A Bandit OCO with memory

The proof consists of four parts: In A.1 we cover notation for functions and sets relevant to our
analysis. In A.2, we cover some properties of the exploration noises u;. In A.3, we prove a few
important lemmas about the gradient estimator g;. Finally, in A.4 we combine our lemmas from
above with a reduction of the main theorem to obtain our main result.

A.1 Notation and Basic Results

Denote the ball and sphere of dimension d with radius r respectively as
Bl ={zecR?: |z| <7r},S¢={zecR?: |z|=r}

Consider a convex set X C R? bounded with diameter D and containing the unit ball B." For
0 < § < 1, consider the Minkowski subset:

Ks={z ek : x € K},

1
1-6
and observe that /Cs is convex and Vu € B‘f, x € Ks we have x + du € K because K contains the
unit ball.

Next, we define the §-smoothed version of a function f : R — R to be:

fs(x) = E_[f(z+6v) (A1)

v~

The following standard facts about the gradient of a smoothed function can be found in the literature,
e.g. [15] Chapter 6 Lemma 6.7:

Fact A.1. Let f be G-Lipschitz, and ﬁ; as defined in eq. A.1. We then have:

1. E [f(z+du)u] = gig(x)

u~S
2. |fs(z) = f(z)] <0G, Vo ek

We additionally introduce the function ft : K — R for loss functions with memory defined as:

x H
ft(l‘) = ft(ﬂf, . 737)

Throughout our analysis, it will be helpful to denote the collection of vectors (vi—, ..., v¢) by
Vt_n.¢. Using this notation, addition and scalar multiplication will also be compactly expressed as
Vot + QWi it = (Vp—p+ QWi . . ., V¢ +wy). Because we are interested in loss functions with
H inputs, we will mostly be interested in collections of the form v;_ g1.;. To avoid the excessive
use of H + 1 throughout the rest of the paper, we will introduce the notation H = H — 1.

We now introduce the index-wise gradients V; f; to be the derivative of f; with respect to the i’th
input vector, namely:

_ 8ft(.’1,'t7g, ‘e ,It)
Oxy_f4;

Vife(Ty_ )

such that Vf; = (Vo ft, ..., Vg ft). We make the following observation about the gradients V; f.
Lemma A.2. The gradient Vft(:c) = %(I) is related to the gradient of f; by

xr

H
Vft(x) = Z Vift(xi—m, .- T¢)
i=0

Ty_g=- -=Tt=T

_ H -
which we denote as Vfi(z) = > V; fi(x).
i=0

'We suppress the radius and dimensionality indices for S¢ and B for the sake of presentation.
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Proof. Applying chain rule over f;(x,_g.,) withz;_;(z) = x, i = 0,..., H yields the product of

the dH dimensional gradient aﬁf tH.f and the dH x d dimensional Jacobian azta‘f £, which is equal

to H copies of the d x d identity matrix. Specifically,

_ 8ﬁ(£) _ aft(xtfff:t)T ) 0%y fr4

Vi (z) = =
fil@) Ox 0z, g4 Ox
Ofe(w_f.t) T
Bmt,g 14
aft(w;fﬁ:t) I
oz
H H
Ofe(@i_me)
= —_— = Vi - SR
where the derivatives %:HHJ are evaluated at z,_ g = ... = z; = x implicitly on lines 2 through
4 for clarity. ' O

Finally, we denote the optimizer over K with respect to all observed loss functions as z* =
. T
argmingex » ;g fe(z, ..., 2).

A.2 Properties of the random exploration noise

Claim A.3. (Independence) z; is independent of u;_ g, ..., us.

Proof. Base case: fort < H all x4’s are set arbitrarily to be equal and so the conclusion is immediate.
Fort > H: Assume this holds for z; and observe that ;41 = x; + 1:g,_ 5 is uniquely defined by
x¢ and g,_ g, for which the latter satisfies
d H
Ji—-a = gftfﬁ(thH:tfH +U_oma—m) Z Uy [+
i=0

Now, since f; 7z and u;_opg.;_ g are sampled before u;_ g, 1., 1, the random variables that uniquely
determine g; are independent from u, g 1.,,. Furthermore, by induction hypothesis x; is inde-

pendent of u,_ g, ..., u; and clearly also of u; ;. Thus, the components that uniquely define x4 ;
are independent of w, g 4., 1, which means that x; ; is independent of u; 7,141 as well, as
desired. O

Remark. Claim A.3 above allows us to conclude that u,_ g.; is independent of x,_ .., which
crucially allows us to apply fact A.1 to our gradient estimator g;.

