S1 Symmetric variance decomposition

The purpose of this section is to prove Prop. and derive eqns. —. The strategy is to use the subset-sum relationship,
eqn. , as a definition, derive explicit formulae for the variance terms, then prove all terms are nonnegative. In the statistics
literature this approach is referred to as functional ANOVA [6H9], but we present a derivation here as it may be unfamiliar to
members of the machine learning community.

Motivation. The law of total variance for two random variables X and Y is
V[Y] =EV[Y|X] + VE[Y|X], (S1)

where the two terms represents the variance of Y that is unexplained and explained by X respectively. Since the variance must
be nonnegative it is possible to interpret it as an area. In Fig. the total variance is represented by the square, which is in turn
broken up into the explained variance (red circle) and unexplained variance (area outside of the circle).

It is possible to extend this idea to several variables. An observation that is key to the interpretation is

VE[Y|X:] + VE[Y|X5] < VE[Y|X;, X], (82)
i.e. the “variance explained” is a superadditive function. So the decomposition for two variables could be written as
VY] = VE[Y|X1] + VE[Y | X5] + (VE[Y|X1, Xo] — VE[Y'|X1] — VE[Y|X3]) + EV[Y[ X7, X5], (S3)

with the terms interpreted as the variance explained by X7, the variance explained by X5, the additional variance explained by
X; and X together, and the variance left unexplained by X; and X,. Note that the terms are all guaranteed to be positive by

eqn. (S2). See Fig[STD]

Several variables. Generalizing, let X := (X1, ..., X)) be a collection of random variables. Consider a Venn diagram of k
circles, and denote the disjoint areas using V; for a vector i € {0, 1}k, where ; indicates whether the area is inside the jth circle
(see Fig. We make use of the natural partial ordering on {0, 1}*, i.e. i < j if and only if 4, < 7j; for all I. Note the ordering
indicates the subset relation if the vectors are thought of as indicator vectors. We also use the notation e; for the standard basis
vectors, and define the vectors X; := (X : i; = 1).

For simplicity, assume Y € o(X), so that E[f(Y)|X] = f(Y) for any measurable function f and all the variance of Y is
explained by X, i.e.

VE[Y|X] = V[Y] (S4)
or Vp = 0. In fact, let us write Y = h(X). We make this assumption without loss of generality as one can otherwise consider
Xi41 :=Y — E(Y]X), i.e. the orthogonal complement of Y under projection onto the sigma algebra generated by X.

Consistent with the k = 1 case, we define

Vej = VE[Y|XJ]7 (S5)
or more generally
> Vi =VE[Y[X]. (S6)
:i<j

Eqn. is exactly the subset-sum relationship in (5).
Lemma S1. Egn. is sufficient to define V; for all i.

Proof. This lemma follows directly from the fact that defines 2* equations in terms of 2¥ unknowns, V;. However, we may
get a more explicit solution for each V;: We proceed by induction on [i| := > ;%5 The special case of eqn. , eqn. (S3),
proves the base case, |i| = 1. Assume we have defined V; for all |i| < m. Then for i such that |i| = m + 1, using eqn. we
may write

Vit Y Vi=VE[Y[X]. (S7)
J<ijA
Noting that |j| < m if j <iand j # i completes the proof. O



Calculating Variances To calculate the variances terms used above for our model, we use a coupling: we introduce a copy of
the underlying random variables X and take expectations under different independence assumptions on X and its copy. The
simplest illustration of this idea is to express the variance of a random variable Y using an iid copy of Y, denoted Y, then define
Y := BY + (1 — B)Y' for B ~ Bern(1/2) independent of Y and Y’. We have

VY] =E[Y?] -E[Y]?=E[YY]-E[YY'| =E[YY|B =1 —-E[YY|B =0]. (S8)

This idea extends naturally to our setting. Recall Y = h(X), then let X := (B X; + (1 — B1) X}, ..., By Xy + (1 — Bx)X})
for X’ an iid copy of X and B; ~ Bern(1/2) iid. Define

Hy:=E [h(X)h(X)|B - i} . (S9)

Thus, VE[Y'|X;] = H; — Ho and EV[Y'|X;] = H; — H;.
Theorem S1. Using H, we have the following formula for the areas. Let |i| > 0, then

li
Vi::Z Z (-D)li=tF;. (S10)

1=0 j:j<i,j|=l

Proof. We again use induction on |i|. The formula clearly holds for |i| = 1. Then using the induction hypothesis and eqn. (S7),
we see
il

VisHi—Ho— Y > > (-)iH (S11)

J LA =0 kk<j,|k|=!

il
=> Y (-)i-E;

1=0 §:j<i|j|=l
O
Lemma S2. The function H is partially ordered, that is
H; < Hj, (S12)
if and only if iy, < ji forallk € {1,... k}.
Proof. Define Z := E[Y|Xj], then
H; — Hy =E [Z? — E[Z|X;]?] > E [2® — E[Z?|X;]] = 0. (S13)
O

Theorem S2. The areas V; are nonnegative.

Proof. The idea is similar to the proof of Lemma[S2] and indeed this generalize the result. First we prove eqn. to illustrate
the idea with simple notation. We see

VE[Y | X1, Xs] — VE[Y|X1] — VE[Y|X.] (S14)
= Hiy1 + Hoo — Ho1 — Hio
1 -~ ~ _ N2
= E (h(xl,xg) (X1, Xa) — h(X1, Xo) — h(Xl,X2))
> 0.



unexplained variance
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Figure S1: In (a) the two disjoint areas represent VIE[Y'| X], the variance of Y explained by X, and EV[Y'| X], the variance of Y’
unexplained by X . For simplicity, we assume that in (b) and (c) there is no variance that is not explained by X, so that the area
outside of the circles is zero.

For the general case, fix i and define

h(X;) = Ex, ,[h(X)|Xi], (S15)
that is, marginalize over all X; such that ¢; = 0. Then note for j < i that
Hj = Eh(X;, X5, X3 1)h(X;, Xi_j, X1-3) = EA(X;, X5 5)h(X;, Xi_5). (S16)

Now using Theorem[ST] we see

Vi= > (D)IER(X;, Xio5)h(X;, X)) (S17)

Examples for £ = 2 and k = 3 used in the main text. See Fig For k = 2, we have:

Vo1 = Hio — Hoo
Vio = Ho1 — Hoo
Vit = Hyy — Hoy — Hyo + Hoo.



See Fig For k = 3, we have:

Voor = Hoo1 — Hooo

Voo = Hoio — Hooo

Vioo = H100 — Hooo

Vo11 = Ho11 — Hoor — Hoo + Hooo (S18)
Vio1 = Hio1 — Hoor — Hioo + Hooo

V110 = Hi10 — Ho1o — Hioo + Hooo

Viin = Hyyy — Hoyy — Hyor — Hyo + Hoor + Hoo + Hioo — Hooo-

Ensemble and bagging formulas. To obtain these results, we first calculate the H; terms associated with the averaged
predictor. Specifically, define P := {Py,..., Py, }, X ={X1,..., Xk, }, e :={e1,...,€kp > and

1
Y = 0:i (%) , S1
PR ;y](m (819)

where the indices denote iid samples. We consider the variance decomposition of Y with respect to P, X, and €. Note, we could

instead use the notation
kp kp

> aeLx (S20)

=1 j=1

Y = §(P,X,¢) =
kPD

to make explicit the dependence on each of the random variables.

Clearly, Eg(P, X,e) = §(P1, X1,€1), so the predictors have the same bias. Now, we calculate the H's using superscripts to
denote the ensemble and bagging sizes. First,

HyEM? = Bj(P, X, e)§(P, X, &) = Hg - (s21)
Next, we see
Hprko — Eg}(P X,e)j(P, X, )

kp kp kp kp

k2 z D000 D B, Xy e)i(Pr, Xy, Ep)

i=1j=14¢=135'=1

=i k2 ZIEy Py, X;,e5)0( Py, Xy, &5 k;2 k2 ZZEy P;, X;,e)Eg (P, X0, 1)
1,5,5" D izir 4,50
Hll _Hll
= 71001@ 00 1 f7ls, - (S22)

Similarly, to above we find
Hoio — Hogo

Hify™ = =% 4 Hog, (823)
D
Hll _Hll
Héc(}):lkp _ 001k 000 +Hééo, (S24)
D
and
Hll 7H11
Hécﬁkp _ onkD 000 +Hooo- (S25)



The other terms are more complex, but the idea is the same. We find
kp kD k‘P kD

Hffka — k2 k2 ZZZ Z]Ey P, X;,e)9( Py, X0, Er)

i=1 j=14i=1j5'=1

= WZZE@(Pi,Xj,e §(Pi, X5, 65) + ZZEy Pi, Xj,2,)§(Pir, X, €5) (S26)
i j #z/ J
i kz DD E(P X5,e)(Pi X&) + kg SO B, X, e5)i(Pr, Xy, E5r) (S27)
M P 75"51 J#3’
_ Hilo = Hylo — Hido + Hago , Hoto = Hovo , Higo = Higo
kpkp kp kp
(S28)

Similarly, we have

HiG — HiY — HY + HiYy  HEY — HYY  HIL — HE
H{COplk)D — 101 001 100 000 + 001 000 4 100 000 + H()O() (829)
kpkp kp o
and 11 11 11 11 11 11 11 11
Hiiy — Hyyy — Higo + H, Hyi1 — H, Hipy — H,
H{CﬁkD — 111 011 100 000 4 011 000 4 100 000 4 Hol(%o (830)

kpkp kp kp

Finally, substituting the expressions for the H's into eqn. (S18) and simplifying completes the derivation.
To find the optimal ratio, we write the test error as

V V. Ve V. Vi % Vi

e T e e (S31)

kp  kp kp kp  kpkp kpkp  kpkp
and substitute kp = K /kp, where K is a fixed constant. Then differentiating eqn. (S31) with respect to kp and solving for the
stationary point yields eqn. .

S2 Model Definitions for the Full Neural Tangent Kernel

For clarity of presentation, in the main text we focused on a linear teacher and a simple unstructured random feature model. This
model can also be viewed as a degeneration of the Neural Tangent Kernel (NTK) of a single-hidden-layer neural network under
which the first-layer weights are held at their randomly-initialized values and only the second-layer weights are optimized. Our
analysis and results actually extend to the full NTK, where all weights are optimized, and to a wide nonlinear teacher neural
network. The results in the main text are special cases of the more general results we present here.

S2.1 Data distribution

Following [24], we consider the task of learning an unknown function from m independent samples (x;,y;) € R™ x R, i < m,
where the datapoints are standard Gaussian, x; ~ N(0, I,,, ), and the labels are generated by a wid single-hidden-layer neural

network:

Yilxi, Qw ~ wor(Qx;//n0) [/t + € - (S32)
The teacher’s activation function oy is applied coordinate-wise, and its parameters 2 € R™*"0 and w € R'*"" are matrices
whose entries are independently sampled once for all data from A/(0,1). We also allow for independent label noise, &; ~
N(0,02). In this case, the test loss for a predictive function § becomes,

E(wor(Qx/+/fig) / /s + € — §(x))2 . (S33)

>We assume the width n, — o0, but the rate is not important.




Recall that in our high-dimensional asymptotics the limiting ratios ng/m — ¢ and ng/ni — 1 are constant. As we will discuss
in Sec.|—S3-_| in this regime only linear functions of the data can be learned, a finding that is consistent with observations made
in [38/123]. When the teacher width ny — o0, a precise decomposition of the teacher emerges that neatly captures its learning
and unlearnable components. Specifically, if we define,

Gr = (Eok(g))?, and 7y :=Eoy(g)?, (S34)
then there is an equivalent linear teacher plus noise with signal-to-noise ratio given by,
SNR = G/ (0 — G+ 02) (S35)

We often make this equivalence to a linear teacher explicit by setting or(z) = = (which implies 7 = {; = 1) and explicitly
adding label noise 02 = 1/SNR. This procedure also removes the noise from the test label, but since this noise merely
contributes an additive shift to the test loss, removing it does not change any of our conclusions.

S2.2 NTK Regression

We consider predictive functions ¢ defined by approximate (i.e. random feature) kernel ridge regression using the NTK of a
single-hidden-layer neural network of width n; with entry-wise activation function o, defined by,

N()(X) = WQO’(W1X/\/TT())/\/TT1, (836)

for initial ny X ng and 1 x ny weight matrices with iid entries [W1];; ~ N (0, 1ﬂand (Wi ~ N(0, 0,).

The NTK can be considered a kernel K that is approximated by random features corresponding to the Jacobian J of the
network’s output with respect to its parameters, i.e. K (x1,%2) = J(x1)J(x2)". The Jacobian itself naturally decomposes into
the Jacobian with respect to Wy and Wa, i.e. J(x) = [0Ny(x)/0W1,ONy(x)/0Ws] = [J1(x), J2(x)]. Therefore the kernel K
also decomposes this way, and we can write.

K(Xl,XQ) = Jl(Xl)Jl(XQ)T + JQ(Xl)JQ(Xg)T =: Kl(Xl,Xg) + KQ(Xl,XQ). (S37)

As the width of the network becomes very large (compared to all other relevant scales in the system), the approximate NTK
converges to a constant kernel determined by the network’s initial parameters and describes the trajectory of the network’s

. 7 . . . . . . .
output under gradient descent In this work, we focus on the predictive function defined by the solution to this kernel regression
problem,

§(x) :== No(x) + (Y — No(X))K 'Ky (S38)

for K := K(X, X) + 7@, Kx := K(X,x), and 7 is a ridge regularization constant. A simple calculation yields the per-layer
constituent kernels,

XTX . (F")" diag(Ws)2F’
Mo nq

1
Ko(x1,%x3) = n—FTF, (S40)
1

K1 (Xl, X2) = and (839)

where we have introduced the abbreviations F' := o(W1X/\/ng) and F' := ¢/(W1X/,/ng). Notice that when o7, — 0,
K = Ko, i.e. the NTK degenerates into the standard random features kernel of the main text.

® Any non-zero ogvl can be absorbed into a redefinition of .
"If the width is not asymptotically larger than the dataset size, the kernel system may not accurately describe the late-time predictions of
the neural network.



Centering The predictive function contains an offset Ny (x) which would typically be set to zero in standard random
feature kernel regression because it simply increases the variance of test predictions. Removing this variance component has an
analogous operation in neural network training: either the function value at initialization can be subtracted throughout training,
or a symmetrization trick can be used in which two copies of the neural network are initialized identically, and their normalized

difference N = (N (@) N (b)) /+/2 is trained with gradient descent. Either method preserves the kernel & while enforcing
Ny = 0. We call this procedure centering, and present results with and without it.

Finally, we note that ridge regularization in the kernel perspective corresponds to using L2 regularization of the neural network’s
weights toward their initial values.

S2.3 Exact Asymptotics for the Fine-Grained Variance Decomposition of the NTK

Here we state a generalization of the results from Sec.to the NTK. As discussed above, the results for random feature kernel
regression follow by setting oy, = 0. The proofs are presented in the subsequent sections.

