map satisfies Assumption [3.1] then Assumption
implies that Lemma applies. Whence, .%, 1., is dense in C(R",Im(p)). Therefore, .7 1, is
dense in C(R",%). Applying Lemma we conclude that .%, 4 is dense in C(Z",Im(p)) and
therefore in C(2", %) for the compact-open topology by Lemma

Finally, notice that, since Assumptions[3.2](i)-(ii) were assumed to hold then Theorem [3.3|implies
that .%, 4 is dense in C(Z", %) for the co topology. Since every singleton is closed in R™ and ¢
is continuous and injective then every x € 2, {x} is the continuous pre-image of the singleton
{¢(x)} € R™ by ¢. Since ¢ is continuous, then {x} is closed therefore [43, Theorem 17.8] implies
that 2" is Hausdorff. Since 2~ was assumed to be locally-compact and ¢ is metrizable then [43]
Theorem 46.8] implies that the co topology and the ucc topology on C(£",%) coincide for any
metric topologizing %'. O
Theorem B.6 (Universal Classification: General Case). Letr {0,1}" be equipped with the n-fold
product of the Sierpiriski topology on {0,1}, ¢ satisfy Assumption p:R" = (0,1)" be a home-
omorphism, o € (0,1), and F C C(R™,R") be dense. Let { Zi}!_| be a set of open subsets of a

metric space 2" and let h be its associated ideal classifier defined by (6)). Then the following hold:
(i) (Hard-Soft Decomposition) There exist continuous functions §; € C(Z, [0, 1)) such that

ﬁz[(g,]]'(ﬁ;---ﬁn) 5T (e 1)) = 25, (Vi=1,...,n)

(ii) (Universal Classification) There exists a sequence { fi }ren in F such that:

(a) (Soft Classification) For each non-empty compact subset k C 2" and every € > 0, there is
some K € N such that

sup max |po fiod(x);—$i(x;)| <&, (Vk > K)
xexi=1,...n

(b) (Hard Classification) I (4, 1) ® p © fy 0 ¢ converges to hin C(2,{0,1}") for the co-topology.

Furthermore, Fp 4 is dense in C(Z",[0,1]").

Proof. Since 2 is a metric space and since each Z; is open then by [2, Corollary 3.19] % is an
open Fy set, i.e.: an open set which is the countable intersection of closed sets. By [[15, Corollary
1.5.13] there exists continuous function §; : 2" — [0, 1] such that 5; '[(0,1]] = 2;. Since a € (0, 1),
then for each i = 1,...,n, let s;(x) = ot + (1 — &)§;(x). Then, s; is continuous from .2 to [0, 1] and
satisfies s; '[(at, 1] = Z;. Define § £ (sy,...,s,). Note § is continuous from 2" to [0, 1]" since its
components continuously map 2" to [0, 1]. Next, define the map

210,11 = {0,1)"
x = (Lo, (%0) )iz

and note that ®o§ =/, jj @5 = h, by construction. Thus, (i) holds.
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Since ¢ is an embedding of 2" into R™ for which ¢ (2") is a retract, p is a homeomorphism of R” onto
(0,1)", and since [0, 1] is a metrizable manifold with boundary whose interior is Int ([0, 1]") = (0, 1)"
then Theorem implies that .7, 4 is dense in C(2Z", [0, 1]").

In particular, this implies that, since § € C(2",[0,1]"), and .%, 4 is dense therein, then there exists a
sequence { fi }ren in % such that, for every non-empty compact-subset k¥ C 2", every & > 0

sgpl\p@fkw(X)i—Si(x,-)H <& (Vk=K). (23)

Applying [[12, Theorem 3.1] to (23] yields a constant C > 0, independent of x, { f }xen, and of $,
satisfying

sup max Ipofiod(x)i—si(xi)| <Csup|po fiod(x)i—si(x)|| <Ce  (Vk>K).
= n xXeK

xex!=1,...,
Setting £ £ CE yields (ii.a). Thus, we only need to verify (ii.b).

