A Notation and basic definitions

e 7{ is a separable Hilbert space.

X is a Polish space (we will require explicitly compactness in some theorems).

e ¢ : X — H is a continous map. We also assume it to be uniformly bounded i.e.
sup,cx ||@(2)] < ¢ for some ¢ € (0, 00), if not differently stated.

k(z,2") = ¢(z)T p(z') is the kernel function associated to the feature map ¢ [SS02,
BTAI11].

B Proofs and additional discussions

B.1 Proof of Proposition 1

In this section, let us extend the definition in Eq. (4) to any operator A € S(H ), without the implied
positivity restriction (in Eq. (4), we ask that A > 0) :

VA€ S(H), Vo € X, fa(x) = ¢(x)" Ad(z). (4bis)

Proof of Proposition 1. To prove linearity, let A, B € S(H) and «, 5 € R. Since S(H) is a vector
space, €A + BB € S(H). Let x € X. By definition for the first equality and linearity for the second,

fantpp(@) = ¢(2) " (@A + BB)d(z) = ag(x) " Ag(x) + So(x) " B(x).
Finally, since by definition, fa(z) = ¢(z) T A¢(z) and fg(z) = é(x) T Bo(z), it holds :

faarpn(r) = ad(@)T Ad(x) + Bé(z) " Bo(x) = afa(z) + Bfs(x).
Since this holds for all x € X, this shows foa488 = afa + BfB.

To prove the non-negativity, assume now that A > 0. By definition of of positive semi-definiteness,
VheH, hTAh > 0.
In particular, for any « € X, the previous inequality applied to h = ¢(x) yields
fa(z) = o(x)" Ap(z) > 0.
Hence, f4 > 0.

B.2 Proof of Proposition 2

Recall the definition of f4 for any A € S(H) in Eq. (4bis). We have the lemma:

Lemma 1 (Linearity of evaluations). Let z1,...,z, € X. Then the map
AeSH)— (fa(zi))i<i<n € R”

is linear from S(H) to R™.

Proof. This just follows from the fact that the definition of fa(x;), fa(x;) := ¢(x;) T Ad(x;), is
linear in A. O

Proof of Proposition 2. Let L : R" — R be a jointly convex function and 1, ...,x, € X. The
function A € S(H) — L(fa(x1),..., fa(x,)) can be written L o R, where
R:Ae€ S(H) — (fA(xi))lgign e R".

Since L is convex, and R is linear by Lemma 1, their composition is convex.
Moreover, since S(H); is a convex subset of S(#), the restriction of A € S(H) —
L(fa(z1),..., fa(xy)) on S(H)+ is also convex. O
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B.3 Proof of Thm. 1

In this section, we prove Thm. 1 for a more general class of spectral regularizers.

B.3.1 Compact operators and spectral functions

In this section, we briefly introduce compact self-adjoint operators and the spectral theory of compact
self-adjoint operators. For more details, see for instance [GGK04]. We start by defining a compact
self-adjoint operator (see Section2.16 of [GGKO04]) and stating its main properties:

Definition 1 (compact operators). Let H be a separable Hilbert space. A bounded self-adjoint
operator A € S(H) is said to be compact if its range is included in a compact set. We denote with
Soo(H) the set of compact self adjoint operators on H. It is a closed subspace of S(H) for the
operator norm and the closure of the set of finite rank operators.

Proposition 6 (Spectral theorem [GGKO04]). Let H be a separable Hilbert space and let A be
a compact self adjoint operator on H. Then there exists a spectral decomposition of A, i.e., an
orthonormal system (uy) € H of eigenvectors of A and corresponding eigenvalues (oy,) such that

forall h € H, it holds
Ah = Z Uku;h up =: (Z akuku;> h.
k k

Moreover, if 0, is an infinite sequence, it converges to zero.
Furthermore, we say that the orthonormal system (uy) of eigenvectors of A and the corresponding
eigenvalues (oy,) is a basic system of eigenvectors of A if all the oy, are non zero. In this case, if Py
denotes the orthogonal projection on Ker(A), then it holds

VheH, h=Toh+ Y upu h
k

In what follows, to simplify notations, we will usually write A = U Diag(c)U " in order to denote a
basic system of eigenvectors of A. Moreover, if A is positive semi-definite, we will assume that the
eigenvalues are sorted in decreasing order, i.e., og+1 < 0.

Definition 2 (Spectral function on S, (H) [GGKO04]). Let q : R — R be a lower semi-continuous
Sunction such that q(0) = 0. Let H be any separable Hilbert space. For any A € Soo(H) and any
basic system A = U Diag(o)U ", we define the spectral function q

q(A) = U Diag(q(o))U" = > alon)uruy.
k

B.3.2 Classes of regularizers

Let us now state our main assumption on regularizers.

Assumption 1 (Assumption on regularizers). € is of of the form

— A : T
VA c S(H), Q(A) — {Tr(Q(A)) - Zk q(gk) lfA - UDlag(U)U € SOO(H)7 Zk q(gk) < 00
+00 otherwise,
where q : R — R, is:
o non-decreasing on Ry with q(0) = 0;

o [ower semi-continuous,

Note that in this case, € is defined on S(#) for any Hilbert space #.
Remark 4. Q(A) = A\ [|A|| + 22| Al|% satisfies Assumption 1, with ¢(c) = M\ |o| + A2 02
Lemma 2 (Properties of ). Let ) satisfying Assumption 1. Then the following properties hold.
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(i)

(it)

(iii)

Proof.

(i)

(iii)

For any separable Hilbert spaces H1, Ha and any linear isometry O : Hy — Ho, i.e., such
that O*O = Iy, it holds

VA € S(H1), QOAO*) = Q(A).

For any separable Hilbert space H and any orthogonal projection I1 € S(H1), i.e., satisfy-
ing I1 = II*, 112 =11, it holds

VA = 0, Q(IIAIT) < Q(A).

For any finite dimensional Hilbert space H.,,

Q is lower semi-continuous (l.s.c), Q) —
1 Allop—>+o00

where we denoted by || - ||,p the operator norm.

(i) Write A = ", opugu, where the (uy) form a basic system of eigen-vectors for A.
The (vi) = (Ouyg) form a basic system of eigen-vectors for O AO*, as

0AO* =) opvpvy, o #0.
k

Hence, by definition, (OAO*) = ", q(o})vxv, . By definition of the trace, we have

Q(040%) = _q(or) = Q(A).
k

Let A be a compact self-adjoint semi-definite operator. Let A = U Diag(c)U " be a basic
system of eigenvectors of A, where the o are positive and in decreasing order. Define
B = U Diag(y/o)U" and note that in this case, A = B? = B*B. Using Exercise 23
of [GGKO04], we have that for any orthogonal projection operator II and any index k,
0, (ILB*BII) < o4(B*B) and hence oy, (ITAII) < o,(A). Since g is non decreasing, it
holds ¢ (o (ITAIT)) < g(ok(A)) and hence

QAL = 3 g(op (TAI) < 3 g(ox(4)) = 2(A).
k k

Let ,, be a finite dimensional Hilbert space and let || - ||, be the operator norm on S(#,,).
If ¢ is continuous, then A € H,, — ¢(A) is continuous and hence (2 is continuous (since
the trace is continuous in finite dimensions). Now assume ¢ is lower semi-continuous,
and define for n € N, ¢, (t) := infsegr q(s) + n|t — s|. We have g, > 0, ¢,(0) = 0 ¢y,
is uniformly continuous and ¢, is an increasing sequence of functions such that ¢, — ¢
point-wise. Now it is easy to see that Tr(q(A)) = sup,, Tr(g,(A)) and hence 2 is lower
semi-continuous as a supremum of continuous functions.

The fact that €2 goes to infinity is a direct consequence of the fact that ¢ goes to infinity, by
Assumption 1.

O

Remark 5. The three conditions of the previous lemma are in fact the only conditions needed in the
proof. We could loosen Assumption 1 to satisfy only these three properties.

B.3.3 Finite-dimensional representation and existence of a solution

Fix n € N, aloss function L : R — R U {400}, a separable Hilbert space #, a regularizer 2 on
S(H) a feature map ¢ : X — H and points (21, ..., z,) € X™.