High-dimensional asymptotics. We consider the limiting behavior of tracial expressions as the dimensions in our model
diverge to infinity as their ratios are held fixed according to ¢ and 1. The tracial expressions are random variables that converge
in probability to deterministic constants, which are specified as the solution to a coupled equation defined below.

Lemma S3. Let g ~ N(0,1) and define,
¢:=(Eo'(9))*, n:=Ea(g)*, and n :=Ed'(g)*. (S41)

Then, in the high-dimensional asymptotics defined above, the limits of the traces T1(y) = %IE tr(K—1) and m5(y) =
%IE tr(nioX T X K~1) converge in probability to the unique solutions to the coupled polynomial equations,

0= ¢ ((rom + ¢(r2 — 1)) + (T2t (Y71 — 1) + (im0, (¢ (72 — 1) ¥ + 1Y’ + ) (842)
0=C(rima(n —n) oy, +(nre (v —1) = (2 — 1) ¢ (( (12 — T1) +071) - (543)

such that 11,7 € CT fory € Ct.
Corollary S1. Lemmall|follows from Lemmal[S3]by setting oy, = 0.

Theorem S3. Let 71 and 73 be defined as in Lemmal[S3| Then the asymptotic bias and variance terms of eqns. (O)-(13) for the
NTK are given by,

B =12/7} Vpx = =15/ — B = Vp — Vx +vTy/(y1)?
Vp =14/11 — B —vTy/T] VPe:O2 (Sad)
Vx = ¢B(11 — 2)?/ (7} — ¢(11 — 72)?) Vxe =0.Vx/B
Vr—::O VPXe:Uz(_T{/ﬁQ_l)—VXa,
where
Ty = o,y (11 + (o, (0" = O) + )71 + o, C75) (545)

7! is the derivative of T; with respect to vy, and v = 0 with centering and v = 1 without it.

Corollary S2. Theorem|I|follows from Theorem[S3|by setting oy, = 0.

S2.4 Discussion of Results for the NTK

We briefly highlight some results for the full version of Theoremthat are distinct from the special case Theorem Note
that since the model in eqn. corresponds to the full NTK, the model has n (ng + 1) parameters. Thus n; = m does not
occur at the interpolation threshold but instead represents a significantly overparameterized model. Previous work has found
nonmonotonic behavior in the test loss for the model in eqn. at both the interpolation threshold and when n; = m [24].
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Figure S2: We replicate Fig.from the main text but using the NTK. As before we set v = 0, ¢ = 1/16 and o = tanh with
SNR = 100, and we use centering. Recall that the number of trainable parameters for the NTK is nj(ng + 1), so ny = m
no longer corresponds to the interpolation threshold but represents very overparameterized models. Despite this we still find
nonmonotonic behavior in many of the variance terms. Specifically, Vp, Vpx, and Vpx. are all nonmonotonic and have a peak
slightly before n; = m. In the semi-classical decomposition (a), these nonmonotonicities would again cause the bias to be
nonmonotonic. Similar ambiguities to the random feature case occur for the NTK in (b) and (c). (d) shows the two variable
decomposition and (e) the three variable decomposition. As in Fig. the terms V. and Vp,. are zero.

Since n; = m is far beyond the interpolation threshold, this second occurrence of nonmonotonicity is qualitatively different
than double descent behavior. Our variance decomposition sheds light on the source of this second occurrence of nonmonotonic
behavior (see Fig.[S2).

We find that none of the variance terms are divergent, but the sources of the nonmonotonicity are Vp, Vpx, and Vpx.. Curiously,
bagging this predictive function for a large number of dataset samples would remove all other sources of variance except Vp.
This would have the effect of highlighting the nonmonotonicity in the total variance.

S3 Gaussian Equivalents

Here we review the analysis from [24]] for computing the test loss in our high-dimensional asymptotic limit. In the next sections,
we extend this procedure to compute the constituent bias and variance terms.

As a first step, we exploit some simplifications that happen in our asymptotic limit that allow us to make the following
replacements without changing any of the variance terms or the bias:

2
Ky — o2, (f — I + UHL;’CXTX (S46)

F_>Un£W1X+\/n_<6F (S47)
0

Y =/ Gr wQXﬂ/"T_CTweerS (S48)
NN N

f %\/nzowlx +V/n—Cb; (S49)

x4 T, . (S50)
nTnO Nt

Yy —




where f := o(Wix/,/ng) is the random feature representation of the test point x and y := wor(Q2x/\/ng)//nr is its label.
The new objects O, Oy, 0, and 6, are matrices of the appropriate shapes with iid standard Gaussian entries. The constants
n',n, and ¢ (see eq. (S41)), as well as 7); and (; (see eqn. ) are chosen so that the mixed moments up to second order are
the same for the original and linearized versions.

To give some intuition on these substitutions, many of the statistics of random matrices are universal, that is, their limiting
behavior as the matrix gets larger is insensitive to the detailed properties of their entries’ distributions. Considerable work
has gone into demonstrating universality for an increasingly large class of random matrices and a growing number of detailed
statistics. In our case, the test loss is a global measurement of several random matrices. This perspective gives some intuition for
why we are able to replace many of the intractable terms in the expressions we analyze with tractable terms, which only need to
match quite superficial properties of the distributions to ensure the limiting test loss is the same.

In Secs.and we use this replacement strategy in two distinct situations. The first is for terms of the form

tr(AB) = Z Aqi;Bjs, (S51)
ij

for deterministic A and random B. Under assumptions on A and B, standard concentration inequalities can be used to describe
the limiting behavior of sums like eqn. . In our setting, one finds that this behavior only depends on the the low-order
moments of B. By matching these low-order moments with Gaussian random variables, we can replace B with a Gaussian
random matrix with the same limiting behavior. Note, often A is not actually deterministic, we are simply conditioning on it and
only considering the randomness in B. The approach is suitable for determining the average behavior of eqn. (S51) when we
have control over the (weak) correlations in the entries of A and B. Linearizing the matrices A and B in this setting is just a
convenient bookkeeping device for performing these computations.

When one of the matrices in eqn. is inverted, the situation is more complex, and indeed this is the case for the kernel
matrix K in expressions for the training and test loss. As in [24], to apply the linear pencil algorithm [39,40], we must first
replace the kernels in all expressions with linearized versions (using eqns. (S46)-(S50)), yielding a rational expression of the
i.i.d. Gaussian matrices, X, W1, etc.

It should be expected that a linearized version of I’ will lead to the same asymptotic statistics due to some very general results
on the limiting behavior of expressions of the form,

1
tr (ABZI>’ (S52)

where A is symmetric and z € CT. The resolvent matrix (B — z)~! is intimately related to the spectral properties of B.

Recently, isotropic results for quite general A have been developed for matrices with correlated entries, which show that under
certain assumptions the limiting behavior of eqn. depends only on the low-order moments of B. Specifically, the limiting
behavior of eqn. is described by the matrix Dyson equation in many cases. For a summary of these results and related
topics see e.g. [41].

Finding Gaussian equivalents for A and B in expressions like eqns. (S51) and is relatively simple in our case. We
encounter terms for which the matrix B depends on some other random matrix C' through a coordinate-wise nonlinear function
f(C). For such cases, Taylor expanding the function f is the key tool to finding these equivalents (see e.g. [28] for more details
on this type of approach).

S4 Exact asymptotics for the training loss

S4.1 Decomposition of terms

The model’s predictions on the training set, §j(X), take a simple form,

§(X) = No(X) + (Y — No(X))K ' K(X, X) (853)



=Y —~y(Y - No(X))K 1. (S54)

The training loss can be written as,

1 . N
Etrain = EE(XA/) tr ((Y - y(X))(Y - y(X))T) (SSS)
2
= LBy tr (Y = No(X) (¥ = No(X))K2) (S56)
= T1 + I/T2 (857)
where v = 0 with centering and v = 1 without it and,
— o T -2
T = —E tr(Y YK™°) (S58)
m
2
Ty = 1 tr(No(X) T No(X)K™2). (S59)
m

We have suppressed the terms linear in [V since they vanish owing to the linear dependence on the symmetric random variable
Ws. The Neural Tangent Kernel K = K (X, X) + ~I,, and is given by,

XTX FTF
K = oiy, [(77’ — Ol + ¢ ] + + I, . (S60)
o n1
T _ 2 T ;
Note that No(X) ' No(X) = oy, /n1 F* F, so eqn. (S60) gives,
XX
No(X)"No(X) = opy, K — oy, [o0, (' — ¢) +7vIm] — oy, ¢ et (S61)

Next we recall the substitution (S48) (as mentioned above, without loss of generality we special to the case of a linear teacher),

Y —»

wQX + &, (562)
ntno
and consider the leading order behavior with respect to the random variables w, 2, and W5 using eqn. (S51) to find
1
Y'Y= —X"X+5%I,. (S63)
ng

Putting these pieces together, we can write for 71 = 71 () and 72 = 72(7),

Ty = =y (027 + 73) (S64)
Ty = o3,V (11 + (o3, (0 — Q) + )71 + o3, (73) (S65)
where,
1 -1 1 I 1 -1
m=—tr(K), and 1 =—tr(—X XK. (S66)
m m no

Self-consistent equations for 7; and 75 can be computed using the resolvent method, as was done in [28] for the case of
ow, = 0. In order to pave the way for the analysis of the test error, we instead demonstrate how to compute these traces using
operator-valued free probability.

Remark 2. In the remainder of this section, and in Sec. we assume at times that o is non-linear (so that ' > ( andn > ()
and/or v > 0 in order that certain denominator factors are non-zero. The linear and/or ridgeless cases can be obtained by
limits of our general results, or through special cases of the pertinent intermediate formulas.
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S4.2 Linear pencils

To begin, we construct linear pencils for 7; and 7. Specifically, straightforward block-matrix inversion confirms that

T = tI‘([Q;l]Ll) and To = tI‘([Q;l]QA) 5 (S67)
where,
¢X o2 —coT T
In (v+ 03, (1 =) e ¥Or X
Or = -X I, 0 0 (S68)
T = —Vn=(Op — %1 I, 0
0 0 VW Vg
Vo Vnoo

The matrix Q7 is not self-adjoint, but a self-adjoint representation can be obtained from it by doubling the dimensionality. In
particular, letting

_ T
Qr = (C;T QOT> ; (S69)
we have,

n=t([Q7'15), and  tr([Q7']2s) (870)

Observe that Q7 is a self-adjoint matrix whose blocks are either constants or proportional to one of {X, X T W, W1T ,OF, @;};
let us denote the constant terms as Z. As such, we can directly utilize the results of [31!/40] to compute the necessary traces.

S4.3 Operator-valued Stieltjes transform

The traces can be extracted from the operator-valued Stieltjes transform G : My(C)™ — M,(C)™, which is a solution of the
equation,

ZG=1;+1(G)G, (S71)
where d is the number of blocks, 7 : My(C) — M,4(C) defined by
n(D))i; = ZU(Z} ki l, j)ak Dy (872)

kl

where v, is dimensionality of the kth block and o (¢, k; [, k) denotes the covariance between the entries of the blocks ¢j block of
@ and entries of the kI block of (). Eqn. (S71) may admit many solutions, but there is a unique solution such that ImG > 0 for
ImZ > 0.

The constants Z, the entries of o, and therefore the equations (S72) are manifest by inspection of the block matrix representation
for Q7. Although the matrix representation of the equatlons is too large to reproduce here, we can nevertheless extract the
equations satisfied by each entry of G.

The equations satisfied by the operator-valued Stieltjes transform G of Q1 induce the following structure on G,

_ (0 G
G= <GT2 0 ) , (S73)
where,

0 0 0

| 0 95 0 m
Gio = 0 0 g 0 (S74)

0 96 0 g5

and the independent entry-wise component functions g;, 71 and 7» satisfy the following system of polynomial equations,

0 = V/Cgeth — Cg3gav/mo (S75)
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0= v/Cvr (72 — gsm1) (S76)

0= /C(g5 — go71) + v/nod (S77)
0 = —Cgags — g6 (CTr0%y, + @) (S78)
0= /Co5¥ + Vo (¢ — Cgar2) (S79)
0=¢—ga(ro(n —¢) + (2t + ¢) (S80)
0=—Cgar2 — g3(CTiofy, + 6) + ¢ (S81)
0= —/Cosmt — Vo (Criody, + o) (S82)
0= vno(¢— g3(Criody, +6)) — V/Cgemiv) (S83)
0=vno(1=71(y+ 94— ) +oiy, (' + (95— 1)) — VCgemat) - (S84)

It is straightforward algebra to eliminate g3, g4, g5 and g¢ from the above equations. A simple set of equations for 71 and 7
follows,

0= ¢ (Crem + ¢(12 — 71)) + (Tim2tp (v11 — 1) 4+ (Timaoiy, (C (T2 — T1) ¥ + 1w’ + @) (S85)
0=C¢rim (' —n)opy, +¢nm(yn —1) = (2 —=71) ¢ ({ (12 — 71) +171) - (S86)

Although these equations admit multiple solutions, the general results of [31}/40] guarantee that the correct root is given by the
unique solutions 71, 72 : CT — CT which are analytic in the upper half-plane.

It will prove useful to obtain expressions for 77 (y) and 75(). By differentiating eqns. (S85) and (S86) with respect to v, we find
Cr3(t — )

S _ _ 2T - - (S87)
Vw2 (C(R + )24 0(Ch + 1) (CRa (272 + 3) + 1)) + (202 (72 +1)2(73 — 1)
o 3 (VT (C—m) — (% (72 +1)%) 88)
2 YRR (R +1)2 4+ 0(CR + 1) (CR (272 +3) +1)) + 202 (R + 1)2(p73 — 1)
where we have introduced some auxiliary variables to ease the presentation,
fl=o0p,(a+¢F and To=—1+7/7. (S89)
S5 Exact asymptotics for the test loss
S5.1 Decomposition of terms
The test loss can be written as,
Brest = Bixy) (y — §(x))* = By + Ba + E3 (S90)
with
By = Exo) tr(y(x)y(x) ") + E(xe) tr(No(x) No(x) ") (S91)
By = =2 (s o) tr(Kyx K'Y Ty(x)) = 2B ) tr(Kx K~ No(X) T No(x)) (892)
By =Ee)tr(Ky K'Y TYK T Ky) 4+ By o) tr(K K No(X) T No(X)K ' Ky), (S93)

where we have suppressed the terms linear in N since they vanish owing to the linear dependence on the symmetric random
variable 5. The Neural Tangent Kernels K = K (X, X) and Kx = K (X, x) are given by,

XX F'F o3 1
K=o, [(f —OLn+ ¢ + +~I, and Ky = &CXTX + —FTf. (S94)
no ni no ni
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Remark 3. In eqn. (S46), we argued that the leading order behavior (all that is relevant for the test loss) of K1 is relatively
simple, leading to the expression for K in eqn. (S94). Implicitly this requires that ) # ¢, and similarly, in many of the
expressions denominators are assumed to be nonzero. We handle degenerate expressions of this kind as special cases, but avoid
details here to streamline the presentation.