Equip {0, 1} with the Sierpiriski topology {0,{1},{0,1}} and denote this space by S. Then, for any
Ty space, and any open set U, the indicator function Iy of U is continuous to {0, 1}, see [54} Chapter
7]. In particular, since [0, 1] with the Euclidean topology is a metric space, then in particular, it is
Ti. Moreover, for any & € (0, 1), the set (a, 1] is open in [0, 1]. Therefore, the map [ 1) : [0,1] — S
is continuous and thus the map @, is continuous. By [43]], since post-composition by continuous
functions defines a continuous map between C(.2", [0, 1]") and C(Z", {0, 1}"") when both are equipped
with the compact-open topology then the map

@:C(2,[0,11") — C(2,{0,1}")
f—=®Pgof ’

is continuous. Since continuous functions preserve convergent sequences and since {p o f 0 @ }ren
converges to § in the compact-open topology on C(2",[0,1]") then

{P(pofiod) ien ={Paopofiodtien= {I(a,l] epofio (P}keN
converges to P(§) = Py 0§ = I, 1) @ § in the compact-open topology on C(2",0,1"). This verifies
(ii.b). Thus, (ii) holds. O
Corollary (Universal Classification: Deep Feed-Forward Networks). Let { Z;}! | be open subsets

of 2, and h be their associated ideal classifier. Let ¢+ 2 — R”" be a continuous injective feature
map. Let 6 be a continuous, locally-bounded, and non-constant activation function. Let p either be
the component-wise logistic function. Then there exists a sequence { fi }ren+ of DNNs satisfying the
conclusions of Theorem[3.11]

Proof. By [36]] the set A" A4C of all feed-forward DNNS is dense in C(R™,R"). Moreover, the
identity map 1gm on R™ satisfies Assumption [3.1] Furthermore, both the soft-max

< - >n
x—= | =——
TR
i=1€" /) j—i

and the component-wise logistic function

( > )n
x— . ,
1+4€% =1

are continuous bijections with continuous inverses, from R” onto (0, 1)". In particular, they satisfy
Assumption[3.2] Therefore Theorem [3.11]applies and the conclusion holds. O

Corollary (Universal Classification: Deep CNNs). Let 2 < s <n, {Z;}! | be open subsets of Z,

and h be their associated ideal classifier. Let ¢ : & — R" be a continuous injective feature map
and let p : R — (0, 1) be the logistic function. Then there is a sequence of deep CNNS { fi }ren+ in
Convy, 4 satisfying the conclusion of Theorem@}

Proof. Since Comv* with these specifications is dense in C(R¢,R) by [57], ¢ is a continuous injection,
and p is a homeomorphism of R onto (0, 1) then the result follos from Theorem O
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Corollary (Cartan-Hadamard Version). Let .7 be dense in C(R™ R"), let .# and N be Cartan-
Hadamard manifolds of dimension m and n. Then, .7 v isdense in C(M , N).

og;’ Exp;

Proof. Since A4 and .# are Hadamard manifolds then the Cartan-Hadamard Theorem, see [31}
Corollary 6.9.1], implies that Exp}j’/ and Logfq/l/ are diffeomorphisms and in particular are homeomor-
phisms. Since .4 and .# have no boundary then the result follows from Corollary O

Corollary (Universal Approximation for Symmetric Positive-Definite Matrices). Let d,D € N*
and F C C(Rd<d+1)/2,RD(D+1)/2) be ucc-dense. Then, for any A € Pj and B € Pg, FLog, Expg IS
ucc-dense in C (Pj,Pg ). In particular, if © is a continuous, locally-bounded, and non-polynomial
activation function then N N GLogA.Eng is ucc-dense in C(P} ,Py).