Recall the problem in Eq. (5):

il’lfAto L(fA(.’El), ,fA(a:n)) —|—Q(A) )
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Define H,, to be the finite-dimensional subset of H spanned by the ¢(z;), i.e.,

Hy = span (¢(2;))1<i<n = {Z aip(r;) © a€ R”} :
i=1

Define II,, is the orthogonal projection on H,,,, i.e.,
I, € S(H), 12 =11,,, range(IT,,) = H,,.
Define S,,(H )+ to be the following subspace of S(H) :
Sn(H)4 =1, S(H) 11, = {11, All,, : AeS(H)+}.

Proposition 7. Let L be a lower semi-continuous function which is bounded below, and assume 2
satisfies Assumption 1. Then Eq. (5) has a solution A* which is in S,,(H)+.

Proof. In this proof, denote by J the function defined by
VA e S(H), J(A) := L(fa(z1),..., fa(zn)) + Q(A).

Our goal is to prove that the problem inf 45 (%), J/(A) has a solution which is in S,,(H) 1, i.e., of
the form II,, ATI,, for some A € S(H).

1. Let us start by fixing A € S(H) .
First note that since II,, is the orthogonal projection on span(¢(x;))1<i<n. in particular I, ¢(z;) =
¢(x;) forall 1 <i < n. Thus, forany 1 <1i <mn,

fa(@i) = o(x;) " Ad(x;) = ¢(a;) "L, AL, p(2;) = frr, am,, (24)-
Here, the first and last equalities come from the definition of f4 and fr1, am, . Thus,

J(A) = L(fu, am, (%1), .., f1, a11, (20)) + Q(A).

Now since (2 satisfies Assumption 1, by the second point of Lemma 2, it holds Q(II,, AII,,) < Q(A),
hence
J(IT, AIT,) < J(A).

This last inequality combined with the fact that S,, (%) = IL,S(H)+1I,, C S(H)4+ show that
ianESn(H)+ J(A) = ianEO J(A) (16)

2. Letus now show that inf 4¢s, (%), J/(A) has a solution. Let us exclude the case where J = +o0,
in which case A = 0 can be taken to be a solution.

Let V,, be the injection V,, : H,, — H. Note that V,,V,* =11, and V,'V,, = Iy, . These simple facts
easily show that

Sn(H)y = VaS(Hn)4 V¥ = {VnAv; CAe S(?—[n)+}.
Thus, our goal is to show that inf ;. g4, ), J(VaAV,)) has a solution.

By the first point of Lemma 2, since V'V, = Iy, it holds

VA€ S(Mn), QVRAVY) = QA) = J(VuAVY) = L(fy, av: (1), s fy,, zvs (T0)) + Q(A).

Let Ag € S(H,,)+ be a point such that Jo := J(V;, AgV;*) < co. Let ¢o be a lower bound for L. By
the third point of Lemma 2, there exists a radius Ry such that for all A € S(H,,),

|A|lp > Ry = Q(A) > Jo — co.
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Since ¢y is a lower bound for L, this implies
ianGS(Hn)Jr J(VnAV:) = ianGS(Hn)Jr, HAHFSRO J(VnAVTf)

Now since L is lower semi-continuous, {2 is lower semi-continuous by the last point of Lemma 2,
and A — (fy, Av-(%i))1<i<n is linear hence continuous, the mapping A J(V, AV¥) is lower
semi-continuous. Hence, it reaches its minimum on any non empty compact set. Since H,, is
finite dimensional, the set {fl €S(Hn)s : ||Allr < RO} is compact (closed and bounded) and

non empty since it contains Ao, and hence there exists A, € S(H,,), such that J(V, A, V) =
infléie‘s(ﬂn)+ Al <Ro J(V,, AV.*). Going back up the previous equalities, this shows that A, =

V, A,V € 8,(H)4 and J(A,) = inf 40 J(A). O

B.3.4 Proof of Thm. 1

We will prove the following Thm. 7 whose statement is that of Thm. 1 with more general assumptions.

Theorem 7. Let L be lower semi-continuous and bounded below, and ) satisfying Assumption 1.
Then Eq. (5) has a solution A, which can be written in the form

Z Bib(xi) ()", for some matrix B € R"*" B+ 0.

ij=1

Moreover, if L is convex, and S is of the form Eq. (6) with Ay > 0, this solution is unique. By Eq. (4),
A, corresponds to a function of the form

fulx) = Z Bjk(z, xz)k(z, x;).

4,j=1

Lemma 3. The set S,, (1) can be represented in the following way

Sn(%)+ - Z Bl'vj(ﬁ(l‘i)(ﬁ(l'j)—r, . B S Rnxn’ B i 0

1<i,j<n

In particular, for any A € S,,(H), there exists a matrix B € R"*", B = 0 such that

A= Z Bid‘(ﬁ(a?i)(b(l‘j)—r = Vz € X, fA(l‘) = Z Bi,jk(xi,x)k‘(ﬂcj,x).

1<i,5<n 1<i,j<n

Proof. Define S,, : H — R" to be the operator such that

Vh, Sp(h) = (b ¢(x:))

1<i<n’

with adjoint S}, : R™ — H such that

Va € R", Sta = Zaiqﬁ(axi).

i=1

Note that for any B € R"*", S7BS, = }_, ; B, jo(z:)p(x;)T.

1. Proving S,(H), C {zlgmgn B.,é(2:)d(x,)T, : BER™™ B » 0}. Let IL AL, €

S, (H)+. Using the previous equality, we want to show there exists B € R"*" B > 0 such
that IL,, AIl,, = S’ BS,,. Using Lemma 4, we see that II,, can be written in the form ST}, where

T, : H — R"™ (write IL,, = O,,0;, and note that O,, is of the form S,*L(jn). Hence, defining B to be
the matrix associated to the operator 7,, AT : R — R", it holds II,, AIl,, = S}B.JS,,. Moreover,
A > 0implies B = T,, AT, 0.
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2. Proving {ZlgmgnBi7j¢(xi)¢(mj)T, . BERV", B> 0} C Su(H)y. Let

B € R B > 0. Since B > 0, A := SBS, = 0. Since S} has its range included
in H,, I1,,S = S¥. Thus, IT,, ATl,, = A and hence A € S,,(H).

The second statement comes from the definition of f4(z). Indeed assume A € S,(H)+. By
definition, f(z) = ¢(x) " Ag(z). Moreover, by the previous point, there exists B € R"*", B = 0
suchthat A=73",_, ., B, j¢(xi)p(z;) . Combining these two facts yields:

Ve e X, fa(z) = Z B, jo(z) (i) dp(z;) T p(x) = Z B, jk(z,x;) k(z, ;).

1<i,j<n 1<i,j<n

The last equality comes from the definition k(z, ) = ¢(z) T ¢(Z). O
Proof of Thm. 7. Under the assumptions of Thm. 7, one satisfies the assumptions of Proposition 7.
Thus, Eq. (5) has a solution A, which is in S,,(H)... Now applying Lemma 3, A, can be written in
the form A, =37, B, j¢(xi)p(z;) " for B € R"*" B = 0, and hence

Ve e X, fa,(z) = ZBmk(m,xi)k(a:,xj).
,J

Uniqueness in the case where 2 is of the form Eq. (6) with Ay > 0 comes from the fact that the loss
function is strongly convex in this case, and thus the minimizer is unique. O

B.4 Proof of Proposition 3

Recall the definitions of S, : H — R"™ and its adjoint S}, : R" — H :

n
L<i<n s VO E R™, Sro = Zaiqﬁ(xi).
i=1

Vh, S,(h) = (hT ¢(xs))

Note that the kernel matrix K = (k(z;, %)), <, <, can also be written as K = 5,57
Let r be the rank of K and V € R"*" be a matrix such that

ViV =K.

Note that V is of rank 7 and hence V'V T is invertible, making the following definition of O,, : R" —
H valid:
O, =8 vVi(vvT)L
The following result holds :
Lemma 4. 0,0} =11, and O}0,, = I,.

