A Off-policy evaluation dual objective

We formulate the estimation of the stationary state distribution p.(s) given a policy 7(als) as a
maximum-entropy problem subject to matching feature expectations under the linearity assumption:

mln Zu YIn p(s (18)
s.t. Zu s)m(als)p(s,a) " (I — My) =b] (19)
Z,u(s) =1 (20)

Let ¢(s,m) = >, m(als)p(s, a) be the expected state features under the target policy. For a fixed /
given M, the Lagrangian of the above objective is:

L(p,0,\) = Zu YInpu(s) + b1 6 — Zu (I — M,)o — )\Z,u -1

Setting the gradient of L(u, #) w.r.t. uu(s) to zero, we get
0=1Inu(s)+1—¢(s,m) (I —My)0—\
w(s) = exp((s,m) (I = Mz) + A~ 1)
Because ), pu(s) = 1, we get
aneXp T(I — M,)0) := F(0| M),

where F'(6|M,) is the log-normalizer. By plugging this expression for x into the Lagrangian, we get
the following dual maximization objective in 6:

Z“ V(I = M;)0 — F(O|M,)) +bl6— ZM (I - M,)0

= bje — F(0|M,).

B Model error

B.1 Preliminaries

Our error analysis relies on similar techniques as the finite-sample analysis in |Abbasi- Yadkori et al.
[2019a]. We first state some useful results.

Lemma B.1 (Lemma A.1 in [Abbasi-Yadkori et al.| 2019a]). Ler Assumption [AT hold, and let
{(s¢,a:)}E_| be the state-action sequence obtained when Sollowing the behavior policy (3 from an
initial distribution dy. For t € [T, let X be a binary indicator vector with a non-zero at the linear
index of the state-action pair (s, a;). Define fori € [T],

T
thpﬁ,...,xi

T
th] .
t=1 t=1

Then, (B;)L, is a vector-valued martingale: E[B; — B;_1|By,...,Bi—1] = 0fori =1,...,T,
i—1]l; < 4k holds for i € [T).

B;=E , and By=E

The constructed martingale is known as the Doob martingale underlying the sum Zthl X;. Let
I1 be the transition matrix for state-action pairs when following 3. Then, fort = 0,...,m — 1,

E[X;11]|X;] = I1; X; and by the Markov property, for any i € [T,

T—1 T
B, _zm S BLGX = 30X+ ST TN and By = D)X,
t—it1 t=1 t=1 t=1
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It will be useful to define another Doob martingale as follows:

T—1

Y, = ZXt X Z (X1 X, | X,] ZXt X+ > diag(x 5 I 21
t=i+1 t=2 t=i+1

Yo = ZE[Xt—lXtT] = Zdiag(dJHEI)Hﬁ (22)

where dj is the initial state-action distribution. The difference sequence can again be bounded as
[Yi — Y;—1]l; ; < 4k under the mixing assumption (see Appendix D.2.2 of Abbasi-Yadkori et al.
[2019a] for more details).

Let (Fy)r, be a filtration and define Ej[-] := E[-|F].

Theorem B.2 (Matrix Azuma [Tropp| [2012]). Consider a finite (F)y-adapted sequence { X} of
Hermitian matrices of dimension m, and a fixed sequence { Ay} of Hermitian matrices that satisfy
Er_1 X, =0and X,f = Ai almost surely. Let v = ||Zk Ai” Then for all t > 0,

P(Amax(zijk) > t) < m - exp(—t2/80v).

Equivalently, with probability at least 1 — 6, ||>°, X[ < 21/2vIn(m/J). A version of the inequality
for non-Hermitian matrices of dimension m; X my can be obtained by applying the theorem to a
Hermitian dilation of X, D(X) = [ 2. % |, which satisfies Apax(D(X)) = || X|| and D(X)? =

o
[X7 24 |- In this case, we have that v = max (|| Y, Xe X7 ||, 1>, Xj Xk ).

Let ® be a |S||.A| x (m + 1) matrix whose rows correspond to bias-augmented feature vectors ¢(s, a)
for each state-action pair (s, a). Let ¢; be the feature vector corresponding to the i*" row of ®, and
let Cy = max; ||¢;]|,. For any matrix A, we have

o7 0], - |

.
ijPi®;
2

< Z | Aij ||¢i¢jTH2 <Ci Z |Ai;| = C3 1Al , - @3
%7

4,
B.2 Proof of Lemma[3.1]

