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Abstract

This document contains the proofs for the main results of the submission “Distribu-
tional Robustness with IPMs and links to Regularization and GANs”.
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1 Proofs of Main Results

Before we begin, we introduce some notation that will be used to prove the main results that is
exclusive to the Appendix. We will be invoking general convex analysis on the space .7 (Q, R),
in the same fashion as [2]], noting that .% (2, R) is a Hausdorff locally convex space (through the
uniform norm). We use #() to denote the denote the set of all bounded and finitely additive signed
measures over ) (with a given o-algebra). For any set D C #(Q2) and h € Z(Q,R), we use
op(h) =sup,cp (h,v) and p(v) = oo - [v ¢ D] to denote the support and indicator functions
such as in [S)]. We introduce the conjugate specific to these spaces

Definition 1 ([6]) For any proper convex function F : F(Q,R) — (—o00,00), we have for any
w € B(N) we define

= (e ro)

and for any h € 7 (Q,R) we define

e = swp ([ - F).

HERB()

Theorem 1 ([8] Theorem 2.3.3) If X is a Hausdorff locally convex space, and F : X — (—00, 0]
is a proper convex lower semi-continuous function then F** = F.

There is an additional robustness result which we will deploying for several proofs which holds for
any space A that admits Polish topology.

Lemma 1 For any F C .7 (Q,R), we have that
dr (P, p) = des(F) (P, p).-

Proof Let A, :={a € [0,1]": Y | @ = 1} Note that we have
Zaifz} —]EM Zaifi] }
i=1 i=1

= sup Z 073 {EP [fz] - Eu [fz]}

neEN,a€A,, fi€FVi=1,....,n " _

dco(]:) (P7 M) = sup {EP
neN,aeA,,, fi€eFVi=1,...,n

n

= sup Y a;sup {Ep[f;] —E,.[f]}
neN,a€A, i—1 fieF

n

= sup a;dr(P,
nEN,aEAni:ZI ’ ( )

It is also closed under taking the closure since dr is the supremum of continuous (linear) functions
and the supremum over a set with a linear objective is equal to taking the supremum over the closure
of that set. |

Definition 2 For any F C % (Q, R), we define the functional Rx : % (2, R) — [0, 00] as

Rx(h) := / hdp-l-d@(]:)(h).
Q

Lemma 2 Forany F C % (,R), Rx is proper convex and lower semi-continuous.



Proof The mapping h — fQ hdP is clearly convex and lower semi-continuous. Since ¢o (F) is a

closed and convex set, the indicator function dg5(7)(h) is proper convex and lower semi-continuous
and thus the result follows. |

Lemma 3 The mappings v — dz(v, P) and h — Rx(h) are convex conjugates

Proof Note first that for any v € £(Q)
R%>(v) = sup {/ hdv —/ hdP — 057 (h )}
heF (Q,R)

= sup {/ hdu—/th}
heTo(F)

= dco(]: (V P

Y dr(v, P),

where (1) is due to Lemmal[l] We also have that

.2y 1) = s { [ hav—dz. )

veB(Q)
W sup {/ hdy — R}(V)}
veRB(Q) Q
2Rz )
©)
= R-F(V)v
where (1) holds due to the above, (2) holds by definition of conjugate and (3) holds by a combination
of Lemma/[Iland Lemma [ |

We also present a lemma which will prove to be useful in proving the main results.

Lemma 4 For any F C .F(Q,R), the mapping h — Oz (h) is convex.

Proof First notice that for any ¢ > 0 and h € 7 (Q,R) we have that ©x(t - h) = t - ©x(h).
For any ¢ € [0,1] and h,h' € Z(Q,R), consider the element h := ¢t - h + (1 —¢) - h'. Since
t-hetOr(h) -co(F)and (1 —t)h € (1 —1t)Ox(h)-co(F), we have that

hetOxr(h)-c (F)+ (1 —1)O0x(h) @ (F)
— he{tOr(h)+(1-t)0x(H)) @ (F),
which in turn implies that © z(h) < t©x(h) + (1 — t)©x(h'), proving convexity of O . |

1.1 Proof of Theorem /Il
Theorem 2 Let F C .Z(Q,R) and P € £ (). For any h € Z (), R) and for alle > 0

sup /th:/th—i-A}-,s(h).
Q

Q€EB.,7(P)/Q
Proof We first require two lemmata.