Proof. Using the fact that VTV = K = S,,S%, we have
0:0, = (VV) Vs, s:vi(vv =l = (vv I lvvIivvTi(vv =l = [

Now let us show that O,,0; = II,,. First of all, I, := 0,0} is self adjoint and is a projec-
tion operator since 112 = 0,,(0:0,)0; = 0,0 = II, by the previous point. Moreover, its
range is included in span(¢(x;))1<i<n since O, = S;On for a certain O,, and the range of S} is
span(¢(x;))1<i<n. Finally since the rank of S7; is also the rank of S,,S}; which is , we deduce that
the range of span(¢(z;))1<i<n is of dimension r and hence, since O};O,, = I, implies that 0,0},
is of rank 7, putting things together, I, = II,,. O

Remark 6 (Constructing V). In the case where the kernel matrix K is full rank, V. € R™*" and is
invertible, and O,, can be simply written SV 1,

In the case where the kernel matrix K is not full-rank, we build V- as V.= X'/2U7, where ¥ € R™*"
is diagonal and U € R™*" is unitary and correspond to the economy eigendecomposition of K
where 1 is the rank of K, i.e.,, K = Uxu’.
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Consider the following generalization of the finite dimensional model proposed in Eq. (8) in the case
where K is not necessarily full rank :

fa(z) =®@x)TAD(z), AcR™*", A0, (8)
where ® : X ~ R is defined as ®(z) = O¢(x) = (VV ) 1Vu(z), where v(z) =
(k(zi, 2))1<i<n € R™

We are now ready to prove Proposition 3.

Proof of Proposition 3. Recall
minayo L(fa(21), .., fa(zn)) + QA). )

The fact that Eq. (9) has a solution, and that this solution is unique if A2 > 0 and L is convex can
be seen as a simple consequence of Thm. 7 in the case where the model considered is the finite
dimensional model defined in Eq. (8). Let us now prove the other part of the proposition.

Start by noting that with our definition of O,,, for all A € R™" A » 0,
fo,a0: = fa. (a)

Moreover,
{0,AO0; : AcR™", A =0} =8,.(H)+. (b)

Finally, since O,, is an isometry which implies (0, AO%) = Q(A) and by Eq. (a), for any
A € S(R™),, itholds :

L(fo,a0:(%1), ..e; fo, a0z (2n)) + Q0,AO}) = L(fa(a1), ..., fa(za)) + QA).  (0)

Now combining Eq. (c) and Eq. (b), any solution A, to Eq. (9) corresponds to a solution A, €
argmines, (1), L(fa(®1), .., fa(zn)) + Q(A), where A, = 0,,A..O;,. Now using Eq. (16) in
the proof of Proposition 7, we see that A, is also a minimizer of Eq. (5) hence the result.

Note that the fact that the condition number of the problem, if it exists, is preserved because O, is an
isometry. [

B.5 Proof of Thm. 2 and algorithmic consequence.

In this section, we prove Thm. 2 and explain how to derive an efficient algorithm to solve it in certain
cases.

Let us start by proving the following lemma.
Lemma 5. Let A1, Ao > 0 and assume Az > 0. Let Q. be defined on S(R") as follows :

MAlL+ 22 A41% ifA =0
+00 otherwise .

f.(4) = {

Then Q. is a closed convex function, and its Fenchel conjugate is given for any B € S(R") by the
formula:

. 1 2
QL(B) = Ty B = I,
Moreover, Q) is differentiable at every point, and is 1 /Xy smooth. Its gradient is given by:
1

VQL(B) = 5

[B— M1, .

Proof. Write
Ao
04 (4) = sy, + MillAlL o+ AL
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Here, ¢ stands for the characteristic function of the convex set C, i.e. 1o (z) = 0if z € C and +00
otherwise. Since | - |3 and || - ||, are both convex, continuous, and real valued, and since tsgr), is
closed since S(R") is a closed non-empty convex subset of S(R"), this shows that Q2 is indeed
convex and closed. Note that it is continuous on its domain S(R") ... Moreover, it is strongly convex
since A2 > 0. Fix B € S(R") and consider the problem

sup Te(AB) — 9 (A) = sup Te(A(B — M) — 22| A2
AES(RT) A=0 2

Since ) is strongly convex, we know there exists a unique solution to this problem.
Note that A, = argmax Tr(AB) — Q4 (A) if and only if

2

Ay = argmingesrr), 5 5 H <A - —(B Ml )>

That is A, is the orthogonal projection of B%‘ll on S(R") . for the Frobenius scalar product. Hence,
A — {Bf>\1]:| _
: +

A2

Here, for any symetric matrix C, we denote with [C] . resp [C]_ its positive resp negative part. Given
an eigendecomposition C' = UXUT with ¥ diagonal, they are defined by [C]; = U max(0,X)UT
and [C]_ = U max(0, —X)U7. Hence, the Fenchel conjugate of Q2 is given by
* 2
Q+( ) = 2)\ H[B Ml +HF
Consider w* : o € R — max(0,0%) € R. w} is 1-smooth and differentiable, and (w% ) (o) =
max(0, o). Hence, the function

B Tr(w}(B)) = ||[Bl+]%

is differentiable and 1-smooth, with differential given by the spectral function (w7 ) (B) = [B]4.
Hence, €2 is differentiable and VQ (B) = /\%[B — A1)+, and is 1/ smooth. O

Theorem 8 (Convex dual problem). Ler L : R™ — R U {400} be convex closed function and L*
be the Fenchel conjugate of L (see [BVO4] for the definition of closed and of the dual conjugate).
Assume S is of the form Eq. (6). Assume there exists A € R"™*", A > 0 such that L is continuous in

(fA (Ii))lgign-
Then the problem in Eq. (9) has the following dual formulation,

suﬂg —L*(a) — iH[V Diag(a)V" + A\ I]_||%, (10)
acR™

and this supremum is atteined. Let a* € R™ be a solution of (10). Then, the solution of (5) is
obtained via (7), with B € R™*" B = 0 as

B=V' (Vv (Al [V Diag(a.) V" + M\ I _) (Vv hH~lv. (11)
2

Proof of Thm. 8. We apply theorem 3.3.1 of [BL10] with the following parameters (on le left, the
ones in theorem 3.3.1 of [BL10] and on the right the ones by which we replace them).

E S(R")
Y R™
A:E-Y R:A SR~ (fa(z1),.... fa(zn)) € R
f:E =] — 00,40 Qp : S(R") =] — 00, +0]
g:Y =] — 00, +0] L:R" -] — 00, +0]
p = infier g(Az) + f(x) p=infacsmry L(fa(z1), ., fa(2n)) + Q4 (A)
d = supgey —g"(¢) — f*(=A"9) d = sup,epn —L7 () = 4 (= R*(a))
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Indeed, for all 1 < ¢ < n, if ® is defined in Eq. (8), ®(x;) = Ve; and thus fA(aci) =
O(z;)TAD(2;) = e;(VTAV)ei. Thus, for any A € S(R"), R(A) := (fA(:cz)) P

1<i<n
Diag(V T AV). The following properties are satisfied :

e [ is lower semi-continuous, convex and bounded below hence closed (see [BL10]);

e similarly, 2 is a non negative closed convex function, with dual {7} given in Lemma 5
which is differentiable and smooth;

e dom(24) = S(R")4 ;
e Ris linear, and for any a € R", it holds R*a = V Diag(a)V ";
e The dual d can therefore be re-expressed as Eq. (10), using the expressions for {27} and I2* :

1
sup —L*(«)

Sup ~ o | [VDiag(@)VT + 1] Hi (10)

e Assume there exists A € R™" A > 0 such that L is continuous in (fA(%‘)hgign- Then
there exists a point of continuity of g such which is also in R dom f, hence the assumption
of theorem 3.3.1 of [BL10] is satisfied.

Applying theorem 3.3.1 of [BL10], the following properties hold:

e d=np,

e d is atteined for a certain o, € R™. Indeed, there exists A € dom 4 such that R(A) €
dom(L). Thus, L(R(A)) + Q4+ (A) < +oo and hence d < +o00. Moreover, since L and
Q. are lower bounded, this shows that d is lower bounded and hence d > —oo. Hence d is
finite and thus is atteined by theorem 3.3.1.

Now using Exercise 4.2.17 of [BL10] since L and €2 are closed convex and since Qj_ is differentiable,
we see that the optimal solution of the primal problem A, is given by the following formula:

1
A, =VQ (-Ra*) = x [V Diag(a., )V + 1] _.

Thus, for any x € X, using the definition of ®(z), it holds

fa(z)=®2)"A®(x) =v(@) VI(VVT)? (;2 [V Diag(e.) VT + M I _) (VV )" Vu(z).