Proof. Let ® be a|S||A| x (m+ 1) matrix whose rows correspond to bias- -augmented feature vectors
&(s,a). Let Dy = diag(dg). Let dg be the empirical data distribution, and Dy = diag(ds). The

true and estimated (concatenated) model parameters can be written as
=(A+®"Dsd) 1@ " Dgll, @
Wy = (®"Dg®) 1@ DI, @
where IT; is the true state-action transition kernel under r, and IT,; corresponds to empirical next-state

dynamics P. For the true model satisfying I, ® = ® M, we have taken expectations over dg and
taken advantage of Assumption[A3]

Let A = a®” D3 ®; in this case
1

W, = ®T D) 10T DI, @
W, 1+O[( 5®) 3

We first bound the error for (1 + oz)]\/iﬂ. The model error can be upper-bounded as:

H(1 )W, —

A, < H(@Tp,ﬁ)*lqﬁ(bﬁﬁﬂ - DﬁlLr)cpu2
+ H (@ Dy®) " — (<I>TD5<I>)_1)<I>TD5HW<I>H

o1 H@T(Dﬁ - Dg)H,r<1>H2 + @ Dy#)t — (@7 Dya) H H<I>TD5H <I>H
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o H@T(Dﬁ - Dﬁ)Hw‘b’L +C3 H(‘PTDxf@)fl - (‘I’TDﬁ‘P)*lH2

where the second inequality follows from Assumption[A3, and the last inequality follows from (23).
We proceed to bound the two terms

By =0} H@T(Dﬁﬁﬁ — DBHW)QHz
~ @ Dye)t — (@ Dpe) |

Bounding F;. Let (Y;); be the Doob martingale defined in (21)-(22), and let TI5 be the empirical

state-action transition matrix under the policy 3. Note that Dgﬁg = Yy /T. Furthermore, let K™ be
a|S||A| x |S||.A| matrix defined as

/ —
Koy (.0 = {O( . iftlferwiie
Notice that DgTlg K™ = Dsll, and Dgllg K™ = DgIlL,. We can upper-bound F as:
ot ||@T(Dstls - Dyl K| = OiT |07 (Ve — Yo) K™ 0|, + OLT |7 (Yo — TD,l1s) K™,
Note that ® " Y; K™ ® is a matrix-valued martingale, whose difference sequence is bounded by
[(@7(¥; = Yie)K™®)%||, < C |(Yi = iK™}, < 16037

where we have used and the fact that rows of K™ sum to 1. Applying the matrix-Azuma
theorem [B.2, we have that with probability at least &,

% |7 (Y7 — Yo)K™@|, < 8C30 ™ 'ky/2In(2(m + 1)/6)/T

Using the mixing Assumption|A1, and letting dy be the initial state-action distribution,

1 1
— [|®7 (Yo - TDsTIs) K™, < — > || " diag(dg 1T — dj ) K™,

t=1
02

%Z\’dlag dOH75 dg)HﬂHm

o2 & 202k
< G Do eplt/)ldo — dall < 72

Thus we get that with probability at least 1 — 4,

B <8025 (\/QIn(Q(m—l—l)/cS)/T—i-l/T)

Bounding F. To bound Es, we first rely on the Woodbury identity to write
(@TDg®) "t — (@TDpd) !
=(®'Dg®+@"(Dg— D))" — (2" D) !
= (@7 Dp2) 7 (@7 Ds®) " + (@7 (Dg — D)) ) (@7 D)

By <072 ||((@7Ds0) " + (@7 (Dy — Ds)®) )

o2 H@T(Dﬁ _ D3)<I>H2

< 80202k (\/2 n(2(m + 1)/8)/T + 1/T)
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where the second line follows because (® T Dg®)~1 = 0, and the last line follows by similar

concentration arguments as those for E; for the matrix-valued martingale ® " diag(B;)®, with
probability at least 1 — .

. Putting previous terms together, with probability at least 1 — §, for an

Bounding HWW - Wx )

absolute constant C,

‘(1 + a)ﬁ/\,r — W

LS CChro~2\/2In(2(m +1)/8)/T (24)
Furthermore, we have:

7.

,< H(1+a)’m — W,

ro]|
2 2

< CChko™2/2In(2(m +1)/6)/T + ac~*C2
Setting o« = C20~ ' /+/T gives the final result.
Bounding ||w — 1||. For linear rewards r (s, a) = ¢(s, a) "w, we estimate the parameters w using
linear regression. Abusing notation, assume that the feature matrix ® does not include bias for the
purpose of this section. The true and estimated parameters w and w satisfy

w= (&' Ds®)"'® " Dyr (25)
W= (®"D®)"'®" Dyr (26)
where r = ®w is the length-|S||.A| vector of rewards. We have that
lw — ]| = H(@TDBQ)—%DT(DIB - Dﬂ)qu + H((<I>TD5<I>)_1 - (@Tbﬂ@—l)qﬂﬁﬁ@wu
(27

Using the bounds from the previous section, we get that for a constant C',,, with probability at least
1-9,

Jw — @ < CWwCqo~2k(v/2I0(2m/8)/T) [|w]| (28)
O]

C Proof of Theorem 3.2](policy evaluation error)

Proof. Assuming that the optimization problem is feasible, the following holds for the resulting
distribution d (s, a) = fiz(s)m(a|s):

Z dr(s,a)¢(s,a)” = Z dr(s,a)d(s, a)TW7T .