Lemma A4. The sum of u,_g, ..., us for all t has expected squared norm less than or equal to H.

Proof. Since u; €g S Vt, we have E[u; - u;] = 0 whenever ¢ # j, hence

2 —

i i i
E E U =E Upg | - E Ut
i=0 i=0 i=0
[ 7
2
=E lu—il"| +E E Up—i * Up—j
i=0 i)
=H
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A.3 Properties of the gradient estimator

The goal of this section is to prove a lemma showing that our gradient estimator g, is a valid estimator
of Vf;(z;) by bounding the difference in expectation between the two, as well as bounding the norm
of g, itself. We recall our previous assumptions that the loss functions are bounded by one, have
gradients bounded by ||Vf;|| < G (which is equivalent to f; being G-Lipschitz), and have hessians
bounded by ||V2 f;|| < B (which is equivalent to f; being 3-smooth).

We start by bounding the expected square norm of our gradient estimator.

Lemma A.5. The gradient estimator g; satisfies E [|| gt||2] < d;f .

Proof. Combining lemma A.4 with f;(y,_z..) < 1 and the definition of g, it follows that
2

&Mm‘
g
\

d
Elgel*] = Bu, e |[|55 @+ Ot sre) -

2

=E 52ft Yi—i:t) Zut i

_ 2
e ul
< (TQE Zutﬂ‘
i=0
d?’H
< 52

Remark: Even if the losses f; are bounded by some constant M > 1, the results for our algorithm
and proofs still hold if one scales down the gradient estimator to ﬁ gi, only adding a factor M. [

Using the lemma above, we can now bound the distance between our predictions as follows:

Lemma A.6. For x, ...,z selected according to Algorithm 1, we have that:
2 d*0*
E [th—ﬁ:t - ($t+ﬁv"~7xt+H)H } 477t2 H 52

Proof. Starting with the first inequality, since 411 = II[2: — 7:g;_ ], we have that:

Ks
2 1 2
E {H(%—H» s @) = (Tegms - 7xt+fI)H ] Z th-s-H - xtfiH
& fim 2
= Z Z ||xt+H7j+1 - xt+1:17j|| (/\-ineq.)
=0 Jj=1
;. 2
<E Z Z Ny ii—j 96—l (projection property)
i=0 \ j=
| a [fivi 2
< E Z Z lge—;l (ny decreasing)
i=0
H 2
<z ) (2H)? dTQH (C-S & lemma A.5)
i=0
d*H*
< 4"7t27H 52



Corollary A.7. We also have that

dH?
E [th—H:t - (xt+H7 S >$t+H)H] < 277t—FIT'
Proof. This is an immediate consequence of lemma A.6 since E[|| X []2 < E[|| X]?]. O

We continue by proving our desired properties about the estimator g;. We first observe the following
property for linear §-smoothed functions.

Lemma A.8. For f linear and satisfying our assumptions, we have that

d
E . gf(xt—H:t +ou_ g )| = V(@ a.)
ut—H:t"’tele

Proof. By the independence of z;_ 7.; and u,_ g.; (Claim A.3), we can apply Fact A.1 to each index
i=0,...,H and obtain

8 H [f(xtfﬁzt + Mt*H:t)ut_i] T ENS E oy [f(xtfflzt + 5utffl:t)ut—i]
uf,_Hﬁ«NthlS t—i WU Fog\{t—i} ™ z§1 S
— E < [f(xt_g:t+§(0,...,ut,iw..,O))ut,i]
) .
= o Va-ifs(@n)
)
= gVH—if(xt—H:t)

where the second and last lines follow by the linearity of f, the symmetry of the sphere
and the fact that expectation commutes with linear operators.  Since Vf(z,_g.) =
(Mof(@e—it)s- -, Vaf(@i_g+)), the lemma then follows.