Thus, setting

B=V (vvT)! (1 [V Diag(e.) VT + M I _) (VV =iV,
A2

it holds fa(z) = v(z)TBu(x). Since v(z) = (k(z,z;))1<i<n € R”, this shows the result. In
particular, note that when V is invertible (i.e. when K is full rank) then the equation above is exactly
Eq. (11),since VT (VV )=l = v,

O

Proof of Thm. 2. 1t is a direct consequence of the previous theorem.
O

Note that the conditions of theorem Thm. 2 are satisfied in many interesting cases, such as the ones
described in the following proposition.
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Proposition 8. Assume one of the following conditions is satisfied :
(i) dom(L) = R";

(ii)) R}, C dom(L) and k(x;,x;) > 0foralll <i<n

n

(iii) K is full rank and there exists a continuity point oq of L such that oy € R}

Then there exists A € S(R™) such that L is continuous in (fa (1), ..., fa(zn)).
Proof. Let us prove these points.

e if dom(L) = R™, since L is convex, L is continuous everywhere. Taking A = 0, the result
holds.

o if k(x;,z;) > O for all ¢ > 0, then taking A = I, we have (fA(CUi)hgign =
(k(zi,2))1<i<n € R,. Since R, C dom(L) and R}, is open, L is continuous
on R?} | and hence, A satisfies the desired property.

e Let o be a continuity point of L in R’ . If we assume K is full rank, then in particular,
V € R™*™ is of rank n and invertible. Thus, there exists A € S(R") such that

VTAV = Diag(ag) = (fa(2i))1<i<n = ao.
O

Discussion on how to solve Eq. (10) Proximal splitting methods can be applied to solve Eq. (10)
such as FISTA [BT09], provided the proximal operator of L* can be computed (see [PB14] for the
definition of the proximal operator). Indeed, Eq. (10) can be written as

min F(a) = f(a) +gla),  f(a) = 24(~V Diag(@) V"), gla) = L"(a).

where Qi has been defined in Lemma 5 and has been shown to be smooth and differentiable. Thus,
since « — V Diaug(oz)V—r is linear, f is smooth and differentiable. Moreover, one can have access to
the gradient of f by performing an eigenvalue decomposition of V Diag(a)V " whose complexity is
bounded above by O(73). Thus, one can apply one of the algorithms in section 4 of [BT09] in order
to compute an optimal solution to Eq. (10). Moreover, a bound on the performance of the algorithm is
given in theorem 4.4 of this same work. Note that if L is of the form L(a) = Y7, £;(«;), it suffices
to be able to compute the proximal operator of the ¢; to get a proximal operator for L* (see [PB14]).

B.6 Proof and additional discussion of Thm. 3

We recall the notion of universality [MXZ06], in particular cc-universality [SFL11], here explicited in
the context of non-negative functions. A set F is a universal approximator for non-negative functions
on X if, for any compact subset Z of X', we have that the set F|z of restrictions on Z, defined as
Flz ={flz | f € F},is dense in the set C*(Z) of non-negative continuous functions over Z in
the maximum norm. In the following theorem we prove the cc-universality of the proposed model

Theorem 9. Let X be a locally compact Hausdorff space, H a separable Hilbert space and ¢ : X —
H a cc-universal feature map. Let || - ||o be a norm for S(H) such that || - ||« & || - [[o. Then F is a
cc-universal approximator for the non-negative functions on X.

Proof. Proving that the proposed model is a cc-universal approximator for non-negative functions, is
equivalent to require that given a compact set Z C X', anon-negative functiong : Z — R, ande > 0,

there exists fa, . . € Fg suchthat||g — fa, . . llc(z) < e Inparticular, let Q = 2H9H1c/(22) +€'/2,

. . . . . T
since ¢ is cc-universal, given Z, g, €, there exists w\/y,z,é such that ||\/g — ¢(:) w\/g,z,é lloz) <

5 Define Ay = . Note that for any x € X,

RN R RN X

Fagz. (@) = $(@) T A 2 b(z) = 9la)T (wﬁa;2 ® wﬁ%) 0(x) = (6() Tw 5 )P
17
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Then, by denoting with h(z) = \/g(z) — ¢(= €, we have

_ _ L2

lg = fa,.z.llc) —Slelglg(w) (d(x)" wﬁ,z,a) | (18)

_ T
— sup| (Ve - o(a ,é) (Vo + o) w26 )] 09
= sup |h(z)(2y/g(z) — h(z (20)

r€Z
< [IPllez Rlvillee) + Ihllez) 2D
9g]| X2 ) <e. (22)
<5 (21 +

The last step is due to the fact that €/Q < 4/, then 2”9”0(2) +5<Q. O

B.7 Proof and additional discussion of Thm. 4

In Thm. 10, stated below, we prove that £, C Fy under the very general assumption that Gy is a
multiplication algebra, i.e.. if G4 is closed under pointwise product of the functions. In Thm. 11 we
specify this result when G is a Sobolev space, proving that &, C F2. Thm. 4 is a direct consequence
of the latter theorem.

General result when G, is a multiplication algebra. First we endow G, with a Hilbertian norm.
Define || - ||g¢ as ||fw||g¢ = ||w||%, for any w € H.

Definition 3. G is a multiplication algebra, when there exists a constant C such that the unit
Sfunction v : X — R that maps x — 1 for any x € X is in G4 and

If - gllg, < Cllfllg,llgllg,, V. f.g9€s, (23)
where we denote by f - g the pointwise multiplication, i.e., (f - g)(z) = f(x)g(z) forall x € X.
Remark 7 (Renormalizing the constant). Note that when Gy is a multiplication algebra for a constant
C, it is always possible to define an equivalent norm || - [|g as || - ||2j¢ = C| - |lg, for which Gy is a
multiplication algebra with constant 1.
Theorem 10 (General version when G is an algebra). Let || - ||« & || - ||o. Let X be a compact space
and ¢ be a bounded continuous map such that G is a multiplication algebra, then £4 C F, e

Proof. Let g € &, and take f € Gy such that g(x) = e/(*) for all # € X. First we prove that

&y C Fj. With this goal, first we prove that \/g € G, and then we construct a rank one positive
operator such that f4 (x) = g(z) for every € X'. We start noting that, given f € Ggandt € N, f*
defined by f - f=* for t € N satisfies f* € Gy, with || f*lg, < Ct||f||tg¢, by repeated application of

the Eq. (23). Moreover note that the function s = EtGN i f*, satisfies s € G, indeed

C|f 2
Isllg, <Y ==l g, < . ctHf”t < Cllflig, /2.
2 t' ot

teN teN

Moreover s satisfies s(x) = /g(x) for all z € X, indeed for x € X’ we have
1 1
S(x):(b(x)'l's:zﬁ ($>Tftzzift($):€f(x)/2: g(a:)

! 2t¢!
teN teN

Now let A; = s ® s, we have that ||Ay||o < ||A4]|« by assumption, and ||Ag4||. = HsHé(b < 00, SO
the function f4, € F7 and forany z € X

fa (@) = ¢(2) " Ago(z) = ¢(x) " (s @ 5)g(x) = (9(2) "s5)* = g(x).
Since for any g € & there exists fa, € F thatis equal to g on their domain of definition, we have
that &y C F 5. O

Now we are going to specialize the result above for Sobolev spaces.
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Result for Sobolev spaces The result below is based on the general result in Thm. 10, however it
is possible to do a proof based only on norm inequalities for compositions of functions in Sobolev
space (see for example [BMO1]). While more technical, this second approach would allow to derive
also a more quantitative analysis on the norms of the functions in G4 and 3. We will leave this for a
longer version of this work.

Theorem 11. Let || - ||, > || - ||o. Let X C R and X compact with locally Lipschitz boundary and
let Gy = W3(X). Let xo € X. Then the following holds:

(a)Ey S Fg. (D) The function fr,(x) = e~le=oll™ ¢ (X)) satisfies fu, € Fgand fr, & Ep.

Proof. First we prove that £, C ]-";, via Thm. 10, then we show an example of function that is in
F3, butnot in £, obtaining &, ¢ F73. To apply this result we need first to prove that G, = W3"(X)
is a multiplication algebra when W23™(X’) is a RKHS as in our case.

Step 1, m > d/2. First note that G, satisfies m > d/2 since W3 (X) admits a representation in
terms of a separable Hilbert space H and a feature map ¢ : X — H, i.e., it is a reproducing Kernel
Hilbert space and for the same reason || - ||g, is equivalent to || - |y (x) [WenO4].