Using the cyclicity and linearity of the trace, the expectation over x requires the computation of

Ex KK,  EwxK], Egxyx)', ENo(x)K], and E,Ny(x)No(x)". (S95)
As described in Sec.|S3| without loss of generality we can consider the case of a linear teacher, so that n; = (; = 1 and ( -

and (S49| - 9) become

y — gyt = VG WX + /1y — (r—— wa and  f — fin= £Wlim/n—gaf. (S96)

Vonr VAL \/ V1o
Using these substitutions, the expectations over x are now trivial and we readily find,
T_ W2<2 T 2<3/2 Ty T T Lot/ T
E K K, = X X+ 55— X W/ F+F' WX)+F (=—WAW' + (n— QL) F (S97)
g ny' n ni L
0 1
2
Eny(x)K, = ?%Vi?chX LV owTF (S98)
nd!?, fir non1y/mr
1
Exy(x)y(x)" = wQ W’ (S99)
n()n’r
E.N T o ¢ T
«No(x) K, = TWQVIGX + 3/2W ( wiw, + (n— C)Im)F (S100)
Ny /N1 o
Ex tr(No(x)No(x) ) = 0y, 7. (S101)

One may interpret the substitutions in eqn. as a tool to calculate the expectations above to leading order as it leads to terms
like eqn. (S51). Next we recall the substitution (S62),

Y — wQX + €. (S102)
\/onrt
As above, we consider the leading order behavior with respect to the random variables w, €2, and W5 using eqn. (S51) to find
1
Euoe[Y'Y] = n—OXTX + 021, (S103)
2
Euaews Y Exy(x)K,.] = UW2ZCXTX + 3@ X"W/'F (S104)
' g ny/*n
0 1
2
By, [No(X) T No(X)] = W2 pT (S105)
n1
T oy CS/Q iy, ¢
v, [No(X)TExNo(x)K, | = TFTW]X + T;FT(;Wlwf + (=1, F. (S106)
Ny’ N1 1 0
P~ Y x4 = cor, (S107)
Vo
we can write,
VC T VC T T T C T T
—F' WX+ —=X W, F=F'F XWW —()Or0F. S108
o 14+ o 1 T 1 WX —(n—()0r0F ( )

13



Putting these pieces together, we have

Ey =1+wvoy,n (S109)
E2 = E21 + I/EQQ (SllO)
E3 = F31 + E3p +vE33, (S111)
where v = 0 with centering and v = 1 without it,
1
Fy = —Etr ( W"‘CXK XT+ — FK'FT + < WIXKXTw — n= CeFK 1@T> (S112)
”0 non1 n0n1 non1
202 2 +3/2
Epp = ——WaR ¢y (W23<2K_1FTW1X +— < K FTwawF+ =5 C 1FTF) (S113)
ny nO/ nonl
Eg = o?Etr (K 'S3K71) (S114)
1

By = —Etr (XK 'S3K'X ") (S115)

ng

2
Bys = 2Rty (FK'S5K ' FT) | (S116)

ni

and,
2 . o2, (2 o2 _
Yy = ch 22 XTX+ ( i, + Lf)FTFJr ¢ FTW1W1TF+ i, —2- X TW Wi X M@}@F. (S117)
no nonq ni non On nonq

S5.2 Linear pencils

Repeated application of the Schur complement formula for block matrix inversion establishes the following representations for
Es1, Egg, E31, E32, E33.

S5.2.1 Eo
A linear pencil for E»; follows from the representation,
E21 = tl”(U2TlQ2711Vv21) 5 (S118)
where,
T _ 20,0 (n—¢) 1, I,
Upp=(0 =22 0 0 0 2= 00000 -2 00 (S119)
vi=(0 00 —¥a 0 000 0 L, 000 0) (S120)
and,
o0 0
Qu=| 0 Q3 Q3 (S121)
0 0 33
with,
CXTG'Z fm—coT T
I, (’Y+UI2/V2 (77/70) n0W2 77nf ~ %u
11 -X I, 0 0
_ n (S122)
21 . ﬁnfceF 7% Inl 0
0 O - 1—r I‘no
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L (v 403, (1 =¢)) 0

T 2
(X o'W2

Vn—=C(Op  VTXT

fW n1 Vnoni
» —Op Iy —2r 0 0
21 = -X 0 0 0
—Vi—COr 0
0 0 0 W' I,
-05L 0 0 0 0
\/CW-
0 00 Aomg O
22_1 0 00 0 0
0 0 0 0 0
0 0 0 0 0
I,, 0 0 0 0
/m—col (XT3 T
V= COh Ly (y+od, (f —¢) Yok o X
e VisGer e 0
0 ' 0 I 0
n1W1T 0 — 1T O Ino

S5.22 FEso

A linear pencil for Fsy follows from the representation,

By = tr(UQu Vas),

where,
2y/CIny 03y, (no(n—{)+(nio} 2(¢—n)Iny 05
Ug; _ <0 _ ny Wz( — Wz) 0 ny Ty O 0 0
1 n1
Vohb=0 0 0 0 0 —nyl, 0
and,
Ing 0 -X 0 0
_ _ VoW
W In, 0 0 Vemol,
¢cx o, VI—CO T
2 2 ’ F V<X
o 0 Im(vtoiy, (n'=¢)) 0 0 T VEont
Qa2 = 0 0 —V1—COF Iy, —2 0 0
199y,
vew," T
0 — 0 W, Ing 0 0
N Y O
T
0 0 0 0 0 -w, Ing
S5.23 FEg

A linear pencil for E3; follows from the representation,

B3y = tr(UL Q31 Var),

where,
T _ 2
Us, = (mUEIm

15

000000 0),

Vi=@0 0 0 0 0 I, 0 0)

(S123)

(S124)

(S125)

(S126)

(S127)

(S128)

(S129)

(S130)

(S131)



and, for § = (no(C —n) — Cnlol%vg)’

Q31 =

S5.24 FEso

Im ('Y+0"2)V2 (77/ _C))

-X
—Vn—COr

0
0

0

CXT”‘Z/VQ m('); Vex T _4 XT"%/VZ 0 \/T/—C(');B
no ny Von1 n% ng n§1
Ing 0 0 0 0 0
_Yow g 0 0 _SVn=Seraiy, 0
Ve n o
Wyl o2
T 1 W
0 W Ing 0 0 — 2
0 0 0 Ing -X 0
xTofy, 2 [ Vi=<ep
0 0 0 Tt In(vtod, (n—¢)) T E
VW
0 - ml —V/n—COF 1711
0 0 0 0 —-w"

A linear pencil for F35 follows from the representation,

where,

B3y = tr(ULQ55 Va2),

@:mhooooooom,@:@ooo

and, for 8 = (no(¢ —n) — C”W%%)

Q32 =

$5.2.5 Eas3

I ('Y+U\2/V2 (77/—()) 0

-X I,
—-X 0
—vVn—COr
0 0
0 0
0 0
0
0

cxTo2

Vi—<ep

Wy vex T Wy
no n1 Vo1 n2
0 0 0 0
Ing 0 0 0
\/CW:
s In, 0 0
0 W I, 0
0 0 0 Ing
¢x oy,
0 0 —
_ VW,
0 0 70
0 0 0

A linear pencil for F33 follows from the representation,

where,

T
33

T

Vi—CO LB
0 e
ngn?
0 0
0 Ve,
Vronl
_C\/77]7(@F6‘2A/2 0
70
<oy
0 wy (%'*‘Tz)
X 0
I 2 ’ "‘fe;
m ('H'UWZ (n _C)) ny Von1
—Vn—(Or In,
0 -w,"

Es3 = tr(U5Q35 Vaz)

(0 Iy,o%, 00000000
(000000000
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_nllnl

iy
000 0 L 0)

o
N

0)

(S132)

(S133)

(S134)

(S135)

(S136)

(S137)
(S138)



and, for § = (no(C —n) — Cnl”l%vg)’

¢xTod, a—col T 3xTo} vi—ce],
2 ’ Wo n—C¢Op VX Wo n—COpB
I (v+oiv, (n'=¢)) 0 0 o T T 0 A 0 0
—Vvi—Cer I, - 0 0 0 0 0 0 0 0
-X 0 Ing 0 0 0 0 0 0 0
Vew, "
-X 0 0 Tng 0 0 0 0 S 0 0
2
_ — _ VTwy 7<vn7<(—)p0w2
Jicter 0 0 WL, 0 0 2 0 0 0
= Cody,
Qs3 0 0 0 0 . A 0 0 w,' ("n—l‘ - ) 0 0
0 0 0 0 0 0 Ing s 0 0 0
x oy NG T
2 2 ’ 7 F V<X
0 0 o0 0 0 0 = I (v+oty, (n'=C)) 0 - T
W-
0 0 0 0 0 0 - —Vn—COr In, 0 0
0 0 0 0 0 0 - ‘/ZXZI —V=COr 0 I 0
0 0 0 0 0 0 0 0 0 W I,
(S139)

S5.3 Operator-valued Stieltjes transform

Even though the individual error terms Fsq, Fos, F31, 39, F'33 can be written as the trace of self-adjoint matrices, the individual
() matrices are not themselves self-adjoint. However, by enlarging the dimensionality by a factor of two, equivalent self-adjoint
representations can easily be constructed. To do so, we simply utilize the identity,

UTQV = 0TQV = (20T V) (g Qg) (5‘9) . (S140)

Observe that Q21, Q22, @31, @32 and Q33 are all self-adjoint block matrices whose blocks are either constants or proportional to
oneof {X, X" Wy, W', O, @;}; let us denote the constant terms as Z. As such, we can directly utilize the results of [31!/40]
to compute the error terms in question.

For each linear pencil, the corresponding error term can be extracted from the operator-valued Stieltjes transform G : M4 (C)™ —
M4(C)*, which is a solution of the equation,

Z2G =11+ 1(G)G, (S141)
where d is the number of blocks, 7 : My(C) — M,4(C) defined by
(D)i; =Y _ oli,k;l, j)ox Dy (S142)
kl

where ay, is dimensionality of the kth block and o (i, k; [, k) denotes the covariance between the entries of the ¢j block of Q
and entries of the k[ block of Q). Eqn. (S141])) may admit many solutions, but there is a unique solution such that ImG > 0 for
ImZ > 0.

The constants Z, the entries of o, and therefore the equations (S142) are manifest by inspection of the block matrix representations
for (). Although the matrix representations are too large to reproduce here, we can nevertheless extract the equations satisfied by
each entry of GG, which we present in the subsequent sections.

S5.3.1 Ex

The equations satisfied by the operator-valued Stieltjes transform G of Q5; induce the following structure on G,
(0 G
G = <GT2 0 ) , (S143)
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where,

gs O 0 0 0 O 0 0 0 0 O 0

0 g 0 g 0 0 0 0 0 0 0 0

0 0 go O 0O O O O 0 0 0 0

0 g2 0 gio O 0 0 0 0 0 0 0

0 0 0 0 gs O 0 0 0 0 O 0

6 0 0 0 0 g 0 g5 0 g4 0 g7

G._| 0 0 0 0 00 g 0 g 0 0 0
2= 9 0 0 0 0 0 0 g1 0 g5 0 0
0 0 0 0 0 0 gi12 0 g0 O O O

0 0 0 0 0 0 0 0 0 ¢ O 0

0 0 0 0 0 0 0 0 0 0 g5 O

0O 0 0 0 0 0 0 0 0 g 0 gn

0 0 0 0 0 0 0 0 0 0 O 0

0 0 0 0 0 O 0 0 0 0 O 0

and the independent entry-wise component functions g; combine to produce the error E»; through the relation,

_galn=¢) | 2V/Cg6 0%y, g2
no (4 no’
and themselves satisfy the following system of polynomial equations,

B

0=1—-g

0= v/Cgogi1v/no — gi2¥

0= v/Cgegi1v/n0 — g0 + ¥

0= gr(n — ¢) + vV/Cgeg11v/no

0= gsgrinov/n — ¢ — g3d (v + oiw, (n' = ¢))

0= —/Cgsgov) — gov/nod (v + o, (n' =€)

0= —/Cgsgiath — (910 — 1) /oo (v + Ty (n =9)

0 = gov/nod (v + i, (1 — €)) + g8 (v/Cg109 + Cg6v/nooiy, )

0= gsgnv(n —¢) — ¢(gsv/n — ¢ — VCgegr1v/no) (o, (C — 1) — )

0= (g0 — 1)vnoo (v + o, (n — <)) + 98(\[(9127,!) + (g9v/nooi, )

0= g1gsnov/n — ¢+ g3 (9s¥(¢ — ) + ¢(v/Cgov/no — 1) (v + o, (n' = €)))

0 = V/Cg1091vn06 (i, (C = 0') =) + G129 (v¢ + o, (— (6 + ' + Cgs))
0=g11(gs9(¢ =) + &(v/Cgov/mo — 1) (v + o, (0" = €))) + b (v + o, (" = €))
0 = g11n0(gs9(n — €) + V/Cg6v/nod (i, (C = 1) = 7)) — 92900 (7 + i, (' = €))
0= got (Yo + i, (6(n" — ¢) + Cgs)) — (v Cg6g11v/m0 + ) (v + o, (1 = €))

0=gs(— v/Cgrt — Vo (v + g1i(n — O) + o, (" + C(g0 — 1)))) + vno (v + o, (' —

SO ODODODODODDODODOoOOO O

99
gi2

Q)

Qocoocoocoococoocococococoo

gio

0= /Cg196vn06 (o, (¢ —1') —7) = g7(¢ — 1) (gs2(¢ — ) + ¢(V/Cgov/mo — 1) (v + oy, (' —

0= gino (g8 (n — ¢) + v/Cgsv/nod (o, (C — ') — ) + 929 (gs%(C — n)
+6(V/Cgov/no — 1) (v + i, (n' = )))

0=g1(gs%(n — ¢) + V/Cgov/nod (o, (C = ') = 7)) + g5v/n — {(gsvo(n — ¢)
—6(v/Cgsv/na —1) (v + i, (' = €)))
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(S144)

(S145)

(S146a)
(S146b)
(S146c¢)
(S146d)
(S146e)
(S146f)
(S146g)
(S146h)
(S146i)
(S146j)
(S146k)
(S1461)

(S146m)

(S146n)
(S1460)
(S146p)
(S146q)

(S146r)

(S146s)



0 =n0( = Cg595%v/n — ¢ +ngsgstv/n — ¢ + gs¥(C — ) (97(¢ —m) — g1)

+vVCgsvnod(97(¢C —n) + 91) (v + i, (' = €))) + 9avd(C — n) (v + o, (0 =€) (S146t)
0 = vnov/n — C(g19sv/nov(n — €) + v/ Ca196n0 (v + aiv, (1" — €)) — V/Co296v0 (v + v, (' — €)))
+ g39(¢ — ) (959 (0 — €) + V/Cgonv/m0d (i, (C = 1') — 7)) + gato(=d) (1 — O)** (v + o, (0 = €)) . (S146u)

After some straightforward algebra, one can eliminate all g; except for gg and gg, which satisfy coupled polynomial equations.
Those equations can be shown to be identical to eqn. (S66) by invoking the change of variables,