Proof. As discussed in [7, Section 3.3], the space Pd+ under the metric d; is a complete, connected,
and simply connected Riemannian manifold with non-positive curvature. Therefore, Corollary [3.14]
applies. O

Corollary (Hyperbolic Neural Networks are Universal). Let ¢ be a continuous, non-polynomial,
locally-bounded activation function and ¢ > 0. Then for every g € C(D",D?), every € > 0, and every
compact subset K C DY there exists a hyperbolic neural network g¢ g . in satisfying

Supdc(g(x)vge,l(,c) <E.
xeK

Proof. Since D7 is a complete, connected, simply connected, of non-positive sectional curvature
Riemannian manifold then it is of Cartan-Hadamard type. Therefore, the result follows directly form

Corollary [3.14] O

Theorem. [f Assumption holds, then there exists a measurable subset Q' C
{w €Q: NN ()= C(Rd,RD)} satisfying P(€) = 1.

Proof. Let Mat; denote the collection of k x [ matrices with real coefficients, identified with the

Euclidean space R¥. By Assumption (i1) o is a injective continuous function. Therefore so is
the function
o; : R4+ — R+
d; dit1”
(xj)j:+1] = (G(xj))jill
Fix o € Q. Since d; = d;1, then the map W;(-, ®) is affine injection if and only if A;(®) is of rank

d;. Since the composition of continuous injections is again continuous then the map
o (x,0) : RY — R% o4
X=X oAr(x,m)0--0X 0A|(x,®),

is continuous and injective if each A;(®) is of full rank. Equivalently, it is enough to show that the
smallest singular value of A;, which we denote by A*(A;) to avoid confusion with the notation for
activation functions, should be bounded away from 0 with probability 1.

Since each A; is a random d;; | X d; matrix and d;1| > d;, then it contains a random d; x d; (square)
sub-matrix. It is enough to show that this random sub-matrix is of full-rank. Therefore, without loss
of generality, we assume thatd;y; =d; foralli=1,... k.

Since each A; is a random d; X d; square matrix and Assumptions hold then [53, Theorem 1.3
(Universality for the Least Singular Value)] applies whence. Therefore,

P(A*(A) > OV(i=1,....k)) =1 —ﬁ}P’(/I*(Ai) > 0)
i=1
k

=1—lim P(/I*(Ai)é d )
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where ¢ > 0 is an absolute constant independent of £. Therefore, the set
Q2 {0eQ: M(A)>0Vi=1,....k} C {w cQ: ¥ AN(w) :C(]Rd,IRiD)}
is X-measurable and P (Q') = 1. This concludes the proof. O

Corollary (Sub-Gaussian Case with Sigmoid Activation) Let X; = Z; for each i =1,...,k be
independent sub-Gaussian random-variables, o (x) = -, andd; =d foreachi=1,... k. Then
the conclusion of Theorem[3.18| holds.

1+e

Proof. Since the X; and Z; are sub-Gaussian random variables, then by [9] all their moments are finite.
This verifies Assumption[3.17](iv). Since they are assumed to be standardized then Assumption
(iii) holds. Since the sigmoid activation function is continuous and monotonically increasing then As-
sumption [3.17](ii) holds. Lastly, Assumption [3.17](i) holds by construction. Therefore, Theorem@]
applies and the conclusion follows.

Corollary (Bernoulli Case with PReLU Activation). Suppose that for every i,j=1,... k, X; and
Zj i.i.d. copies of a random variable taking values {—1,1} with probabilities {%, %} Let d; = d for
eachi=1,...,k and o be the PReLU activation function of [23]]. Then Assumptions[3.17|are met;
thus the conclusion of Theorem[3.18| holds.