Step 2. G, is a multiplication algebra. Applying Thm. 10. Since G, = W3*(X) with m > d/2,
then it is a multiplication algebra. This result is standard (e.g. see pag. 106 of [AF03] for m € N and
X = R?) and we report it in Lemma 8 in Appendix C. Then we apply Thm. 10 obtaining Ey C Fg-

Step 3. Proving that f,, € 77 and not in &,. By construction the function v(z) = e~ 1/ Cllz==0l*)
is in C*°(X’) and so in W3™*(X) for any m > 0. Since G, = W3"(X), then v € G, i.e., there exists
w € H such that w' ¢(-) = v(-). Define A, = w ® w, then

fa, (@) = ¢(a) T Apo(z) = (" §(2))? = v*(2) = fuo(x), Vo€ X

Then fy, = fa, on X, ie., fz, € F3. Toconclude note that, f;, does not belong to &, since zo € X
and fg,(zo) = 0, while for any g € £, we have inf cx g(z) > 0. Indeed, we have that for any
F €64 Ifllewy =supgex [f(x)] < oo, since Gy = W3 (X) C C(X). Moreover, given g € Gy,
and denoting by f € G, the function such that g = ef, we have that inf,c x g(x) > e~ Iflloc) > .
Finally, since £, C F, but there exists f, € F; and notin &y, then &y & F7. O

Proof of Thm. 4. This result is a direct application of Thm. 11, since X = [~R, R]%, with
R € (0, 00) is a compact set with Lipschitz boundary.

B.8 Proof of Thm. 5

We recall here the Rademacher complexity and prove Thm. 5. This latter theorem is obtained from
the following Thm. 12 that bounds the empirical Rademacher complexity introduced below. First we
recall that the function class F ; is defined as

For ={fal A= 0,[Alo <L},

for a given norm || - ||, on operators, a feature map ¢ : X — H and L > 0. Now we define the
empirical Rademacher complexity and the Rademacher complexity [BMO2]. Given z1,...,z, € X,
the empirical Rademacher complexity for a class F of functions mapping & to R, is defined as

R, (F) = 2E sup 1 iaif(xi)

)

fer |
where o; independent Rademacher random variables, i.e., 0; = —1 with probability 1/2 and 41 with
probability 1/2 and the expectation is on o1, ..., 0,. Let p be a probability distribution on X and

Z1,...,x, sampled independently according to p. The Rademacher complexity R,,(F) is defined as
R, (F) = ER,(F),

where the last expectation is on 21, . . ., £,,. In the following theorem we bound I:Bn
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Theorem 12. Let || - ||o & || - ||F. Let 21,...,2z, € X, L > 0.

Proof. Given fa € F7 1, since || - [|o is stronger or equivalent to Hilbert-Schmidt norm, we have
that ||A||r < ||Allo < L. Since A is bounded and ¢(-) € H, by linearity of the trace we have
falz) = ¢(x) T Ap(z) = Tr(A ¢(x) @ ¢(x)) for any x € X. Then, by linearity of the trace

R.(F2,)=2E § f(z)| = 2E d(xi) T Ad(x; 24
( L r) gg&? i— 7 (@) A>ob\|1il\l <L nZa i) Ag(z) .
1 n
=2E — i Tr(A i) @ o(x; 25
Azo,sillilll)losL ”;U (et @ ol >
1 n
=2E Tr|A | — (T i 26
f( (né“““w 0)\ -

Now since || - ||o is stronger or equivalent to || - || 7 this means that {A € S(H) | ||A]lo < L} C{A €

S(H) | |Allr < L}, then
Tr <A (:L S gz @ (b(xi))) ‘ @7)

Tr <A (Tll > oid(a) @ ¢(;vi)>> ’ (28)
i=1

2E sup
AZ0,[|Allo<L

<2E sup
A=0,||AllF<L

1 n
< 2E A 4 b(z, i 2
a Ato,sulflxﬁpg |4 Hn ;" Pai) @ d(xi)|| (29)
1 n
<2LE HE Zasz(xi) ® ¢(x;) B 30)
i=1

To conclude denote by ¢; the random variable o;¢(z;) ® ¢(x;). Then

B [ S owote) 6t i:En;;gnF

n((236) (136)) -2 (3 X cc)

,j=1

By Jensen inequality, the concavity of the square root, and the linearity of the trace

E |Tr (nz Z ClCJ) <,/ETr (nz Z 47«(]) = % i TI‘(EQC]').

3,J=1 3,j=1 3,j=1

Now note that for i € {1,...,n}, we have E,,(; = 0, moreover Eo? = ||¢(x;)|*¢(x;) ® d(z;).
Finally, given 1, . .., x,, we have that (; is independent from (;, when ¢ # j. Then when i # j
we have Tr(E(;(;) = Tr((Eq,(i)(Eo,¢;)) = 0. When i = j we have Tr(E(;(;) = Tr(E¢?) =
l¢(x:)]|*. So

53 TEGG) = 22||¢ SIS
ij=1

From which we obtain the desired result. O

Now we are ready to bound R,, as follows
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Proof Thm. 5. The proof is obtained by applying Thm. 12 and considering that ||¢(x)|| is uniformly
bounded by c on X. Then

B.9 Learning rates

By using a standard argument based on the Rademacher complexity (see [SSBD14] Chapter 26, or
[Bac17] paragraph 4.5 and in particular Eq. (13) we can derive the following learning rates for the
proposed model. Let the population risk be defined as R(f) = E, ,¢(y, f(z)) for some G-Lipschitz

loss function £ and Ry, be the empirical version Rp(f) = LS Uys, f(x;)) for a given dataset
D of n examples. Recall we are given a norm || - ||, (e.g., Frobenius or nuclear), a feature map ¢
and a radius L, and that we define the class of estimators 3 ; := {fa | [|Allc < L}. Denote by

fp,L =argmingers R p(f) the empirical risk minimization solution over the set ¢ ;, so

EpR(fp.) —  inf R(f)S2ED[f§t}lg IR(f) = Ro(f)l] <26 Ra(F5 1),
¢, L é,L

where R, (F, &, 1) is the Rademacher complexity of the set F, .1, and is bounded by 25%2 by Thm. 12.

(c is the bounding constant of the kernel, i.e., ¢ = sup ¢y [|¢(z)]]).

Remark 8. Note that assuming there exists an operator A, with || A,|s finite (in particular it
could be rank-1, i.e. A, = w,w, for some w,), such that the learning problem is well posed, i.e.
infreox) R(f) = R(fa,), and choosing L = || A,||o, we obtain the learning rate EDR(]?D)L) -
R(fa,) = O(c*G || Ayl|o/\/0), which is the standard rate for linear models (see [SSBD14] for more
details).

B.10 Proof of Proposition 4

See Appendix A for the basic technical assumptions on X', H and ¢. In particular X is Polish and ¢
is continuous and uniformly bounded by a constant c.

Proof of Proposition 4. In the following we will consider integrability and measurability with respect
to a measure dx on X'. In particular p : X — R is an integrable function on X with respect to the
measure dz. Now define ¥ () = p(x)é(x)¢(x) . We have that ¥ is measurable, since ¢ and p are
measurable. Since p is integrable, p is finite almost everywhere, and hence ¥ (z) = p(z)p(z)p(z) "
is defined and trace class almost everywhere, and satisfies

19 (z)||s = |p(z)] ||¢(x)|\§[ < |p(3r:)|c2 almost everywhere.