VY

2
g6 = %¢TQ7 and gs = (v + gy, (' =) (S147)
In terms of these variables, the error E»; is given by,
E21 :2(7'2/7'1 — ].) (8148)
S5.3.2 FEoy
The equations satisfied by the operator-valued Stieltjes transform G of Q2 induce the following structure on G,
o 0 G12
G = <G1TQ 0 ) , (S149)
where,
gu 0 0O 0 0 0 g7
0 g5 0 g2 0 go O
0 0 go O 0 O 0
Gi2=] 0 g3 0 g2 0 gs O ) (5150)
gu 0 0 0 g1 0 g6
0 0 0 0 0 ¢13 O

gu 0 0 0 0 0 g2
and the independent entry-wise component functions g; combine to produce the error Foo through the relation,

2v/Cgooty, (V(n—¢) + Coly,)

Egy = NG +2gs(n — Q)oty, (S151)
and themselves satisfy the following system of polynomial equations,

0= /Cg11915v/m0 — gratp (S152a)
0= /Cgrgrsv/no — graty + (S152b)
0= g19(g3v/no — V/Cga) — gs/nooiy, (S152¢)
0=—g1%(v/Cgs + gsv/no) — gsv/mociv, (S152d)
0= g1¥(gsv/no — V/Cg2) — V/¢g20iy, (S152¢)
0= g19(v/Cg2 + gav/no) — /Cg20iv, (S152f)
0= g19(g5v/no — v/Cg2) — (95 — 1) Voo, (S152¢)
0=—g1%(v/Cg2 + gav/no) — (94 — 1) /nooiy, (S152h)
0= g1¥(gsv/no — V/Cg1) — V/C (g4 — 1) iy, (S152i)
0= g19(v/Cgs + g3v/no) — V/C(g5 — 1) oty (S152j)
0= —v/Cgr0911% — grv/m0d (v + i, (' — €)) (S152k)
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—V/Cgr0g14% — gev/nod (v + o, (' = €))

0 = —v/€g10914¢ — (912 — 1) Voo (v + aiv, (n' = €))

0=g1(—Cg2+v<(g5 — 94)vno + gsno) — V/C(91 — 1)v/nooiy,

0= glw(\ﬁ% + gsy/no) + \[((97913710 - 99)012/[/2 + 96913/ N0t

0= grv/nod(v + o, (1" = €)) + g10(v/Cgr2% + Cgrv/nooiy, )

0= (911 — 1)vnoo(v + Oiv, (n=9¢)+ 910(\/69141/J + Cg11\/1700‘24/2)

0 = VCg12g13vnod (ot (¢ = ') =) + 918 (0 + o, (= Co + ' + Cguo))

0 = g13(g109(¢C — n) + ¢(v/Carv/mo — 1) (v + o, (0 = €))) + b (v + i, (0 — Q)

0= g6t ( — Cg2 + V/C(g5 — ga) v/no + gsmo) + v/Cv/mooiy, (97(Cge + /< (g5 + g8)v/no + gano) — get))

0= g1y (v + oiv, (6(1' — ) + Cg10)) — (V/Cgrgrav/no + ) (v + o, (' = €))

0= g10( = V149 — Vo (v + g13(n — €) + o, (" + ¢ (911 = 1)))) + V1o (v + o, (' = €))

0= g1ap(— Cg2 + v/C(g5 — 94) Vo + gano) + v/Cv/mociv, (911 (Cgo
+ \/5(95 + g8) /1o + gsno) — grav)

0= v/Cgeg1sv/nod (o, (C—n") —7) — 916(Cgo + V< (g5 + gs) v/no + gsno) (v + o, (n' =€)
+ 9129 (Y9 + o, (= €6 + o' + Cg10))

0= 911/1¢(\/€ng + gsv/no) (v + o, (0 — ) + \/770(0‘24/2 (9109139 (n — ¢) + gsd (v + o, (' — €)))
+ 96913900 (v + o, (1 = €)))

0= v/Cgsaiv, (g100(n — ) — (v Cgrv/no — 1) (v + o, (1 = €))) — gsv/mod (V/Cgrv/nooiv, + get))
(v + o, (" =€) + V/Caa¥ (966 (7 + i, (1" =€) + g10(n — )iy,

0= v/Cgooiv, (g109(n = ¢) — (\/97ﬁ —1)(y+ o, (n =) - 95\/%425(\&%\/7700‘24/2 + ge1))
(v + o, (0" =€) + V<aa0 (960 (v + v, (0 =€) + g10(n — )iy )

(S1521)
(S152m)
(S152n)
(S1520)
(S152p)
(S152q)
(S152r)
(S152s)
(S152t)
(S152u)
(S152v)

(S152w)

(S152x)

(S152y)

(S152z)

(S152aa)

After some straightforward algebra, one can eliminate all g; except for g7 and g1¢, which satisfy coupled polynomial equations.

Those equations can be shown to be identical to eqn. (S66) by invoking the change of variables,

972—\/\/7%72» and g0 = (v +ojy,(n — ()1
The error E5; is then given by,
21/’(4(72 —11) +071)2((12 — 1) ¢ + (Tim207y,)
Foo =2( ——1 5 .
T1 (Ti T2

S5.3.3 Es

The equations satisfied by the operator-valued Stieltjes transform G of Q31 induce the following structure on G,

_ 0 Gio
¢ = <G1T2 0 ) ’
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(S154)

(S155)



where,

g5 0 0 0 0 g O 0
0 g 0 g1 g3 0 0 g4
0 0 g9 0 0 0 g2 O
0 g1 0 gr gio 0 0 g9
G2=1 0" 0 0 g 0 0 ¢ | (S156)
0 0 0 O 0 g5 O 0
0 0 0 0 0 0 g3 O
0 0 0 0 g1 O 0 g7

and the independent entry-wise component functions g; give the error F3; through the relation,

2
ga2no0;

B = o (=) (S157)
and themselves satisfy the following system of polynomial equations,

0 = v/Cgogsv/m0 — g1t (S158a)
0= /Cgrgsv/m0 — grtp + (S158b)
0= —/Cgsg6% — g1v/mod (v + o, (' =€) (S158¢)
0=—/Cgsgne — (97 — 1)v/nod (v + i, (n' =€) (S158d)
0= —Cgrgs® + /Cv/mo ((9ags + g1912) 10 — 919507y, ) — gono) (S158¢)
0= g1vnod (v + o, (1 = €)) + 95 (v/Carto + g1 Voo, ) (S158)
0= /Cgsgr2ny’® — g5 (C11 + /Cv/no (Cgeoriv, — gsmo)) — gronow) (S158g)
0= (g6 — 1)vnood (v + o, (0" = €)) + 95 (v/Ca119 + Cgsv/no0iy, ) (S158h)
0 = v/Cargsvnod (i, (C—1') —7) + 9119 (v + ot (— Co + ¢’ + Cgs)) (S158i)
0=gs(gs¥(¢ —n) + o (VCorvno — 1) (v + o, (0" = €))) + ¢(v + o, (0" = Q) (S158j)
0=gs¥ (v + oy, (— Co+ on' + Cgs)) — (v Cargsv/mo +¥) (v + o, (0 — €)) (S158k)
0= g5(v/Cg11¥ + o (v + gs(n = €) + o, (1" + ¢ (96 — 1)))) — Vo (v + o, (' = €)) (S1581)
0 = /Cgsv (g6 (¥(n =€) + Coivy) — gano) — V1o (V/Cgzg6 /ot + ganod (v + o, (1 — ¢))

+Cg1980 (Y + o, (0 — €))) (S158m)
0= /€59 (911 (¥ (n = €) + (o) — gromo) — Vo (V/Cg2g11v/m0v + ganod (v + o, (0" — )

+¢grgsd (v + o, (' = C))) (S158n)
0= g5 (= V/Cgomoy + (v/noaiv, (Cor0, — gamo) + v/Cgrip ((n — €) + Coiy ))

—10(gav/nod (v + o, (1" = €)) + 92(VCgr + Cg1v/mooi, ) (S1580)
0 = g5( — V/Cgrono¥ + (v/nooiv, (Cg60iv, — gsno) + v/Cor19 (W(n — €) + Coiw, )

—no(gsv/nod (v + aiv, (0" =€) + 92 (V<g11 + Cge /ooy, ) (S158p)
0= g2gsm09 (1 — ¢) — g5 (¢ — ) (989 (¢ — 1) + gr2mo) — Vo (912 (v/Cgimo — v/no)

+v/Cgs(9am0 — Ca100,) ) (v + iy (0" = €)) + Cargsvoo (v + aiv, (' = €)) (S158q)
0= gano(— v/ Cg11v — Vno (v + gs(n — O) + o, (0" + C(g6 — 1)))) + g5 (v/no (gs1(¢ — n)*

+g12n0(C = 1) — V/Cgrov/not — Cgsnooiv, + ¢ gsow,) + v/ Cotp (v(n — Q) + (ot ) (S158r)

3/2

0= ganot (Y6 + oiv, (6(n' =€) +Cgs)) — v/ C(gagsmg * 6 (v + o, (0 — ¢))
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+ g1vnod(g12no — Cgsoiv, ) (v + oiv, (1" — €)) + V/Caevboiv, (Cgsotv, — gamo))
0 = gronot (16 + ot (6(n' — ) + Cs)) — V/<(grg12my*6 (v + i, (' = €))
+ gsv/nod (gono — Cgroi,) (v + oiv, (1 — €)) + V/Cor1vboiy, (Cgso, — g2n0))

(S158s)

(S158t)

After some straightforward algebra, one can eliminate all g; except for g; and g5, which satisfy coupled polynomial equations.

Those equations can be shown to be identical to eqn. (S66) by invoking the change of variables,

91 = \/\/7%5727 and g5 = (v+ i, (1 = €))7

The error E5; can then be written in terms of 71 and its derivative 71 (S87)

b}

E31 20'3(—7'{/7'12—1).

S5.34 Ess

The equations satisfied by the operator-valued Stieltjes transform G of Q35 induce the following structure on G,

. 0 G12
¢= <G1T2 0 ) 7

where,
g9 0 0 0 0 0 g 0 O
0 g1 93 0 g2 gr 0 0 g
0 0 go 0 g2 g13 0 0 g5
0 0 0 912 0 0 0 g6 0
Ge=| 0 0 g5 0 g1 gu 0 0 g5 |,
0 0 0 0 0 gi1o0 0 0 ga
0 O 0 0 0 0 g9 O 0
0 O 0 0 0 0 0 g2 O
0 0 0 0 0 915 0 0 gi11

and the independent entry-wise component functions g; give the error F39 through the relation,

E3p = —92718/2/(\/&?)7
and themselves satisfy the following system of polynomial equations,
0= /<gi0g12v/no — gi5¢
0= v/Cgagi2v/mo — g1y + 4
0= —v/Cgogro) — gav/nod (v + oiv, (n'"=¢))
0= —v/Cgog15¢ — (911 — 1)v/nog (v + aiv, (n' = ¢))
0= —v/Cgo¥ — V/Cgagoth — ga/nod (v + o, (n' — ¢))
0 =—/Cg6g10% — \/Cgog1s1) — 95v/nog (v + 02w2 (n"=¢))
0= —/Cgog1at — \/Cgegist) — gsv/nod (v + o, (n' = C))
0= v/Cgsg12m0 + /Cga(g16m0 + 912 (¢ — o — oy, ) ) + gsv/no(—1)
0 = gav/nod (v + o, (0 =€) + g0 (V/Cag11¢ + Cgav/nooiy, )
0= gsv/nod (v + o, (0 = €)) + 90 (V/Cars + Cgrov/nooiy, )
0 = V/Cgizgiano + V/Cgio (916m0 + 912 (C¥ — ¥ — (o)) + g1av/no ()
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(S160)

(S1el)

(S162)

(S163)

(S164a)
(S164b)
(S164c)
(S164d)
(S164e)
(S164f)
(S164g)
(S164h)
(S164i)
(S164j)
(S164k)



0= (g10 — 1)vnod (v + i, (0" =€) + 9o (v Ca15¢ + Cgrov/noain, ) (S1641)

0=—vC((g1 + g3) g6 + g799) % — ¥g2v/N0d + Cg2v/M0bTiy, + g2/no(—d)n' oty (S164m)
0 = V/Ca11912v/m00 (i, (C = 10') =) + 9159 (¢ + i, (— Cd + ¢’ + (go)) (S164n)
0= g12(go¥(¢ — 1) + &(V/Caav/mo — 1) (v + o, (0" = €))) + (v + o, (' — €)) (S1640)
0= g10% (Y9 + i, (— (o + o' +Cgo)) — d(V/Cgagrav/no + ) (v + i, (0 = €)) (S164p)
0= go(v/Cq15¢ + vno (v + g12(n — €) + o, (0" + ¢(910 — 1)))) — Vno (v + o, (0" = ¢)) (S164q)
0= —v/Cgagrav/nod (v + o, (n" = ¢)) + g3 (vé + o, (— (o + o' + Cgo)) + Cgovhoriy, (S164r)
0= g7no¢(7 + U%/VQ (77/ - C)) + ge (\@915\/7701/1 + Cglonoffa/z,) + g9 (\/5914\/7701/1 + C03v2 (913n0 — CgmUan)) (S164s)
0 = 7g2n00 + /Cgsgov/not + gs (v/Cgr1v/noy + (ganoaiy,) — Cganodaty, + (gsgonociy,

+ g2nodn'oty, — (*gagaaiv, (S1641)
0=gs(— v/ Cgrsv/now — no (v + g12(n — ¢) + o, (0" + ¢(g10 — 1)))) + g0 (g129(¢ — m)*

+ gi6m0(¢ — 1) — V/Cgrav/now — Cgiznoaiy, + nglodévz) (S164u)
0 = vgsnod + v/Cgsgov/nowh + /Cgegiin/noth + Cga(genooiv, + g2 (v + oty (0 = €)) — Cgooivy, )

— Cgsn0dTiv, + CgsganoTiv, + gsnodn o, (S164v)
0 = vg13n0¢ + v/Cgeg1sv/not + Cgio (genooiv, + g120 (v + o, (" — €)) — Cgooiy, )

+ 99 (\[CQM\/TTM/) + C913n0012/v2) - Cg13n0¢0x2/v2 + 913710(;577/0‘2/V2 (S164w)

0= —v/Cg120(7 + 7w, (0" = ¢)) (Vo (gsno + g11 (C¥ — m — Coi,)) — V/Cqasv)
+ gunot (Y6 + o, (— Co+ o' + Cgo)) — VCangreng > d (v + oiv, (' = €)) + Carsvaiv, (g6m0 — Cgooiv,)  (S164x)
0= go¥(—(¢ — ) (g12%(C — 1) + g16m0) — V/Cgav/mod (v + o, (0" = €)) (91670 + 912 (¢ — i — Coiy )

+no(geg12¥(n — ¢) + ¢(g16 — V/Cgsg12v/m0) (v + o, (0 = €))) + Carog1200 (v + o, (1 =€) (S164y)
0= gianov (v + o, (— Co+ on' + Cg0)) — VCgav/nood (v + aiv, (1" = €)) + V/<asgr2ny *¢(oi, (¢ — ') — )
(g16m0 + g12 (¢t — b — (o, ) + Cgr0¥ (gemooiv, + G126 (v + o, (0" = €)) = Cgorivs, ) (S1642)