Using the theorem above, we can generalize Fact A.1 in the following manner:

Theorem A.9. For general convex f satisfying our assumptions, we have:

ds
2

d )
E . LSf(xtH:t +5utH:t)utH:t:| — V(@ ga)|| < S H?

Proof. Consider the linear function f,, . (z_g.) = f(x_g.) + V(@ ge) (Ze_ g — To_i)-
By lemma A.8 above,

d - _
E |:5fxtH:t(xtHZt + 5utH:t)utH:t:| = vfxt—ﬁ:t(zt*ﬁit)

H
Uy~ DS
t=1

= Vf(w,_pg4)-
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The lemma then follows when we bound the difference between f and ﬂtf ., such that:

HE [?f(xt—H:t + 6ut—H:t)ut—H:t:| = Vf(zi_p)

d d -
< HE LS.f(xtH:t + 5utH:t)utH:t:| —E |:6fItH:t,(xtH:t + 5utH:t)utH:t:|

d _
< E |:5|f($tH:t +0us_goy) = foo_ g (T 0U g7y HutH:tH] (Jensen)
d
s E [ g o, - HtH [ Ht”:| (Taylor & || V?|| bound)
< @H?)/Q
-2
where the expectations are taken over u,_ g., ~ 51 S. O

Corollary A.10. g, satisfies:

where the expectation is over all randomness in the algorithm.

Proof. By the definition of g, (line 10 of Algorithm 1), we have

M=
<

Elg:] —
i=0
d " "
< |E gf(xt—ﬁ:t + 0uy_f1.4) Zutﬂ' - Z \ACT-y
i=0 i=0
< \F‘ { (@ e + Oy ) U t} = V(@) (A-ineg. & C-S)
< %§H2. (lemma A.9)

Lemma A.11. We have that:

H
1 BdH®
E||[>Vif ~ Vii(rim) 2=
=0

IN
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Proof. Using the results derived thus far, we obtain:

2

i
E Zvift(xt—ﬁ:t) - Vﬂ(xt+g)

_ 2
H

=K Z (T f:t)

=0 =0

Mw

3%+Ha . 7$t+g) (lemma A.2)

< HE Zuvift(xtfg;t) ~ Vil ot (Cauchy-Schwarz)
1=0

= HE [’|Vft(xt_g7 “e ,iCt) - Vft(l't+1f1, ce ,.’Et_,’_H)Hz]

HB’E [H(xtfg, v @) = (Tpypmy - ,ng)HZ] (B-smoothness)

IN

N
=
[}

(lemma A.6)

after which our result follows by E[|| X|[]2 < E[|X||*]. O

The lemmas above allow us to obtain our desired result regarding the gradient estimator g, presented
below.

Corollary A.12. The gradient estimator g; satisfies:

- dé Ny g BAH/?
& [[Eind — Vitoesa)] < D 422l
Proof. This follows from Corollary A.10 and Lemma A.11 due to the triangle inequality. [

A.4 Proof of Theorem 3.1

We start by performing a reduction from bounding the regret over f;(y, _j.,) to that over f, (2
against xj = Ik, (z*).

Lemma A.13. We have that:

ZT d dGH2 —n
E (ft(yt_g:t) fila ) —E Z ( — fi H(w5)>1 < 3GDHAT + = E :nt
t=H t=H

Proof. First we look att = H,T — H. By properties of projection, we have that ||z* — z%|| < §D
and hence G-Lipschitzness guarantees that f,(z*) — f;(z3) < GDJ. Further,

E [(ft(ytfﬁ:t) - ft(xtJrH))] =E {(ft(xtfﬁzt +0u_g) — ft(xtJrH))]

< GE[[(m—ge + 0w—p) — (@egms - Teye) ]
dGH?
< ey + SGH'Y? (cor. A.7)
summing over ¢ = H,T — H concludes the proof by the conveniency-motivated assumptions
1
D >1,H<T,§ > Gix/f (which are satisfied by our ultimate choice of parameters). O

We now move on to bounding f,_ () — f,_ 7 ().
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Observation A.14. If we denote by E the expectation over the u;’s and apply the law of total
expectation, we have that:

E[(Elg;-al = 9:-r) - (we — 25)] = E [E[(Elg,_a] — 9,—a) - (we — 25) | (uo, ..., u,_pg)]] =0
Observation A.15. By convexity of ft_ 7, we have that:
fren(@we) = fio(@}) < Vg (@) (2 — 23)
Lemma A.16. The delayed regret against x5 in terms of f satisfies:
T

. K. D? <d2H 2dBDH?/?\ &

1 % dé
ft_H(wt)] —t:H t_g(x(;) < 252 + 5 );nt—i-?H DT + HGD

Pt
Proof. Observe that:
|zer1 — @3] = Wiy [ — mege— i) — 9c§||2

< lwe = megr_a — 23| (Pythagoras)

= lloe — 31 + |mor_n | — 2mar g5 - (x4 — 3)

2 2
) < llze — 25l1” — |lze41 — 5]

e ||genl? (A2)
Tt

.
= 29, g (xy—a}

Therefore, we get:

T ~ T ~ T . .
E ft_H(xt)l ~ > fia@)=E|Y (ft—H(xt) - ft_H(xg))l
t=H t=H t=H
T
< E|Y Vi) (2 - x(;)}

By equation (A.2), observation A.14 and Cauchy-Schwarz, we have:

o Lp s (e =23l — e — a3 i
<3 > +ellge—al” || +0
Ui
t=H
T ~
+E | | Vien(en) - Elggl|| - 2~ x:;n]
t=H
T T
1 1 1 xp — xt||? d?’H
< SE| D0 e —a)’ ( >+' i = 75| ]+ o5z D (em.AS)
(= H 1 M1 N y
T
dé 7 BdH®/?
+> fH2+2M -D+ HGD (lem. A.12)
2 5

where we used g; = 0 for all ¢ < H and HVf H < G. Since 7 is a decreasing sequence we have:

T T T
f 3 * D? d2H do
E [Z ftH(xt)] - Z —a(r3) < T + 252 Z e + ?HQDT
t=H t=H nr P
2dBDH? &
+ % > e+ HGD

t=1

We are now able to conclude our main proof.

18



Theorem 3.1. Setting step sizes 1, = O(t~3/*H~3/2d~1D?/3G~2/33-1/2) and perturbation
constant § = O(T~'/*H~1/2DY/3G~1/3), Algorithm 1 produces a sequence {y; }7._, that satisfies:

Regret < O (T3/4H3/2dD4/3G2/3ﬁ1/2)

Proof. Putting A.13 and A.16 together, we get:

T
Regret = E Z (ft(yt—H:t) - ft(ﬂ))]
t=H
3D? (d®H 3dBDGHY/?\ &
H?’DT DH'?T + HGD
27 (262 T )Zm+d5 e e

t=1

Noting that Zthl 153% < 4T'* 4 1, setting the parameters as specified yields the desired result,

concluding the proof of Theorem 3.1. O

B Regret Analysis for Known Systems

Proof. Observe that, if we fix x,_ g (the state starting H time steps back) and the observed distur-
bances w;, o5 _1,...,w;, then the state x; and action u; at H time steps later are uniquely determined
by the sequence of H policies M,_ g, ... M,;, which means that ¢;(x¢, u;) can be considered as an
implicit functions of the past H policies played. It then follows that Vc;, 3 unique f; such that:

filMy_g,... My) = ¢ (wt(Mt—H:t)ﬂ ue(My_p.4)|2e—m, wt—QFI—lzt) .

Due to the analysis by [4], sections 4.3 and 4.4, we know that f; is convex with respect to
M,_g,...,M; when z,_g7, K, and the perturbations w; are fixed. Furthermore, because c; is
Lipschitz and smooth, f; is G’-Lipschitz and 3’-smooth as well, for some G’, 3’. This means we
can successfully apply the approach in Algorithm 1 to our current setting. Therefore, by Theorem

3.1 we get that for any fixed initial (, 7)-stable K, if we denote the actions taken by Algorithm 2
asull,...,ull  and M* = arg AIjni}\l/l ZZ;H ce (2 (M), ul (M)) the best DAC policy in hindsight,
1€

then we have that:

T T
E Ct(xf(,uf()] = el (M*), uf (M)
t=0 t=0
2 2 / rers5/2N L
< H+ D7 + & H + 345 DG'H Znt +dSH?DT + 36G'DH'/?*T + HG'D
2nr 242 5

t=1
where d = H'mn because each policy M; consists of H matrices of dimension m x n. Setting H =
©(log T) and the other parameters as in 3.1, we get Jr(BPC) — Jp(M*) < O(T3/*10g®?T),
where the factor log® 2 T follows from d = ©(H) and H = ©(log T). Due to the exponential decay
of the component norms of elements in M, we can treat all other quantities as constants.

O

C Regret Analysis for Unknown Systems

Proof. We split the regret incurred by Algorithm 4, which we will denote by A, into:

Regret = Regret; + Regret, + Regret,
where the first term corresponds to the regret of the system identification phase, the second term
to the regret of algorithm 2 relative to the optimal DAC policy M*, and the final term to the

difference between the performance of M™* on the estimated and true dynamics. Specifically, for
M* = arg N?iﬁld [J(M|A, B,w)] we have:
re

Regret, = Jr, (System identification) (C.1)
Regret, = Jp_1,(A|A, B,w) — Jp_1,(M*|A, B,w) (C.2)
Regret, = Jr_1, (M*|A, B, ) — Jp_1,(M*|A, B, w). (C.3)
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By Lemma 20 in [16], the cost incurred during the system identification phase adds up to Regret; =
O(Ty) = O(T??logé~1) = O(T?/31log T), and since the regret incurred by the second phase of
the algorithm has an O(7%/4 log®/? T') bound, Regret; is insignificant to our final result.

Next, since J(M*|A, B, w) > AI{IliflVl J(M|A, B, ) and phase 2 corresponds to running Algorithm
€
2onA,B by the Simulation Lemma, Theorem 5.1 implies:

Regret, < O (T3/4 log5/2 T)

We now move on to Regrets. Let A, B denote the true, unknown dynamics and let A, Bbe output of
Phase 1 after T;) exploration rounds. By Theorem 19 in [16], with probability 1 — §, we have that:

4=l

’B f BHF < ean (C.4)

where Ty, = © (52,23 log 5*1>. Our choice of Ty therefore implies that eq4p =
) (T -1/3 log_l/ 2 5*1). Now, by our assumptions on the bound on the perturbations there ex-

ists a constant &, such that ||w; — @] < &,. Observe that if A, B satisfy C.4, then:

||’U}t — ’UAJtH = H(Z’t+1 — A(Et — But) — (,’Et+1 — A.’l?t — But)
< HA - AH Nl + HB - BH el (N-inequality)
= O(€A7B)

since by assumption x; and u; are bounded, which means that the smallest value for ¢,, satisfies
ew = O(ea,p). By Lemma 17 in [16] and the formula of state evolution, it follows that for any
M e M:

< O(T(6w+€AvB))

O(T2/3 IOg_1/2 8—1)

IN

with probability 1 — &, and hence Regrets = O(T'%/3) with probability 1 — § as well.
Adding up everything we get that with probability 1 — 5
Regret < O <T2/3 log 0~ + T3/ *10g®? T + T%/®log~'/? 5—1) .

With at most probability 4 we obtain worst-case regret of O(T) since our costs are bounded. Thus
we can set 6 = O(7T 1) and obtain our final regret bound:

Regret < O (T2/3 logd~t 4+ T3/4 log5/2 T+ +T%? log_l/2 o+ ST)

N

O(T%*10g® T).

O

Remark C.1. We see that Algorithm 4 enjoys the same regret bound as Algorithm 2 despite acting in
an unknown system. This is because both the regret incurred during exploration and the difference in
performance between the fl, B—optimal DAC and the true optimal DAC are of lower order than the
regret incurred by Algorithm 2.

Remark C.2. Our general results from Section 3 are also suitable for the policy parametrization of
[32]. Under this alternate parametrization, one can overcome the need for controllability for the
case of unknown systems (and require stabilizability and detectability only instead). We leave the
precise implementation of this remark to future work.
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