Since the space of trace class operators is separable, this shows that ¥ is Bochner integrable and
thus that the operator W), = [ _ #(x)¢(z) T p(x)dx is well defined and trace class, with trace norm

bounded by £2||p|| 11 (x). Moreover, by linearity of the integral, for any A € S(H),

T(AW,) = [ To(A6()o@) p(e)ds = [ falelpla)da,
X x
where the last equality follows from the definition of f4 and the fact that

Tr(Ag(x)p(x) ") = Te(p(z) T Ag(x)) = ¢(x) " Ad(x) = fa(2).
O

Remark 9 (Extension to more general linear functionals.). Note that the linearity of the model in
A allows to generalize very easily the construction above to any linear functional that we want to
apply to the model. This is especially true when the model has a finite dimensional representation as
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Eq. (7), i.e. fg = > ) Bijk(z,z:)k(x, z;) with B = 0. In this case, given a linear functional
L:C(X)— R, we have

n

L(fs) = Y BijL(k(z,z)k(z,z;)) = Tr(BW,),

ij=1

where (Wp); ; = L(k(z,z;)k(z, ;) fori,j =1,...,n

B.11 Proof of Proposition 5

In Appendix B.11 and Appendix B.12, we will use the following notations.
Let h,p € Nand H, H;, H2 be separable Hilbert spaces.

o A= (A)1<s<p € S(H)P will denote a family of self-adjoint operators;

o Given a feature map ¢ : X — H and A = (A)1<s<p € S(H)P we will define the function
fa as follows

Vo € X, fa(w) = (fa.(2))1zszp = (¢(2) " Asd(@)) ..., €RP,  fa: X R

e Given a matrix C' € RP*" which corresponds to a list of column vectors (ct)1<;<p € (RP)",
we define

p
K9(H) := {A = (As)1<s<p € S(H)? - Zc’;AS =0, 1<t< h}
s=1
o Forany A = (A;)i1<s<p € S(H1)? and any bounded linear operator L : H1 — Ho, LAL*
will be a slight abuse of notation to denote the family (LA L*)1<s<p € S(Ha)P.

Proof of Proposition 5. Let p,h € N and let C € RP*" be a matrix representing the column vectors
ct...ch

Let Y be the polyhedral cone defined by C,ie. ¥ = {y e R? : CTy > 0}.

Let H be a separable Hilbert space and ¢ : X — H be a fixed feature map.

With our previous notations, our goal is to prove that for any A = (A;)1<s<p € S(H)?,

AcKH) = Vzc X, fa(z) €.
Assume A € K©(H) and let z € X. By definition, fa(z) = (¢(z) T Asp(x))1<s<p € RP. Hence,

CT falz) = (Z c';qs(x)TAm(x)) = <¢><x>T (Z czAs> <z><x>> :
s=1 1<t<h s=1 1<t<h

Since A € KY(H), forall 1 < t < h, it holds >7_, ctA; = 0. In particular, this implies
d(z) TSP L Agp(z) > Oforall 1 <t < h. Hence

s=1"s
CTfa(x) >0 = fa(x) €.

B.12 Proof of Thm. 6

Using the notations of the previous section, the goal of this section is to solve a problem of the form

LA faGen) +9(A), (13

for given p, h € N, C € RP*" separable Hilbert space #, feature map ¢ : X — H, regularizer ,
loss function L : R” — RU +o0 and 1, ...,z, € &.

We start by stating the form of the regularizers we will be using.
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Assumption 2. Let p € N. For any separable Hilbert space H and any A = (As)1<s<p € S(H)P,
Q is of the form

p
As
QA) => Q(Ay), (A = Al Al + 2’2

1As 1%,

where As 1, g2 > 0and As 1 + Ag2 > 0.
Lemma 6 (Properties of Q). Let 2 be a regularizer such that ) satisfies Assumption 2. Then 2
satisfies the following properties.

(i) For any separable Hilbert spaces H1, Ho and any linear isometry O : H1 — Ho, i.e., such
that O*O = Iy, it holds

VA € S(H1)?, Q(OAO™) = Q(A).
(ii) For any separable Hilbert space H and any orthogonal projection 11 € S(H1), i.e. satisfying
II = II*, I1? = 1L, it holds
VA € S(H)P, Q(IIAII) < Q(A).

(iii) For any finite dimensional Hilbert space H.,, taking ||As||op to be the operator norm on

n»

Q is continuous, Q(A) — +00
sup, || As|[op—r+o0

Proof. Note that since

p
)\5,2

QA) = (A, QA = Mall Al + 2 AR

where A 1, As2 > 0and Ag 1 + Ag 2 > 0, it is actually sufficient to prove the following result.

Let A1, A2 > 0 and assume A; + Ao > 0. Let forany A € S(H), Q(A) = Ai|| A« + 22[|A||%. Then
the following hold:

(1) For any separable Hilbert spaces #1, H2 and any linear isometry O : H; — Ho, i.e., such
that O*O = Iy, , it holds

VA € S(H1)?, Q(OAO™) = Q(A).
(ii) For any separable Hilbert space H and any orthogonal projection IT € S(#,), i.e. satisfying
II = II*, II? = I, it holds
VA € S(H)P, Q(IIAII) < Q(A).

(iii) For any finite dimensional Hilbert space H,,,

Q is continuous, QA)  — +oo,
Il Allop—+o0

where we denote by || - ||op the operatorial norm.
1. (i) has already been proven in Lemma 2.

2. Let us prove (ii). Let H be a separable Hilbert space, II an orthogonal projection on ‘H and
AeSH).

Using the fact that || Bl|. = supj¢,, <1 Tr(BC'), where [[C/[,p, denotes the operator norm on S(H),
we have by property of the trace

|IIAII||, = sup Tr(ITAIIC) = sup Tr(A(IICID)).

ICllop<1 ICllop<1
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Now since ||HCH||OP § ||CH0P S 1, it holds Sup‘lc”(}pgl T‘I‘(A(HCH)) § SupHCHUPSI ’I‘I'(AC) =
||A||«. Thus:
[TTALL[, < [l Al

Moreover, since IT < I, it holds ITAITAII < ITA2II. Hence,
|TLATT||% = Tr(ITATIIIATL) < Tr(ITA?TI)

Now using the fact that Tr(ITA%IT) = Tr(AILA), we can once again use the fact that IT < I to show
that ATIA < A? and hence Tr(AILA) < Tr(A?). Putting things together, we have shown

Tr(ITATIIAIT) < Tr(A?) = ||TAIL||% < ||A]/%.
Thus, by summing the inequalities, Q(ITAIT) < Q(A).

3. The proof of (iii) is straightforward. The continuity of {2 comes from the fact that it is a norm on
any finite dimensional Hilbert space. Moreover, since A; > 0 or A2 > 0, £ goes to infinity. O

Remark 10. As in the previous sections, the fact that ) satisfies these three properties is actually
sufficient to complete the proof.

Recall that H,, is the finite dimensional subset of H spanned by the ¢(x;). Recall that IT,, is the
orthogonal projection on H,,, i.e.

I, € S(H), T2 =11,,, range(IT,,) = H,.

n

Define K () to be the following subspace of K (H) :
KS(H) = {II,AIL, : Ae K°(H)}.

It is straightforward to show that K$'(H) € K¢ (H) since projecting left and right preserves the
linear inequalities.

Proposition 9. Let L be a lower semi-continuous function which is bounded below, and assume )
satisfies Assumption 2. Then Eq. (15) has a solution A* which is in KS (H).
Proof. In this proof, denote with J the function defined by

VA € S(H)P, J(A) := L(fa(z1),..., falzn)) + QA).

Our goal is to prove that the problem inf 4¢ rcc(3¢) J(A) has a solution which is in K$ (%), i.e. of
the form I1,, AII,, for some A € KC(H).

1. Letus start by fixing A € K¢ (H).
First note that since II,, is the orthogonal projection on span(¢(z;))1<i<n, in particular I, ¢(z;) =
@(x;) forall 1 <i < n. Thus, forany 1 <14 <mn,

fa(@s) = (d(xi) T Ash(wi)1<s<p = (9(2:) T Alyd(2:))1<s<p = fru, am, ().
Here, the first and last equalities come from the definition of f4 and fr1, a1, - Thus,
J(A) = L(fu, an, (¥1), .-, fr1, an, (z5)) + 2(A).

Now since €2 satisfies Assumption 2, by the second point of Lemma 6, it holds Q(II,, AIl,,) < Q(A),
hence

J(II,AIL,) < J(A).

This last inequality combined with the fact that K$ (%) = {II, AIL, : A€ K°(H)} C K°(H)
show that

ianEKE(H) J(A) = ianC(’H) J(A)
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2. Letus now show that inf y¢ o () J(A) has a solution. Let us exclude the case where J = +o0,
in which case A = 0 can be taken to be a solution.

Let V,, be the injection V,, : ‘H,, — H. Note that V,,V.* =1II,, and V)V, = Iy, . These simple facts
easily show that

KC(H) = V,, KC(H,)V* = {VnAv; CAe Kf(?—tn)} .
Thus, our goal is to show that inf 5 rc (5, ) J (VaAV7) has a solution.