0= 7/ Ca2g12n5 % ¢ + vgr10%d — /Cgan/mod (v + oty (1 — €)) (91670 + 912 (¢80 — b — Coy )
+ Cgst(genoaiv, + 9126 (7 + i, (1" = €)) — Cao0i,) + ¢*gagrany 2 by, — Cgotboi,
+ n0én T, (979 — V/Cg2g124/M0) + Cgenoaiy, + Cgrgenotaiy, — (grnotdoiv, (S164aa)

After some straightforward algebra, one can eliminate all g; except for g4 and g9, which satisfy coupled polynomial equations.
Those equations can be shown to be identical to eqn. by invoking the change of variables,

WV
\/710(1)
In terms of 7, 72, and 75 (S88), the error F5 is given by,

g1 = T2, and go= (y+op, (0 —¢))m. (S165)

Fsy=1—2m/m —15/72. (S166)
S$5.3.5 FEss

The equations satisfied by the operator-valued Stieltjes transform G' of Q32 induce the following structure on G,
_ (0 G
G = <GT2 0 ) , (S167)

23



where,

gz 0 0 0 0 0 0 gg 0 0 0

0 gp 0 0 95 0 0 0 gn g3 0

0 0 g1 g2 0 g6 g9 0 0 0 g

0 0 0 giu 0 96 g1 O 0 O g7

0 0 0 0 g O 0 0 g2 g2 O
G2 = 0 0 0 gi9 0 g5 is 0 0 0 g0 [, (S168)

0o 0 0 O 0 0 guia O 0 0 gs

0O 0 0 0 0 0 0 gy 0 0 0

0O 0 0 0 0 0 0 0 ¢ g5 0

0 0 0 0 0 0 0 0 0 gi6 O

0o 0 0 O 0 0 gi9 O 0 0 g5

and the independent entry-wise component functions g; give the error Es35 through the relation,
B33 = —ganooiy, /v, (S169)

and themselves satisfy the following system of polynomial equations,

0= /Cgragev/no — gr1o9) (S1702)
0 = /Cgsgrov/m0 — g153 + (S170b)
0= —/Ca13912% — gov/mod (v + iy, (1" — €)) (S170¢)
0=—vCgisg19% — (915 — 1) Vnod (v + o, (n' = ¢)) (S170d)
0= —v/Ca1s¥ — /Cgagrsh — gsv/nod (v + o, (n' — ¢)) (S170e)
0= —/Cosg1a% — /Ca13g179 — grv/mod (v + i, (0 — €)) (S1701)
0= —/Ca13918% — /Cgsgrot — grov/nad (v + oty (1 =€) (S170g)
0 = g139160(C — 1) — B(95 — V/Cg6g163v/0) (v + T, (1" —€)) (S170h)
0 = gev/mod (v + aiv, (' — €)) + g13(V/C15¢ + Cg6v/nooiv, ) (S170)
0 = gav/nod (v + i, (1 — €)) + 913 (V<9109 + Cgrav/nooiv, ) (S170j)
0= (g1a — )vnoo (v + o, (0" = €)) + g13(v/Cgr0 + Cgrav/nooiy, ) (S170k)
0=—vC((g9a +1)gs + gogis)¥ — 792v/n0¢ + Cgav/modaiy, + gav/no(—¢)n' oty (S1701)
0=/ Corsg16v/n0d (o, (C—n') =) + 10 (v¢ + o, ( — Cd + én' + Cgus)) (S170m)
0= g16(g13%(¢ — ) + 6 (v/Cgev/mo — 1) (v + o, (0" = €))) + ¢ (v + o, (0" =€) (S170n)
0 = g13(v/Cg10% + Vno (v + g16(n — €) + v, (0 + ¢ (914 — 1)))) — Vo (v + o, (' = €)) (S1700)
0 = g1a¥ (¢ + oiv, (d(n' — €) + Cg13)) — ¢ (v/Cg6g16v/n0 + ¥) (v + o, (1" — €)) (S170p)
0= —/Cg6g916v/M00 (v + i, (' = €)) + gab (¢ + o, (— Cd+ o' + Cars)) + Cqrstboiy, (S170q)
0 =1/C(g7g16 + g6 (912 + g20) )10 + grov/mo(—) + /Cge (¥ (¢ — n) — Cotv, ) + /Cgsg6 (C¥ — mp — Coy,) (8170r)
0= /C(g16917 + g14(g12 + g20) )0 + G18v/no (=) + /Cg1a (V(C — n) — Coty ) + V/Cgsg14 (C¥ — o — oy, (8170s)
0= g139(¢ — ) + g5 (9130(¢C — ) + (v/Cgev/mo — 1) (v + o, (0" = €))) + V/Cgsv/mod (v + oiv, (' = ¢)) (8170t)

0= gonod (v + i, (0 = ¢)) + 98(\/5919\/”01/) + Cg1anooiy,) + 913(\/@18\/”01/} + Cotv, (g17m0 — Cgra0iy, ) (S170u)
0 = vygano¢ + \/Egloglsx/nolﬁ + gs(\/Zgw\/ﬂolﬁ + CQGROU‘Q/VZ) - C92n0¢012zv2
+ C97913n00€v2 + gzno¢n’03v2 - CQQGQIBUéVZ (S170v)
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0 = g1agie¥(—(C — 1)) (¥(C —n) — Coi,)

—¢(y+ o, (1 =€) (— Cg14916¢ + V/Cg6916v/n0 (CY — M — Caiy, ) — gaomo) (S170w)
—VCo(v + o, (1" =€) (96v/no (C¥ — M — oty ) — V/Cgr1at) + gaono (g13¢(n — €)

~6(V/Cgavno — 1) (v + i, (0" = €))) + 9159 (— (¢ = 0) (¥ (¢ =) = Coiv,) (S170x)
0= ($(¢ =) = Coi,) (9139 (1 = ©) + VCgov/nod (o, (¢ = ') = 7)) + no (9139209 (0 — €)

+ ¢ (911 — V/Cg6920v/10) (7 + T, (1" = €))) + Cgapd (v + o, (0" =€) (S170y)
0 = ygrnod + /Cgi0g13v/not + \/Cgsgisv/not — Cgrmodoiy, + Cgegsnociv, + Cgrgisnociy, + grnodn oy,

+Cg60 (v + v, (0 =€) + Cgs g6 (v + o, (0" — €)) — Cgegrsoi, (S170z)
0 =~g17nod + \/6913918\/7701/1 + \/698919\/%¢ - Cg17no¢0‘24/2 + Cgsgmnoaa{@ + C913917n0(7€v2 + 917no¢77,0x24/2

+Cg140 (v + oty (1 =€) + Cg59140 (v + o, (0 = €)) — Cgr3graoiw, (S170aa)
0=gs(¥(¢C —n) — Cotv,) (g130(n — C) + V/Cgev/nod (o, (C — 1) = 7)) +n0(¢(g5 — V/C(g6912 + g2916) /o)

(v + v, (0 =€) — (912913 + g3916) ¥ (¢ — 1)) + Cgags v (v + o, (0 =€) (S170ab)

0= (&(¢ =) = o) (9139 (1 — ©) + VCgov/mod (o, (¢ = ') = 7)) + 95 (9139 (— (¢ = m) (¥(C — ) = (o)

— Vo (v + o, (1" =€) (g96v/mo (C¥ — m — Cot,) — V/C1av)) + grimod (v + o, (' — €))

+ Cgavd (v + ot (' — Q) (S170ac)
0 = g12no (g13%(n — ¢) — d(v/Cgev/mo — 1) (v + i, (0 = €))) — 916 (980t (C — 1) + v/ Cgrni > d (v + o, (0 = €))

+ Cg130(C — 0o, ) + g5 (9131 (—(C — ) (¥(¢ —n) — (o)

—VCo(v+ o, (1" = €)) (96v/no (C¥ — mp — Coty,) — V/Cgrap)) (S170ad)
0 =7/ Cargreny>¢ + v/ Cgogaong > 6 + gsgrenow(C — 1) + Cgisgaonoy — ngisgaonot

+ g12n0 (9139 (¢ — ) + ¢(V/Cgsv/no — 1) (v + i, (' = €))) — ¢ grgiony > dor, — ¢ gogaony > poty,

+ \[(97916 + 96920)n0 on UW2 +¢ 9139161/JU\2A/2 - Cnglsgw’lb(f‘%vz (S170ae)
0= —vgsno — v/Cgrsgisv/no — v/Cgsgron/noy + (gragisno + Cgsgieno + giagaono — ng12g13no

— ngsgieno — Ng13g20mo + Cgsnociy, — Cgsgianooiv, — (13917001, — gsnon iy, + (29139140,

+ Cgrsgieoiy, +g13(C — 1) (V(C —n) — (o, ) + g5913(C — 0) (C¥ — b — Co, ) — Cngrsgreoy, (S170af)
0= 7v/Cgsgrng/ ¢ +v1/Cgegring > é + Cgsgsnow + Cgr1gianot — ngsgsnoty — ngi1gianoty

+ gsno(9139(¢ — 1) + 8(v/Cgev/mo — 1) (v + o, (" = €))) + no(gsv(¢ — )

+V/Coav/mod (v + aiv, (0 = €))) — ¢ P gsgrn*boty, — ¢ geguing*¢oty, + /Cosgrn*on’ oy,

+ \[C96911n3/2¢77/0‘2zv2 + Cgsqisvhoiy, — (ngsgisvoiy, (S170ag)

~V/€g6v/nod (¥(¢ =) — (o, ) (v + i, (0" = €)) = V/Cgagev/mod (¥(¢ — 1) — Coing ) (v + i, (0 =€)

+ gonot (Y + oy, (6(n' — ¢) + Cara)) + Cgatr(gsmooiv, + 958 (v + o, (0 = €)) — Cqrzow,)

- \/E(92916 + 96 (912 + 920))”3/2¢>(’Y + 0‘24/2 (?7' - §)) + Cwo‘a@ (ggno — §glga€V2)

+Cgavd (v + o, (1 = €)) (S170ah)
0= —7v/Cgeg12n5/° 6 — v/ Cargrony >d — v\/Cgegaony ¢ + vgrrnotrd — /Co (v + oty (' — €))

(96v/no (¢t = m = (o) — V/Cguath) — V/Cgsd (7 + o, (0" = €)) (96v/no (¢ — mt — (o) — V/Cguath)

+ ¢ gegrand* ¢oty, + 2 grgreny doty, + 2 gegaony  $ot, — nodn' oiv, (V< (97916 + gs (912 + 920) ) V10
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— q17) + Cgsgranothoiy, + Cgi3girnotboty, — Cqrrnotéoty, — CCgi13g1atay, (S170ai)
0 = —yv/Co12015m3"* ¢ — 71/Cgrogiony > — 11/ Caisgzony* + ygrsmovrd — v/Co (v + o, (1 — €))

(g15vn0 (St — o — Coiy,) — V/Cgro¥) — V/Cgsd (v + o, (n' — €)) (g15v/n0 (S — o — Coiy,) — Cansnotbooiy,

—VCqro9) + ¢ gragisny *dory, + ¢ grogi6ny *dory, + ¢ g15g20ny 2doy, — CCgrsgrotia,

— nodn' oy, (\/2(910916 + 915 (912 + g20) ) V10 — g18%) + Cgr3gisnotpoiy, + (gsgronotoiy, (S170aj)

After some straightforward algebra, one can eliminate all g; except for gg and g;3, which satisfy coupled polynomial equations.
Those equations can be shown to be identical to eqn. (S66) by invoking the change of variables,

vy

96 = — faST and g3 = (v +ofy, (1 = ()7 (S171)
In terms of 71, T, and their derivatives 7'1 , 7'2 , the error E33 is given by,
B33 = oy, [(n + (o, (n’ — O+ N7+ 0f,C75) /T8 — 1) — Eas. (S172)

S6 Exact asymptotics for bias and variance terms

Following Sec. for each random variable in question we introduce an iid copy of it denoted by a tilde. Using this simplifying
notation and recalling P = {Wy, W5} we have,

B =E(y)(y —Epxoi(xP X e)) (8173)
= By Epx .o Ep 5.6 — 906 P, X, )y — i(x; P, X, &) (S174)
=1+ Es; + Hopo, (S175)

where 5 was computed previously and Hyog and the other H;;i(also defined above) are,
Hooo = Ejj(x; P, X, €)j(x; P, X, &) (S176)
Hoo1 = Ejj(x; P, X, e)ij(x; P, X, €) (S177)
Howo = Ej(x; P, X, €)§i(x; P, X, €) (S178)
Hop = Ej(x; P, X, €)§i(x; P, X, €) (S179)
Higo = Ej(x; P, X, €)jj(x; P, X, &) (S180)
Hyy = Ejj(x; P, X, €)j(x; P, X, €) (S181)
Hi10 = Eg(x; P, X, e)y(x; P, X, €) (S182)
Hiy1 =Ey(x; P, X, e)i(x; P, X, ¢), (S183)
where the expectations are over x, P, X, ¢, 13, X, and &. Recalling the definition of ¢,
9(x; P, X,€) := No(x; P) + (Y(X,¢) — No(X; P))K(X,X; P) ' K(X,x; P) (S184)

and the techniques described in the previous section, it is straightforward to analyze each of the above terms, which we do in the
following subsections. To aid those calculations, we first note that, similar to above, we can write,

o 2 3/2 5 o 5 5
EyK(X,x; P)K(x,X; P) = ch 2 XTX + 3/5 (X"WIF+FTW X) + ¢ SETWWF (S185)
ng ngy “ny nony
0’2 0’2 ~ ~ ~
_ ( WQCXT + C FTW1)( WQCXT + \[C FTW1)T (S186)
no A/ NoNn1 no A/ NoNn1
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2 2
B (X, PYK (%, X: Py = (W28 T C iy (Twal xr o VC
no V1on1 no /Non1
; T, € ¢ o, € < V<
EyK(X,x; P)K(x,X;P) = (—2 X"+ ——=—F'W))(—2XT + 2>
no A/ NoN1 no \/Non1

S6.1 Hooo

Hooo = Ej(x; P, X, €)i(x; P, X,
=EK(x,X;P)K(X,X;P

=Etr (K(X,X;P)'XTXK(X,X;P)"'K(X,x; P)K(x, X; P))

g)
)

2
=Etr (K(X,X;P)'XTXK(X,X;P)~ (W2<XT Ve FTW1)(UW2<XT+
no

AVALOLG
2
_ 10wt L VC T2
=tr (XK '( o X'+ noan Wh))
EE4

A linear pencil for E follows from the representation,

E, =tr(UF Q' Va)?,

“Y(X,8)TY(X,e)K(X,X; P)'K(X,x; P)

JW X

FOVMX) W) T

X))’

Ve

L=< C

1

where,
T ¢l 0'2 f] T nolno
U = 0~ Wo < m V = 0 — =5
4 0 P~ 0 0 nont ) 4 CO“%V2
and,
¢x T o2 N YR T
2 ’ Wo n—C{Op JTX
IM('YJFUWQ (77 7C)) ) n Von1
-X Ing 0 0
= W
@a —vi—ter -4, 0
0 0 L S
0 0 0 0

0

o o © O

Im,

0

\/Nony

Vvnonilm

V<

)