Lemma 5 Forany F C Z(Q,R), P € Z(Q), A > 0and h € #(Q,R), we have

sup (/Q hd@Q — )\d}'(Q7P)) = Rr\r¥xoz@q)(h)

ez (Q)



Proof We use a standard result from convex analysis which states that the convex conjugate of the
sum of two functions is the infimal convolution of their conjugates. Hence we have

sup (/ hd@w(@ﬁ) " qes (/ thAdf(Q’P)Mm(Q))
QREZA(Q) Q QeA) ¢

= (Mz(Q,P) + 329)(Q))"

= (AF(Q, P))" % (0r((Q))”

= RA]:;U,@(Q)(}L%

which follows from Lemma 3]and the fact that support functions are conjugates of indicator functions
[4, Section 3.4.1, Example (a)]. |

Lemma 6 Forany F C #({,R), P € Z(Q), and h € F(Q,R), we have

)1\1;% (R)\]:*ng(g)(h) + )\8) = /thP + Jp*xeOx(h)

Proof Using the definition of infimal convolution, we have

;\IZI% (R)\f*UQ(SZ)(h) + )‘E)

= inf inf h—h)dP + 6= h—h h A
inf (h'egfl(mk) (/Q( AP + b5 ( )+ oz@)( )> + s>

inf inf hdP — W dP + 6= h—hn I A
gOh'egl(Q,R) (/Q /Q + o) ( ) +oz@)(h)+ 5>

. _ / . - _ / /
/thp =+ h’e;l(f;l,R) < /Qh dP -+ )l\g% (560()\]:) (h h ) + )\8) + U@(Q) (h )>

— ; no_ / : - Y
— /thp + h’e;l(fﬂ,]R) (J@(Q)(h ) ‘/Qh dP + )l\g% ((SCO()\]:)(}L h ) + )\E))

_ ; no_ / : M B! ==
_/thP—i—h/e;n(fQ’R) <o@(m(h) /thP—&—)l\réfO(oo [h—H ¢ co(F)]]+)\E)>

= hdP inf I h—"h
[nap int (e) + 0 1)

Z/th—FJp;é‘@]:(h).
Q
|

We are now ready to prove the Theorem. By introducing a dual variable A > 0 that penalizes the ball
constraint, we have

sup / hdQ = sup / hd@
QEB 7(P)/JQ QEZ(Q):dF(Q,P)<e JQ

= sup inf </Q hdQ + A (e — d]-'(va))>

Qe ()220

Winf sup (/ th—i—)\(a—d;(Q,P)))
Q

A20Qez ()

= )1\%1; (Q:E}EQ) (L hd@ — /\d]:(Q,P)) Jr)\E)

@) . _
= inf
inf (Rar %oz (h) + Ae)

G [ hdP + Jp 702 (h),
Q



where (2) and (3) hold due to Lemma [5|and[6] respectively. To see why (1) holds, first note that the
mapping Q — [, hdQ + X (e — dx(Q, P)) is concave and lower semicontinuous since d is the
supremum of linear functions. Next we have by an application of the Banach-Alaogu Theorem that
Z(Q) is compact [2, Lemma 27 (b)]. Hence by [, Theorem 2], (1) follows. [ |

1.2 Proof of Corollary/[l]
Corollary 1 Let F C #(Q,R) and P € (). Forany h € F(Q,R) and for all e > 0

sup / hdQ < / hdP + ¢ inf © z(h — b).
QeB. 7(P)JQ Q bek

Proof By definition of the infimal convolution we can consider a decomposition of the form h; = b
and hy = h — b for some b € R. notice that Jp(b) = 0 and by taking the smallest possible b € R
yields

O.(h) < ¢ inf Ox(h — b),

which completes the proof. |

1.3 Proof of Lemmal[ll

Lemma7 Let( : F(Q,R) — [0, 00] be a penalty such that {(a-h) = a*-((h) forany h € F(Q,R),
kya > 0. Let F = {h : ((h) < 1} then we have © z(h) < {/((h) with equality if { is convex.