By the first point of Lemma 6, since V,*V,, = I, , it holds
V/I € S(Hn)a Q(VnAV:) = Q(A) - J(VHAV:) = L(anAV; (33‘1)7 e anAVn* (xn)) + Q(A)

Let Ay € K€(#,) be a point such that J, := J(VHAOV,Z‘) < o0. Let ¢g be a lower bound for L. By
the third point of Lemma 6, there exists a radius Ry such that for all A € S(H,,),
HAHF > Ro — Q(zzl) > Jo — Cg.

Since cg is a lower bound for L, this implies
inf 3¢ o,y J(VaAVY) = inf s e gy, dfp<ry T (VaAVY)-

Now since L is lower semi-continuous, {2 is continuous by the last point of Lemma 6, and
A~ (anAV,,f (x;))1<i<n is linear hence continuous, the mapping A — J(V,,AV)¥) is lower
semi-continuous. Hence, it reaches its minimum on any non empty compact set. Since H.,
is finite dimensional, the set {fi € K¢(H,) : HAH < Ro} is compact (closed and bounded)

and non empty (it contains Ag), and hence there exists A, € KS(H) such that J (VnA*V;) =
inf gc e 30,0, 1A r<Ro J (VaAV,)). Going back up the previous equalities, this shows that A, :=

VoAV € KS(H) and J(A,) = inf 49 J(A).
O

Lemma 7. The set K& () can be represented in the following way
KS (1) = { (SiB.Sn)1c,e, € S+ B = (Bo)icosy € KIRM)}

In particular, for any A € KS (H), there exists p symmetric matrices B = (By)1<s<, € K¢(R")
such that

Ve e X, fA(JU) = Z [Bs]i7jk($i,$)kj($j,$)
1<i,j<n 1<s<p
Proof. The proof is exactly analoguous to the proof of Lemma 3. O

We will prove the following Thm. 13 which statement is that of Thm. 6 with more precise assumptions.

Theorem 13. Let L be lower semi-continuous and bounded below, and §) satisfying Assumption 2.
Then Eq. (5) has a solution of the form

fa(z) = (szzl[Bs}i’jk(:z:,xi)k(x,zj))1<s<p, for some family B = (Bg)1<5<, € K¢ (R").

Moreover, if L is convex, this solution is unique.

Proof of Thm. 13. The proof is completely analoguous to that of Thm. 7, combining Lemma 7 and
Proposition 9. O
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C Additional proofs

Lemma 8. Let X C R% d € N, be a compact set with Lipschitz boundary. Let m > d/2. Then
W (X) is a multiplication algebra (see Definition 3).

Proof. When m € N and m > d/2, then W3*(R?) is a multiplication algebra [AF03]. When
m ¢ N, by Eq. 2.69 pag. 138 of [Tri06] we have that F3",(R) is a multiplication algebra when
m > d/2, where F3", is the Triebel-Lizorkin space of smoothness m and order 2, 2 and corresponds
to W3 (RY), i.e., Fy(RY) = W3 (RY) [Tri06].

So far we have that m > d/2 implies that W2 (R%) is a multiplication algebra, now we extend this
result to W3 (X). Note that since X" is compact and with Lipschitz boundary, for any f € W3 (X)
there exists an extension f € W*(R?) such that f|x = f and ||f||W5n(Rd) < Ci||fllwge(xy with
(4 depending only on m, d, X (see Thm. 5.24 pag. 154 for m € N and 7.69 when m ¢ N pag 256
[AF03]). Then, since for any f : RY — R, by construction we have || f|x [[wm(x) < [Ifl[wm (ra)

[AFO03]. Then, for any f,g € Wi*(X), denoting by f,  the extensions of f, g, we have

I1f - gllwg ) = Ifl2 - dlxlwp ) < 1F - dlwp re (1)
< O fllwy o ldlwg @y < CCfllwe ) lglwe - (32)

To conclude u : X — R that maps x — 1 has bounded norm corresponding to Hu||%v2( x) =

S dz. So W3 (X) when m > d/2 and X is compact with Lipschitz boundary is a multiplication
algebra. O

D Additional details on the other models

Recall that the goal is to solve a problem of the form Eq. (1), i.e.

In this section, ¢ : X — H will always denote a feature map, k : X x X — R a positive semi
definite kernel on X (k(z,2") = ¢(x)" ¢ (') if k is the positive semi-definite kernel associated to
¢). Given a kernel k, K € R™*" will always denote the positive semi-definite kernel matrix with
coefficients K; ; = k(z;,x;), 1 <4,j < n.

Generalized linear models (GLM). Consider generalized linear models of the form, f,,(x) =
Y(w' $(x)). Assume the regularizer is of the form Q(f,,) = 5|lw||?. Using the representer theorem
[CL09], any solution to Eq. (1) is of the form w = Z?zl a;¢(x;) and thus Eq. (1) becomes the
following finite dimensional problem in «:

min L(y(Ka)) + %aTKa. (33)

In the case where one wishes to learn a density function with respect to a basis measure v, a common
choice of model is functions of the form

) e ke o
S e e D DR

where k is a positive semi-definite kernel on X’. The prototypical problem one solves to find the best
Da 18

A
HEHRI}L L(pa(xl)a ~~~apoz(xn)) + 5()4TKCV. (34)
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In the specific case where the loss function is the negative log likelihood L(z1,...,2,) =
L3 | —log(z;), it can be shown that Eq. (34) is convex in cv.

In practice, we solve Eq. (33) by applying standard gradient descent with restarts, as the problem is
non convex.

To solve Eq. (34), since the problem is convex, the algorithm is guaranteed to converge. However,
since we can only estimate the quantity [, _ exp(g(Z))dv(Z); we do so by taking a measure v from
which we can sample. However, this becomes intractable as the dimension grows, as the experiments
on density estimation will put into light.

Non-negative coefficients models (NCM). Recall the definition of an NCM. It represent non-
negative functions as fo(z) = >, auk(x,2;), with ag, ...y, > 0, given a kernel k(z,2") > 0
for any z, 2’ € X. In this case, the prototypical problem is of the form :

: A T
min L(Ka) + 5 Ka. (35)

If we are performing density estimation with respect to the measure v, one wishes to impose
S Ja(z)dv(z) = 1, which can be seen as an affine constraint over c, since

/X fal@)dv(z) =u'a, u= </X k(x,xi)dy(m)>19§n c R

In this case, the prototypical problem will be of the form

: A T
min L(Ka)+§a Ka. (36)

u'a=1

If L is a convex smooth function, both problems Eq. (35) and Eq. (36) can be solved us-
ing projected gradient descent, since the projections on the set @« > 0 and the simplex
{a ER” : a>0,u'a= 1} can be computed in closed form.

In the main paper, we mention that NCM models do not satisfy P2 i.e. that they cannot approximate
any function arbitrarily well. We implement Example 2 in the following way. Let g(z) = e ll=l*/2,
Take k(z,2') = e~le=='II” | points (21, ..., ) taken uniformly in the interval [—5, 5]. To find
the function f, which best approximates g, we perform least squares regression, i.e. solve the
prototypical problem Eq. (35) with the square loss function

L) = 5= 3l — gl
i=1

We perform cross validation to select the value of A for each value of n. In Fig. 2, we show the
obtained function f, for n = 100, 1000, 10000. This clearly illustrates that with this model, we
cannot approximate g in a good way, no matter how many points n we have.

Partially non-negative linear models (PNM). Consider partially non negative models of the form
fuw(@) = wé(z), withw € {w € H|w'¢(x1) > 0,...,w ¢(z,) > 0} (that is we impose
fuw(xi) > 0). Take Q to be of the form 3 [|wl|? in Eq. (1). Using the representer theorem in [CL09],
we can show that there is a solution of this problem of the form f, = Y. ; a;k(x, z;), leading to
the following optimization problem in « to recover the optimal solution:

. A+
i L(Ka) + 50 Ka 37
If we want to impose that the resulting f,, sums to one for a given measure v on X', we proceed as in
Eq. (36) and solve

. AT
Iglxglo L(Ka) + 5 Koao. (38)

u'a=1
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Figure 2: Best approximation of g using NCM with (left) n = 100 (center) n = 1000 (right)
n = 10000 points.

However, there is no guarantee that the resulting f,, will be a density, as will be made clear in the
next section on density estimation.