Assume that the reward is linear in the features, 7(s,a) = w' ¢(s, a), and let 1 be the corresponding
parameter estimate. Let w = [{J] and let w = [%].

The policy evaluation error is:

Tn—Jn =Y (dr(s,0)(s,0) w — dr(s,a)d(s,a) " )
= (da(s,0) = du(s,@))(s,0) "w+ Y dr(s,a)¢(s,0) " (w — @)

The norm of the second term is bounded by C ||w — w||,. We proceed to bound the first term.

Let W& = W, and define e := 3, d(s,a)p(s,a)" and &' := 3, d(s,a)p(s,a)". The
first term can be written as:

(e —eNw=re" (W +aW)w — T Wow
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=(e—&)TWew+eéeT (W — Wyo)w + ae Wow
= (e - é)T(W“)2
eT(We = M) + M)w
+ aeng(I + (W) w
K
= lim (e—é)" (W) Ew + ( (W — Ww) + aeTW,‘f) (Z(W,‘:‘)Z> w
=0

In order to evaluate the infinite sum, we first show that W is non-expansive in a 3 ;-weighted norm
(and hence W2 is contractive):

ZTr = :E(s,a)wd,r [5(*9’ a)a(sa a)T]

= E(s a)~dr [E(s ,a’ )~ (¢ s,a) [ (S,7 a/) ( ! ) ”
= E(e a)~dy [W d)(s a)¢(s a‘)TWﬂ'
=W S, W, +V (29)

where V' > 0. Multiplying each side of by X 172 from the left- and right-hand side, we get that
I =y 2w Isl2el/2y, w12 o si—1/2yy—1/2

1> | syew 2*1/2H2
= T T 9
Thus we have that HZDl/QW‘)‘E_l/2 H (14 «)~1, and we can compute the infinite sum as:
(Wo)i = 2;1/2 (E}/QW;’E 1/2) 21/2
e
i=0

The error can now be written as

= Tl = (llell, || we = s

<5 e feves-]
=0

| < Coor 201+ 0)

,+alleTWE ], + lull,)) Cooz 21+ ) ull + Co o —

Note that [|e||, < Cp and [|é]|, < Cy. Set @ = C20~1x/V/T as in the previous section. From ([24),
we have that

Jw -

< (14 a)CCiro~2y/2In(2(m +1)/6)/T (30)

Plugging in the model errors and o and combining terms we get the final result in the theorem.

D Stationary distribution with large entropy

In this paper, we try to find the distribution over states that maximizes the entropy under some linear
constraints, and use it as a proxy for the stationary distribution. In this section, we provide some
theoretical evidence that at least when the probability transition over the states is sufficiently random,
the stationary distribution tends to have large entropy.

For simplicity, we focus on finite-state Markov chains instead of MDPs. Consider a Markov chain
with state space S and probability transition matrix P. Let S := |S|. Then the stationary distribution
d satisfies d = d ' P. In this section, we assume that each row of P is sampled uniformly at random
from the simplex over S, i.e., Ag, independently of other rows. We prove the following result, which
shows that as .S increases, the stationary distribution d converges to a uniform distribution over the
states at a rate O(1/+/S).
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Theorem D.1. Let P be the probability transition matrix of a Markov chain with finite state space S,
and assume that rows of P are sampled independently and uniformly at random from Ags. Then, with
probability at least 1 — 0, the stationary distribution d of the Markov chain satisfies

_2V/10
- 5\F

H Idll2 75

where 1 denotes an all-one vector.

Proof. We denote the uniform distribution over the simplex in R® by /. The distribution ¢/ is a
special case of Dirichlet distribution [Hazewinkel, 2001]. In this proof, we make use of the following
properties of U{.

Lemma D.2. [Hazewinkel,|2001] Let x ~ U and x; be the i-th coordinate of x. Then we have
1 o 2 4 24

el =5 Blll=g55rn B = senEroEa
1 . 4 o,
Elz;z;] = S(S+1) Elz;aj] = S(S+1)(S+2)(S+3)’ vi# .

This lemma gives us the following direct corollary.