Proof._Since the PReLU activation function is continuous and strictly increasing, then Assump-
tion (ii) holds. Since, Bernoulli random variables have all finite C"' h_moments, for C > 0, then
Assumption (iv) holds. Since X; and Z; are taken to be standardized, then Assumption (iii)
holds. Assumption[3.17](i) holds by hypothesis. Therefore, the result follows from Theorem[3.18] [J

Proposition. Ler 6 be a continuous and strictly increasing activation function, J € N, Ay,...,Ay
be m x m matrices, and by,...,by € R Let ¢(x) £ ¢;(x) where
(j)j(x)éGO(exp(Aj)(j)j,l(x)—&—bj) do(x)=x, j=1,...,J, (25)

where exp is the matrix exponential. Then ¢ satisfies Assumption 3.1}

Proof. Since o is strictly increasing then it is injective. Therefore, the map ¢y (x) £ (o (x))re;
is continuous and injective from R™ to itself. Next, for each 1 < j <J with j € Ny, each A; is
a d x d matrix then its exponential exp(A;) is in the general linear group (see [33]) and therefore
it is an invertible m x m matrix; hence, the map ¢ ;(x) = exp(A,)x is a continuous bijection from
R™ to itself. Finally, for each b; € R™, the map ¢3(x )& x+ b; is a continuous bijection, since it
is affine with inverse y — y — b;; hence, @3 ; is a continuous injection from R™ to itself. Since the
composition of continuous functions is again continuous and the composition of injective functions is
again injective then the map ¢ = @1 0@z j0¢r j0---0 ;0 @310 ¢ of (23) is a continuous injection;
hence, it satisfies Assumption[3.1] O

Proposition. In the setting of Proposition if o is also surjective then ¢ is a homeomorphism,
and in particular it satisfies Assumption[3.2}

Proof. By Proposition[3.21]the map ¢ is continuous and injective. Since ¢ is a continuous strictly
increasing function then it is injective. Moreover by [26] it is a homeomorphism onto its image.
Since o was assumed to be a surjection then this means that ¢ is a homeomorphism from R to
itself. Therefore, the map [[7, 0 : R" — Rm sending xto (o(x;))!", is a homeomorphism by [43]
Theorem 19.6]. In the proof of Proposition [3.21] above, it was shown that foreach 1 < j </J, j € N,
the maps x — exp(A;)x and x — x+b; are homeomorphlsms Therefore, since the composition of
homeomorphisms is agam a homeomorph1sm then ¢ is a homeomorphism. In particular, it satisfies
Assumption since ¢ ~! exists and is continuous (thus Assumptlo (1) holds), Im ¢ = R™ (thus

Assumption (ii) holds), and since d Im ¢ = @ (thus Assumption [3.2](iii) holds). O

Proposition (Graphs of Continuous Functions are Good Feature Maps). Let d € Ny and g €
C(R™,R?). Then ¢,(x) £ (x,g(x)) satisfies AssumptiOn

X



Proof. Let identity map 1gm(x) £ x is continuous from R™ to itself and by hypothesis the map
g :R™ — R? is continuous, therefore, by [43, Theorem 19.6] the map Ign x g : R x R™ — R” x
R? = R™*4 is continuous. A consequence of the same result shows that, for topological spaces
X,Y, and Z and a function F : Z — X X Y is continuous, when X x Y is equipped with the product
topology, if and only if both w0 F : Z — X and my o F : Z — Y are continuous, where 7 (x,y) = x
and 7 (x,y) = y. Therefore, when X =Y = Z = R” and F(x) £ (x,x) then

nlonl]Rm:nZOF, (26)

and since lgm is continuous then (26) implies that F is continuous. Since the composition of
continuous functions is again continuous, then (1gm X g) o F(x) = (x,g(x)) is continuous from R™ to
R™+4_ Lastly, notice that if x; # x, in R” then ||x; — x| > 0 and therefore

[[(x1,8(x1)) = (32, 8(x2)) | = [lx1 — 22| > 0.

Hence, (x1,g(x1)) # (x2,¢(x2)) in R”*¢ and therefore, (1gn x g) o F is a continuous and injective
functions. Therefore, Assumption [3.T]holds. O
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