FT)T)

The equations satisfied by the operator-valued Stieltjes transform G of Q4 induce the following structure on G,

(0 G
“= <G1T2 0 ) ’

g5 0 0 0 0
0 ga 0 g2 0
G12 = 0 0 Jde 0 0
0 g7 0 g5 O
0 0 0 0 g

where,

and the independent entry-wise component functions g; give the error E4 through the relation,

E;= (91 —g4)%,
and themselves satisfy the following system of polynomial equations,

Ozl—gl
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(S187)

FTf(W1X)

(S188)

(S189)
(S190)
(S191)

(S192)

(S193)

(S194)

(S195)

(S196)

(S197)

(S198)

(S199)

(S200)

(S201a)



0 = /Cgagev/mo — g1 (S201b)

0= /Co296v/m0 — g5 + ¢ (S201¢)

—V/Cg392 — go/rod (v + oy, (' =€) (S201d)

/€397 = (95 — 1) Voo (v + oy, (n' = <)) (S201e)
0= gav/n0e (v + oi, (' =€) + 93 (VS5 + Cg2v/maoiy, ) (S201f)
0= (g4 — 1)Vrop(v+ oy, (0 — €)) + 95(v/Car¥b + Cgay/mooiy,) (S201g)
0= /Cgsgov/mod (o, (C—1') =) + g7 (v0 + o, (= (o + o' + Cgs3)) (S201h)
0= g6(g30(C — ) + & (v/Ca2v/mo — 1) (v + o, (' = €Q))) + & (v + o, (0 =€) (S201i)
0= g3(v/Cart) + vno (v + g6 (n — ) + oy, (0 + ¢ (92 = 1)))) — Vo (v + o, (' = Q) (S201j)
0=gs¥p (79 + 0y, (= Co+ o' + Cg3)) — &(V/Cgagov/mo + ) (v + oy, (11 =€) (S201k)

After some straightforward algebra, one can eliminate all g; except for go and gs, which satisfy coupled polynomial equations.
Those equations can be shown to be identical to eqn. (S66) by invoking the change of variables,

Ve

g2 = =g and g3 = (y+op, (0 —¢))m. (S2011)
In terms of the related variables defined in eqn. (S89), the error Ej is given by,
Ey=73. (S201m)
$6.2  Hyo
Hoo1 = Ejj(x; P, X, €)§(x; P, X ¢) (5202)
= EK(x, X; P) (X, X;P)7'Y(X,e) Y (X,e)K(X, X; P) " K(X,x; P) (S203)
=Etr (K(X,X;P) ' X" XK(X,X; P)'K(X,x; P)K (x,X; P)) (S204)
= Hooo (S205)
S6.3 H010
Hyio = Ejj(x; P, X, €)j(x; P, X, ) (S206)
=EK(x,X;P)K(X,X;P)"'V(X,8)TY(X,e)K(X, X; P) ' K(X,x; P) (5207)
=Etr (K(X,X; P)"'XTXK(X,X; P)"'K(X,x; P)K(x, X; P)) (S208)
=Etr (K(X, X;P)'XTXK(X,X;P)"'K(X,x; P)K(x, X; P) (S209)
2 2
no Vom no Vo
= Fs. (S211)
A linear pencil for E5 follows from the representation,
Es = tr(ULQ5'V3), (S212)
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where,

_ V/nonalng

Ug:(o%ooooooo),V5T:(00000000 7 (8213)
and,
(vt (=) 0 Db STk voxr Sedn 0o
-X I, 0 0 0 0 0 0 0
m i T
-X 0 Ing 0 0 0 0 L o
3/2771 0’2
Qs = SGer 0 SR hy 0 St ’ c (S214)
> 0 0 0 W I, 0 0 0 0
0 0 0 0 0 Ing -X 0 0
To2 Y=
0 0 0 0 0 X nofVQ I (ytoi, (n'=¢)) niO; f%(;
0 0 -Yahn NGE=CT In, 0
0 0 0 0 0 0 0 W I,
The equations satisfied by the operator-valued Stieltjes transform G of Q5 induce the following structure on G,
0 G12>
G= , (S215)
<G1T2 0
where,
g 0 0 0 0 0 g6 O 0
0 g1 95 0 g8 g3 0 0 ¢
0 0 gio 0 g8 g13 0 0O g7
0 0 0 gi2 O 0 0 0 0
G12 = 0 0 gis 0 gi1 gi14 0 0 ga 5 (8216)
0 0 0 0 0 gio 0 0 gg
0 0 O 0 0 0 g9 O 0
0O 0 O 0 0 0 0 g2 O
0 0 0 0 0 g5 O 0 gn
and the independent entry-wise component functions g; give the error F5 through the relation,
Es = 792\/n0¢ : (S217)
VY
and themselves satisfy the following system of polynomial equations,
0=1-gq (S218a)
0= V9109120 — 9159 (S218b)
0= /Cgsgrav/no — guty + ¢ (S218¢)
0= V/Cg12v/no (970 — Cgsoiv,) — gavbe (S2184d)
0= \[4912\/770(91%25 — Cgloa\%vz) — 140 (S218e)
0= —/Cg9910% — gsv/nod (v + o, (0 = ¢)) (S218f)
0=~/ Cgogist — (911 — 1)Vnood (v + o, (' =€) (S218g)
0 =—v/Cg190% — \/Cgs909 — gsv/nod (v + o, (0" = C)) (S218h)
0 =—v/Cgegr0v — \/Cgogrst — grv/nod (v + o, (n' = ¢)) (S218i)
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0= —v/Cgograth — \/Cgsg15v — gav/nod (v + o, (n' — €)) (S218j)

0 = gsv/nod (v + aiv, (0 =€) + 9o (v Ca11% + Cgsv/moaiv, ) (S218k)
0= gsv/nod(y + T, (n=¢)+ 99(\/69151/J + C910\/77005v2) (S2181)
0= (g10 = 1)v/nod (v + v, (n' = €)) + 99 (v/Ca15¥ + Cg10v/n00iv,) (S218m)
0=—vC((91 + g5) 96 + g3g0) % — ¥g2v/106 + Cga/M0dTy, + g21/no(— ) oy, (S218n)
0 = v/Cgr1912v/m06 (v, (C = 1) =) + 9159 (v + o, (— Co + 61 + Cgo)) (S2180)
0= g12(g9%(¢ = n) + (v Cgsvno — 1) (v + o, (0 = €))) + 6(v + o, (n' = €)) (S218p)
0= g10¥ (79 + oi, (— Co+ o1’ +Ca0)) — d(v/Cgsgrzv/mo +¥) (v + aiv, (1" — €)) (S218q)
0 = go(v/Cg15% + Vo (v + g12(n — ) + o3, (0" + ¢(g10 — 1)))) — Vo (v + o, (0 =€) (S218r)
0= —/Cgsgrzv/nod(v + aiv, (0 =€) + 959 (v6 + o, (— Co + o' + Cg0) ) + Cargovoai, (S2185)
0 =/Cgagov0e + Vo (9207 (7 + o, (' — €)) + Cgooiv, (970 — Cgsoiv, ) + g6 (V/Co1196 + Cgsv/modaiy, ) (S2181)
0= g6d(v/Car59 + Vo (v + g12(n — ¢) + o, (0 + ¢ (g10 — 1))))

+ 9o (V/Cg1490 + (oot (9130 — Cgroaiy, ) (S218u)

0= (gsv/nod (v + o, (1" =€) + 96 (v/Co15¥ + Cgr0v/nociv, ) + g9 (VCaravd + Cv/nooiy, (9136 — Cgrooi,))  (S218v)
0 = ¢(v/no(¢gr0912 + 9139) (v + U%VQ (n=¢)+ 96(\/69151/1 + CQIO\/TTOU‘%VQ))

+ 99(\/69141/@ + C\/%U‘Q/[@ (913¢ - Cglodx%vz)) (S218w)
0= 1/Cgagope + vno (970 (79 + o, (— Co + dn' + Cgo)) + Cos (9120 (v + o, (0 =€) — Cgooms,))

+ 96 (V/Co1190 + Cgs/nodoiy,) (S218x)
0=/ Cg26 (v + i, (1" = €)) (V<159 + Vo (Ca110%y, — 949)) + 9140 (76 + i, (— (o + 11’ + Cgo))

+ Cg1590iy, (960 — Cgooiv, ) (S218y)
0= 6(g139 (v + o, (= Co + 61’ + Cg0)) — V/Car2v/m0 (970 — Cgsoiv, ) (v + o, (0" = €)))

+ 9100 (9120 (7 + aiv, (0 = €)) — Cgooiv, + gedoi,) (S218z)
0 = —/Cg2912v/10¢” (v + i, (0 = €)) + Coiv, (V/Cgsgrzv/mad (v + aiw, (0" =€) + g19(ged — Cgooiny, )

+ 930 (79 + o, (0(n' =€) +Cg0)) + Cgstb (9126 (v + o, (1" — €)) — Cgooiv, + gsdoiv, ) (S218aa)

After some straightforward algebra, one can eliminate all g; except for gg and g9, which satisfy coupled polynomial equations.
Those equations can be shown to be identical to eqn. (S66) by invoking the change of variables,

gs = _\/\/%72’ and g9 = (7—1—012,[/2 (' =¢))m. (5219)
In terms of the related variables defined in eqn. (S89), the error F, is given by,
Es =75 (14 ¢ +270)/(1 - 75¢). (5220)
S6.4 Hoy,
Hoy = Ej(x; P, X, e)ij(x; P, X, ) (S221)
=EK(x, X; P)K(X,X; P)"'V(X,8)TY(X,e)K(X, X; P) ' K(X,x; P) (S222)
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=Etr (K(X,X;P) " (XX +02n11,)K(X, X; P) "' K (X, x; P)K (x, X;
=Etr (K(X, X;P)"HXTX +02m1,)K(X, X; P) " K(X,x; P)K (x, X;
2 2
« (0W2<XT + C FTW1)(UW2<XT + \/Z
no \/ﬁnl o \/TToTll
= Ho10 + Es,

P))
)

el

FOX)TI)T)

where,
Es = o2mEtr (K(X,X; P)y'K(X, X; P)"!
A ¢ 7, €

NYCALAS ' S S L PGS L
( Nno + /oy 1)( o + v/ on

A linear pencil for Eg follows from the representation,

Es = tr(Ug Qg 'Vs) ,

fahxfW@T)

where,
T _ (-2 T _ _ Iwm
UL = (2L, 0 0 0 0 0 0 0), Vg _.(0 000 0 b 0 0)
and,
I ( +0_2 ( lfc)) CXTG"%VQ m@; vexT 742mXT<r%V2 0 7C3/2mXT¢7‘2/V2 0
m\ YT Tw, \7 n0 n VTon1 n2 ng/zn1
-X Ing 0 0 0 0 0 0
3/2 2
VW ¢ mWyody, cmw
—vVn—(OF - Iy 0 7753/2 2 0 e 0
Qs = 0 0 —W, In, 0 0 0 0
0 0 0 0 Ing -X 0 0
CXTU%V T \/f(:)T
2 2 ’ VX n—<COp
0 o L (v+aty, (n'=¢)) T o
0 0 0 0 0 Ing -wy
W -~
0 0 0 0 - %1 —VT—COr 0 In,

The equations satisfied by the operator-valued Stieltjes transform G of Qg induce the following structure on G,

. 0 G2
¢= (Gsz 0 ) ’

where,

g5 0 0 0 0 g 0 0
0 g 0 g5 g1 0 g1 O
0 0 gs O 0 0O 0 O

Go = 0 g1 0 g7 gio 0 go O
0 0 0 0 g5 0 g5 0 |°
0 0 0 O 0 g5 0 O
0 0 0 0 gy 0 gr O
0 0 0 O 0 0 0 gs

and the independent entry-wise component functions g; give the error Fg through the relation,

2
g20¢

B ,
M CE A CI))
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(S228)

(S229)

(S230)

(S231)

(S232)

(S233)

(S234)



and themselves satisfy the following system of polynomial equations,

0= \/Cgsgsv/no — g1t (S2352)
0= \/Cgsgsv/no — grp + (S235b)
0= —v/Cgs96% — gsv/mod (v + i, (n' = ¢)) (S235¢)
0= —Cgr9s¢ + V/Cgs /0 (946 — Cgsoiv,) — govbp (S235d)
0=—/Cgsgut — (97 — 1)v/nod (v + o, (' = €)) (S235¢)
0 = —Cgsgn® + v/Cgsv/no (916 — Cgsoiy,) + grov(—¢) (S235f)
0 = gsvnoop (v + o, (0" =€) + g5(V/Car + Cgsv/nooi, ) (S235g)
0= (96 = 1)vnod(v + i, (n' =€) + g5 (v/Co1v + Cgov/nooiv, ) (S235h)
0= v/Cgrgsv/nod(aiv, (C = 1) =) + g1 (v + v, (= (o + én’ + (gs)) (S235i)
0= gs(g5v(¢ — ) + ¢(V<gsv/no — 1) (v + o, (' = €))) + ¢(v + aiv, (n' = () (S235)
= g6¥ (Y9 + o, (— Co + on' + Cgs)) — d(V/Cgsgsv/mo +¥) (v + aiv, (' — €)) (S235k)
0= g5(v/Cgnb + vno (v + g98(n = ¢) + o, (0" + ¢ (96 — 1)))) — Vno (v + o, (' =€) (S2351)
0= /Cg291106 + Vnod(Cgrgs + 998) (v + aiv, (0" — €)) + v/ Cgs (9106 — Conioiy,) (S235m)
0 = g2¢(v/Cg119 + Vo (v + gs(n — ¢) + o, (0" + C(g6 — 1))))
+ 95 (V/Cg1006 — Coiv, (Vg + Vo (Cgeoiv, — 919))) (S235n)
0 = gav/nod” (v + o, (' = €)) + 92(\/Cgrv0e + Cgsv/modoin, ) + g5 (\/Cgetoep
— Cotv, (VCar + Vo (Cgsoiv, — 940))) (S2350)
0= —/Casv/n0é(996 — Cgroiv, ) (v + i, (0 = €)) + G109 (v + o, (= Co + on' + Cgs))
+ Cgn1voiy, (920 — Cgsoiv,) (S235p)
0= ¢(g91vnod (v + o, (0 = ¢)) + 92 (V€11 + Cgov/nooin, ) + g5 (v Cgrove
— oy, (Vo + Vo (Cgeoiy, — 919))) (S235q)
0 =/Cg19506 + /Cg206%6 + ¥( 9398106 + Y9106 — (*gagsv/nodaiv, + vnoon' oy, (Cgsgs + 910)
— Cgav/nod’ oy, — ¢ gsgetioiv, (S2351)
0 = —/Cgagsv/nod® (v + o, (0 = €)) + Coiv, (V/Cg3gsv/mod (v + oty (' — €)) — Cgs96¥aiv, + 9296000)
+ 9196 (Y9 + o, (¢(n' — ¢) + (gs)) (S235s)
(S2351)