Corollary D.3. Suppose that x and y are two independent samples from U. Then we have

Ellolf = 5 a1
ElzTy] = % (32)
4(S +5)
Bllzl2) = s s 12 E 1 3) (33)
El(x"y)?) = S<§‘++31)2 (34)
Proof. .
B3 =B | 22| = o
S . S 1
Elz"y| =E |> 2| = > E[z]Ey] = 5
=1 i=1
4 : 242 5 4(S+5)
Bilell] =B | (307 | = 3 Blet) + LBl = oy ey
E[(zy)’] = (zs: ifiyi)z] = ES:E[%Z%-Q] + > Elriayy;) = S;gQ
i=1 i=1 it S(S+1)
]

Now we turn to the proof of Theoremm In the following, we define 3= PPT. Y = E[i] and
let p; be the i-th column of PT. For a PSD matrix M, we define \;(M) as its i-th largest eigenvalue.
Since P is a probability transition matrix, we know that /\1(§) = 1, and the corresponding top
eigenvector is W. We then analyze 3. Since ¥; ; = E[p; p;, according to Corollary we know

that ; ; = SLH, Viand ¥; ; = <, Vi # j. Thus
S — 1
Y=— T+ -11".
5(s+ ' s
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Then, we know that A;(X) =1+ S(S+1) Ai(2) = S(S+1)’ Vi > 2. Then, the gap between the top
eigenvalue of X and the second largest eigenvalue of ¥ is
A(E) = Ae(B) = 1. (35)

The top eigenvector of X is %1. Next, we proceed to bound the difference between X and $. In

particular, we bound E[||S — Y||2]. We have

Mm

BIIS - s3] = (BE2) - BE?) + 3 (BISE,) - B, %)
i=1 i#]
5
=> " (Ellp:l13] - Ellp:131*) + D (Bl(p pj)*] - Elp/ p;]?)
i=1 i#]
4S(S — 1) (5 —1)2 a6
(S+1)2(S+2)(S+3) S(S+1)2
5
< — 37
S g (37)
where in we use Corollary [D.3] Thus, we have
~ = 5
B[ -l < VE[IE - SlF <4/ < (38)
According to Markov’s inequality, with probability at least 1 — 4,
S V5
Y=Y < ——. 39
| Ir < Ve (39)

We then apply Davis-Kahan Theorem [Davis and Kahan, [1970] (see also Theorem 2 in |Yu et al.
[2015]]) and obtain

d 1 2|E - 3r S
1o (-2 g SIZTHIE o159,
\/ PSRV o) B W) Bl
where for the equality we use (35). This implies

H EEERY | N 2<L L1>
ldllz VS |l ldllz” VS
d 1
<V 1= (——, —=1)2
\/ ldllz" v/S
< 2V2|E — 3| p. (40)
Then we can complete the proof by combining and (40). O

E Experiment details for linear quadratic control

In a linear-quadratic (LQ) control problem, the dynamics are linear-Gaussian in states x:
Ti41 = Axt—i—Bat—i—wt, Wi NN(O, W) (41)

Assume that all policies are linear-Gaussian: 7(a|z) = N (a|Kxz, C). In this case, assuming that the
policy 7 is stable (the spectral radius of A + BK is less than 1), the stationary state distribution is

w(z) =N(0,S),  where S=(A+BK)S(A+BK)" +W. (42)

Given an estimate of the dynamics parameters (/T E W), maximum-entropy OPE corresponds to
the following convex problem:
Indet(S 43
max Inde (S) (43)
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st. = (A+BK)S(A+BK)T +W (44)

Note that the constraint corresponds to that in the dual formulation of LQ control presented in (Cohen
et al. [2018]. We solve the above problem using cvxpy [Diamond and Boyd, [2016]. The problem

will only be feasible if p(g + BK ) < 1, where p(-) denotes the spectral radius. Furthermore, when
the system is controllable, the constraint fully specifies the solution and so the maximum-entropy
objective plays no role.

In LQ control problems, rewards are quadratic:
r(z,a) = -2 ' Qr —a'Ra, Q,R>0, (45)
Thus to evaluate policies, we can estimate () and R, and estimate the policy value as

T = trace(SQ) + trace(KSK T + C)R) .

In our experimental setup, we produce the behavior policies by solving for the optimal controller for
true dynamics (A, B, W), true action costs R, and state costs corrupted as

Q=Q+eU'U
U is a matrix of the same size as () whose entries are generated uniformly at random. Given the corre-

sponding optimal linear feedback matrices K, we set behavior policies to 5(a|z) = N (a|Kxz,0.11),
and we make target policies greedy, i.e. a = Kx.

When evaluating policies using BRM and FQI, we use the following features for a policy 7(a|z) =
N(a|Kz,C):

o(s,a) = VEC el za] @(s,m) = VEC 25" vz KT
’ ax’ aa'l)’ ’ Kzz' Kaza KT +C|) -
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