Proof Let us consider the non-convex case so that F is not necessarily convex. We then have for any
F C FZ(O,R)
h €t (A\F) < he Xco(F)
h
= € co (F)
For a fixed h € % (), R), set A = {/((h) and notice that

h h
C(A>_C<k<(h)>
1 k
_ ( w) c)

and so we have © z(h) < {/((h). In the case when the penalty is convex, we have that F will be
convex and so

h € Xco (F) — %e@(]—")
h
— " eF
h
-] <1
—<(5)=
1
= Fq(h) <1
= ((h) < AF
< /C(h) <A
Hence we have © z(h) = inf C(h)SA)\ = {/¢(h). [ |



1.4 Proof of Lemmal[2]

Lemma 8 The mapping h — Ar .(h) is subadditive and A r . (h) is the largest subadditive function
that minorizes min (Jp(h), Oz (h)).

Proof Since © £(h) is convex (Lemmad) and © £ (¢-h) = t-© £ (h) for t > 0, it follows that © £ (h)
is subadditive. Next notice that Jp is subadditive since for any h, h’ € .Z (0, R)

Tp(h+ h') = sup h(w) + I (w) — / hdP — / W dp
Q Q

weN

< sup h(w) — / hdP + sup h'(w) — / h'dP
weN Q weN Q
= Jp(h) + Jp(h/).

Next notice that Jp(0) = 0 and e©x(0) = 0. By [[7L Theorem 2.5(c)] we have that Ar . is
sub-additive and that it is the largest subadditive function that minorizes min (Jp(h),e0x(h)). W

1.5 Proof of Theorem 2]

Theorem 3 A function h € F(Q,R) satisfies Ar .(h) = Ox(h) if and only if

he arginf (Ep[h] — B, [h]+ e@f(h)) ,
he Z(Q,R)

for some p € 2(NQ).

Proof To prove this Theorem, we use the conditions for an optimal decomposition of an infimal

convolution as shown in 3| Lemma 1]. First note that Jp and © z are convex (Lemma[d)). Note that

the property is equivalent to showing that the decomposition h; = 0 and he = h is optimal. By [3|

Lemma 1], this decomposition is optimal if and only if there exists a measure v* € Z() such that

Jp(0) = (v*,0) = Jp(v") (D

eOx(h) = (v*, h) — (eOx) (V") 2)

First note that Jp(h) = 05 q)(h) + o¢_py(h) and using properties of infimal convolutions, we
have for any v € Z2(Q)

Jp(w) = (02 +0i-p})" (V)
= (U*ﬂ(ﬂ);UE—P}) ¥)
(0z(0) *dg—py) (V)

inf (0 SR -
u/el%(ﬂ)( () (V) +0;_py(v —1"))

inf d0_ -
u/GIEJ(Q) { P}(V V)

=o0-[P+v ¢ 2(Q)]
=o00-[v¢ 2(0Q)— PJ.
Since Jp(0) = (v,0) = 0 for any v € H(£2), this tells us that a v* satisfies the condition of Equation

if and only if v* is of the form y — P where i is any element of 2(2). We can re-arrange Equation
2linto

(v, 1) — Oz (h) = (O0)* ("),



and by definition since (¢©7)*(v*) = supjczqp) (<V*, iL> - 5@;(&)), Equation [2| setting
v* = i — P becomes