After some straightforward algebra, one can eliminate all g; except for g3 and g5, which satisfy coupled polynomial equations.
Those equations can be shown to be identical to eqn. (S66) by invoking the change of variables,

g3 = —\/\/%TQ, and g5 = (v +opy, (' =) (S236)
In terms of the related variables defined in eqn. (S89), the error Ej is given by,
E¢ = 02075 /(1 —75¢) (S237)
S6.5 Higo
Hio = Ej(x; P, X, £)j(x; P. X ,€) (S238)
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= E[No(x; P)No(x; P)T + K(x,X; P)K(X, X; P)"'Y(X,8) Y (X,e)K (X, X; P) 'K (X, x; P)
+ K(x, X;P)K (X, X; P)"'No(X) " No(X)K (X, X; P) 'K (X, x; P)
— No(x; P)No(X; PYK (X, X; P) " K(X,x; P) — No(x; P)No(X; P)K(X,X; P)'K(X,x; P)] (S239)

2
= voy,n+vEp +Etr (K(X,X;P)"{(XTX + u”n—v‘ff(le)TF)K(X, X; P)T'K(X,x; P)K(x, X; P))

(S240)
2
~ ~ ~ g ~
= voly,n+ vExp + Etr (K(X, X: PN (XTX + y%f(WlX)TF)K(X, X;p)! (S241)
1
0'2 0'2 ~ ~
o (WS Ty S Ty Tl g Lf(wlx)Twl)T) (S242)
no \/noni no A/ noni
= 1/0"2,1/217 +vFEy + E71 +vEqs, (5243)
where, 9 is given above and,
Er = Etr (K(X,X’; P)'XTXK(X, X; P)*l(nr;cf(WlX)Tf(WlX) (S244)
1
2 2
F (Dl S pTypyy Tl gy VC FWE)Tw)T)) (S245)
no A/ NoNn1 no A/ NoNn1
0'2 ~ o~ ~ — ~
Eqy = ;V E tr (K(X, X;P) W X)'FK(X, X; P)~* (nn2<f(W1X)Tf(W1X) (S246)
1 1
0'2 0'2 ~ ~
+ ( A + S FTwy)( IS + Ve f(W1X)TW1)T)) . (S247)
no \/nT)m no \/%nl
S6.5.1 FEn;
A linear pencil for E7; follows from the representation,
Eq = tr(UA Q7 Vi), (S248)
where,
U%z(o%ooooooo) (S249)
VA=(0000 00 0 0 - ) (S250)
and, for § = (no(( —-n)— CmJIQ/Vz),
n(roty, (/=) 0 T IR vt 0 oo
-X Ing, 0 0 0 0 0 0 0
VCm lT
-X 0 Ing 0 0 0 o Sl 0
~viger 0 -¥ o, e e 0 0
_ w37,
Qn = 0 0 0 “W I, 0 0 0 0 (S251)
0 0 0 0 0 I, -X 0 0
<oy, 5T 2 vi—<of exT
0 0 0 0 0 L I (y+oiy, (n'=¢)) o5 2
0 0 0 0 - %1 —V—COFr I, 0
0 0 0 0 0 0 W I,
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The equations satisfied by the operator-valued Stieltjes transform G of Q71 induce the following structure on G,

(0 G2
G= ( oL, 0 > , (S252)
where,
gs O 0 0 0 0 0 0 0
0 g1 g3 0 g5 g6 0 0 g
0 0 g 0 g5 g2 0 0 g4
0 0 0 gz 0 O O g5 O
Gi2=] 0 0 guu O g0 g3 0 0 g7 |, (S253)
0 0 0 0 0 g0 O 0 g5
0 0 O 0 0 0 gs O 0
0 0 0 0 0 0 0 g1 O
0 0 O 0 0 gis 0 0 g0
and the independent entry-wise component functions g; give the error Er; through the relation,
g21/no¢
Er=— , (8254)
TV
and themselves satisfy the following system of polynomial equations,
0=1-g (S255a)
0 = v/Cgogr1y/no — grav) (S255b)
0= v/Cgs911v/0 — gr0¥h + (S255¢)
0= —/Cgsgsv — g2v/m0d (v + o, (n' = ¢)) (S255d)
0= —/Cgsgo) — gsv/nod (v + o, (0" = ¢)) (S255¢)
0= —/Cgsgr2¥h — ga/nod (v + o, (' — C)) (S255f)
0= —\/Cgsgrst — grv/nod(v + o, (n' = ¢)) (S255g)
0= —v/Casgrath — (g10 — 1) Voo (v + o, (1 = ¢)) (S255h)
0= —/Cor98% — \/Cgsgsth — gsv/nod (v + o, (n' =€) (S255)
0 = gsv/nod (v + aiv, (' — €)) + g5 (v/Cg14% + Cgov/nooiy, ) (S255))
0= gsvnop(v + o, (0 =€) + 98(v/Cgr0¥ + Cgsv/nooiy, ) (5255k)
0= \[C\/TTO(% (911 (CY — o — C012/V2) + 9150) + 9a9119) — grvod (S2551)
0= v/CVno (g0 (911 (C¥ = = (o, ) + 9159) + g119120) — G139 (S255m)
0= (9o — 1)vnoo (v + aiv, (' = €)) + gs(v/Cg1a¢ + Cgo/n00iv, ) (S255n)
0 = V/Cargstbd + v/no(920° (v + i, (1 = €)) + Cgsaiv, (929 — Cgsoin, ) (S2550)
0 =/Cgrog11vnod(at, (¢ —1') =) + grav (v + o, (— Co + én' + (gs)) (S255p)
0= g11(gs¥(¢ —n) + &(V/Cgsv/mo — 1) (v + o, (0" = €))) + d(v + o, (' = ¢)) (S2559)
0 = gov/n0d’ (v + o, (0" = €)) + 95(vV/Ca1396 + (y/nooiv, (9126 — Cgeoin, ) (S255t)
0= got (Y0 + v, (— Cod+ on' + Cgs)) — (v Cgsgriv/mo + ) (v + o, (0 — €)) (5255s)
0 = gs(v/Cg14% + 1o (v + g11(n — ) + i, (0" + ¢ (g0 — 1)))) = Vo (v + oiv, (0 =€) (S255t)
0= —V/Cg5911vn06 (7 + o, (0" = €)) + 939 (19 + o, (= (o + 6 + Cgs)) + Cgrgstboi, (S255u)
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0= vnop(Cgognr + g120) (v + oy, (' — €)) + 98 (v/Co1390 + Cv/nooiy, (9126 — Cgooiv, ) (S255v)

0= /Cgrgsv0e + vno (916 (v¢ + o, (— (o + o' + Cgs)) + Cgs (9116 (v + o, (0" = €)) — Cgsoms,)) (S255w)
0 = gsto(—(¢ — ) (g119(C — n) + g150) — d(v + o, (0 =€)

(= Cgog11¥ + v/ Cv/no (95 (911 (C¥ — b — o, ) + g156) + gagi1d) — g150) (5255x)
0= ¢ (9129 (16 + o, (= b + b0’ +Cgs)) — VCv/no (v + aiv, (' =€)

(95 (911 (C¥ — ¥ — Lo, ) + 9150) + 9ag118)) + Cgov (9110 (7 + i, (W' — €)) — Cgsoiv,) (5255y)
0=<( = grog15vnod” (v + o, (1" = €)) — gud (v + o, (0" = €)) (Vo (910 (C¥ — mp — (i) + 976)

— VCaua) — P gsguatpoiv,) + g1396(v6 + o, ($(n — ¢) + Cgs)) (S2552)

0= V¢(=C¢gsgn Vot + yngsgiiv/novd — v9sg15v/n0d” — g2g11v/nod” (v + o, (0 = €))
+7Cgs911 V080T, + CCgsguiv/notéoty, — (2 gsgi1vnodoy,
+ gsv/n0dn o, (911 (= ¢ + 1 + (o) — 9159) — (ngsg11V/novdoiy, + (gs915v/n0d’ o,
+VCa39 (g110(v + o, (0 = €)) — Cgsoiw,) — ¢** 1980,
+ 960p (76 + o, (¢ (0 — ) + Cgs)) (S255aa)

After some straightforward algebra, one can eliminate all g; except for g5 and gg, which satisfy coupled polynomial equations.
Those equations can be shown to be identical to eqn. (S66) by invoking the change of variables,

R
N

g5 = and g5 = (7 + i, (' = €)1 (S256)

In terms of the related variables defined in eqn. (S89), the error E7; is given by,

V7L (2(F2 + 1) + (P73

B = . (S257)
C(¢% - v7})
=T15/71 — 212 /T1 + 1. (S258)
$6.52 Er
A linear pencil for Er follows from the representation,
Ery = t1(ULQm Vi) (S259)
where,
vh=(0 " 00000000 0) (S260)
ViA=(0 00 000 00 0 —nml, 0) (S261)
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and, for § = (no(C —n) — Cnlol%vg)’

L (veiy, (n'=C)) 0 0
W-
—Vn—Cer I, —¥SH
-X 0 Ing
-X 0 0
—V/n—COF 0 0
Qr2 = 0 o o
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

xToly, vircoh yexT _CmX ey, 0
) ny VARG nd
0 0 0 0
0 0 0 0
Ing 0 0 0 0
_VTw I 0 _ VTmw, B m(n-¢53/26p
V7o " 718/2711 1
0 W I, 0 0
0 0 0 Ing -X
Coy XT
0 0 0 = I (v4oi, (' =C))
0 0 0 —% —V/=COp
0 0 0 _ %1 —V—COp
0 0 0 0 0

0

0
0
VEmw,"
VTom1
0

0
0

0

In,

The equations satisfied by the operator-valued Stieltjes transform G of Q72 induce the following structure on G,

where,

3]

G2 =

KDOOCJOCJOKDOO%S

coococoococoooR o

coococoococooR oo

o~

0 G2

0 0
gi1 g3
0 0
0 0
gi9 910
0 0
0 0
o 0 0
g1 ge
0 g5
0 0

0
0
92
g5
0
99

gr
0

0
0

gi14

and the independent entry-wise component functions g; give the error Er5 through the relation,

0 0 0 0 0
0 g6 0 0 0
gs 0 gr gs O
gz 0 gr gis O
0 gis 0 0 0
gis 0 gqua g1z O
0 0 0 gi13 0
0 0 0 0 g
0 0 0 0 0
0 0 0 0 0
0 0 0 gis O

®gs3

By = 293

72 7,& )

and themselves satisfy the following system of polynomial equations,

0=1—g1

0 = —Cg13915¢ — g199

0 = /Cg13915v/M0 — g1s¥

0 = v/Cgrgisv/mo — grath +

0=g11(—9) — (9194 + gsg13) ¥
0= —/Cgsg129 — ga/nod (v + o, (n' —
0= —\Cgr2g13% — grv/nod (v + oy, ('
0 = —\/Cg12916% — gsv/nod (v + iy, (0
0= —Cgr2g17¢ — gov/nod (v + oy,

<)

(
(’

)

)
)
)
)

¢
¢
¢

36

0 0
0
0 0
0 0
0 0
0 0
0 0
n—CoL sexT
1 VARG
0 0
Iy 0
-w," Ing

(S8262)

(S263)

(S264)

(S265)

(S266a)

(S266b)

(S266¢)

(S5266d)

(S266¢e)

(S266f)

(S266g)

(S266h)

(S2661)



0= —/Cg12918% — (912 — 1)v/rod (v + o, (' — €))
—V/€g1912% — \/Cgag129 — grv/nod (v + aiv, (0 = €))
0= gr215%(C — 1) — ¢(g96 — V/Cgrg1sv/no) (v + i, (0 =€)
0= grvnod (v + o, (0 =€) + g12(V/Cgrav + Cgrv/nooiy, )
0 = gav/nood (v + o, (0" = €)) + g12(V/Cgrs¥ + Cgrsv/nooiy, )
0= \[C\/TTO(g? (915 (¢ — oo — Cotvy) + (910 + 919) @) + g59150) — gotbdb
0= (915 — 1)vnoop(y + aiv, (0 = ¢)) + 912(\ﬁ918¢ + {g13v/no0i, )
0= \[C\/TTO(QB (915 (C¥ — M — Coty,) + g108) + g109130 + G159168) — Gr7Ye
0 = v/Cgog1200¢ + v/no (920° (v + o, (' — €)) + 91203, (956 — Cgrain,))
0 = V/Cg14915v/m00 (03, (C = 1') =) + 189 (v¢ + o, ( — Ch + d1' + Cg12))
0= g15(9129(C = n) + ¢(v/Cgrv/no — 1) (v + o, (0 = €))) + ¢ (v + o, (" =€)
0= 98\/770¢2 (’Y + szzvz (77/ - C)) + 912(ﬂ917¢¢ + C\/%U?/vg (916¢ - Cglscf%vz))
0= g139(v¢ + v, (= (o + 1’ + C912)) — (V/Cgrgrsy/no + ¥) (v + aiv, (' =€)
0= g12(vCa1s¥ + vno (v + g15(n — ) + o, (1" + ¢ (913 — 1)) — vVno (v + o, (' = €))
0= g12g190%(¢ — 1) — (911 — V/Cgrg19v/no) (v + 0w, (n' = €)) + Cgrgat (o, (¢ — 1) — )
0= g1 (g120(¢ — ) + &(v/Cgrv/mo — 1) (v + o, (0" = €))) — Corg13¢ (v + o, (0 = €))
= —/Cgrgi5vnod (v + o, (0 =€) + 94 (v + o, (= Co + n' + Cg12)) + Cgrg12¢007y,
0= vn09(¢(91 + g6) 913 + g168) (v + o, (' — ¢)) + gm(\ﬁglﬂl@ + CV/nociv, (9166 — Cg130iw, )
0 = g6 (9129(¢ — ) + ¢(v/Carv/no — 1) (v + o, (0" = €))) + 91 (9129(¢ — m)
+V/Cgrv/nod (v + o, (0 = <))
0= VCgogr12v0¢ + /o (956 (70 + o, (6(n' =€) + Cgr2)) + Cgr (910 (v + oiv, (' = €))
+ g6¢(’Y + U‘Q/V2 (7]/ - C)) — Cglzaévz))
0= guat(—(C = M) (915%(C — n) + g198) — V/CV/nod(v + aiv, (n' =€)
(97(915(C¥ — ¥ — (o, ) + g108) + g59150) + gr06(g129(n — €)
— o(VCgrv/no = 1) (v + o, (1 = ()))
0= g15(g120° (= (¢ = 0)*) = Voo (v + o, (0" =€) (97 (¢ — mp — Coty) + g50))
+ g106(g120(n — €) — d(v/Cgrv/no — 1) (v + o, (n' = €))) + Cgsqnavrd (v + ot (' =€)
0 = Cg10912% — 1910912% + 7/ Cg7g10v/M0¢ + 7/ Cg2915v/M0¢ — (2 grgiov/nodaiy,
— ¥ gagisV/M060 %, + V/C(g7910 + 92915) Vrodn oy, + Cgaget (o, (C — 1) =)
— g30(v + i, (0 =€)
0= (959 (79 + v, (= (o + ¢ + Cg12)) — VCv/na (v + o, (17 = €)) (97 (915 (C¥ — n¥> = (o)
+ (910 + 919)8) + 920150)) + (19 (949 (v + T, (1" — €)) — Cor20y, )
+Cgat (960 (v + o, (0 — €)) — Cgr20w,)
0= g6 (912" (= (¢ = )*) = Vo (v + o, (0" = €)) (97 (C¥ = m¢p = Caiv,) + g59))
+ 6(g11 (9129 (n — O) + V/Cgrv/mod (o, (C —1') = 7)) + VCar92v/nad (o, (C = 1) — 7))
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+ 936 (9129 (n — ¢) — d(V/Cgrv/no — 1) (v + aiv, (' = €)))
0 = V/¢( = 7Cg14915v/n0Yd + Y1g1ag15v/M0vd — Yg10914/M00” — Ygogi5v/M0d” — Ygrag10y/N0d
+7¢g14915Vn060y, + P gr1ag15V/novdoty, — (2 gragisv/nodoi,
— Voo oy, (914 (915 (C¥ =m0 — (o, ) + 9100) + 9109140 + gogis8) — (Ngragisy/notbdoiy,
+ (gr0g14v/M0¢> 0y, + Cgogis/nod’ oy, + (gragioy/nod oy, + \/5919181/%25(7 + o, (1 =€)
+V/Cosg1800 (v + o, (1" = Q) — ¢ gragistpoiy,) + g7 (v0 + aiv, (6(n' — ) + Cg12))
0 = 791699 — 7¢*? grg153/mod + 7/ Cngrgisy/motd — 1/ Cgrgion/mod” — 1/ Cg5915/m06°
— WCgrgrovnod” + ¢ 2 grgisnodoty, — ¢ ngrgisvnoveaiy, + ¢ grgiov/nod’aly,
+ ¢ gsgisv/nod’ oy, + ¢ P grgiovned’ oy, + ¢ grgis ooy, — ¢ 2 grgisv/nodoiy,
+ o' o, (91600 — V/Cv/no (97 (915 (C¥ — m — Cai, ) + (910 + 919) @) + g59150))
+ Cg191390 (v + v, (0 =€) + Cg6g139d (v + Tiv, (0 — €)) — Cgr2g13%0w, — Cg16¥¢° Ty,
+ Cgr20160¢07y,

(S266ah)

(S266ai)

(S266aj)

After some straightforward algebra, one can eliminate all g; except for g7 and g;2, which satisfy coupled polynomial equations.