In the experiments, we solve Eq. (37) and Eq. (38) in the following way. We first compute a cholesky
factor of K : K = V V. Changing variables by setting V3 = a, the objective functions become
strongly convex in 5. We then compute the dual of these problems and apply a proximal algorithm
like FISTA, since the proximal operator of L is always known in our experiments.

E Additional details on the experiments

In this section, we provide additional details on the experiments. The code will be available online.
Recall that we consider four different models for functions with non-negative outputs : GLM, PNM,
NCM and our model.

Kernels. All the models we consider depend on certain positive semi definite kernels k. In all the
experiments, we have taken the kernels to be Gaussian kernels with width o
112
Vz,2' € RY, k(z,z') = exp i kil .
202
Regularizers. For GLM, PNM and NCM, the regularizer for the underlying linear models are
always of the form % ||w||*> where w is the parameter of the linear model, which translates to 3o " Ko

where the « are the coefficients of the finite dimensional representation. For our model, we always
take the regularizer to be of the form Ay [| A, + 22||A|%.

Parameter selection. In all experiments except for the one on density estimation in the main paper
(in which we fix 0 = 1 and select \), we select the parameters o of the kernels involved as well as
the parameters A for the regularizers using K fold cross validation with K = 5. This means that once
the data set has been generated, we randomly divide it into five sets, and train our model on 4 out of
the 5 sets and test it on the remaining set, five times. We then train our model for the given o, A or
A1, A2, and report the performance on the test set, taking the mean of the K performances to be the
final performance. We also keep track of the standard deviation on these K sets to avoid parameters
which induce too big a variance. We then select the best parameters by doing a grid search. The code
for this cross-validation is available online.

Formulations and algorithms. The formulations of our three problems : density estimation,
regression with Gaussian heteroscedastic errors, and multiple quantile regression, have been expressed
in the main paper in a generic way involving functions with unconstrained outputs, and functions with
outputs constrained to be non negative and sometimes summing to one. We always model functions
with unconstrained outputs with a linear model with gaussian kernel, and model the functions with
constrained outputs with the four models for non-negative functions we consider: ours, PNM, GLM
and NCM.

In practice, we implement the methods PNM, GLM and NCM as explained in Appendix D. In
particular, we use FISTA for PNM, and our model, dualizing the equality constraints for density
estimation. This relies on the fact that the proximal operators of the log likelihood, the objective
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Figure 3: Representatiorxl of the densities learned tx)y the different models.

function for heteroscedastic regression as well as the pinball loss can be computed in closed form,
and that the regularization is smooth in the right coordinates.

Details on the experiments of the main text. Here, we add a few precisions on the toy distributions
we have used to sample data and the number of sampled used when not specified in the main text.

e For heteroscedastic regression, the data was generated as the toy data in section 5 of [LSCO05],
with n = 80 points.

e For quantile regression, the data points (z;, y;) were generated according to the following
distribution for (X,Y) : X ~ 1U(0,1/3) + £U(2/3,1) and Y|z ~ N'(0,0(x)) where

—r+1/3 for0<z<1/3
olx)y=<¢x—2/3 for2/3<z<1.
0 otherwise .

Here, U stands for the uniform distribution. Moreover, in order to perform the experiments
in the main paper, we have used 500 sample points.

Density estimation in dimension 10 with n = 1000. In this paragraph, we consider the following
experiment. Let d = 10, X € R4 be a random variable distributed as a mixture of Gaussians :

X ~ %N(—%l, 1/V2rly) + %N@el, 1/V2rly)

where e; is the first vector of the canonical basis of R.

Let n = 1000 and let (x1, ..., z,,) be n iid samples of X. We perform the four different methods,
cross validating both the regularization parameter A and the kernel parameter o at each time. We
learn the density in the form

p(z) = f(x)v(x), v is the density associated with A/(0,51).

We then use our models for densities to compute the best f in its class using the negative log-
likelihood as a loss function. It is crucial that we can sample from v in order to approximate the
integral in the case of GLMs.

In order to visualize the results of the different algorithms in Fig. 3, we compute the learnt distribution
p, and then sample randomly ny = 500 points from a uniform distribution on the box centered at 0
and of width 5 in order to explore regions where the density is close to zero, ng points sampled from
the true distribution of the data, in order to explore points where the density is representative, and ng
points on the line [—4, 4] x {0}*~! where the density is at its highest. We then project onto the first
coordinate, i.e. given a point z = (x;)1<;<q and the associated predicted density p(x), we plot the
point (z1, p(z)). Note that for readability, we have used the same scale for our model and the PNM,
and a smaller scale for the two others since the learnt density is much flatter.

Let us now analyse the results in Fig. 3. Note that in terms of performance, i.e. log likelihood on the
test set, the first two models (PNM and our model) are quite close and are better than the two others.

e PNM. As in d = 1 we see that for d = 10 the problems of non-negativity for PNM are
exacerbated, making it not suitable to learn a probability distribution. Indeed there are low
density regions where the optimization problem pushes the model to be negative. Since by
constraint we have [ fdv = 1, the volume of the negative regions is used to push up the
function in the regions with high density. So [ | f|dv > 1, while it should be [ |f|dv = 1.
This is confirmed by the behavior of the cross validation.
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e Our model Our model seems to perform reasonably well.

o NCM. This problem is rather difficult for NCM. Indeed, as the width of the kernel decreases,
the model is unable to learn since it overfits in the direction e; and it would require way
more points than n = 1000. However, as soon as the width of the kernel is good for e, the
learnt distribution becomes too heavy tailed in the direction orthogonal to e;.

e GLM. It is interesting to note that GLM completely fails, because the measure v which we
take as a reference measure has a support which has only double variance compared to p,
but in 10 dimensions it corresponds to a support with way larger volume compared to the
one of the target distribution. In particular, the estimation of the integral, which was possible
in d = 1 with 10000 i.i.d. points from v, in 10 dimensions becomes almost impossible
(it would require way more sampling points). Note that we sample the points from v to
simulate the real-world situation where p is a measure from which it is difficult to sample
from, while v is an simple measure to sample from which contains the support of p. Further
experiments show that if one takes the target distribution to sample, one obtains a good
model, which reassures us in the fact that this is not a coding error but a real phenomenon.

F Relationship to [4]

As mentioned in the main paper, the model in Eq. (4) has already been considered in [4] with a similar
goal as ours. This paper is a workshop publication that has only be lightly peer-reviewed and contains
fundamental flaws. In particular, they provide an incorrect characterization of the solution of Eq. (5),
that limits the representation power of the model to the one of non-negative coefficients models, that,
as we have seen in Sec. 2.1 and in Example 2, has poor approximation properties and cannot be
universal. This severe limitation affects also the optimization framework (which also only relies on
general-purpose toolboxes such as CVX (http://cvxr.com/cvx/), which are not scalable to
large n).

Indeed, in their main result, the representer theorem incorrectly characterizes A* the solution of
Eq. (5) as

A* € R,NS(H),, = {Z‘W ®¢xl)aeR"}

and S(H)+ = {A € S(H) | A = 0}. Note, however that R,, C S(H,,) C S(H) by construction,
where H,, = span{¢(x1), ..., d(x,)}. So their characterization corresponds to

i=1

Now, for simplicity, consider the interesting case where ¢ is universal and x1, ..., x, are distinct
points. Then (¢(z;)) forms a basis for #,, and the only o, ..., o, € R that guarantee A = 0
area; > 0,...,a, >0,1i.e.,

Rn: {AZO&1Q§(I7)®¢(I1)|Q1 ZO,...,Oé" ZO}

i=1

Note that this class of operators leads only to non-negative coefficients models. Indeed, let A € R,
and denote by k(z, ') the function k(z,2') = (¢(x) " ¢(2'))?, then

fa(z) = ¢(z) " Ag(x) Zaz (x))? = zn:aik(a:,xi), Ve X.

Since k is a kernel (it is an integer power of ¢(x) ' ¢(z’) that is a kernel [SS02]) and o; >
0,...,ay, >0, then f4 belongs to the non-negative coefficients models.

Instead, we know by our Thm. 1 that A* € S(#,,)4+ and more explicitly, by Thm. 2 that A*, the
solution of Eq. (5) is characterized by the non-positive part operator of a symmetric matrix [-];. By
Thm. 3 we already know that our model is universal while NCM and thus the characterization in [4]
cannot be universal.
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