(V* h) —eOxF(h) = sup v* b)) —eOx(h) 3)
g heZ(Q,R) << > 4 )
< (p—P,h) —eOF(h) = sup (<u - P,fz> - 5@;(&))
heF(Q,R)
> E,[h] - Ep[h] —cOx(h) = sup (]EH[B] _Eplh] - e@;(iz))
heZ (Q,R)

< h e argsup (]E#[ﬁ] —Ep[h] - 56);—(5))

heZ(Q,R)
e he arginf (Ep[h] — E,[h] +g@f(f})) . )

heZ (Q,R)

Hence the decomposition 2, = 0 and hy = h is optimal if and only if & satisfies Equation ] for some
u € Z(£), which is precisely the statement of the Theorem. |

1.6 Proof of Corollary 2]
Corollary 2 Let P, P_ € &(Q) and suppose F C F (,R) is even. If
h* € arginf (]Epf [h] —Ep, [A] + 5@;(ﬁ)> ,
heZ(Q,R)
then we have

inf /h*dQ:/h*dP+—s®;(h*)
Q Q

QEBE,F(P+)

sup /h*dQ:/h*dP,—l—gé)}-(h*)
Q Q

Q€EB: 7(P-)

Proof Applying Theorem 2] with P = P_ and p = P, and using Theorem [I] yields the result on
B r(P_). Notice that F is even, which means that © z(h) = ©z(—h) and so we have

h* € arginf (Epi [h] — Ep, [A] + 5@}-(&))
he Z(Q,R)
= —h*e aginf (~Ep_[i] +Ep,[i] +07(~h))
—heZ(Q,R)
<= —h" € arginf (]Ep+ [h] —Ep_[h] + e@f(ﬁ)) .
—heF(Q,R)
We can then apply Theoremto —h* which means A, z(—h*) = c©r(—h*) = cOx(h*). Putting
this together and applying Theorem[T[to —h* gives

sup /—h*dQ:/—h*dP+ +eOx(hY),
QEBE,]:(P+) Q Q

and multiplying both sides by —1 concludes the proof. |

1.7 Proof of Theorem 3]

Theorem4 Let f : R — R be a convex lower semi-continuous function with f(1) = 0,
F C F(QR) and H C F(Q,dom(f*)). For any model and data distributions p, P € 2(
respectively, we have for all € > 0

sup  GANj 4 (1;Q) < GANy 5 (1; P) + e sup ©x(h)
QEBc, 7(P) heH



Proof We have

sup  GANjy(;Q)= sup sup (/ hd@ —/ f(h dﬂ)

QEB:, 7(P) QEB. 7(P) heH

&) sup  sup (/ hd@ — /f* du)
h€H QeB., 7 (P)

= sup( sup /th /f* du)
heH \ QeB. r(P)

2 sup (/ th+A;,5(h)—/ f*(h)du)
heH \Jo

(3)

< sup /thJre@}- /f* )du
her \Ja

< sup (/ hdP — / 1 d,u) +e 5up Ox(h)
heH
= GANy 3 (p; P) + & sup ©z(h),
heH

where (1) holds since we can exchange supremums, (2) is due to Theorem |1} (3) holds since
Ar e <eOx(h) and finally (4) holds since we can upper bound by taking out supremums.



Lemma9 Forany u € Z(Q), h € Z(Q,R) we have

inf /B, o [(A(X) = b)%) = |/ Var, (1)

Proof Let p(b) = E,,(x)[(h(X) — b)?] and S(b) = \/(b) and using simple calculus we have

/
b
2\/(b)
and noting that ¢ (b) > 0, we can find the minima by solving ¢’(b) = 0 by first noting that

@(b) = EM(X)[hg(X)] - 2bE;J,(X)[h(X)} + b27

)

and so we have
db)=0 = —2- EM(X)[h(X)] +20=0
Putting this together yields

inf /B, o [(A(X) — )°] = inf S(b)

S (Eux) [R(X)])
= Eyx) | (R(X) = By [(X)))’]

=4/ Var,(h)
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