Those equations can be shown to be identical to eqn. (S66) by invoking the change of variables,

In terms of the related variables defined in eqn. (S89), the error E75 is given by,
g VHCWAC=2) +o(Ce =+ D) —n*y) PR n)
" 206(6% - ¥77) 262 (72 + 1)? (072 — ¢?)
n Y172 (V71 + ) (CFr + 19) n V(=) (T + 9) n (75 (V7 + ¢)?
e Co(R+1) (0 —v7f)  2(¢° — ¥77)

= —Tp/7] — B2 — noyy, ,

where T is given in eqn. (S65).

S6.6 Hin

Hyo1 = Ejj(x; P, X, )j(x; P, X ,¢)
= E|No(x; P)No(x: P) T+ K(x, X; P)K(X, X5 P) 'Y (X,2)TY (X, ) K (X, X; P) 'K (X, ; P)
+ K (%, X;P)K (X, X; P) "' No(X) T No(X)K (X, X; P) "' K(X,x; P)
)

—MgfmmxpK@Jﬂtﬂﬂ&nm—%umwwﬁmmXer%dmfﬂ

(S267)

(S268)

(S269)

(S270)

(S271)

2
:”m%m+u@2+Euu«Xg&Pr%XTX+y%%fmeFme&Xﬂﬂ*KL&xPﬂq&XJm

= Hypo,
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S6.7 Hiip

HllO—]Ey(X PXE) (X PXE)

= E[No(x; P)No(x; P

)+ K(x,;P)K(X, X; P)7'Y(X,8) Y (X,e)K(X,X; P)"'K(X,x; P)

+ K(x, X;P)K (X, X; P)"INoy(X) " No(X)K(X, X; P)"'K(X,x; P)
— 2Ny(x; P)No(X; P)K(X, X; P)" K (X, x; P)}

)"
= E[No(x P)No(x; P)T + K(x,;P)K (X, X; P) ' X" XK(X,X;P) 'K(X,x; P)
+ K(x, X;P)K(X, X; P)~ 1N0( Y No(X)K (X, X; P)'K(X,x; P)
— 2Ny (x: P)No(X; P)K(X, X; P) 'K (X, x; P)}

= 1/0'12/1/2'/] —+ Z/EQQ —+ E32 —+ Z/E33

S6.8 Hi

Hlll = EQ(X, P7 Xa 6):&()(7 P7

X,e)

= E[No(x; P)No(x; P)" + K(x,;P)K (X, X; P)"'Y(X,e)'Y(X,e)K(X, X; P)"'K(X,x; P)

+ K(x, X;P)K (X, X; P)"'No(X) " No(X)K(X, X; P)"'K(X,x; P)
— 2Ny(x; P)No(X; P)K(X, X; P)" K (X, x; P)}

)"
= E[No(x; P)No(x; P)" + K(x,;P)K (X, X; P) Y (X " X + o2n11,,) K(X, X; P) "' K(X,x; P)

+ K(x, X;P)K (X, X; P)~ 1NO(X)TN( VK (X, X; P) ' K(X,x; P)
— 2Ny (x; P)No(X; P)K (X, X; P) LK (X, x: P)}

= 1/0'12/1/27] —+ VE22 =+ E3

1+ Bz +vEs3

S6.9 Combining results: asymptotic variance terms

Summarizing the above result, we have,

which using eqn. (S18) gives,
B=1+FEy + E,

Hoypo = E4
Hyoy = E4
Hyio = Es

Hy11 = E5 + Eg

Higo = vojy,n + vEays + Er + vEr

Hig = 1/012/1/27] +vEy + En +vErn

Hyg = 1/0‘24/27] + vEy + E3z +vEs3

Hip = VUIQ/VQU + vEyy + E31 + E3p + vE33,
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o2t
Vp = Hioo — Hooo
= ua%,,zn +vEs + B +vE7s — By
= Eq — By —vTo/7]
=15/ +272/T1 — 1 — (T2/T1 — 1)2 — vy /7]
=715/1 — B—vTy/T]
Vx = Ho1o — Hooo
= FE5 — Fy
= 73 (22 +1)*/(1 - 673)
= ¢B(n —12)?/ (1 — ¢(11 — 12)?)
Ve = Hoo1 — Hooo
=0
Vpx = Hi10 — Ho1o — H1o00 + Hooo
= voyy,n + vEs + Esy + vEs3 — Es — (vojy,n + vEss + Ery + vE7) + Ey
= E3y — Epy — E5 + By +v(E33 — Era)
=1-2n/m —1h)7E — (7})7] — 212/ + 1) = Vx
+v oy, [(m+ (03, (0 = Q) + )1 + 03,C73) /70 = n] — Eag — (To — Ex2 — noiy,))]
= 1/t — /71 = Vx + v [0, [(T1 + (03, (0 = ) + )71 + oy, C13) /78] = To)]
=15/t =B —Vp —Vx +vTy/(y11)?
Vpe = Hi01 — Hoo1 — Hioo + Hooo
= voyy,n + vEs + B + vE — Ey — (vojy,n + vEs + Ery + vE7) + Ey
=0
Vxe = Ho11 — Hoo1 — Ho1o + Hooo
=FEs+ Eg — By — E5 + By
= F
= 02073 /(1 - 759)
=o2Vx/B
Vpxe = voiy,n + VEs + E31 + Esy + vEss — (Es + Eg) — (voyy,n + vEas + Ery + vEr)
— (1/012/‘/27] + vEy + Ess + vE33) + E4 + Es + VO"2,V2’I7 4+ vFEos + Ery + vE7 — Ey
= E31 — Eg

=o2(—1/mf—1) — Vxe.

Therefore, we have established the main result, Theorem[S3]
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S7  Proof of Corollary|l]

S7.1 Bias is non-increasing

In terms of the auxiliary variables 7, and 7 defined in eqn. (S89), the coupled equations defining 7 and 72, eqn. (S42), simplify
to

0 = yo7s — vF1 + oy, (P2 (CoTa + C+ o) + 71 (n — 1) +C) (S282)
0= (71 — ¢72) (W71 (T2 + 1) + (¢ (T2 + 1)) + (o7t (T2 + 1) oy, - (5283)

Eliminating 7; from these equations gives,
o (R2+1) (0= 1) o, =) (F2 (COT2 + &7 + 1) + Q) + Ty, (P2 (ChT2 + ¢+ ém') + () + ()
=1 ((Fa + 1) (F2 (CBT2 + C + 1) + ¢) (o672 + Ty, (F2 (CPT2 + C + o) + ()
Specializing to the random feature kernel (o, = 0), the equation becomes,
(T2 (Y72 + ¢+ 1) + Q) (T2 (CPpT2 + C+ 1) + () = —(pT2 (T2 + 1) . (5285)

In the ridgeless limit, v = 0, and the quartic equation factorizes into the product of two quadratic polynomials. The root of these
equations that respects the conditions of Lemmais given by

s = ZCm eV (C ) — 4w

(S284)

e , (S286)
where w = max{¢, ¥ }. Next, recall from Theorem that B =73/72 = (1 + 72)? so that
OB _ ?0B,. . _ ., Y% 0%
871__770%(“”2) _—2770(1+72)@. (S287)
To show that 9B/dny < 0, we show that (1 + 75) > 0 and that 975 /9 > 0. First of all,
_c— 2402
1+ h =14 S ’7”“52_:”“) w (5288)
—(—2Cw + ¢ +nw) + +nw)? — 4Cw
_ (2w +C+n )ch\/(c nw)? — 4¢ (5289)
_ = 2 2 402
— 2Cw+C+77w)2C+ V(€ +nw)? —4¢w (S290)
w
_ 2 42w — 002 2 402
_ V)P — 4w — 40 — Qu? + V(CHmw)? —ACw (s291)

2Cw
where we used the relation 77 > ¢ which was proved in [26]]. As for the derivative, note that 972 /0% = 0if ¢ < ¢ and otherwise,
07y —(=20w+ ¢+ 1w) + /({ + nw)? — 4w

72 _ S292
oy 2w2\/(( + nw)? — 4¢%w .
—v/(=2Cw + ¢+ nw)2 + /(¢ + nw)? — 4w (S293)
= 2024/ (¢ + nw)? — 4C2w
_ — /(€ +1w)? = 4C%w — 4¢(n — Qw? + /(€ + nw)? — 4¢%w (S294)
2w2/(¢ + nw)? — 4w
>0. (S295)
Therefore we have shown that
0B
22 <o, (5296)
Bnl

i.e. the bias B is monotonically decreasing.
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S7.2 Behavior near the interpolation boundary

From inspection of the expressions in Theorem the bias and variance terms depend on 7, and 75 through four ratios, 72 /7,
74 /7{, 75/7¢ and 7{ /72. In the ridgeless (y = 0) limit, these ratios can all be expressed in terms of 7 by using egns. (S87),

(S88). (S89) and (S285).

We examine the behavior near the interpolation thereshold ¢ = 1 by taking the limit from both directions. It is straightforward
algebraic substitution to show that for ¢ < 1,

q_ B+ % (R+D)? $297)

To TS

=1+7, == — , = ——— .
noo B R () R A O DEA (S
From eqn. (S286), we see that 75 is finite when ¢ = 1 so that the terms in eqn. (S297) obey,

Ty Th T 1 75 1
Z2_2_0p1 1 = _— —= = — . 5298
pegmon Foo(ih) oo() 529
Turning now to the case of ¢ > 1), similar algebraic substitutions yield,
2541 (S299)
T1
7 _ GV o+ ) 437 +2) +(FW -9+ (6 —¥) + T+ 1) +n*F (W — ) (S300)
Ti C(CR2 (73 (& — ) + T2+ 2) + 073 (6 — ) +1)
7 (2 +1) (T2 (2 +1)
— = — S301
A O (A B ) (5300
T C(fa+1)2 +%2 (2 +1)(n—¢) (S302)

2 B -0)(Rtn)  (Rt2)+n

We can isolate the pole at ¢ = v by examining the relevant functions of 7. In particular, substituting the solution (S286) gives,

o JCHnd)? -4+ 200 — ¢ —n
p lp=¢ = 20 (S303)
which is evidently finite when ¢ = 1 and,
To (T2 + 1) 209 (S304)

(7 (R +2) T (C+10)/([C+ 19 — 4036 + (C +16)? — 4626

whose denominator is a sum of non-negative terms that only vanishes if ¢ = 1 and = (, i.e. the activation function is linear.
Therefore, we find for ¢ > 1) the same behavior as for ¢ < 1, namely,

n_T_ DO U PN
o= ow, 712—0<¢_¢>7 712—0<¢_¢>. (S305)

Altogether, we conclude that as ¢ — ),

B=0(1), Ve=0(1), Vx=00), Vye=0(1), Vox=0 (@)  Vpxe= O ((biw) . (S306)

i.e. the only divergent terms are Vpx and Vpx..
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Figure S3: The multivariate variance decomposition of [35]. Following the setup of Fig. panel (a) depicts the decomposition
with a Venn diagram and panel (b) shows plots of the individual terms as functions of the overparameterization ratio ni /m. The
total variance is partitioned into three terms in a sequential manner, breaking the symmetry of the random variables and failing
to account for their interactions. Since it is those interactions that cause the divergences (see Corollary , it is not possible to
unambiguously attribute the divergences to a univariate source of variance, despite the the observed spikes in Engise and Epyy-

S8 The Bias-Variance Decomposition of d’Ascoli ef al.

While finalizing this manuscript, we became aware of a related work that similarly proposes and calculates a multivariate
variance decomposition in order to examine the origins of double descent. Their approach is sequential in nature, first defining
ENoise to be the (expected) variance conditional on P and X, then &y, to be the remaining variance conditional on X, and finally
Esamp 0 be the remaining variance. In terms of our fine-grained decomposition, their expressions read,

EBiss =B, Enmie=Vp+Vpx, E&samp=Vx, &ENoise =VpPxe+ Vx. +Vpe+Ve. (S307)

Fig. a) illustrates their decomposition in terms of a Venn diagram and Fig. b) shows how the components of their
decomposition behave as the number of random features varies, similarly to Figs. and Note that their total bias and
total variance agree with ours, and that their decomposition also resolves the two separate divergent terms at the interpolation
threshold (since Enoise contains Vpx. and & contains Vpx ). However, because their decomposition is not fully multivariate,
the resulting areas do not necessarily possess the interpretations one might expect from the names “noise variance," “initialization
variance," and “sampling variance." For example, the divergence in Enyise Ultimately comes from the contribution of Vpx,,
which vanishes when you ensemble over initial parameters, for example. This strong dependence on the parameters does not
seem like a desirable property of a quantity designed to measure the variance due to noise. Similarly, the divergence of Ey
can be eliminated by ensembling (bagging) over different training samples, which also seems like a undesirable property of
“initialization variance." The underlying reason for these inconsistent interpretations is that the divergences ultimately arise from
the interaction terms Vpx and Vpx., but these interactions are not captured in their decomposition.
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